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Abstract. Inspired by the behavior of the blind for hill-climbing using a stick to de-
tect a higher place by drawing a circle, we propose a heuristic direct search method to
solve the unconstrained optimization problems. Instead of searching a neighbourhood
of the current point as done in the traditional hill-climbing, or along specified search
directions in standard direct search methods, the new algorithm searches on a surface
with radius determined by the motion of the stick. The significant feature of the pro-
posed algorithm is that it only has one parameter, the search radius, which makes the
algorithm convenient in practical implementation. The developed method can shrink
the search space to a closed ball, or seek for the final optimal point by adjusting search
radius. Furthermore our algorithm possesses multi-resolution feature to distinguish
the local and global optimum points with different search radii. Therefore, it can be
used by itself or integrated with other optimization methods flexibly as a mathemat-
ical optimization technique. A series of numerical tests, including high-dimensional
problems, have been well designed to demonstrate its performance.
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Key words: Direct search algorithm, stick hill-climbing algorithm, search radius.

1 Introduction

For simplicity, we limit our discussion to the following unconstrained optimization prob-
lem

max
x∈Ω

f (x), Ω⊂Rn,
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where f : Rn→R. The following statements are also suitable to find the minima of ob-
jective function with constraint conditions. There have been innumerable approaches
developed to solve these optimization problems. These methods usually can be divided
into two types, derivative-based methods and derivative-free methods, depending on
whether they use derivative information or not. The derivative-based approaches appeal
to the Taylor’s series expansion of the objective function [1–3]. For example, the steepest
descent method assumes the availability of first derivatives and uses the first-order Tay-
lor polynomial to construct local linear approximations of f . Newton’s method assumes
the availability of first and second derivatives and uses the second-order Taylor polyno-
mial to construct local quadratic approximations of f . However, for a variety of reasons
there have always been many instances where (at least some) derivatives are unavailable
or unreliable, or finite-difference derivative approximation is unavailable or available at
a prohibitive cost. Some of the reasons contain increasing complexity in mathematical
modeling, higher sophistication of scientific computing, an abundance of legacy codes,
and data science [4]. Nevertheless, under such circumstances it may still be desirable
to carry out optimization. It follows that the derivative-free optimization technique is
required.

The derivative-free optimization is an area of long history and current rapid growth
in the scientific and engineering communities. The derivative-free algorithms can mainly
be classified as direct and model-based [5]. Direct algorithms usually determine search
directions by evaluating the function f directly, whereas model-based algorithms con-
struct and utilize a surrogate model of f to guide the search process. Recently devel-
oped methods based trust-region using interpolation model are in this category [6–9]. In
practical implementation, heuristic algorithms, such as simulated annealing, genetic al-
gorithm, neural networks, and deep learning [10, 11], have been also developed to solve
derivative-free optimization. Here we focus our attention on the direct search algorithms.

The term ”direct search”, firstly coined by Hooke and Jeeves in 1961 year [12], is
used to describe a sequential examination of trial generated by a certain strategy. From a
modern viewpoint, the direct search methods neither compute nor approximate deriva-
tives [13]. A popular direct search method is the Nelder-Mead simplex algorithm [14].
The algorithm starts with a set of points that form a simplex. In each iteration, the objec-
tive function values at the corner points of the simplex determine the worst corner point.
The algorithm attempts to replace the worst point by introducing a new vertex by a reflec-
tion, an expansion, or a contraction operator that results in a new simplex. Another class
of direct search methods are the directional direct-search methods, including the origi-
nal Hooke-Jeeves algorithm [12], the coordinate-, or compass-search methods, pattern-
search methods [4], generalized pattern search method [15], and generating set search
method [16]. A multidirectional search algorithm, regarded as both a directional and a
simplicial direct search method, has been also proposed by Dennis and Torczon [17]. The
common ground of these directional direct-search methods is that they incorporate some
mechanism to choose ascend directions and search along these directions with an appro-
priate step length from the current iterate for a new iterate with a higher function value.
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Figure 1: The schematic image demonstrates how to choose the search set from the traditional hill-climbing
method to our proposed algorithm in two dimensions. In the traditional hill-climbing method, the search set is
a neighbourhood of current iterate, while in our method, that is a closed surface, here a circle.

