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SECOND-ORDER STOCHASTIC
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We propose nonparametric estimators of the infinitesimal coefficients associated
with second-order stochastic differential equations. We show that under appropri-
ate conditions, the proposed estimators are consistent. Also, we state conditions
ensuring the asymptotic normality of these estimators. We conclude our paper
with a Monte Carlo experiment in which we assess the response of the nonpara-
metric estimators with respect to the step of discretization.

1. INTRODUCTION

In economics and finance many stochastic processes can be seen as integrated
stochastic processes in the sense that the current observation behaves as the
cumulation of all past perturbations. In a discrete-time framework the concept
of integration and differentiation of a stochastic process plays an essential role
in modern econometric analysis. For instance, the stochastic process {y,; t =
0,1,2,...} where y, = a + y,_, + &, (& ~ i.i.d. N(0,1)) is an example of an
integrated process. Notice that y can be written as y, = y, + ta + >;_, &, Or

1
Y= yo+ 2 X, 1)
k=1

where x, = a + g;. One way to deal with such processes is to use a differenced-
data model (e.g., Ay, = a + &,, in the previous example). Differencing has
been used mostly to solve nonstationary problems viewed as unit roots, although
historically differenced-data models arose early in econometrics as a procedure
to remove common trends between dependent and independent variables.
Integrated and differentiated diffusion processes in the same sense as inte-
grated and differentiated discrete-time processes are almost absent in applied
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econometric analysis. One of the reasons continuous-time differentiated pro-
cesses have not been considered in applied econometrics is perhaps related to
the difficulties in interpreting the “differentiated” process. In fact, if Z is a dif-
fusion process driven by a Brownian motion, then all sample functions are of
unbounded variation and nowhere differentiable; i.e., dZ, /dt does not exist with
probability one (unless some smoothing effect of the measurement instrument
is introduced, such as described in Arnold, 1974).

One way to model integrated and differentiated diffusion processes and over-
come the difficulties associated with the nondifferentiability of the Brownian
motion is through the representation

dy, = X,dt
(2)

dX, = a(X,) dt + b(X,) dW,,

where a and b are the infinitesimal coefficients (respectively, the drift and the
diffusion coefficient), W is a (standard) Wiener process (or Brownian motion),
and X is (by hypothesis) a stationary process. In this model, Y is a differentia-
ble process, by construction. It represents the integrated process

t
y,:y(,+J X, du @3
0

(note the analogy with the corresponding expression in a discrete-time setting,
V. = Yo + 241X, eqn. (1)), and X, = dY,/dt is the stationary differentiated
process (which can be considered the equivalent concept to the first differences
sequence in discrete-time analysis). If X represents the continuously com-
pounded return or log return of an asset, the first equation in system (2) should
be rewritten as dlog Y, = X, dt.

We think that (2) can be a useful model in empirical finance for at least two
reasons. First, the model accommodates nonstationary integrated stochastic pro-
cesses (Y) that can be made stationary by differencing. Such transformation
cannot be undertaken in common univariate diffusion processes used in finance
(because all sample paths from univariate diffusion processes are nowhere dif-
ferentiable with probability one). Yet, many processes in economics and finance
(e.g., stock prices and nominal exchange rates) behave as the cumulation of all
past perturbations (basically in the same sense as unit root processes in a dis-
crete framework). Second, in the context of stock prices or exchange rates, the
model suggests directly modeling the (instantaneous) returns, in contrast to the
usual continuous-time models in finance, which directly model the prices. Gen-
eral properties for returns (stylized facts) are well known and documented (e.g.,
returns are generally stationary in mean, the distribution is not normal, the auto-
correlations are weak, and the correlations between the magnitude of returns
are positive and statistically significant, etc.). One advantage of directly mod-
eling the returns (X) is that these general properties are easier to specify in a
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model like (2) than in a diffusion univariate process for the prices. In fact,
several interesting models can be obtained by selecting a(x) and b2(x)
appropriately. For example, the choice a(x) = B(7 — x) and b(x) =
\/0’2 + A(X, — u)? leads to an integrated process Y whose returns, X, have
an asymmetric leptokurtic stationary distribution (see the example that fol-
lows). This specification can be appropriated in financial time series data. Bibby
and Sgrensen (1997) have already noticed that a process similar to (2) could be
a good model for stock prices.

We observe that the model defined in equation (2) can be written as a second-
order stochastic differential equation, d(dY,/dt) = a(X,) dt + b(X,) dW,. Inte-
grated diffusions like Y in equation (3) arise naturally when only observations
of a running integral of the process are available. For instance, this can occur
when a realization of the process is observed after passage through an elec-
tronic filter. Another example is provided by ice-core data on oxygen isotopes
used to investigate paleotemperatures (see Ditlevsen and Sgrensen, 2004).

