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ABSTRACT

This paper investigates the suitability of auxetic materials for load-bearing circular plates. It is herein
shown that the optimal Poisson’s ratio for minimizing the bending stresses is strongly dependent on the
final deformed shape, load distribution, and the type of edge supports. Specifically, the use of auxetic
material for circular plates is recommended when (a) the plate is bent into a spherical or spherical-like cap,
(b) a point load is applied to the center of the plate regardless of the edge conditions, and (c) a uniform
load is applied on a simply-supported plate. However, auxetic materials are disadvantaged when a flat
plate is to be bent into a saddle-like shell. The optimal Poisson’s ratios concept recommended in this
paper is useful for providing an added design consideration. In most cases, the use of auxetic materials
for laterally loaded circular plates is more advantageous compared to the use of materials with conven-
tional Poisson’s ratio, with other factors fixed. This is achieved through materials-based stress re-
distribution in addition to the common practices of dimensioning-based stress redistribution and materials

strengthening.
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1. INTRODUCTION

Auxetic materials are solids that possess negative
Poisson’s ratio, i.e. they expand and contract transversely
when stretched or compressed, respectively, in the lon-
gitudinal direction. As a result, auxetic plates undergo
synclastic deformation when bending moments are ap-
plied on two opposing sides, instead of anticlastic de-
formation in the case of conventional plates. It follows
that when a circular plate is laterally loaded such that its
deformation approximates the surface of a sphere, the
bending moment, and hence the bending stresses, are
reduced by the auxeticity of the plate material. Various
forms of auxetic materials have been developed, ob-
served or modeled, including ferromagnetic films [1],
FCC crystals [2], hexagonal molecules in 2D lattice [3,4]
and foams [5-8]. The counter intuitive nature of auxetic
materials avails much potential as safer fasteners [9],
improved arterial prostheses [10], artificial intervertebral
disc [11], drug eluting stents [12] and other prostheses
[13], more comfortable cushions [14,15], highly tunable
molecular sieve [16-19], antivibration glove [20], novel
textiles [21], better material for diabetic shoes [22], safer
pressure vessels [23] and other thin walled structures
[24], and higher performing crash/shock absorber [25,26],
to name a few. Theoretical models have been proposed
to elucidate such counter intuitive behavior while ex-
perimental validation have been carried out to understand
this behavior from the microstructural standpoint [27-37].
Recently, research in auxetic materials extends to the
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unique structural properties of auxetic plates as a result
of their material behavior. These include sandwich
plates [38,39] and thermoelastic layered plates [40],
strain energy distribution in an auxetic plate with a crack
[41], finite element analysis of auxetic plate deformation
in 3D [42] and 2D [43], as well as solitary waves in
auxetic plates [44].

Although it is known in the literature that that
auxetic materials can reduce stress in plate bending
problem, no quantitative study has been made. In this
paper, axisymmetric bending a circular plate is consid-
ered to quantitatively study the extent of stress reduc-
tion when the Poisson’s ratio of the plate material
changes from a positive value to a negative value.
Where applicable, the optimal Poisson’s ratio of a cir-
cular plate is obtained under specific loading condition
(s) with other material parameters fixed.

2. EFFECT OF AUXETICITY ON TYPES
OF BENT SHAPE

With reference to Fig. 1, the radial and tangential
moments per unit length, M, and M,, of a circular plate
is related to the Poisson’s ratio, v, and the deflection w
at a radial distance of » from the plate center are given
by [45-48]
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Fig. 1 A schematic of the bending moments
2
M,=-D d?+ﬁﬂﬁ (1)
dr~ rdr
2
M,=-D lﬂY+va¥ )
rdr dr
with the bending stiffness of the plate, D, being
3
p=—th _ 3)
12(1-v7)

where by E and /4 are the Young’s modulus and thick-
ness of the plate respectively.

