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Abstract. If X is a sofic shift and ¢ : X — X is a homeomorphism such that ¢? = idx and
pox = o;1<p, the number of points in X that are fixed by a;? and a;}go, m=1,2,...,n¢€
Z, is expressed in terms of a finite number of square matrices: the matrices are obtained
from Krieger’s joint state chain of a sofic shift which is conjugate to X.

1. Introduction
Let (X, T) be an invertible topological dynamical system. A homeomorphism F : X — X
is called a flip map (or simply a flip) for (X, T) if

F>=idx and FT=T7'F. (1.1)

In this case, we call the triple (X, T, F) aflip system. If X is a shift space and ¢ is a flip for
(X, ox), the flip system (X, ox, ¢) will be called a shift-flip system; if X is of finite type,
it will be called a shift-flip system of finite type; and if X is sofic, it will be called a sofic
shift-flip system. Two flip systems (X, T, F) and (X', T', F’) are said to be conjugate if
there is a homeomorphism 6 : X — X’ such that

QoT=T'06 and OoF=Fo06.

We call the homeomorphism @ a conjugacy from (X, T, F) to (X', T', F’).
If m is a positive integer, the number of periodic points in (X, T') of period m is denoted
by pm (T):
pm(T) = [{x € X : T"(x) = x}|.

Similarly, if F is a flip for (X, T), m is a positive integer and »n is an integer, then
Pm.n (T, F) will denote the number of points in X that are fixed by 7" and T" F:

Pman(T, F)={x € X:T"(x) =T"F(x) =x}|.
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It is evident that if the flip systems (X, T, F) and (X', T’, F’) are conjugate, then
pm(T) = pu(T") and pyy o (T, F) = ppu.n(T’, F') for all m and n. From (1.1), it follows
that

pm,n(T’ F)= pm,n+m(T’ F)= pm,n+2(Ts F).

Hence pyy n(T, F) = pm,o(T, F) if m and n are even; py o(T, F) = ppu 1 (T, F) if m is
even and n is odd; and py, , (T, F) = py,o(T, F) for all n if m is odd. Thus we need only
consider the numbers py,.o(T, F), pom 1 (T, F) and py—10(T, F),m=1,2,....

It is well known that if X is a shift of finite type, then there is a square matrix A whose
entries are non-negative integers such that

pm(ox) =tr(A™) (m=1,2,...). (1.2)

It is also well known that if X is a sofic shift, then there are square matrices
A1, Aa, ..., A, whose entries are integers such that

r

pmlox) =Y (~D"*w(A7) (m=1.2,...).
k=1

Suppose that the sequence {(pm(T))l/ "1 is bounded. Then the Artin—-Mazur zeta
function ¢r of (X, T'), found in [1], is defined by

00 (T
¢r () =exp<2 pT()t’"),
m=1

and the results mentioned above imply that if X is a shift of finite type, then s, is
the reciprocal of a polynomial, and if X is a sofic shift, then ¢, is a rational function
[3,9-11].

Suppose that G is a group, M is asetand o : G x M — M is a G-action on M. Let
F denote the set of finite-index subgroups (subgroups H such that |G/H| < o0), and for
each H € F set

pu@)=|{x e M:Vhe H a(h, x) =x}|.

The Lind zeta function ¢, of the action « is defined by

pH(a) G/H|
c=en{ 2, 1)

(actually, Lind introduced this zeta function in the special case where G = Z4 [8]). It is
clear that if @ : Z x X — X is given by a(m, x) = T™x, then the Lind zeta function ¢,
becomes the Artin—-Mazur zeta function ¢r. Let Dy, be the infinite dihedral group, that
is, Do is the group with presentation (a, b : b*> =1, ba =a~'b). From (1.1), it follows
that to each flip F for (X, T) there corresponds a unique Dy;-action & = @t on X such
that @(a, x) = Tx and a(b, x) = Fx for all x € X. In [7] it is shown that the Lind zeta
function of the Dyo-action o« = ar, F satisfies

L (t) = cr ()% exp(GT,F (1)),
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where
ad T, F T, F
GT,F(f>=Z<pzm_1,o(T,F)r2’"—1+”2”’*0( );”2’"’1( )ﬁm).
m=1

In §4 of this paper we will show that pa,, o(T, F) + pam.1(T, F) is even for every m. Thus
the coefficients of Gr g are all non-negative integers. The function G7 g will be called
the generating function of (X, T, F).

In the case where (X, oy, ¢) is a shift-flip system of finite type, a formula for
Pm.n(0x, @) which is similar to (1.2) is known [7]. In order to present it, we need some
notation: if M is a matrix, S[M] will denote the sum of the entries of M, that is,

SIM1=Y" My,
1,J

and M? will denote the matrix whose diagonal entries are identical with those of M but
whose other entries are equal to 0, that is,

M), = Mp; iflI=1J,
0 otherwise.