To illustrate continuous-time integrated processes, Figure 1 presents two
simulated independent paths of ¥, = Y, + [, X, du where X is governed by the
stochastic differential equation

dX, = 20(0.01 — X,) dr + 0.1 + 10(X, — 0.05)2dW,

(X is also represented in Figure 1). All paths are composed of 1,000 observa-
tions defined in the interval r € [0, 10]. In Section 4 we give more details on
how we generate these observations. It is interesting to observe that Y displays
all the features of an integrated process (with a positive drift because E[X, ] =
0.01): There is an absence of mean reversion; shocks are persistent; mean and
variance depend on time, etc. On the other hand, the unconditional distribution
of X (return) is asymmetric and leptokurtic.

Estimation of second-order stochastic differential equations raises new chal-
lenges for two main reasons. On the one hand, only the integrated process Y is
observable at instants {z;; i = 1,2,...}, and thus X in model (2) is a latent non-
observable process. In fact, for a fixed sampling interval, it is impossible to
obtain the value of X at time #; from the observation Y, that represents the inte-
gral ¥, + [/ X, du. On the other hand, the estimation of model (2) cannot in
principle be based on the observations {Y,t_; i=1,2,...} because the conditional
distribution of Y is generally unknown, even if that of X is known. An excep-
tion is the case where X follows an Ornstein—Uhlenbeck process, which is ana-
lyzed in Gloter (2001).

However, with discrete-time observations {Y;,; i = 1,2,...} (to simplify we
use the notation 7; = iA, where A = 1; — t,_,), and given that

iA (i—1)A iA
Y;A_ Y(i*l)A :f Xudu _f Xudu:f Xudu,
0 0 (i—1)A
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FIGURE 1. Simulation of two independent paths of the process Y, = Y, + [ X, du where X is governed by the stochastic differential equation

dX, =20(0.01 — X,) dt + \J0.1 + 10(X, — 0.05)2dW,.
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we can obtain a measure of X at instant #; = /A using the formula

YiA - Y(;fl)A

DTS T “)

>

Naturally, the accuracy of (4) as a proxy for X;, depends on the magnitude
of A. Regardless of the magnitude of A we have in our sample, we should base
our estimation procedures on the sample {X;,} := {X;x; i =0,1,2,...} because
X is not observable.

Parametric and semiparametric estimation of integrated diffusions are ana-
lyzed in Gloter (2001, 2006) and Ditlevsen and Sgrensen (2004).

We suppose that both infinitesimal coefficients a and b, defined in model (2)
are unknown, and our aim is their nonparametric functional estimation. We pro-
pose nonparametric estimators for the infinitesimal coefficients a and b. Our
analysis reveals that the standard estimators based on the sample {X;,} are incon-
sistent, even if we allow the step of discretization A to go to zero asymptoti-
cally. Introducing slight modifications to these estimators we provide consistent
estimators. For a review of nonparametric estimation of (first-order) stochastic
differential equations see, e.g., Rao (1983), Florens-Zmirou (1993), Jiang and
Knight (1997), Bandi and Phillips (2003), Nicolau (2003), and Gobet, Hoff-
mann, and Reif} (2004). For a review of parametric and semiparametric estima-
tion see, e.g., Ait-Sahalia (2002) and Kessler (1997) and the references therein.

The rest of the paper is organized as follows. In Section 2 we formulate the
main hypotheses concerning the X process, and we identify our estimators. In
Section 3 we establish the main results. We show that under appropriate condi-
tions, the proposed estimators are consistent and asymptotically normal. In Sec-
tion 4 we perform a Monte Carlo experiment in which we assess the response
of the nonparametric estimator with respect to the step of discretization A. Sec-
tion 5 concludes. Appendix A presents some auxiliary results. All proofs appear
in Appendix B.

2. ESTIMATORS AND ASSUMPTIONS

The aim of this paper is to study the following estimators:

A B

Pu(x)’ pa(x)

. 1 n X_X(i—l)An .
Pa(x) = — 2 K(— a0 =
nhn i=1 h

)

for, respectively, p(x), a(x), and h>(x), based on the observations {)?,«A”},
where

https://doi.org/10.1017/50266466607070375 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466607070375

NONPARAMETRIC ESTIMATION OF DIFFERENTIAL EQUATIONS 885

1 =n X — X(,;I)A (X(i+l)A - Xm )
AG)=—SK - — 6
n( ) nhn 1221 < hn A" ( )
n x—f(i,l)A" %(Xm,, _‘SZ(:'—I)A,,)2
B,(x) = —2K< ’ @
nh, =1 hn An

Consider the process (Y, X) governed by the system (2). Let I = (I, r) be the
state space of X. Let s(z) = exp{—ffOZa(u)/bz(u) du} be the scale density
function (zo is an arbitrary point inside I) and m(u) = (b>(u)s(u))™!
the speed density function. Let S(/,x] = lim, f;s(u) du and S[x,r) =
lim, ,, [*s(u)du where | < x; < x < x, < r. We now present a set of eight

assumptions that are used throughout the paper.
Al. S(I,x] = S[x,r) =ocoforx € I
A2, [m(x)dx < oo.