The maximum bending stresses occur at the lower
and upper surfaces of the plate, and are given by

Gr _+£ Mr 4
G, max__h2 M’ ’ ()

there by implying that the bending moments must be
reduced if the bending stresses are to be reduced.
Employing the Cartesian coordinate system, the bend-
ing stresses can be written as

C, _ Ez 1 v I";l
{G}f} 1= [V J{ryl} ’ ®

where 7, and r, denote the radius of curvature of the
plate’s neutral surface in sections parallel to the xz and
yz planes respectively. Consequently, the optimal
Poisson’s ratio of the plate material is

r
Vopt = _r_y <0, = (Gx )min (6)

x

for minimizing the bending stress o,. It can be seen
from Egs. (5) and (6) that if the plate is to be bent into a
spherical shell (i.e. », = r,), then the bending stresses o,
and o, are minimized when the plate is auxetic with
v=-1. Reference to Eq. (6) suggests that if the plate
is to be bent into a cylindrical shell such that », — oo,
then the bending stress o, is minimized when v =0.
Going by the same reasoning, if the plate is to be bent
into a saddle-like shell whereby », = —2r, (the negative
sign denoting the radius of curvatures being on opposite
sides of the bent plate), then the bending stress o, is
minimized when the plate is non-auxetic with v =0.5.
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3. EFFECT OF AUXETICITY ON UNIFORMLY
LOADED CIRCULAR PLATES

The radial and tangential bending moments per unit
length for a uniformly loaded circular plate with built in
edge are given as [45-48]

M, q|l+v 3+v|[+R? ™
M, 16|1+v 1+3v|] -2
where R is the radius of the circular plate and g is the

load intensity in force per unit area. Adopting dimen-
sionless parameters

|
M = 62
qR

®)

and (#/R), we have

*
t

| (3+v]
M| l+v 1
{ }_(HV) | (1+3vj {—(r/R)Z}‘ ©)
1+v

It is quite sufficient to adopt the radial and tangential
bending moments, or their dimensionless forms, be-
cause any non-dimensionalization of the maximum ra-
dial and tangential bending stresses will lead to an ex-
pression similar to Eq. (9). This is because introduc-
ing the dimensionless parameter for stress

2
dﬂzgg(%) (10)

gives the maximum dimensionless bending stresses
o B 8_5( h jz o,
o' o 3q\R) |0,
| ( 3+ vj
I+v 1
| [1+3v] ~¢/R? > (D
I+v

which is similar to Eq. (9). Nevertheless the dimen-
sionless parameter for stress is useful for non- dimen-
sionlizing the effective stress

=(1+v)

Gt

L
V2
(12)

Since bending stresses are the largest at a distance
furthest from the middle surface of the plate, i.e. at the
surface, it is useful to note that o, = 0 on the surface
that is not loaded, while o, = —g on the loaded surface.
For the latter, |6.| =¢ << (G)max> (O)max. The in-
plane shear stress t,, and one of the two out-of-plane
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shear stresses t,, are zero for the chosen elemental
volumes aligned in the direction shown in Fig. 1. The
other out-of-plane shear stress, 1, = 1,, follows a para-
bolic distribution along the thickness of the plate such
that it is zero at the surface and takes its maximum
value at the middle plane of the plate.

(12) to
G =0, +0, =G, G, . (13)

Based on Egs. (4) and (7), we have the effective
stress distribution

G = 3;5 \/(1+v)2 {1—4[%} }-(7+2v+7v2)(%j

(14)

or its dimensionless form

cg’;gz\/(lw){l—{%j }-(7+2v+7v2)(%j (15)

by virtue of Eq. (10).

For a uniformly loaded plate supported at its edge,
the maximum shearing stress is at the middle surface of
the plate (i.e. at the neutral axis in which the bending
stresses are zero) and at a radial distance furthest from
the plate axis

3gr  3qR(r
) =——="—= 16
(T ) max - an (R] (16)

considering parabolic distribution along the thick-
ness of the plate. One may compare this with the
bending stresses at the surface of the plate

2+ 3+ 1
o, :i3qR2 (I+v)  (B+v) Loan
O/ 8h” | (1+v) (1+3v)|(—(r/R)
Since R >> h, the maximum shear stress at the mid-

dle plane of the plate is generally lower than the bend-
ing stresses at the surface of the plate

¥
(‘crt )max ~ 4h — %

(O)mas [3qR2J R

(18)

8h*

As such the effective stress is adopted at the surface
rather than at the mid-plane due to the greater maxi-
mum bending stress at the surface (with zero out-of-
plane shear) than the maximum shear stress at the mid-
plane (with zero bending stress).