For instance, tr(M) = S[M*] whenever M is a square matrix. The following is proved
in [7, p. 298].

THEOREM A. If (X, ox, @) is a shift-flip system of finite type, then there are zero—one
square matrices A and J such that

Pm(ox) = tr(A™),
pomo(ox, 9) = S[JHA™ T,
Pam1(ox, 9) = S[(JA)*A" (AN and
Pam—1,0(0x, 9) =S[JAA"HADA] (m=1,2,..)).

Remark. As is proved in [7], Theorem A implies that if (X, oy, ¢) is a shift-flip system of
finite type, then its generating function is a rational function.

In this paper, we extend Theorem A to the sofic case.

THEOREM B. If (X, ox, @) is a sofic shift-flip system, then there are square matrices
Ak, Brand Ji, k= 1,2, ..., r, whose entries are integers such that

pm(ox) =Y (=D r(ap,
k=1
pamo(ox. @) = Y (~DISIABI IR,
k=1

pam1(ox, 9) =Y (=D SI(AD* By (A and
k=1

Pan—10(0x, @) =Y (=DFSIEBI T (AR m=1,2,..).
k=1
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The same method as in [7, proof of Theorem 3.2] gives the following corollary.
COROLLARY. The generating function of a sofic shift-flip system is a rational function.

Remark. (Suggested by a referee) As is mentioned above, the coefficients of the
generating function are all non-negative integers. This fact and well-known theorems of
Berstel and Soittola [4, 5, 12] imply that the generating function of a sofic shift-flip system
is N-rational. See §4 of this paper.

We prove Theorem B in §2. In our proof of the theorem, Krieger’s joint state chain
plays a crucial role, and it is described in §3. We conclude this paper with some remarks
and examples (§4).

2. Proof of Theorem B
We start with some preliminaries. A flip ¢ for a shift dynamical system (X, o) is said to
be a one-block flip if

x,x'€X and xo=x5= @x)o=ex)o.
In this case, there is a unique map t : B;(X) — B1(X) such that 2= idg, (x) and that
px)i=t(x—j) (xeX,ieZ).
We call 7 the symbol map of ¢.

LEMMA 2.1. Let (X, ox, ¢) be a shift-flip system. Then there is a shift-flip system
(Y, oy, ¥) such that it is conjugate to (X, ox, ¢) and \ is one-block.

Proof. If we define A, 7 : A — A, W: AZ — AZ andG:X—>AZby
A={(a,b):Ix e X st.a=xpand b = ¢(x)p},
t(a,b)=(b,a) ((a,b)ec A,
U(y)i=t(y-) (yeAl ien),

and
0x)i =i, o(x)—;)) (xeX,ielZ),

then A is a finite set, 2 =id 4, W is a one-block flip for (A%, o),  is one-to-one and
continuous, and
Qoox =000 and Oop=Vo0,

hence we obtain the desired result by setting ¥ = 0(X) and ¢ = W]y. a

If Ais afinite set and A is a zero—one A x A matrix, then X4 will denote the topological
Markov chain determined by A:

Xa={xe AL Vi e Z A(xj, xiz1) = 1}.

In this case, we denote the restriction of the shift map of A% to X4 by 4. Suppose that A
is a finite set, and A, J are zero—one A x A matrices such that

JP=1 and JA=A'J. 2.1
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Since J is zero—one and J? = I, it follows that there is a unique map 7 : . A — A such that
r3 =1id 4, and that for a, b € A we have J(a, b) =1 if and only if 7;(a) = b; and since
JA=ATY,

A(a, b) =A(ty(b), tj(a)) (a,beA). (2.2)

We define ¢ : AZ — AZ by
er()i=15(x-) (e Al iel).

Since r} =id 4, it follows that ¢ is a one-block flip for (A%, o) whose symbol map is 7,;
and (2.2) implies that ¢ 7 (X4) = X4. Thus the restriction of ¢y to X4 is a flip for (X4, 04).
We denote the restriction by ¢ 4.

The following proposition will be proved in the next section.

PROPOSITION 2.2. Suppose that X is a sofic shift and ¢ is a one-block flip for (X, ox)

with symbol map t. Then there are a finite set A, a map (labeling) L : A — B1(X) and

zero—one A x A matrices A and J having the following properties.

(1)  Loo: X4 — X is afactoring.

(2) Lo has no graph diamonds.

(3) AandJ satisfy (2.1).

4 Loty=t0L

®) Ifée{0,1},xe X and agw(x) = x, then there is a y € X4 such that Loo(y) = x
and 08¢y 4(y) =Y.

Remarks. (a) Recall that a graph diamond for L, is a pair (ajay - - - ap, b1by - - - by) of
distinct blocks in B(X4) such that a; = by, a, = b, and L(a;) = L(b;) for all i. (b) By
(4), we have Log 0 97 4 = ¢ 0 Loo.