The Al and A2 conditions assure that X is ergodic and the invariant distribu-
tion P has density p(x) = m(x)/[, m(u) du with respect to the Lebesgue mea-
sure (Skorokhod, 1989, Thm. 16). The expression p(x) is usually referred to as
the stationary density.

A3. X, = x has distribution P°.

Assumption A3 together with A1 and A2 implies that X is stationary (Arnold,
1974). The hypothesis that X is a stationary process is obviously a plausible
assumption because for major integrated time series data a simple differentia-
tion generally assures stationarity.

Ad. lim,, sup((a(x)/b(x)) — (b'(x)/2)) < O, lim,,;sup((a(x)/b(x)) —
('(x)/2)) > 0.

These conditions are discussed in Chen, Hansen, and Carrasco (1999) and
are similar to conditions proposed by Hansen and Scheinkman (1995). Under
Assumption A4 the process is p-mixing and a-mixing (see Chen et al., 1999).
Technically, for a Markov process, the notion of p-mixing requires the condi-
tional expectations operator for any interval of time to be a strong contraction
on the linear space L = {f: [f(x)p(x) dx = 0, [f*(x)p(x) dx < co}. As a con-
sequence, the jth autocovariance of f(X,) tends to zero at an exponential rate
asj — oo, forall f € Lg (see Hansen and Scheinkman, 1995, Prop. 8; Florens-
Zmirou, 1989).

We notice that the discretized diffusion {X;,} := {X;x; i = 0,1,2,...} with
fixed A is an ergodic process because X = {X,; r = 0} is ergodic under Assump-
tions A1-A4 (see Dacunha-Castelle and Florens-Zmirou, 1986). The process
{X.} inherits some properties from {X;,}. As Ditlevsen and Sgrensen (2004)
point out, because X is stationary, the distribution of X, is the same for all
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intervals {[(i — 1)A,iA]; i = 1}, and thus {X,,} is a stationary process. Also if
E[X] < oo, we have by Chebyshev integral inequality and stationarity

i 2
f X, du
(i—1A

A

iA i
Af X2 du f E[X2]du
( (

i—1)A i—1)A

A2 N A

E[X.]=E

=E

=E[XZ].

On the other hand, {X,} is a-mixing (p-mixing) because measurable functions
of mixing processes are mixing and of the same size.
The kernel function K satisfies the following assumption.

A5. K(.) is positive, symmetric, and continuously differentiable, and
JeK(w)du =1, f[ruK(u)du =0, [z K*>(u)du = K, < oo.

A6(a). lithOE[(l/h)|K’(f,,,,-)|“]~< oo where « =2 ora =4 and §,; =
0((x — X1y )/1) + (1 = 0)(x = Xy )/), 0= 0 = 1.

Assumption A6(«) is generally satisfied under very weak conditions. For
instance, with a Gaussian kernel and a Cauchy stationary density (which has
heavy tails) we still have lim,,_,oE[(1/h)|K'(X/h)|*] < co. Notice that the expec-
tation with respect to the distribution of &, ; depends on the stationary densities
of X and X because ¢&,.; is a convex linear combination of X and X.

AT.

(i) The infinitesimal coefficients a and b have continuous derivatives of order
4 and satisfy |a(x)| = C(1 + |x])* and |b(x)| = C(1 + |x|)* for some
A > 0.

(ii) E[X)] < oo where r = max{4A,1 + 3A,—1 + 51,—2 + 6A}.

This assumption is related to the application of Lemma 4 (Appendix A). See
the general discussion in Remark 1.

AS.