The plate deflection

q 2 232
w=——(R"-r 19
64D( ) (19)

is maximum at the center
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This reduces Eq.

4
Wmax = qR N
64D

(20)

Although the maximum deflection appears to be in-
dependent from the Poisson’s ratio of the plate, it is not
so. The Poisson’s ratio dependency is due to the fact
that the plate bending stiffness

ERW

is influenced by the Poisson’s ratio of the plate ma-
terial. Substituting the plate stiffness expression into
the maximum plate deflection description, we have

_ 3¢R*

=), 22)

max

Bearing in mind the moduli relation

G= E
2(1+v)

(23)

for an isotropic material, the maximum plate deflec-
tion can also be written as

3gR* (1-v
Ve = 16h3G(Tj ' 24)

This implies that a change in the Poisson’s ratio of
any material is accompanied by a change in the Young’s
modulus at constant shear modulus or a change in the
shear modulus at constant Young’s modulus. These
are extreme cases, as both moduli may change simulta-
neously. Taking square root of the product of both
maximum deflections give rise to

3¢R* 1+v
Wyax = 1-v . 25
16K°VEG - 2 )

This maximum deflection description allows both
moduli to change simultaneously to the change in
Poisson’s ratio, with the condition that the product of
both moduli remains constant. For investigating only
the effect of Poisson’s ratio on the maximum plate de-
flection, it is useful to introduce the following dimen-
sionless parameters

vy _ 1O6W WE

max 3qR4 B (26)
o 16w, I’G
e = T 27

and

EGY) _ 16w, ”*NEG

max 3R’ (28)

so that the following dimensionless parameters
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wED) =17 (29)
Wi =2 (30)

and
WAl (1 (1)

describe the maximum plate deflection on the basis
of constant Young’s modulus, constant shear modulus,
and constant product of both moduli respectively, as the
plate material changes in its Poisson’s ratio.

Figures 2(a) and 2(b) show the plots of dimen-
sionless bending moments and dimensionless effective
stress versus dimensionless radius for a fully-clamped
circular plate under uniform load, while Fig. 2(c) illus-
trates the change in the dimensionless maximum de-
flection with auxeticity of the plate material.

The plotted results in Fig. 2(a) show that the largest
bending moment, and hence the largest bending stress,
occurs at the edge of the plate whereby the dimen-

sionless radial bending moment, |M N

=2, is inde-
R

pendent from the Poisson’s ratio of the plate. The

dimensionless tangential bending moment at the edge

generally possesses lower magnitude than the dimen-

sionless radial bending moment, with an exception

when the plate’s Poisson’s ratio is v =—1, which gives

=l
r=R

at the plate edge. Using bending

moment as a physical quantity under the conditions of
uniform load and built-in edge, a comparison of bend-
ing stresses at the boundary can be made, i.e.
(M), >(M,),—p or |G r=r =212
=0.75q(R/h)* > 0.75vq(R/h)* = |G/|—g —ts> for —1 < v <
0.5 and (M,)p = (Mg OF |Olrp—si2 = 0.75q(R/DY’
= |0/y=rz=snp for v=-1. This means that under the
condition of uniformly distributed load, the maximum
bending stresses at built-in edge in no longer confined
only to the radial direction, but also includes the tan-
gential direction if the plate material is highly auxetic at
v=—1. Two further points are of interest: (i) the tan-
gential bending moment, and hence the tangential
bending stress, is zero at the plate edge if the plate ma-
terial’s Poisson’s ratio is v=0, and (ii) the bending
moment, and hence the bending stresses, at the plate
center is zero as the Poisson’s ratio of the plate material
approaches v=-1. Figure 2(b) shows that, on the
basis of effective stress, the use of auxetic materials for
uniformly loaded circular plates is not suitable if the
edge is fully clamped, as auxeticity tends to shift the
distribution of effective stress to the plate rim. Figure
2(c) illustrates the effect of Poisson’s ratio on the
maximum deflection of the plate. In particular, de-
flection is can be effectively reduced either by using
highly auxetic material (e.g. v=-1) at fixed Young’s
modulus or at fixed moduli product, or by using a high
Poisson’s ratio material (e.g. v=0.5) at fixed shear
modulus.
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Fig. 2 A fully-clamped circular plate under uniform
load: (a) dimensionless bending moment dis-
tributions, (b) dimensionless effective stress
distributions, and (c) dimensionless maximum
deflection