The same is done by derivative-based algorithms to enforce global convergence [1, 3].
However the predetermined search direction set may contain none of ascend or descent
direction. Moreover, due to the absence of derivative information, the search directions
could not be adjusted flexibly according to f [4]. Under such circumstances, the direc-
tional direct search methods fail to converge on this function. Recently, Gratton et al. [19]
analyzed the convergent properties of direct-search algorithms when the search direction
are probabilistic descent.

Our method is inspired by the behavior of the blind for hill-climbing that they find
a high position with the help of a stick using circular motions, usually without a priori
information. Based on the observation, we propose a new search strategy that the search
set is a closed manifold in each iteration, for example, a circle in two dimensions, a spher-
ical surface in higher dimensions, rather than a neighbourhood of current iterate as done
in traditional hill-climbing methods [20]. An example of the search set in two dimensions
is presented in Fig. 1, Then we compare function values on the closed manifold with the
current iterate. It follows that the iterate is replaced once a higher function value on the
manifold has been found. The new formed optimization method dose not predetermine
the search directions. More importantly, it has a unique parameter, the radius of the circle
or the spherical surface, which makes the algorithm convenient in practical implementa-
tion.

In the following, we will give a concrete and feasible numerical algorithm in Section
2. The length of the radius is determined by the motion of the stick, therefore, it can
be adjusted during the iteration procedure. Correspondingly, a regulated search radius
method is also presented in this section. In contrast to the above-mentioned directional
direct search algorithms, our algorithm does not incorporate the search directions. A
large number of numerical tests are showcased in Section 3. Numerical results demon-
strate that the new algorithm has finite-step convergence, and is able to distinguish the
local and global optimum points with different search radii. Finally the conclusion and
discussions are given in Section 4.
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2 Algorithm description

For convenience, we introduce some notations before the algorithm description. f (x) is
the objective function. x∗ is one of the maximizers of f (x) which may be local or global.
x0 is the initial position when starting the optimization method, and xk is the k-th iterate.
ρ is the search radius determined by the stick. O(xk,ρ) = {x : |x−xk|= ρ} is the search
surface in the k-th iteration with radius ρ. Ω(xk,ρ) is the neighbourhood of xk with radius
of ρ. In what follows, we will propose the heuristic algorithm and point out that it can
capture the area of maximizers.

Algorithm 1 Stick Hill-Climbing Algorithm.
Initialization: Choose x0 and ρ.
For k=0,1,2,···,

Try to find x̄∈O(xk,ρ) such that f (x̄)> f (xk).
If such a point is found, then set xk+1= x̄.
Otherwise, terminate the iteration.

Algorithm 1 is the proposed method, the hill-climbing algorithm with a stick. For
simplicity, we name it stick hill-climbing algorithm. For each k step, there are three pos-
sible circumstances in Algorithm 1 to determine whether to stop the iteration or not. The
first case is f (x)< f (xk), for all x∈O(xk,ρ). The iteration is terminated, and the algorithm
can declare that there is at least one maximizer in the neighbourhood of Ω(xk,ρ) if the
objective function f satisfies some conditions, such as continuity. The second situation is
f (x)≤ f (xk), i.e., there exists x̄∈O(xk,ρ) such as f (x̄)= f (xk). We let xk+1 = x̄, and con-
tinue the iteration. The third case is f (x)≡ f (xk) for all x∈O(xk,ρ). Then the method of
current version can not infer the existence of maximizers or minimizers in Ω(xk,ρ). How-
ever we can increase or decrease the search radius ρ as the below Algorithm 3 suggested,
and further run Algorithm 1 to find the location of maximizers.

The search set of the developed algorithm is the surface O(xk,ρ) of the current iterate
xk with radius ρ, rather than the neighbourhoods of xk as done in the traditional hill-
climbing. The developed algorithm tries to search for the neighbourhood of maximizers
rather than to find the maximizer directly. Moreover, the distance between the extreme
points and the convergent iterate is not more than ρ. If ρ is driven to zero, the monotonic
increasing sequence { f (xk)} produced by the stick hill-climbing algorithm implies {xk}
approximates a maximizer. Therefore, the search radius ρ is a natural choice to represent
the approximate error of the stick hill-climbing algorithm.