(a) A, — 0,h, = 0,nh, — oo, \JA,/h, — 0 as n — oo;
(b1) (nA,/h,)(A, log(1/A,))"* = 0, h,nA, — oo

(b2) h2nA, — 0 as n — oo;

(c1) (nA,/h,) (A, log(1/A,))"* = 0;

(c2) h>’n — 0 as n — oo.
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Assumptions A1-AS5 and A8 assure consistency and asymptotic normality of
the standard estimators for p(x), a(x), b?(x), based on the observations 1Xia, s

respectively,

1 2 X = Xi—1a Ao(x)
= LS ARE)
P (x) hngl n n(X) 2000)

)]
(2)0x) = 22
n 'x = A b
Pa(x)
where
Ag(x) _ L " K X = Xi-1)a, (XiA,,_X(i—l)A,,),
l/l]’ln i=1 hn Aﬂ
n _— . . - . 2
B(x) = LZK x = Xi-na, | Kia, = Xi-1)a,) '
nn, i=1 hn An

In fact, it can be proved (see, e.g., Bandi and Phillips, 2003) that

pP(x) L5 p(x) (convergence in probability),

a’(x) 25 a(x), \h,nA, (a°(x) — a(x)) KN N(O K, (( )))

(B)°(0) 5> b2(x), Ak, (5])°(x) = b (x) 5 N(O, —4K; fx)(x)>.

3. MAIN RESULTS

We assume conditions A1-A7 in all theorems.

THEOREM 1. Assume A6(a = 2) and A8(a). Then

" _Y(ifl)A,l »
EECES. N P

h,

It is well known that the standard 13,(,) estimator (i.e., built from the observa-
tions {X;,}) does not require that the step of discretization A goes to zero as
n — oo (if A is fixed it is necessary that nA — oo0). However, as one would
expect, the convergence of the density estimator based on the observations {X;,}
requires A, — 0.
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THEOREM 2.

(i) Assume A6(a = 2) and A8(a) and (bl). Then

1 é - Y(i—l)A,, (Y(i+l)A,, - Ym,,)
nh, = h, A, »
a,(x) = = — a(x).
1 i[( X = Xi-na,
nhn i=1 hn

(ii) If additionally A8(b2) and h,nA> — O then

\Nh,nA,(a,(x) — a(x)) —>N<O K, ((x)))

Standard conditions for consistency of a°(x) still assure a,(x) L5 a(x). Itis
implicit in the conditions of the theorem that nA,, — oo, and this condition should
also hold in the standard case.

The “natural” estimator for a(x), based on the observations {)?,»An}, is

- X’(ifl)A,, (YiA,l - Xi([*l)An)
h, A

a,(x) = ( 2 K )/ﬁn(x). )
nh

ni=1 n

It can be proved, however, that this estimator is inconsistent. When A is fixed
the advantages of the a, over the &, are not clear. To shed light on this issue,
we perform some Monte Carlo experiments in Section 4. One of the main con-
clusions is that the &, estimator may present a smaller mean squared error than
the a, estimator when the step of discretization is not small enough. On the
contrary, when A,, — 0 the mean squared error of the d,, estimator converges to
the mean squared error of the drift estimator based on the observations {X;,}.

THEOREM 3.
(i) Assume A6(a = 4) and A8(a) and (c1). Then
12 K<x _ X(il)A,,) 3 (Xia, = X-nya,)’
~ nhn i= h An
b2(x) = 1 =
1 (X_X(H)An>
N 2 K| ———=
nh,, i=1 hn
(ii) If additionally A8(c2) and h,, nA%l — 0 then

620 - 52 4 o, )
p(x)

n

25 b2 (x).
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The most important difference between this theorem and the standard counter-
part result is that our estimator 53 involves a multiplicative factor of 3. Gloter
(2006), using different arguments and working in a semiparametric framework,
has already foreseen the need for this correction. For more details see the proof
of Theorem 3. Therefore, the “natural” estimator for b2(x), based on the obser-
vations {X,, },

>k

(x - X(z‘—l)%) (Xm,, - X(i—mn)z
~ i=1
b2.(x) =

n A

i K(x - )?(i—l)A,,)

i=1 hn

n

(10)

has an asymptotic bias of —b?(x)/3 (when A, — 0). This bias is confirmed
through Monte Carlo simulations (Section 4).