The bending moments for a uniformly loaded circu-
lar plate with simply-supported edge are given as
[45-48]

M 3+v 3+ 2
o4 v vV | |+R (32)
M,| 16|3+v 1+3v||—?
or, in dimensionless terms,

1 1
M 1
{M:}—(3+v) | (1+3vj {—(r/R)z} . (33)

3+v
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Substituting Eq. (32) into Eq. (4) and using the di-
mensionless stress parameter described by Eq. (10), the
effective stress of Eq. (13) is written as

Gefp

_ 3;5 \/(3+v){(3+v)—4(1+v)[%) }-(7+2v+7v2)(%J

(34

or in its dimensionless form as

o ] r 2 o 4
Gcff—\/(3+v){(3+v) 4(1+v)(Rj }+(7+2v+7v )(RJ .

(35)

The plate deflection

22
wo IR =) (5HY g2 (36)

64D 1+v
is maximum at the center
4
Wy = L [24V (37)
64D\ 1+v

Substituting the plate bending stiffness expression
into the maximum plate deflection, we have

4

wo =R s sy

= 38
16K°E %)
or, by using Eq. (23),
~ 3qR* (5+v)(1-v) (39)

168G 2(1+v)

Taking square root of the product of both maximum
deflections give rise to

_ 3qR4 G+v)(1-v) (40)

Winax = .
16K°VEG  2(1+v)

Using the dimensionless parameters described in Eqs.
(26) to (28), the following dimensionless maximum
deflections are obtained

wED = (5+v)(1-v), (41)
G — G+v)(1-v) 42)
e 2(1+v)
and
W(\/E*) _ (5+V)(1—V) (43)

- J2(1+v)

for quantifying the maximum plate deflection on the
basis of constant Young’s modulus, constant shear
modulus, and constant product of both moduli, as the
plate material changes in its Poisson’s ratio.
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Figures 3(a) and 3(b) outline the plots of dimen-
sionless bending moments and dimensionless effective
stress versus dimensionless radius for a simply-
supported circular plate under uniform load, while Fig.
3(c) shows the variation in the dimensionless maximum
deflection with auxeticity of the plate material.

It is known that, as a result free surface associated
with simple supports, the radial bending moment is zero
at the plate’s edge. Plotted results in Fig. 3(a) further

reveal that the bending moments, and hence the bending
stresses, at the center of the plate reduce as the plate
Poisson’s ratio reduces

material’s from v = 0.5

100 07% 050 025 000 02% 05 075 100
/R /R

(a)

0 02 0.4 06 08 1
(b)

Dimensionless max deflection

Fig. 3 A simply-supported circular plate under uni-
form load: (a) dimensionless bending moment
distributions, (b) dimensionless effective stress
distributions, and (c¢) dimensionless maximum

deflection
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tov=—1. While the tangential bending moment at the
plate center decreases with decreasing Poisson’s ratio,
an opposite effect occurs at the edge of the plate. This
suggests that the maximum tangential bending stress
that takes place at the plate center at v = 0.5 reduces
with the Poison’s ratio until a negative Poisson’s ratio is
attained. Thereafter, the maximum tangential bending
stress switches location to the plate rim. This maxi-
mum stress increases with decreasing Poisson’s ratio of
the plate material. Reference to Figs. 3(a) and 3(b)
shows that an optimum plate Poisson’s ratio, under
uniform load with simply supported edge, falls between
v=—1/4 and v=-1/2. With reference to Fig. 3(a), the
optimal Poisson’s ratio can be obtained by solving

_aM, (44)
d(r/R)
to give
1
=—— 45
Vo =73 (45)

A similar optimal Poisson’s ratio can be obtained by
reference to Fig. 3(b). In the latter, it can be seen that
(Ggig )r—o :(ciﬁg )r—R =8/3 when the Poisson’s ratio is
v=-1/3. This is the optimal condition as
(ng )r_o >8/3 for v>-1/3 and (G(e}})r_R >8/3 for
v<—1/3. Figure 3(c) reveals that the maximum de-
flection is reduced when conventional materials, rather
than auxetic ones are used. In particular, the use of
highly auxetic material at constant shear modulus or at
constant product of Young’s and shear moduli leads to
very large deflection. However, the use of highly
auxetic material results in a very small increase to the
plate deflection if the reduction of Poisson’s ratio is
accompanied by constant Young’s modulus.