In practice, we have to sample the observed points set in each iteration for Algorithm
1. Obviously, there exist lots of ways to accomplish it, such as randomly, adaptively,
or uniformly sampling. Here we choose a dynamic refinement principle to sample the
search surface in each iteration rather than a dense mesh from the start, as Algorithm 2
shows. For k iteration in Algorithm 1, we firstly use a coarse mesh to sample O(xk,ρk).
By comparing the function values of these samples with f (xk), Algorithm 2 determines
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Algorithm 2 Dynamic Refinement Technique.
For k iteration in Algorithm 1

Step 1. Sample the surface O(xk,ρk) with a coarse mesh.
Step 2. Compare the function values of the samples with f (xk).

If there exists x̄ such that f (x̄)> f (xk), goto Step 4.
Otherwise, goto Step 3.

Step 3. Subdivide O(xk,ρk), goto Step 2.
Step 4. Declare that the iteration is successful, and set xk+1= x̄.

whether the current grid shall be refined or not. The technique can reduce the number of
the function evaluations. For example, in two dimensions, the search set is a circle. The
schematic plot of the equally refined method is presented in Fig. 2 when the maximum
sample points Nmax = 32. For n-dimensional (n≥ 3) optimization problems, the search
areas are restricted to an n-dimensional spherical surface. In these cases, we use the
generalize spherical coordinate transformation to obtain the position of samples, i.e.,

x1
k+1= x1

k+ρk cos(ϕ1),

x2
k+1= x2

k+ρk sin(ϕ1)cos(ϕ2),··· ,
xn−1

k+1 = xn−1
k +ρk sin(ϕ1)···sin(ϕn−2)cos(ϕn−1),

xn
k+1= xn

k +ρk sin(ϕ1)···sin(ϕn−2)sin(ϕn−1),

where ϕ1,··· ,ϕn−2∈ [0,π], ϕn−1∈ [0,2π). Then one can discrete the angular coordinates,
ϕ1,··· ,ϕn−1, by the equally refined method in a dynamical way. In practice, we discretize
ϕ1,ϕ2,··· ,ϕn−1 using [m,m,··· ,2m] points at start, and let m←m+k (k∈Z+) in the refine-
ment process. The process is terminated when 2mn−1 is greater than a given Nmax.

If the stick hill-climbing algorithm converges, it is evident that the search space is
shrunk to a ball with the radius ρ. The convergent point xk provides a good initial value
for other optimization methods, including derivative-free approaches, and derivative-
based algorithms if the objective function is differentiable. We will demonstrate this by
several numerical experiments in Section 3. Meanwhile, we can further exploit the poten-
tial of stick hill-climbing algorithm to improve the precision by tuning the search radius

Figure 2: Schematic diagram of equally refined approach for sampling the search surface O(xk,ρ) in two
dimensions, i.e., a circle. Subfigure (a) demonstrates the initial samples, and images (b)-(d) show new sample
points in the equally refined process sequentially.
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ρ. Algorithm 3 presents a strategy to resize the search radius ρ. Significant difference of
the version from Algorithm 1 is adjusting the search radius ρ when Algorithm 1 fails to
find f (x̄)> f (xk), x̄∈O(xk,ρ) with fixed ρ. The natural stop criterion of Algorithm 3 is
to terminate the run when ρ is smaller than a prescribed numerical accuracy. Certainly,
the search surface can be expanded by setting control factor η>1 if required. In fact, Al-
gorithm 3 provides a restart technique by fixed the k-iterate with different search radius
ρ.

Algorithm 3 Changeable Stick Hill-Climbing Algorithm.
Initialization: Choose x0, ρ, and control factor η.
For k=0,1,2,···,

Use Algorithm 1 to find x̄∈O(xk,ρ) such that f (x̄)> f (xk).
If such a point is found, then set xk+1= x̄.
Otherwise, change the search radius ρ=η ·ρ.