To prove Theorem B, suppose that (X, ox, ¢) is a sofic shift-flip system. By
Lemma 2.1, we may assume that ¢ is a one-block flip. Let T denote the symbol map
of ¢, and let A, L, A and J be as in Proposition 2.2.

We denote the cardinality of .A by r, and for each integer j we denote the projection
X4 3y yj € Aby P;. The following is trivially proved.

LEMMA 2.3. We have 1 < |llgo1 (x)| < r? forevery x € X. If x € X is periodic, then Pjis
one-to-one on L;} (x) for every j. As a consequence, 1 < |13;o1 (x)| <r whenever x € X is
periodic.

If 7 is a permutation of a finite set, its sign will be denoted by sgn(r). When < is a
linear order of A and f is a one-to-one function from a subset S of A into A, we set

sen_(f) = (=N,

where
N(<, f)=l{(a,b) e S x S:a<band f(b) < f(a)}l.

If g : f(S) — Ais one-to-one again, then

sgn_(g o f) =sgn_(g) sgn_(f).
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We also have sgn_(f) = sgn(f) whenever f is a permutation of a subset of .4. From here
on, we fix a linear order < of A and write

sgn(f) =sgn_(f)

for an arbitrary one-to-one function f from a subset of A4 into .A.
If S C A, the set 7;(S) will be denoted by S*. It is obvious that (S*)* = S. When
S, T C Aand f: S — T is a one-to-one correspondence, we denote the map

T*st(fl@)—>1(@ (@es)
by f*. Thus f* = (tj|s) o f~' o (t7|7+) : T* — S§* is a one-to-one correspondence and
sgn(f*) = sgn(rsls)sgn(f ~sgn(zs 7). 23)
It is clear that (f*)* = f.
Let k be a positive integer < r(= |.A|). We set
A ={SCA:|S|=kand |L(S)|=1};

for S, S» € Ay we denote by F (S, S>) the set of one-to-one functions f : S; — S such
that A(a, f(a)) =1 for all a € S;. By (4) in Proposition 2.2, we have $* € A; whenever
§ € Ai and, by (2.2), we have f* € F (S5, ST) whenever f € F(Si, $2). Itis clear that

F(S1, 82) 3 f > f*e F(S3, S7)

is a one-to-one correspondence.
For notational convenience, we adopt the convention that an empty sum is O and an

empty product is 1:
D xj=0 and J]x=1
jea jea

Define the Ay x Ay matrices Ay, By and Ji by

Ak(S1, S = ) sen(f),
fEF(S1,52)
1 if F(S1, $) £ 9,
Bi(S1, $2) = . 7
0 otherwise,

and

sgn(zyls,) if 17(851) =Sz,
Ji (81, 82) = { & !

otherwise.

It is straightforward to see that J; is symmetric and satisfies Jk2 =1. A simple
calculation using (2.3) and the fact that F (S, $2) 3 f +— f* € F(S3, S}) is a one-to-one
correspondence gives

Ak(S3, ST) = Ji (ST, SDAK(S1, $2)Jk(S2, §5)  (S1, S2 € Ap), 24

which may be expressed as Az = Ji Ay Ji or, equivalently, as Jy Ay = AIJk. Similarly, we
have B (S1, $) = Bk(Sf, Sik)
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It is well known [2, 9, 10] that

,
pm(ox) = X:(—I)I‘Jrl tr(Ay) (m=1,2,...). (2.5)
k=1
Hence the first formula in Theorem B holds. A proof of (2.5) is found in [9, §6.4] and our
proof of the other formulas in Theorem B is a ‘modification’ of it. In order to explain the
modification, we introduce some notation and give an outline of the proof of (2.5).
Let m be a positive integer. For k=1, 2, ..., r we denote by Zy(m) the set of all
(m + 1)-blocks SoSj - - - S, over the alphabet A such that Sop = S, and H’;’;OlAk(S i
Si+1) #0, so that

m—1
tr(A") = Z ]_[ Ak(Sj, Sj41).

SoS1--Sm €Ly (m) j=0
LEMMA 2.4. Suppose that SoS; - - - Sy € AZH'I and So = Sp,. Then each of the following
implies the other three:
(1) SoS1 -+ Sm € Li(m);
@) Bu(S;. Sjx)=1for0<j<m—1;
(3) IF(Sj, Sj+Dl=1for0<j<m—1;
@ |F(S), Sj+Dl=1for0<j<m—1.

Proof. It is obvious that (1) = (2) = (3) and (4) = (1). If [F(S;, Sj+1)| > 2 for some
J» then an elementary argument shows that there is a graph diamond for L£,. Hence (3)
implies (4). O
Let F(m) be the set of points in X that are fixed by o'}/
Fm)={xeX:oy(x)=x}.