To appreciate the extent of maximum stress reduc-
tion with the use of the optimal Poisson’s ratio
Vopr =—1/3, a comparison is made with a plate of con-
ventional Poisson’s ratio of v=+1/3. Figure 4 shows
the dimensionless bending moments and dimensionless
effective stress plotted with respect to the dimen-
sionless radius.

As evident from Fig. 4(a), the use of plate with
Poisson’s ratio v=—1/3 retains the dimensionless tan-
gential bending moment, which is higher than the di-
mensionless radial bending moment, at M, =8/3,
which corresponds to M, = gR*/6 or (G,)mex = q(R/)?,
throughout the entire plate. On the other hand, the use
of a plate with a conventional Poisson’s ratio of v=1/3
gives the maximum dimensionless bending moment of
M =M;=10/3, which corresponds to M, = M, =
1.25gR*/6 or (6)max = (G)max = 1.25g(R/h)* at the plate
center. Similarly from Fig. 4(b), the maximum di-
mensionless effective stresses are o'j) =10/3 and
c'}) =8/3 for v=1/3 and v =—1/3 respectively. The
non-optimal use of simply-supported conventional cir-
cular plates under uniform loading leads to wastage as a
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Fig. 4 (a) Dimensionless bending moment
distributions, and (b) dimensionless effective
stress distributions, for a uniformly loaded
simply-supported circular plate with optimum
Poisson’s ratio (v=-1/3) and its
corresponding conventional Poisson’s ratio
v=1/3)

result of the bending stress being not fully distributed.
The change of plate material’s Poisson’s ratio from
v=1/3 to v =-1/3 reduces the maximum bending stress
by 20% via redistribution of the tangential bending
moment.

4. EFFECT OF AUXETICITY ON CENTRALLY
POINT-LOADED CIRCULAR PLATES
The bending moments for a circular plate with a

point load P applied at the center of the plate that is
clamped at the edge are given as [45-48]

{M,}:i[nv IHIn(R/r)} ' 46)
M, 4n|l+v v -1

Adopting another dimensionless parameter
M™ = 4—ﬁM 47)
P
and (r/R), Eq. (46) can be simplified to

{M;‘*}{Hv 1}{ln(R/r)}. 48)
Mt** 1+v v -1
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Substituting Eq. (46) into Eq. (4) and using the di-
mensionless stress parameter

(o _ 2mh°G
(e} = —

3p )

the effective stress of Eq. (13) can be written as

Gefr =2:;%\/(1+V)2 ln[éj{ln(gj—l}*‘“‘v‘“’z (50)

or in its dimensionless form as

o :\/(l+v)2 ln(ﬁj[ln(ﬁj—l}+l+v+vz . (8D
r r

The plate deflection

we 1n(£j PR - (52)

= —_— + [
8nD R) 16wD
is maximum at the center

_ PR’
16D

(53)

Wmax

Substituting the plate bending stiffness expression
into the maximum plate deflection, we have

_ 3PR’

Wnax = 1-v* 54
47th3E( ) (>4)
or, by using Eq. (23),
2 p—
W = ok (1—V . (55)
4G\ 2

Taking square root of the product of both maximum
deflections leads to

2
S L —IZV. (56)

Wiax =
4nh’\NEG
Introducing the dimensionless parameters

(Bve) _ 47:h3wmax E

max b 57
3PR? (57)

(G _ 4’ w,, G

max PR (58)
and

WG _ anh’w,  NEG

max PR (39)

the following dimensionless maximum deflections

wE =1 y? (60)

max

max

1-v
(Gx) _
w, =— (61)
2
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and

Wil = (1-y) [ij (62)

are obtained for quantifying the maximum plate de-
flection on the basis of constant Young’s modulus, con-
stant shear modulus, and constant product of both
moduli, as the plate material changes in its Poisson’s
ratio. By the choice of dimensionless parameters
shown in Egs. (57) to (59), the dimensionless maximum
deflections for central point load with fully-clamped
edge described by Eqs. (60) to (62) are similar to those
under uniform load with similar boundary condition, i.e.
Egs. (29) to (31) respectively.