3 Numerical results

In this section, we choose three kinds of test functions, including single extreme point
function, multi-extreme points function, and continuous but indifferentiable function, to
demonstrate the performance of the stick hill-climbing algorithm. The maximum number
of sampling points Nmax for search set in Algorithm 2 defaults to 16 in two dimensional
cases if not specified (see Figs. 2(a)-(c)).

3.1 Single extreme point function

For the first example we consider two-dimensional Gaussian function

f (x,y)=hexp
(
− x2

sx
− y2

sy

)
, (3.1)

where h = 10, sx = 1.0, sy = 0.5. The graph of a Gaussian function likes a ”bell” sharp,
and has a unique maximum, (x∗,y∗) = (0,0), and f (0,0) = 10. The objective function is
differentiable in R2, however, it quickly falls off towards zero out of the ”bell”.

We firstly investigate the influence of initial values for the stick hill-climbing algo-
rithm. For this set of tests of 20 runs, the search radius ρ is fixed as 1.0, start points are
randomly generated in the space (−10,10)2. For each experiment, the stick hill-climbing
method can capture a neighbourhood of the peak (0,0) in finite iterations. Fig. 3 gives
the required iterations for convergence in 20 numerical experiments. In these 20 runs, the
convergent iterations are about 12 on average, while the maximum is 20, and the mini-
mum is 5. The number of iterations is inversely proportional to the distance of the initial
point and the optimal point. When the initial values are far away from the optimal point,

https://doi.org/10.4208/aamm.2016.m1481 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2016.m1481


Y. Q. Huang and K. Jiang / Adv. Appl. Math. Mech., 9 (2017), pp. 307-323 313

Figure 3: The iterations of convergence of the stick hill-climbing algorithm to the single-peak Gaussian function
(3.1) in 20 runs. Start points are randomly generated in the space (−10,10)2, and ρ=1.0. The flat dashed line
shows the average.

the algorithm needs more iterations. In contrast, when the initial points are close to the
maximizer, the method requires less iterations. We also note that when the start point is
far away from the peak, the derivative-based methods, such as steepest descent method,
conjugate gradient method and Newton method, will fail since the gradient value is al-
most zero. However, the stick hill-climbing algorithm can always approximate the peak
point. The initial values may yield a few more iterations but NOT affect the convergence.

Then we take an example to further observe the numerical behavior of the stick hill-
climbing algorithm. Table 1 shows the iterative procedure of the stick hill-climbing ap-
proach in detail when the start point is (x0,y0)=(3.3,2.9) with fixed search radius ρ=1.0.
The results show that the iterates can be updated efficiently to capture the neighbourhood
of the maximizer (0,0) within 6 steps. The convergent result reduces the search space and
provides a good start position (0.3,−0.1) to further approximate the maximizer to high
precision with other optimization algorithms.

Table 1: The iterative procedure of stick hill-climbing algorithm with ρ=1.0 when the initial value is (x0,y0)=
(3.3,2.9).

k (xk,yk) f (xk,yk) | f (xk,yk)− f (x∗,y∗)|
0 (3.3, 2.9) 9.24059×10−12 9.999999999990759
1 (3.3, 1.9) 1.36435×10−7 9.999999863564643
2 (2.3, 1.9) 3.68957×10−5 9.999963104276466
3 (2.3, 0.9) 9.97758×10−3 9.990022422035157
4 (1.3, 0.9) 0.36516 9.634838262462596
5 (0.3, 0.9) 1.80866 8.191342073828778
6 (0.3, -0.1) 8.95834 1.041658647034717
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Table 2: The iterative procedure of the changeable ρ compass hill-climbing Algorithm 3 with control factor
η=0.5 when the start point is (x0,y0)=(0.3,−0.1), and initial search radius ρ=0.8. kρ represents the number
of iterations for a given ρ.