Thus p,, (ox) = |F(m)|. Suppose that x € F(m). By Lemma 2.3, we have 1 < |/:g01 )] <
r. Since oy’ (x) = x, it follows that o}’ (L',;o1 x)) = Eo_ol (x). Thus the restriction of o’{' to
Eo_ol (x) is a permutation of £gol (x). Let C(m; x) denote the set of all o{'-invariant subsets
of L3 (x):

C(m; x) ={E C L} (x) : 6™(E) = E}.

The following lemma is proved in [9, §6.4].

LEMMA 2.5. Let w be a permutation of a non-empty finite set S andC ={E C S : w(E) =
E}. Then

> =DEH sen(rlp) = 1.
EcC\{@)}

With the help of this lemma, we obtain
pmlox)= > > (=DFTsgn(o}|p).
xeF(m) EeC(m;x)\{2}

We set C(m) = ) C(m; x) and

xeF(m

Cr(m)={EeC@m):|E|=k} (k=1,2,...,71).
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If x, x’ € F(m) and x # x’, then C(m; x) N C(m; x") = {@}; hence
pmlox)= Y (=DF*sgno} k).
EeC(m)\(2}

It is obvious that C(m)\{2} = U1r<=1 Ci(m) and the sets Ci(m), Co(m), ..., C.(m) are
mutually disjoint. Hence, we obtain

pm(ox) =Y (=D " sgn(a|).
k=1

EeCy(m)

Now (2.5) is an immediate consequence of the following lemma.
LEMMA 2.6. If E € Cx(m) and

Sj=Pij(E) (0O=j=m), (2.6)
then SoS1 - - - Sp € Ix(m), Ak(Sj, Sjp1) € {—=1,1} for0<j<m —1, and

m—1

sen(of1e) = [ | Ax(Sj, Sjv0)-
Jj=0

Conversely, if SoS7 - - - S; € Iy (m), then there is a unique E € Cy(m) such that (2.6) holds.

Proof. Suppose that E € Cx(m) and the sets Sp, Sy, ..., S, are given by (2.6). Let
x € F(m) be such that E C £ (x). Then
L(Sj)={L(yj):yeE}={x;} (=0,1,....m) (2.7)
and Lemma 2.3 implies that P;j|g : E — S; is a one-to-one correspondence for all j. In
particular,
ISil=1El=k (j=0,1,...,m).

Thus So, S1, ..., Sm € Ax; and since o{' (E) = E, we have Sy = Sy.

If we set fj = Pj+1 o (Pj|E)_1 forj=0,1,...,m—1, then fj € F(Sj, Sj-H) for all

Jj; hence Lemma 2.4 implies that SoS; - - - S, € Zy (m). By the same lemma, we also have
F(S;j, Sj+1) ={f;} for all j, and this implies that Ax(S;, Sj+1) € {—1, 1} for all j, and

that
m—1 m—1
l_[ Ar(Sj, Sj41) = l_[ sgn(fj) =sgn(fu—10---0 fi o fo) =sgn(Py o (Po|E)™").
j=0 Jj=0

Since P, (y) = Po(of (y)) forall y € Xy,
sgn(al'|g) = sgn(Py o a’f' o (Polp)™") = sgn(Py o (Polp) ™)),

and this proves the first assertion.

To prove the second assertion, suppose that SoS1 - - - Sy € Zx (m). By Lemma 2.4, there
are functions fo, f1, ..., fiu—1 such that F(S;, Sj11) ={f;} for all j. If E denotes the
set of all y € X4 such that

leZand0<j<m—-1 = Yim+j € Sj and Yyt j+1 = fjYim+j),

then it is easy to see that E € Cy(m) and (2.6) holds.
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It remains to prove the uniqueness of E, and to do this, suppose that x, x’ € F(m),
E,E €C(m), E C L] (x), E' c L] (x") and that Pi(E)y=Pj(E')for0<j<m—1.
Then (2.7) implies that x = x’. Hence we have E = E’, by Lemma 2.3. This completes the
proof. O

In our proof of the other formulas in Theorem B, we need the following modification of
Lemma 2.5.

LEMMA 2.7. Let  be a permutation of a finite set S. Suppose that C C 25 and Sy C S
satisfy the following.
(1) =#(E)=E forevery E €C.
2) IfE|,Ex€C, then E{ UE;,, E{\E; €C.
3)  So # D and 7 (So) = So.
4 IfFECSyandn(E)=E, then E €C.
Then
> (=D sen@rip) =1. (2.8)
EeC\{@)
Proof. The assumptions imply that C has at least two distinct elements, namely Sp and @.
For convenience, we set sgn(|z) = 1. With this notation, (2.8) is equivalent to

> (=D sgn(r|g) =0.