Figures 5(a) and 5(b) demonstrate the plots of di-
mensionless bending moments and dimensionless ef-
fective stress versus dimensionless radius for central
point-loaded circular plates with fully-clamped edge,
while Fig. 5(c) describe the change in the dimensionless
maximum deflection with auxeticity of the plate mate-
rial.

A well-known feature in a circular plate loaded at the
center is the high bending moment at the loading point,
as shown in Fig. 5(a). An exception is found in the
case of auxetic plate with v=-1, which gives a
constant  dimensionless  bending moment  of
|M:*|:|M,** =1 throughout the entire plate. In the
range ¢ < (r/R) < 1, the dimensionless radial bending
moment is bounded within -1<M <1 or
0< |M”| <1 for -1 < v < 0.5, while in the range
¢! < (#/R) < 1, the dimensionless tangential bending
moment is bounded within —-1<M"<1 or
0< |M”] <1 for =1 < v <0.5. These bounds
imply non-optimal condition when the plate material
possess Poisson’s ratio of v=—1. However, M,"> 1
and M> M for 0 < (r/R) < ¢ ' such that increas-
ing Poisson’s ratio is followed by increasing dimen-
sionless tangential bending moment. The region of
maximum bending stress is thus determined at this re-
gion, thereby suggesting the suitability of limiting
Poisson’s ratio of v=—1 for a fully-clamped isotropic
circular plate under concentrated lateral load at the
center on the basis of bending moment distribution for
the entire plate. Similarly, Fig. 5(b) shows that the
effective stress is highest at the loading point, and that
increasing auxeticity is useful for reducing the effective
stress.  Figure 5(c) reveals that reducing the Poisson’s
ratio of the plate material into the auxetic range is
beneficial if the Young’s modulus or the product of
Young’s modulus and shear modulus are kept constant,
but not so if the reduction of Poisson’s ratio occurs at
constant shear modulus. In other words, the reduction
of Poisson’s ratio at constant Young’s modulus leads to
lower bending moment, lower effective stress and lower
deformation especially at the plate center.
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Fig. 5 A fully-clamped circular plate under central

concentrated load: (a) dimensionless bending
moment distributions, (b) dimensionless effec-
tive stress distributions, and (c) dimensionless
maximum deflection

Since Eqgs. (46) or (48) are not suitable for describing
the bending moment, and hence the bending stress, as
r — 0, the following equation is herein considered for
quantifying the maximum tensile stress at » = 0 based
on theory of elasticity [49]

o = hﬁz(l N v)(0.4851n (%) " 0.52} . (63)
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Unlike the elementary model, Woinowsky-Krieger
[49] showed that the maximum tensile stress at the bot-
tom of the plate possesses a higher magnitude than the
maximum compressive stress at the top of the plate
where load is applied. Like the elementary model, the
shear stresses are zero at both surfaces. This relation
suggests that the maximum tensile stress at the plate
center is minimized when an auxetic plate of v=—1 is
used. For comparison with the case of simply-
supported uniformly-loaded plate in the previous sec-
tion, a change in the plate Poisson’s ratio from v =1/3
to v=-1/3 for the case of fully-clamped centrally
loaded plate reduces the maximum tensile stress by
50% by using Eq. (63).

The bending moments for a circular plate with a
point load P applied at the center of the plate that is
simply-supported at the edge are given as [45-48]

M, Pll+v 0 [|In(R/r)
=— . (64)
M, Ane|1+v 1-v 1
Adopting dimensionless parameters as before, we
obtain

- 1 0
{ﬁj}}#m) 1 [H) {“‘(’i/”)}. (65)

1+v

Substituting Eq. (64) into Eq. (4) and using the di-
mensionless stress parameter described by Eq. (49),
the effective stress of Eq. (13) can be written as

O = 3—P2\/{(1 +v)1n(£ﬂ + (l—vz)ln(£]+ (1-v)
2mh r r

(66)

or in its dimensionless form as

o'y :\/|:(1+v)ln(£ﬂ +(1—v2)1n(ﬁj+(l—v)2 .
r r

(67)

The plate deflection

w=—L 3+V(R2—r2)+2r21n(1] (68)
167D | 1+v R

is maximum at the center

2
W =B 3%V (69)
16D\ 1+v

Substituting the plate bending stiffness expression
into the maximum plate deflection, we have

3PR?