ρ kρ (xk,yk) f (xk,yk) | f (xk,yk)− f (x∗,y∗)|
0.8 1 (0.3, -0.1) 8.9583413 1.04166
0.4 2 (-0.1, -0.1) 9.7044553 2.95545×10−2

0.2 2 (4.14214×10−2,4.14214×10−2) 9.9486604 5.13396×10−2

0.1 2 (−2.92893×10−2,−2.92893×10−2) 9.9742972 2.57028×10−2

5×10−2 4 (−1.46447×10−2,−1.46447×10−2) 9.9935681 6.43191×10−3

2.5×10−2 4 (−7.32233×10−3,−7.32233×10−3) 9.9983916 1.60837×10−3

1.25×10−2 4 (−3.66117×10−3,−3.66117×10−3) 9.9995979 4.02116×10−4

6.25×10−3 4 (7.58252×10−4,7.58252×10−4) 9.9999272 7.27699×10−5

3.125×10−3 4 (−9.15291×10−4,−9.15291×10−4) 9.9999749 2.51327×10−5

1.5625×10−3 2 (1.895630×10−4,1.895630×10−4) 9.9999989 1.07802×10−6

Due to the good analytical nature of objective function, the derivative-based methods
are good choices for finding the maximizer with the above convergent results. For our
purpose, we still adopt the stick hill-climbing method, but with changeable ρ to approx-
imate the peak (see Algorithm 3), and observe its numerical behavior. The start node is
(0.3,−0.1), the initial search radius is ρ0 = 0.8. The control factor η in Algorithm 3 is set
to be 0.5 under which circumstances the search radius can be driven to decrease during
iteration. Table 2 shows that, in 29 (∑kρ) steps, Algorithm 3 can efficiently obtain a neigh-
bourhood of the maximizer (0,0), while the error of | f (x29,y29)− f (0,0)| achieves about
O(10−6).

3.2 Multi-extreme points function

The second tested function is the Ackley function [18], a benchmark function, widely
used for testing optimization algorithms. The expression of the Ackley function can be
written as

f (x)=−a·exp
(
−b·

√√√√ 1
n

2

∑
i=1

x2
i

)
−exp

( 1
n

cos(cxi)
)
+a+exp(1), (3.2)

where a=20, b=0.2, c=2π, n is the dimension. Ackley function has many local minima
and a unique global minimum of (0,0) with f (0,0)=0, which poses a risk for optimization
algorithms to be trapped into one of local minima, such as the traditional hill-climbing
method [21]. In this subsection, we will apply the stick hill-climbing algorithm to 2-, 4-,
and 8-dimensional Ackley function.

Firstly we consider the 2-dimensional Ackley function whose morphology is shown
in Fig. 4. We want to examine the ability of Algorithm 1 to approximate the global mini-
mum. The first numerical examples are also set to observe the influence of initial values
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Figure 4: Morphology of 2-dimensional Ackley function (3.2).

Figure 5: The required iterations of convergence by the stick hill-climbing algorithm 1 for Ackley function (3.2)
in 20 numerical experiments. Start points are randomly generated in the space (−12,12)2 with fixed ρ= 1.0.
The flat dashed line shows the average.

with fixed ρ. When ρ=1.0, 20 numerical tests are performed with random initial points
generated in the space of (−12,12)2. The convergent domain in each test contains the
global minimizer (0,0). Fig. 5 shows the required iterations for convergence. In the 20
numerical tests, the average convergent steps are about 15, while the maximum number
of iterations is 23 and the minimum is 5. The initial positions also only affect the speed of
convergence, but not the ability of catching the neighbourhood of the global minimum.
To make this point clear, Table 3 gives the iterative procedure in detail when the start
position is (x0,y0)= (4.1,3.4), and ρ= 1.0. One can see that the stick hill-climbing algo-
rithm has ability to find a neighbourhood of the global minimum in 9 iterations. The
convergent point (x9,y9) is close to the global minimizer (0,0). As the above subsection
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Table 3: The iterative procedure of the stick hill-climbing algorithm with fixed ρ=1.0 when the initial value is
(x0,y0)=(4.1,3.4). For Ackley function, the global minimum is (x∗,y∗)=(0,0), and f (x∗,y∗)=0.

k (xk,yk) | f (xk,yk)− f (x∗,y∗)|
0 (4.1, 3.4) 12.301695
1 (3.1, 3.4) 11.284588
2 (3.1, 2.4) 10.230367
3 (2.1, 2.4) 8.978451
4 (2.1, 1.4) 7.721871
5 (1.1, 1.4) 6.170178
6 (1.1, 0.4) 4.769384
7 (0.1, 0.4) 2.851124
8 (1.02388, 0.01732) 2.719632
9 (0.02388, 0.01732) 0.106464

Table 4: The convergent results and required iterations of the stick hill-climbing algorithm with different ρ when
the initial value is (x0,y0)=(4.1,3.4). The locations of different local minima are marked in Fig. 6.