EeC

If we put
N={EeC:EcS)andR={EeC:ENSy=a)},

then (2) implies that
N xR>3(E|, E))—~ EIUE,e(C

is a one-to-one correspondence. If (E1, E3) € N x R, then E; N E; = &, and hence
(—DIFYEl sgn(r | gyuE,) = (= D'F sgn(r | g,) (—DIP sgn(r|,).
From (3) and Lemma 2.5, we have

Yo =DFlsgnre) =0,

ECSy,n(E)=E

and from (1) and (4), we have

(ECSy:n(E)=E}=N.

Therefore,
YD senrlp) = > (=DEYElsen(r|g,uE,)
EeC (E],Ez)ENXR
= > D)""sen(rlg) Y (—D"™lsen(rlg,)
EieN EreR
=0. m

Remark. The condition that Sy # & is crucial. Otherwise we cannot apply Lemma 2.5.
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Now, suppose that N is a positive integer and § € {0, 1}. We put
F(N,)={xeX o8 (x) =0} p(x) =x},
so that py s(ox, ¢) = |F(N, §)|; forx € F(N, §) we put
C(N, 8 x)={E C L(x): 0V (E) =05 ¢ a(E) = E}.
Itis clear that F (N, §) C F(N) and that C(N, §; x) C C(N; x) for eachx € F(N, §).

LEMMA 2.8. We have

pysx, @)= Y > DEH sen(o) |p).

xeF(N,8) E€C(N,8;x)\{2}

Proof. Let x € F(N, §) and put

Sox)={yeLd(x):IneZol osa(y) =N ()}

It follows from (5) in Proposition 2.2 that So(x) # &. It is then straightforward to verify
that the conditions in Lemma 2.7 are satisfied with § = Egol x), =o}f |- )’ C=
C(N, 8; x) and Sy = Sp(x). Hence we obtain

(—DEF senoN ) =1 (x € P(N, ),
EeC(N,8;x)\{@}

and the result follows. O

If we set

C(N, ) = U C(N, §; x)
xeF(N,8)

and
Ck(N,8)={E€C(N,d8): |E|=k} (*k=1,2,...,71),

then, as in the proof of (2.5),
,
pysox, @)=Y (=D 3" snoy|p).
k=1 E€Ci(N,8)

Therefore, Theorem B will follow, once we prove that

> sen(@3"|e) =SUABIIA, (2.9)
EeCr(2m,0)
> sen(3"E) = SIUkA)® By (ArJ)™), (2.10)

EeCi(2m,1)

and

> sen(oy" e =SIEBY T (A ®] (2.11)
EeCr(2m—1,0)

form=1,2,...andfork=1,2,...,r.
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We prove (2.11) only. The other results are proved similarly. Let m and k be given.
First of all, it is easy to prove that

Ck@m —1,0) ={E € Ct@m — 1) : Ppyj(E) = Pp—j—1(E)" (0= j <m —D}. (2.12)

In particular, every E €Cy(2m — 1,0) is completely determined by Py(E),...,
P,_1(E). A simple calculation gives

SUEB! N (Ad®]
m—2
= Z Ji (So, So)[l_[ By (S, Sj+1)]Ak(Sm—1, S DI (Sp_ 12 Sm—1).
So-+-S—1 €A j=0

If So - - - S;u—1 € A7, then the corresponding term on the right-hand side is different from
zero if and only if

So=S5 Bu(S;, Sja) =1 O<j<m—2) and Ar(Sut, Sh_) #0. (2.13)
In this case, the term reduces to
Je(So0, SO)Ak(Sm—1, Sy DIk(Sy 1+ Sm—1).

If we denote the set of all m-blocks Sy - - - S;,—1 over A that satisfy (2.13) by J,(2m —
1, 0), then

SEBY (Ad) ] = > (S0, S0) Ak (Sm—1. Sjo_ ) i(Sph_1. Sm—1)-
S0 Sm—1 €Tk (2m—1,0)

Thus (2.11) is a consequence of the following lemma.
LEMMA 2.9. IfE € C;y(2m — 1, 0) and
Si=Pi(E) 0<j<m-—1), (2.14)
then Sy - - - Sp—1 € Jr(2m — 1, 0) and
sgn(@" 1) = Jk (S0, SO Ak(Sm—1, Sy ) Ik(Sp_ys Sm—1)- (2.15)

Conversely, if So -+ Su—1 € Jx(2m — 1, 0), then there is a unique E € Ct(2m — 1, 0)
such that (2.14) holds.