4. MONTE CARLO SIMULATION

In this section we perform a Monte Carlo experiment aimed at assessing the
response of the nonparametric estimators with respect to the step of discretiza-
tion A. Our Monte Carlo experiment is based on the simulation of ¥, = ¥, +
Jo X, du for t € [0,T] = [0,1,000] where X is an ergodic process governed
by the stochastic differential equation dX, = —10X,dt + /0.1 + 0.1X*dW,.
To simulate Y and X we consider a time discretization 0 < § < 26 < --- <
nd = T of the interval [0, T ] and the Euler-Maruyama approximation. We found
that the value 6 = 0.001 is reliable in the sense that the approximations X and ¥
are sufficiently close to the respective sample path of the Itd process. As such,
we simplify the notation, and we write X = Xand Y =Y. We generate 5,000
replicas of X and Y. We have thus in each replica a sequence of n = 1,000,000
values of X and Y (note that 7/6 = 1,000/0.001 = 1,000,000) from which we
estimate the infinitesimal coefficients assuming different values for the step of
discretization. Specifically, we consider the following samples: {Yixoo1; i =
0,1,...,100,000}, {Yix0.002; i = 0,1,...,50,000},...,{Yix02; i = 0,1,...,5,000};
i.e., step of discretization ranges from A = 0.01 to A = 0.2 with a step of 0.01.
In each sample (and for each replica) we estimate the infinitesimal coefficients
a(x) = —10x and b(x) = 0.1 + 0.1x2 The values of x are from the set A =
190.20:90.305 - - - »G0.70,9o.80+ Where g, is the quantile of order « of the stationary
distribution of X, i.e., p(x) = 1.80656(1 + x2)" !,

A measure of error is based on the Monte Carlo average of the “integrated”
squared error (ISE) obtained in each replica. We denote this statistic as AISE.
For example, the AISE of a,, based on a certain value for A, is given by

ISE(a,,A,))

, S = 5,000,
S

S
AISE(d,,A) =,
j=1
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where ISE(d,, 4, j) is the “integrated” squared error over the set A of the esti-
mator d,,, obtained in the jth replica, i.e.,

> (d,(x) —a(x))?

XEA

ISE(ad,,A,j) = , a(x) = —10x

#A

(#A: number of elements of the set A; in our case, #4 = 7). Although the
ISE(a,,A,j) is only a rough approximation to the standard ISE measure,
Jr(d,(u) — a(u))?du, it can provide valuable information on the error of approx-
imation of the nonparametric estimator.

We study the drift estimators @, and &, (see (5) and (9), respectively) and the
diffusion estimators I;,f and l;f* (see (5) and (10), respectively). For compari-
son purposes we also analyze the drift and the diffusion estimators based on
the observations {X;1}, 4% and (52)° (see eqn. (8)). In all cases we consider a
Gaussian kernel and the common bandwidth &, = héxn~ >, with & = 1.06.
The results are shown in Figure 2. The main conclusions are as follows. First,
as expected, the estimators based on the observations {X;,}, a° and (h2)°, gen-
erally present smaller AISE when the step of discretization is moderate or high.
These differences are, however, negligible when A is small. Second, as expected,
the AISEs of the estimators a,, and l;,f (dashed line) converge to zero as A — 0.
Third, the &, estimator (dotted line) seems inconsistent because the AISE does
not converge to zero as A shrinks. However, for moderate/high values of A,
the a, estimator performs reasonably well, and better than the &, estimator.
Consequently, in practical applications the d, estimator should be used with
some caution, especially when the step of discretization is not small. In these
cases, the a, estimator may be better. Fourth, the Ef’*(x) estimator, as predicted

Drift Estimates Diffusion Estimates
0.14000 0.00006
0.12000 - 0.00005 [
0.10000 [ -
0.00004 ,"‘/’/
0.08000 - g
0.00003
0.06000 F
0.00002
0.04000 +
002000 |~ 0.00001
0.00000\\\\\\\\\\\\\\\\\\\\ 0/‘“““““““““‘
0.01 0.06 0.11 0.16 0.01 0.06 0.11 0.16

FIGURE 2. Drift and diffusion estimators: Monte Carlo average of ISE. Solid line: 4°

and (b?)°; dashed line: @ and b2; dotted line: & and b2.
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in Section 3, has the worst performance when compared with the other estima-
tors. Finally, the AISEs associated with the diffusion estimators are much smaller
for all values of A > 0. This may be related to the data generating process
selected and/or to the fact that the estimation of a is harder than that of b. This
is a point emphasized, e.g., by Gobet et al. (2004) and Bandi and Phillips (2003).

5. CONCLUSIONS AND OTHER EXTENSIONS

In this paper we showed that standard nonparametric estimators of the infini-
tesimal coefficients of second-order stochastic differential equations, based on
the observations {X;,}, are not appropriate, because they are inconsistent, even
when A, — 0. However, as shown, slight modifications to the standard estima-
tors allow us to define consistent estimators.

There are some extensions that can be considered, such as nonequidistant
observations, optimal bandwidth choice, data-driven estimation, and minimax
rates. More general assumptions on the data generating process as in Bandi and
Phillips (2003) can also be applied.
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APPENDIX A: Auxiliary Results

In the following lemma we generalize a formula of Florens-Zmirou (1989) to multivar-
iate diffusions. Lemma 4 is essential in the proofs of all the theorems presented in this

paper.