ρ 0.1 0.3 0.5 0.6 0.7 0.73 0.74 0.75 1.0
Iterations 6 3 2 5 3 3 3 11 10
Minimizer Loc1 Loc1 Loc1 Loc4 Loc2 Loc2 Loc3 Global Min. Global Min.

done, we can also resize the search radius ρ in the stick hill-climbing algorithm to further
approximate the global minimum. If the initial search radius is ρ0 =1.0, and control fac-
tor η=0.5, the changeable stick hill-climbing scheme costs 47 iterations to reach an error
of ρtol = 10−6. The convergent point is (3.170987×10−7,3.475996×10−7) which is much
closer to the global minimum (0,0).

The above tests have demonstrated that the stick hill-climbing algorithm can cap-
ture the neighbourhood of the global minimum of the Ackley function. Subsequently we
plan to manifest the ability of the stick hill-climbing algorithm to obtain these local min-
imizers. As discussed above, the unique regulatable parameter in the stick hill-climbing
scheme is the search radius ρ. Therefore we will test the numerical behaviors with differ-
ent size of ρ. In the set of tests, the initial value is always (x0,y0)=(4.1,3.4). Table 4 gives
the convergent results with different ρ. Fig. 6 marks corresponding local minima.

From these numerical experiments, one can find that the search radius ρ plays a filter
role in catching different local minimum by setting different values. When ρ is greater
than 0.75, the stick hill-climbing approach can approximate the global minimum, other-
wise, the method converges to the local minima. If starting from other initial position,
the stick hill-climbing can find other minima.

Next we consider the high-dimensional Ackley function, especially, 4-, and 8-
dimensional problems. In these numerical experiments, we also choose the equally refine
approach to sample the observed spherical surface in a dynamic way in each iteration as
mentioned in Section 2. The initial point m = 3, and in each refinement procedure, we
let m=m+1. For 4-, and 8-dimensional problems, the maximum samples Nmax is set as
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Figure 6: The locations of some local minima and the global minimum of the Ackley function.

Figure 7: Numerical behavior of Algorithm 3 when solving 4-dimensional Ackley function. The initial state is
x0 =(4.1,3.4,3.45,3.12), and the maximum sampling points Nmax is 800. The inset is the convergent behavior
of search radius ρ.

800 and 8000, respectively. The search radius ρ is 1.0 for 4-dimensional case, and 2.0 for
8-dimensional problem. The convergent criterion is ρ<1.0−5 in both cases. The change-
able stick hill-climbing method, i.e., Algorithm 3, is applied to these high-dimensional
optimization problems.

The numerical behavior of Algorithm 3 when solving 4-dimensional Ackley func-
tion is given in Fig. 7 with the initial value x0 = (4.1,3.4,3.45,3.12). After 20681 func-
tion evaluates, Algorithm 3 reaches the given error of 1.0−5. The convergent solution
is (3.06×10−7,4.09×10−6,5.90×10−6,−7.60×10−7) and function value is 1.446×10−5.
Starting from the initial state x0 = (2.12,5.426,−3.45,3.12,−3.0,0.99,1.57,−4.11), the nu-
merical behavior of Algorithm 3 for solving 8-dimensional Ackley function is given
in Fig. 8. Algorithm 3 costs 840826 function evaluations to achieve the given error.
The convergent solution is (−6.32×10−7,−1.78×10−6,−3.78×10−6,−6.66×10−7,7.02×
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Figure 8: Numerical behavior of Algorithm 3 when solving 8-dimensional Ackley function. The initial state is
x0=(2.12,5.426,−3.45,3.12,−3.0,0.99,1.57,−4.11), and the maximum sampling points Nmax is 8000. The inset
is the convergent behavior of search radius ρ.