Proof. Suppose that E € Cy(2m — 1, 0) and Sp, S1, ..., S;—1 are given by (2.14). Then
E € Cx(2m — 1) and Lemma 2.6 implies that

Po(E)PI(E) - - - Pyp—1(E) € L (2m — 1),
Ar(Pj(E), Pi1(E)) ef{l, =1} for0 < j <2m — 2, and

2m—2
sen(o" " 'g) = [ [ Ak(Pi(E), Pii(E)).
1L

By (2.12) and (2.14),

Po(EYPI(E) -+ - Pam—1(E) = S0+ Su—1S8,,_1 - Sp-
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Hence So - - - Sjp—1 € Jx(2m — 1, 0) and
m—2 m—2
sgn(o2" ) = []‘[ Ar(S;. Sj+1>}Ak(sm_1, S;‘:,_n[l_[ Ar(SS ). 57)]_ (2.16)
j=0 j=0
If m =1, the right-hand side of (2.16) is equal to A (So, Sg‘) and that of (2.15) is equal

to Ji(So, S0) Ak (So, S3)Jk(S5. So), hence (2.15) holds, because So = S and Ji (S, $*) =
Ji(S*, S) e {—1, 1} for all S € Ay. Now suppose that m > 2. Then (2.4) implies that

m—2 m—2
[T AT S =T U(ST, SHARS). SjeD) Tk (Sj1. STyp)
j=0 Jj=0

and the right-hand side reduces to

m—2

i (S, 50)[1_[ Ar(Sj, S,-+1>}Jk(sm_1, Sp1)»
=0
because Ji(S, $*) = Jp(S*, §) e {—1, 1} for all S e A;. Hence the right-hand side
of (2.16) is equal to that of (2.15), because A(S;, Sj+1) € {—1, 1} for all j. This
proves (2.15).
Conversely, suppose that Sg - - - S;—1 € Jr(2m — 1, 0). Then

S0 Sm—1Sp_1 - Sy €Tk@m — 1),
by Lemma 2.4, and Lemma 2.6 implies that there is an E € Cx(2m — 1) such that
Po(EYP{(E) -+ Pyy—1(E) =80 -+ Su—1Sp_1 -+ ;-

Thus E € Cx(2m — 1, 0) by (2.12). Finally, the uniqueness is obvious, because every
E € Cy(2m — 1, 0) is completely determined by Py(E) - - - Py—1(E). O

3. Proof of Proposition 2.2 (Krieger’s joint state chain)
Suppose that X is a sofic shift and ¢ is a one-block flip for (X, ox) with symbol map 7.
We prove Proposition 2.2 by showing that Krieger’s joint state chain of X has a natural
one-block flip and the resulting shift-flip system has the desired properties. We start with
the construction of Krieger’s joint state chain.

Let X and X~ denote the set of right-infinite sequences and left-infinite sequences that
appear in X, respectively:

Xt ={x0.00): ¥ € X} and X ={xX(—c0,0]:X € X}.

If n is a positive integer, u =ug - - - u,_1 € By(X), p € XT and A € X~, we define the
right-infinite sequence up, the left-infinite sequence Au and the bi-infinite sequence Ap in
the usual way:

uj, 0<i<n-—1,
(wp); = )
pl‘*ﬂ? lva

[ -1 - 1<‘<07
() = {U1+n 1 n+1<i=<

i+n, l E —n,
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and

Ait1, <-—1
A subset F of X7 is said to be a future if there is a . € X~ such that
F={peXt:1peX)}
and a subset P of X~ is said to be a past if there is a p € X such that
P={LeX :xp€eX}.

In this case, F' and P are called the future of X and the past of p, respectively. It is well
known that there are finitely many futures and pasts [6, 9]. If F is a future, P is a past and
a € B1(X), we set

Fla)={peX :apeF} and P(a)={reX :iac P}.

It is clear that F(a) is a future whenever F(a) # &, and that P(a) is a past whenever
P(a) # 2. Atriple (F, a, P) is said to be a joint state if F is a future, a € B1(X), P is a
past, F(a) # @ and P(a) # @. Let A denote the set of all joint states. It is obvious that
| A| < co. Define the labeling £ : A — B (X) and the zero—one A x A matrix A by

L(F,a, P)=a

and
A((F1, a1, P1), (I2, a2, P)) =1 Fi(a1)=F, and P = P(ay).

The topological Markov chain X4 is called Krieger’s joint state chain of X. It is well
known and easy to prove that L, : X4 — X is a factoring and has no graph diamonds.
Hence (1) and (2) in Proposition 2.2 hold.

If aeBi(X), p=pop1pr---€XT and A=---A_sA_1Ag € X, we define a*, p*
and A* by a* =1(a), p*=---pipfp; and A* =A5A* A%, ---. It is obvious that

a*eBi(X), pre X, A e Xt @) *=a, (pH)*=pand W)* =1 If S C XT, we set
S*={p*:peS}andif SC X, we set S* ={A*: 1 e S}. It is clear that (§*)* =S, a
subset F of X7 is a future if and only if F* is a past, and that a subset P of X~ is a past if
and only if P* is a future. We also have (S(a))* = S*(a*), whenever a € B1(X) and S is
a future or a past. Thus (F, a, P) is a joint state if and only if (P*, a*, F*) is a joint state.
We define the zero—one .4 x .4 matrix J by

J((F1, a1, P1), (F2, a2, P»)) =14 (P], af, F') = (F2, a2, P»).