= m(?» +v)(1-v) (70)

Wmax

or, by using Eq. (23),

_ 3PR* 3+v)(1-v)

max — 71
M S 4G 214 ) 71
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Taking square root of the product of both maximum
deflections leads to

S 3PR*  (3+v)(1-v)
"4 JEG  \2(1+v)
Using the dimensionless parameters listed in Egs.

(57) to (59) the following dimensionless maximum
deflections were obtained

(72)

W =(B+0)(1-v) , (71)
G _ G+v)d-v) (72)
2(1+v)
and
e _ G)(1-v) )

" J2(1+v)

for quantifying the maximum plate deflection on the
basis of constant Young’s modulus, constant shear
modulus, and constant product of both moduli, as the
plate material changes in its Poisson’s ratio.

Figures 6(a) and 6(b) show the variation of dimen-
sionless bending moments and dimensionless effective
stress with respect to the dimensionless radius for cen-
tral point-loaded circular plates with simply-supported
edge, while Fig. 6(c) depicts the variation in the dimen-
sionless maximum deflection with auxeticity of the
plate material.

Similar to the case of clamped edge, the bending
moments according to Egs. (64) or (65) approach infin-
ity as r > 0. Unlike the case of clamped plates, Fig.
6(a) shows that the dimensionless bending moments are
M =0 and M/ =2 throughout the entire plate for
v=-1. In the case of dimensionless radial bending
moment, M, >0 such that M." decreases with in-
creasing auxeticity and increasing radial distance. In
the case of dimensionless tangential bending moment,
0.5<M* <2 withine' <(#/R)< 1 for-1< v< 0.5.
In this range, bending stress decreases with increasing
Poisson’s ratio. However, M, >2 for 0 < (#/R)
<e' and is higher than M) at equal radius and
Poisson’s ratio. Since the tangential bending stress
increases with increasing Poisson’s ratio for this range,
the maximum bending stress is determined at this range
of radius, thereby suggesting the use of v =—1 for ideal
stress minimization. The use of highly auxetic mate-
rial is shown in Fig. 6(b) to be useful for distributing
the effective stress, as opposed to the use of conven-
tional materials. On the other hand, the use of con-
ventional materials tend to give lower deflection of the
plate center, as shown in Fig. 6(c), in which the reduc-
tion of Poisson’s ratio at constant shear modulus and at
constant product of Young’s and shear moduli tend to
give very large deflection at the plate center. As such
the use of highly auxetic plate for reducing the bending
moments and effective stress can be best achieved if the
reduction of the Poisson’s ratio is accompanied by con-
stant Young’s modulus to limit the plate deflection.
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Fig. 6 A simply-supported circular plate under cen-
tral concentrated load: (a) dimensionless
bending moment distributions, (b) dimen-

sionless effective stress distributions, and (c)
dimensionless maximum deflection

Due to the unsuitability of Egs. (64) and (65) for de-
scribing the bending moment, and hence the bending
stress, at the plate center, the following equation has
been developed [49]

Cax = hﬁz{(l +v) (0.485 In (%) + 0.52j + 0.48} . (714)

This relation again suggests the suitability of auxetic
plate with v=—1 for minimizing the bending stress at
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the center of the plate. For comparison again with the
case of simply-supported uniformly-loaded plate in the
previous section, a change in the plate Poisson’s ratio
from v=1/3 to v=-1/3 for the case of sim-
ply-supported centrally loaded plate reduces the maxi-
mum tensile stress by between 30% and 50% based on
extreme radius to thickness ratios of (R/h) = 1 and (R/h)
— oo respectively.

5. SUMMARY

The choice of ideal Poisson’s ratio of plate material
for minimizing bending stresses of plates have been
considered in this paper, and quantified for a few spe-
cial cases. For the bending of a flat circular plate into
a spherical shell cap and in cases of concentrated load
on the center of a circular plate, the use of plate mate-

rial with v = —1 is recommended for stress minimization.