LEMMA 4. Z be a d-dimensional diffusion process governed by the stochastic inte-
gral equation

t

t
z=2,+ [ a@yas+ [ bizyaw,
0 0

where a(z) = [a;(2)]ax1 is a d X 1 vector, [by(2)]axa is a d X d diagonal matrix, and W,
is a d X 1 vector of independent Brownian motions. One assumes that a and b have
continuous partial derivatives of order 2s. Let f(z) denote a continuous function defined
on R? with values in R? and with continuous partial derivatives of order 2s + 2. Then

k

s . A
ELAZi)IZi-nal = 2 Lf(Z-1) X TR
k=0 :

where L is a second-order differential operator defined as

4 d 14 4 92 af 9%f
L=>a(z)—+ = b, (2) (—and
,-:21 (2) dz; 2,; ,:21 v 0z;0z; dz; 0z, 0z

J

ared X 1 vectors)
é()6+1 2()82+bz()62+ +bz()82

= a. _— - _ _ _
i=1 e gz, 2\ ¢ a2’ ¢ 0z3 e 073

and R is a stochastic function of order A°*! (see Remark 1 in Appendix B for details on
the R function).

A particularly important case is d = 2 with
dY, = X, dt,
dX, = a(X,)dt + b(X,) dW,.

In this case, the second-order differential operator is L = x(d/dy) + a(x)(d/dx) +
3b%(x)(9%/0x?). Lemma 4 allows us to calculate a variety of mathematical expecta-
tions involving the X process. For example, using Lemma 4 one can conclude that
E[A™! (X(H—I)A — Xia)] = E[a(X,)] + O(A) and E[Ail(Y(H—I)A — Xin)?] = 3E[b*(Xo)] +
o(A).
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LEMMA 5. Consider

| x=Xina,\ o -
Ein = EIEIK< h g(X(i—l)A,,»Xm,,),

n

" x=Xi-1a, - -
2 <T g(X(i—l)A,,’Xm,,)-

Assume \|A,/h, — 0, AI-A3, and AS5.

(i) If A6(a = 4) and E[(3(X(i—1)s,, Xis,)*] < o0 0r
(it) if A6(ac = 2) and hrle[‘(X(i—l)A,, - X(i—l)A,,)(g(X([—l)A,,aXiA,,))|2] < oo then
|81,n - 82,}1‘ L) 0.

This result simplifies the proofs of Theorems 1-3. With this lemma, we can obtain

the limit in probability of & , by calculating the limit in probability of &, , (which is
easier to obtain).

APPENDIX B: Proofs

Proof of Lemma 4. By It6’s formula we have

iA iA ( )
1) =12+ [ wzgan [ S W,

(i—1Ai=1

Applying Itd’s formula several times to Lf(Z, ) we can conclude, given the properties
of the Wiener process, that

s k

A
E[f(ZW)|Zi-1yal = I;)Lkﬂzwm) TR (B.1)

where R = f( 7,)Af(l oadZna- Sy BIL T (2, N Z-yyaldug,, dug. . .du,. B

Remark 1. Consider the jth row of the vector R:

ia uy Uy u
R; :f f f f E[Ls+1f}(zu‘v+l)|z(i*l)A]dus+ldus"'dul
(i—naJdi-nadi-na (i—DA

Given stationarity, it is obvious that E[L*"'f(Zy)] < oo implies E[R;] < oo. Assump-
tion A7 guarantees that the expression E[L°*'f;(Zy)] is finite in all applications of
Lemma 4 in this paper. For example, in the proof of Lemma 5 we consider
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oy SE )

E[|(i(i—1)A,, - X(i—l)A,L) + E[R],

and E[R] is of order A?. Using Assumption A7, simple but tedious calculations
enable us to find that L3(X, — X,)* is bounded by a polynomial degree of order r =
max{4A,1 + 3A,—1 + 5A,—2 + 6A}, where A is such that |a(x)| = C(1 + |x|)* and
[b(x)] = C(1 + |x|)" Thus, E[X/] < co guarantees that the expansion (B.1) is well
defined. In this paper all expressions involving the application of Lemma 4 (in these
cases s is equal to or lower than 2) are bounded by a polynomial degree of order r.
Therefore, Assumption A7 assures that Lemma 4 is used properly throughout the paper.