It is then straightforward to verify that (3) and (4) in Proposition 2.2 hold.
To prove (5), suppose that § € {0, 1}, x € X and aggo(x) =x.Since Loo: X4 — Xisa
factoring, there is a y € X4 such that Loo(y) = x. If we write

vi=Fi,a;, P) (€?),

then Fj(a;) = Fiy+1, P; = Pi+1(a;j+1) and a; = x; for all i € Z. Suppose that § = 0. Then
x; = (x_;)* for all {, and hence

(F_)*(xi) = (F_)"((x-)") = (F-i (x-))* = (F—i(a-))* = (F—i+1)"
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for all i. From this, we see that (F;, x;, (F_;)*) € A for all i and the point y’ € A% defined
by
yi=(F, xi, (F.)*) (€Z)

is actually an element of X 4. Furthermore, it is obvious that Loo(y') = x and 9 4 (') = y'.
Now suppose that § = 1. Then x; = (x_;_1)* for all i and the same argument as above
shows that the bi-infinite sequence y’ defined by

yi=(F;, xi, (F.i—1)") (i €Z)
has the desired properties. This completes the proof of Proposition 2.2. O
4.  Some remarks and examples
Suppose that (X, T, F) is a flip system, m is a positive integer and py, o(T, F) +

Pam 1 (T, F) < oo. We will show that p2y, o(T, F) + pam 1(T, F) is even. To see this,
put

A={xeX:T"x=Fx=x, TFx #x},
B={xeX:T"x=TFx=x, Fx#x)

and
C={xeX:T"x=Fx=TFx=x).

It is obvious that A, B and C are mutually disjoint, and that
P2mo(T, F) + pom 1 (T, F) = |A| + |B| + 2|C|. 4.1
For x € A U B we denote the least period of x by ¢(x) and define /x by

T90)/2x if g (x) is even,
Ix = T7@W+D/2x if g(x)is odd and x € A,
T@O=D/2x if g(x) is odd and x € B.

Then I : AU B — A U B is well defined and satisfies
I’x=x and Ix#x (xe€AUB).

Hence |A U B| is even, and the result follows from (4.1). Now suppose that (X, oy, ¢) is
a sofic shift-flip system. Then the sets

o0
U {x[0,m—17:x € X and G)Z(m*lx = px = x},

m=1
o0
U {x[0,m) : x € X and a)z(mx =px =x}
m=1

and

o0
U {x[0,m—17:x € X and a)%mx =oxpx =x}
m=1
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are recognizable [5, pp. 14, 55]. Hence their generating functions

) ) 00
Z P2m—1,0(C7X, ‘P)fm, Z sz,0(0X7 (ﬂ)lmH and Z p2nz,1(UX, ¢)tm
m=1

m=1 m=1

are N-rational (for the definition, see [4, 11, 12]), and consequently, so is 2G4y, ,. Finally,
Berstel’s theorem [4, 5, 12] and Soittola’s theorem [4, 12] imply that G4y, is N-rational.
Let (X, ox, ) and (A, L, A, J) be as in the previous section. In the rest of this section,
we will be interested in systems which are smaller than (A, £, A, J), but satisfy conditions
(1)—(5) in Proposition 2.2.
First of all, if X is irreducible, then Krieger’s joint finitary state chain of X satisfies the
conditions. Recall that a block f € B(X) is finitary (intrinsically synchronizing) if

forall (A, p) e X~ x X, [AfeX and fpe XT = (Af)p € X].

Let A° be the set of joint states (F, a, P) € A such that F is the future of a left-infinite
sequence in which a finitary block occurs and P is the past of a right-infinite sequence
in which a finitary block occurs; and let L9, A9, JO denote the restrictions of £, A, J to
AP, respectively. The topological Markov chain X 4o is called Krieger’s joint finitary state
chain of X. Ttis clear that (F, a, P) € A% if and only if (P*, a*, F*) € AY and it is known
[6, p. 315] that Ego : X40 — X is a factoring. Hence the same argument as in the proof of
Proposition 2.2 yields the following proposition.

PROPOSITION 4.1. If X is irreducible, then (A°, £°, A°, JO) satisfies conditions (1)—(5)
in Proposition 2.2.

If X is proper sofic, then A° is considerably smaller than A. For instance, we have
IAOI =5 and | A| = 13 in the case where X is the even shift.

It is clear that there is a smallest system (A™, L™, A™, J™) satisfying the conditions
in Proposition 2.2 in the sense that |.A™| is minimal. It is also clear that there are only
a finite number of such smallest systems if we regard isomorphic ones as the same. The
authors, however, do not know how to obtain such smallest systems and whether there are
non-isomorphic ones in the general case.

We conclude this paper with simple examples in which the smallest systems are
completely determined.