10−7,1.19×10−6,−1.82×10−7,−3.73×10−6) with function value 8.262×10−6. For both
high-dimensional Ackley problems, Algorithm 3 can efficiently obtain a neighbourhood
of the global minimizer with a controllable number of function evaluations.

3.3 Continuous but indifferentiable function

The last model is a variant of Dennis-Woods function [16, 22],

f (x)=
1
2

max{∥x−c1∥2,∥x−c2∥2}, x=(x,y), (3.3)

where c1 =(1,−1)T, c2 =−c1, ∥·∥ denotes l2 norm. This objective function has a unique
minimizer of (0,0), and f (0,0)=1, indicated by a red star in the contour plot of Fig. 9. The
function is continuous and strictly convex everywhere, but its gradient is discontinuous
along the line x= y. It has been shown that the Nelder-Mead simplex algorithm fails to
converge to the minimizer of Dennis-Woods function (3.3) in [22]. In this subsection, we
will investigate the performance of our proposed method.

Firstly, we still examine the efficiency of the stick hill-climbing algorithm for seeking
for the neighbourhood of the minimizer (0,0) of the Dennis-Woods function. Twenty
numerical experiments are performed with random initial values generated in the space
of (−5,5)2. The search radius is always fixed as ρ = 0.5 for the set of tests. The stick
hill-climbing algorithm can find a neighbourhood of the minimizer (0,0) in each test no
matter which initial value is used. The required iterations for convergence is shown in
Fig. 10, while the average iterations are about 13.5. In these cases, the stick hill-climbing
method demonstrates a pronounced convergent behavior, even within 2 steps.

Subsequently, we will take an example to show the numerical behavior of the stick
hill-climbing algorithm in detail. The initial value is (x0,y0) = (1.0,1.5), and the search
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Figure 9: Contours of the variant of the Dennis-Woods function (3.3).

Figure 10: The iterations of convergence of the stick hill-climbing method to the Dennis-Woods function (3.3)
in 20 test examples. Start points are randomly generated in the space (−5,5)2, and ρ=0.5. The flat dashed
line shows the average.

radius is ρ=0.5. Table 5 gives the iterative procedure. The stick hill-climbing method can
detect the decrease quickly, and find a neighbourhood of the minimizer in 4 iterations.
The convergent point is (−0.06066,−0.06066). Using the convergent point as initial value,
one can also adjust ρ in the stick hill-climbing scheme to further approach the minimizer.

Finally we compare the performance of the stick hill-climbing algorithm with one of
the standard directional direct-search methods, the coordinate-search (CS) method, for
the Dennis-Woods function. Before we go further, a short introduction of the CS method
is necessary. More details about the CS method can be found, for instance, in a recent
monograph [4] or [16]. The CS method makes use of the positive bases D⊕ which spans
the R2 with positive coefficients. Let xk be the current iterate and λ the current search
step length. The CS method evaluates the function f at the points in the set

Pk ={xk+λd : d∈D⊕},
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Table 5: The convergent results of the stick hill-climbing algorithm with ρ = 0.5 when the initial value is
(x0,y0)=(1.0,1.5). (x∗,y∗)=(0,0), f (x∗,y∗)=0.

k (xk,yk) | f (xk,yk)− f (x∗,y∗)|
0 (1.0, 1.5) 3.125
1 (1.0, 1.0) 2.0
2 (0.64645, 0.64645) 1.417893
3 (0.29289, 0.29289) 1.085786
4 (-0.06066, -0.06066) 1.003680

following some specified order, trying to find a point in Pk that decreases the objective
function value. When that happens, the method defines a new iterate xk+1= xk+λd∈Pk
such that f (xk+1)< f (xk). In such a case, one either leaves the parameter λ unchanged,
or increases it, or decreases it. Here we will change λ during the iterative procedure. If
none of the points in Pk leads to a decrease in f , then the parameter λ is reduced (here
by a factor of 1/2) and the next iteration at the same point (xk+1 = xk). The algorithm is
terminated when the λ is smaller than a given tolerance.