Proof of Lemma 5. By Taylor’s formula

x_)?(i—l)An x_X(i—l)An (Y(i—l)An _X(i—l)A,l)
K\ —— | =K\ —— | +K'(£,)) ;
hn h’l ’ hll

where &, ; = 0((x — X;_1)a,)/h,) + (1 = 0)((x — X,y )/h,), 0 = 6 < 1, stationarity, and
Holder’s inequality, we have

E[|8|,n_82,n|]

] 1 2 x=Xi i X = X(i-na _ _
—E| | — D (k| —2) - k[ — ) ) o(Ra K,
nhn;%( ( h h g( (i—DA A)
] 1 X = X(i—l)a X = X(i—l)A - -
SE_ h_,,<K< h - K h 8(X(i—1)A»XfA)

1 1 ~
= (h_ E[|K’(§n,i)a]l/a> X <h_ E[|(X(i—|)A,L _X(il)A,,)|B]]/B>

n

|

()?(i—l)A,, - X(i—lm,,)
h

g(}?(i—l)m)?m)

1
=E h_K (é:n,i)

L n n

X (E[|g()?(i—1)mZ‘A)W]lh),

where 1/a + 1/8 + 1/y = 1. Selecting « = 4, B = 4, and y = 2 we have by hypothesis

1 - —~
(h_ E[|K,(§n,i)4]l/4> < oo, (E[|g(x(i—1)mXiA)‘z]l/z) < oo,

n

and by Lemma 4

1 -
h_ E[|(X(-1)a, = Xii-1)a,) =

n

i(MEw%%ﬂ
h 3

1/4
+ 0(Af,)> — 0.

n

Thus E[|ey,, — €2,,/] — 0. Part (ii) is immediate from Cauchy—-Schwarz inequality (in
this case it is sufficient to consider lim;,_o E[(1/h)|K'(£,.:)]*] < o0).

https://doi.org/10.1017/50266466607070375 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466607070375

NONPARAMETRIC ESTIMATION OF DIFFERENTIAL EQUATIONS 895

Proof of Theorem 1. Let

é K<x _X(i—l)A,,>

1
nh i=1 h

n n

pa(x) =

It is well known that under the conditions of the theorem one has
E[|p)(x) = p(x)]]—0

(see, e.g., Bandi and Phillips, 2003). It remains to show that E[|p,(x) — p2(x)|] — 0.
This follows immediately from Lemma 5(ii) with g¢ = 1. Therefore, the right-hand side
of the inequality

E[1p,(x) = p(x)[1 = E[|p,(x) = p, ()| T+ E[| 5, (x) = p(x)]]

goes to zero (under the conditions of the theorem). Thus, we have E[|p,(x) —p(x)|] — 0
and, by Chebyshev’s inequality, p,(x) = p(x). |

Proof of Theorem 2. (i) From the proof of Theorem 1 we know that p,(x) = p(x).
Thus, to prove d,(x) = A,(x)/p,(x) 2> a(x) it is sufficient to verify that A,(x) <>
a(x)p(x). Let us consider

X = X(f—lm,, (Xm,, - X(i—l)A,,)
A .

n

Under the conditions of the theorem it is known that A%(x) 25 a(x)p(x) (see Bandi
and Phillips, 2003). The idea is to prove that A, (x) — A%(x) > 0, which implies that
A,(x) 25 a(x)p(x) and consequently @,(x) 2> a(x). By Lemma 5(ii) A,(x) — A%(x)
has the same limit in probability as

| - X = Xi-1a, (X(i+l)An - XiA,,)
h A

n n

n )C_X(l;l)A” (XiA,,_X(i*])An)
A

n

A A,

n

X = X(il)A”) ( ()?(Hlm,, - )?m") (Xm" - X(il)A,))
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We now show that §; ,(x) 25 0. By Lemma 4, A7, and stationarity, we have

E[Sl,n(-x)]

1 X = X(i-1)a, (Xirna, = X)) (Xia, = Xi—1a,)
—gl —kx _
I, I, A, A

n

1 X X(i—l)A,, (?(i+l)An - XiA,,) (Xm,, - X(i—l)A,,)
=E| —k| — |E| E - Fis, | | Fi-va
hy, h, A, A, " "
A, |1 X=X, , r, .,
=5 E " K T a(Xi-na,)a' (Xi-na,) + 5 b2 (X(i—nya,)a" (X-p)a,)

_ A, 1 xX—u , 1 ) .
? h_K< P ><a(u)a (u)+5b (u)a (u)>p(u)du

n n

=0(A,).
On the other hand,

Var[8, ,(x)]

1 1 X = X(i-na, (X(HI)A,, - Xm,,) (Xia, = X(i-1)a,)
= Var| —(— 2— (— \/An _
nA, h, A/n iz1Nh, h, A A

n n

J

1

1 n
= — Var| — )