Example 4.2. Let X be the even shift and ¢ be given by

o) =x—;. 4.2
Then (A%, £0, A9, JO) is isomorphic to (A’, £/, A’, J'), where A’ ={l,2,3, 4,5},
LDH=1,L2)=---=L(5)=0,
1 1 0 0 O 1 0 0 0 O
001 00 001 00
A=|11 0 0 0 and J/=|0 1 0 0 Of;
0 0 0 0 1 00 0 1 0
0 0 0 1 0 0 0 0 0 1
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moreover, any smallest system is isomorphic to (A™, L™, A™, J™), where A" =

(1,2,3,4), Lm() =1, L") = - - - = L7(4) =0,
1100 1 0 0 0
0010 0010
m __ m __
A= 100 ™M =101 00
00 0 1 000 1

We observe that (A™, £™, A™, J™) is isomorphic to a subsystem of (A, £, A, J) and
that the topological Markov chains X4/ and X4» are not conjugate. We also observe that
X4 and Xgm are reducible. In fact, it is easy to see that for any system (fl, £~, AN, J )
satisfying the conditions in Proposition 2.2 the topological Markov chain X ; is reducible.
A straightforward calculation using this minimal system and Theorem B gives

24262 — 13 —F =25 — 40
(1 =) -2 =14

Gﬁx,(p([) =

Example 4.3. Let $={3,6,9,...,3n,...}, X be the S-gap shift and ¢ : X — X be
given by (4.2). For the definition of the S-gap shift, see [9, p. 7]. We have |A4| =29,
A% = 17 and (as before) X 40 is reducible. However, (A%, £°, A°, JO) has a subsystem
which satisfies the conditions in Proposition 2.2 and the corresponding topological Markov
chain is irreducible: if we define (A, £/, A’, J') by A'={1,2,3,4,5,6}, L/(1)=1,

L@ ==L =0,
010000 10000 0
000100 001000
10000 0 010000
A = d J =
oo101 0/ ™M I=lg001 00|
00000 1 00000 1
000100 000010

then (A, L', A’, J') satisfies the conditions, is isomorphic to a subsystem of (A°, 9,
A% J9) and Xy is irreducible. On the other hand, any smallest system is isomorphic to

(A™ L Am g™y where A7 = {1, 2,3, 4), £7(1) =1, L"(Q2) =- - - = L7(4) =0,
0100 100 0
00 0 1 001 0
m __ m __
AT=10 1 0 0 ™ T=10 1 0 0
001 0 00 0 1

We observe that (A™, £™, A™, J™) is not isomorphic to any subsystems of (A, L, A, J),
the topological Markov chains X4 and X4 are conjugate, but the shift-flip systems (X,
oar, @y ar) and (Xpm, oam, @ ym am) are not conjugate. In this case,

P2+ 44— 7 =29 —2p10 411
(=31 — 15— 18)

Gﬂx,(p(t) =

https://doi.org/10.1017/etds.2013.57 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.57

498 Y.-O. Kim and S. Ryu

Acknowledgements. The authors are profoundly grateful to the referees for their detailed
reading of the paper and for their helpful comments. This work was supported by the
BK21-Mathematical Sciences Division.

REFERENCES

[1] M. Artin and B. Mazur. On periodic points. Ann. of Math. 81 (1965), 82-99.

[2] R. Bowen. On Axiom A Diffeomorphisms (AMS-CBMS Regional Conference, 35). American
Mathematical Society, Providence, RI, 1978.

[3] J. Berstel and C. Reutenauer. Zeta functions of formal languages. Trans. Amer. Math. Soc. 321 (1990),
533-546.

[4] J. Berstel and C. Reutenauer. Another proof of Soittola’s theorem. Theoret. Comput. Sci. 393 (2008),
196-203.

[5] S. Eilenberg. Automata, Languages, and Machines. Vol. A. Academic Press, New York, 1974.

[6] W. Krieger. On sofic systems L. Israel J. Math. 48 (1984), 305-330.

[7] Y.-O. Kim, J. Lee and K. K. Park. A zeta function for flip systems. Pacific J. Math. 209 (2003), 289-301.

[8] D. Lind. A zeta function for Z%-actions. Ergodic Theory and Z3-actions (London Mathematical Society
Lecture Note Series, 228). Eds. M. Pollicott and K. Schmidt. Cambridge University Press, Cambridge,
1996, pp. 433-450.

[9] D. Lind and B. Marcus. Symbolic Dynamics and Coding. Cambridge University Press, Cambridge, 1995.

[10] A. Manning. Axiom A diffeomorphisms have rational zeta functions. Bull. Lond. Math. Soc. 3 (1971),
215-220.

[11]  C. Reutenauer. N-rationality of zeta functions. Adv. Appl. Math. 18 (1997), 1-17.

[12] M. Soittola. Positive rational sequences. Theoret. Comput. Sci. 2 (1976), 317-322.

https://doi.org/10.1017/etds.2013.57 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2013.57