In the case of uniformly loaded circular plates with
simply-supported edge, the use of materials with
v =—1/3 minimizes the bending stress by evenly redis-

tributing the tangential bending moment. The Pois-
son’s ratio of v = —1/3 is interesting as it is the threshold
which the location of maximum bending stress shrifts
from the plate center to the plate edge. Not all plate
bending cases, however, are advantageous with the use
of auxetic materials. In some cases, the maximum
bending stress is independent from the Poison’s ratio as
in the case of uniformly loaded circular plate that is
fully clamped at its edge. In other cases, neither
auxetic nor conventional materials are advantageous, as
in the case of bending of a plate into a cylindrical shell.
There are also cases where the use of auxetic materials
is discouraged, as in the bending of a plate into a sad-
dle-like shell. A summary of load descriptions, per-
centage difference in maximum stress of a conventional
plate (v=1/3) with its auxetic counterpart (v =—1/3),
and the optimal Poisson’s ratios for stress minimization
are listed in Table 1 for some special cases of plate
bending. A region of dimensionless bending moments
for circular plates with uniform and point loads under
simply supported and clamped edges can be broadly
identified as conventional and auxetic windows, as
shown in Fig. 7.

Table 1 List of loadings on plates and the effect of auxeticity on bending stresses

. . % ch i i t i
Schematics Load descriptions ° Chafige 1n maximum stress Op tm.la.l v for‘ stress
fromv=1/3tov=-1/3 minimization
e YN Bending of a plate into a If re = =21y, then Ay, = +400% If r, = =27, then &, is
r‘\\ '/,.--’ saddle-like shell. (Increased stresses) minimized when v = 1/2
"-) Bending of a plate into a AGmay = 0%
v=0
cylindrical shell. (No change)

~ Bending of a plate into a

AGma = —50%

N : v=-1
& T spherical shell. (Reduced stresses)
’;F VYV ¥ :!{ Uniform load on fully-clamped AGpmax = 0% NA
’ circular plate. (No change) o
ARARAR] Uniform load on AGmax = =20% -1
K a simply-supported circular plate. (Reduced stresses) veT
l Concentrated load on center of AGmax = =50% -1
# i fully-clamped circular plate. (Reduced stresses) vET
! Concentrated load on center of AGmax = =40% -1
simply-supported circular plate. (Reduced stresses) veT
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Fig. 7 Conventional and auxetic windows for (a) uniform load with clamped edge, (b) uniform load with sim-
ply-supported edge, (c) point load with clamped edge, and (d) point load with simply-supported edge on the

basis of dimensionless bending moments

6. CONCLUDING REMARKS

In essence the use of auxetic materials to control the
extent of bending stresses offer wider choices in the
design of structural elements. This approach is com-
parable to two broad approaches: Structural dimen-
sioning and materials strengthening. In structural di-
mensioning approach, the choice of materials is typi-
cally fixed while the structure’s dimensions are sized so
as to reduce the stress across wider cross-sectional area
or to reduce stress intensity by removing notches and
small holes. In materials strengthening approach, the
structural dimensions are normally fixed due to geo-
metrical constraints while materials of higher strength
and toughness are selected to withstand high stresses.
The control of Poisson’s ratio is a blend of both earlier
techniques, in that it redistributes stresses — akin to the
dimensioning approach - so as to lower the maximum
stresses while the selection of optimal Poisson’s ratio is
in itself a materials engineering approach. Since al-
most all materials possess positive Poisson’s ratio,
mechanical design literatures assume positive Poisson’s
ratio in stress analysis for design purposes. This as-
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sumption is normally valid but with increasing discov-
ery of natural auxetic materials and synthetic auxetic
materials [50-56], increased emphasis on wider range of
Poisson’s ratio materials, including auxetic materials,
not only offers wider choice of design methodology but
also provides the possibility of stronger and more dura-
ble product and structural designs. In addition, it is
shown that existing design consideration is no longer
applicable as a result of high level of auxeticity. For
example, the maximum bending moment, and hence the
maximum bending stresses, for a simply-supported
uniformly loaded circular plate is known to be located
at the center of the plate. This is no longer true if the
plate material’s Poisson’s ratio is less than -1/3.
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