We have Var[(1/v/n) 2=, ] = (U/m), VE[A/MK ((x = Xioys )BT+ 9,
where vy, represents the sum of (2/n) Z"_ —j+1 terms involving the autocovariances.
Under stationarity and Assumption A4 (X and X are p-mixing and a-mixing), the jth
autocovariance of g; tends to zero at exponential rate as j — oo, for all functions g such
that E[ g7] < co. Therefore, if E[g?] < oo, the series 7., is absolutely convergent, and

one has Var[(1/A/n) 2/, g;] < co. Because [K2(u)du < oo and X has stationary den-
sity, one can conclude that

B X -X — 2
E[g?] = E|:hiK2<x ):il)A,,>An<(X(i+l)Z, Xia,) B (Xia, AX(iI)A")> ]

is finite because, by Lemma 4,

(X = X)) (X, = Xi-pa) Y 2
E[A( T - S || = CE[RA(X)] 4 04,

In conclusion, Var[8; ,(x)] = (l/nAnhn)Var[(l/\/;) >" 81— 0asnA,h, — co.
(ii) By hypothesis (see Bandi and Phillips, 2003)

29(x) = T nb,(6°(x) — a(x)) %N(O x> ((x))> (B.2)
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where a°(x) = A%(x)/p, (x). By the asymptotic equivalence theorem, it suffices to prove
that Z,,(x) — Z°(x) 2 0 where Z,(x) = \[h,nA,(4,(x) — a(x)). From part (i) we know
that

81,,(x)
Zn(x)—Z,?(x)—thnAn< ’ >

Pa(x)

and 8, ,,(x)/p,(x) = 0,(A,). Thus, under the assumption h,nA3 — 0, the result holds.
| |

Proof of Theorem 3. (i) From the proof of Theorem 1 we know that p,(x) > p(x).
Thus, to prove b2(x) = B,(x)/p,(x) 25 b2(x) it is sufficient to verify that B, (x) N
b%(x)p(x). Let us consider

(x - X(,-I)An> (Xis, = X(-1)s,)’
h A '

1 n
B(x)=— > K
nhn i=1

n n

Under the conditions of the theorem it is known that B®(x) %> b2(x)p(x) (see Bandi
and Phillips, 2003). The idea is to prove that B, (x) — B°(x) - 0, which implies that
B,(x) % b2(x)p(x) and consequently b2(x) 2> b2(x). By Lemma 5(i) B,(x) — B%(x)
has the same limit in probability as

<x - X(il)A,,) %(imn - )?(i—lm,,)z

1 n
8,0 =— DK
2,)1(x) nhn l:Zl hn An

1 n x_X([fl)A,, (XiA,, _X(i*l)Au)2
- —>K
nhn i=1 hn A"
: i K<x - XO_I)An)( %(Xm" — X(f—l)A,,)z (Xia, = Xﬂ_l)An)z)
=2 h A, A, )

We now prove that 8, ,(x) 25 0. Let us consider

1z X = X1,
83,(0) = — 2 K<h—>f,-,

where f; = (3 (X, — X—1)a,)%/A,) — (Xia, = X(i—1)a,)/A,)). Because by Lemma 4

%(fm,, - X(f— |)An)2
ElE A— Fia,

(XiA,, - X(i—l)A,,)2
E e —
A

‘7:(1'1)A,,i| = bz(X(t—l)An) +0(A,),

‘fmn] = bz(x(i—l)A,,) +0(4,),

n
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one has

%()?m,, - X(i—l)A,,)z (Xm,, - X(i—l)A,,)z
E[f]=E - =0(4,).

A A

On the other hand,

Var[62y,,(x):|

1 1 n 1 X = X([—])A" %(an - X(i—l)A,,)z (Xm,, - X(i—l)A,,)z
= Var| = > ——K -

A

n
)

1

1 n
= — Var| — -
] g ]

Using the same arguments as in the proof of Theorem 2(i), it is easy to conclude that
the condition

— —~ 2

%(Xm,, - X(i—l)A")z (XiA,, - X(i—l)A,,)z

E - =0()
A, A,

assures Var[ 6, ,(x)] — 0.
(ii) By hypothesis (see Bandi and Phillips, 2003)

2000) = N, (B2)°(x) = b*(x) gN(O,M)
p(x)

where (52)°(x) = B%(x)/p,(x). By the asymptotic equivalence theorem it is sufficient to
prove that Z,(x) — Z%(x) 25 0 where Z,(x) = \nh,(b2(x) — b*(x)). From part (i) we

know that
85,(X)
Z,(x) = Z0(x) = \lnh, —
Pu(x)
and 83 ,(x) = 0,(A,). Thus, under the assumption h, nA% — 0 the result holds. |
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