Like the CS method, the stick hill-climbing algorithm has similar algorithmic steps
to update iterates and change the search radius. Unlike the CS method, however, the
stick hill-climbing algorithm does not predetermine the search directions, such as D⊕ in
the CS scheme. In k iteration, the stick hill-climbing evaluates functions on the search
surface O(xk,ρ), and compares them with f (xk). In practice, the search surface O(xk,ρ)
is dynamically sampled as discussed in Algorithm 2. From another perspective, the stick
hill-climbing algorithm provides an adaptive mechanism to adjust the search directions
according to objective function.

In the following numerical tests, the initial value is (x0,y0)=(1.1,0.9), the initial search
radius is ρ=1.0. In the stick hill-climbing algorithm, the maximum sample points Nmax
of O(xk,ρ) is 8. In the CS method, the positive bases is D⊕={(1,0),(0,1),(−1,0),(0,−1)}
of standard choice. The control factor of adjusting search radius η=0.5 in both methods.

Fig. 11 shows the error of | f (xk,yk)− f (x∗,y∗)| against the number of function eval-
uations for both the stick hill-climbing and the CS method. As observed in Fig. 11 the
CS method stalls at the error of O(10−2), however, the stick hill-climbing method can
continue to reduce error. At an error of 2×10−9, the stick hill-climbing scheme spends
349 function evaluations, while the iterate point is (1.50249×10−9,4.48273×10−9), and
search radius becomes 7.45058×10−9. The reason is that when the iterate approaches to
the minimizer, the CS method can not detect a sufficient decrease, even no decrease, along
the predetermined search directions in D⊕. This results in the stagnation phenomenon.
However, the mechanism of detecting smaller values in the stick hill-climbing algorithm
is dependent on the feature of f (xk) rather than along predetermined directions. It yields
the efficient and flexible performance of the stick hill-climbing method when approxi-
mating the minimizer.
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Figure 11: Application of the stick hill-climbing (Nmax=8) and the CS (with predetermined search directions D⊕)
methods to the Dennis-Woods function starting from (x0,y0)= (1.1,0.9). In the stick hill-climbing algorithm,
the initial search radius ρ=1.0, and in the CS approach the initial search step length λ=1.0. The control factor
η=0.5 in both methods. f (x∗,y∗) is the global minimizer.

4 Conclusions and discussion

In this paper, we have developed a new and simple direct search method, the stick
hill-climbing algorithm, to solve unconstrained optimization problems. The proposed
method is inspired from the behavior of the blind for hill-climbing with a stick to detect
a higher position using circular motions. The main idea of the new algorithm, at each
iteration, is comparing function values on a surface of the current point with the nodal
value, rather than a neighbourhood of the current node. The proposed approach has a
unique parameter, the search radius determined by the motion of the stick, which makes
the algorithm convenient in numerical implementation. At the same time, a concrete and
feasible numerical scheme of the stick hill-climbing method, and an algorithm of tuning
search radius are also presented.

Three different types of objective functions, including single extreme point function,
multi-extreme points function, and continuous but undifferentiable function, were de-
signed to test the performance of the stick hill-climbing algorithms. So far, there is no
theoretical result about the convergence and the speed of convergence for the stick hill-
climbing algorithm. However, numerical results demonstrate that the stick hill-climbing
algorithm is a robust scheme, and can be applied to find the neighbourhood of extreme
points when objective functions are continuous. Furthermore, the algorithm has the fol-
lowing advantages. For an appropriate search radius, the stick hill-climbing approach
can converge in finite iterations which depends only on the search radius rather than the
initial values. It also has potential to overcome oscillations, and find the global mini-
mizer, even for high-dimensional problems, by using an appropriate search radius ρ, as
Section 3.2 presented. For an objective function with multi-extreme points, the proposed
algorithm possesses multi-resolution feature to distinguish the local and global optimum
points with different values of ρ. The convergent result of the stick hill-climbing method

https://doi.org/10.4208/aamm.2016.m1481 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2016.m1481


322 Y. Q. Huang and K. Jiang / Adv. Appl. Math. Mech., 9 (2017), pp. 307-323

shrinks the search space and provides a good initial value for further approximating the
extreme point. The distance between the stationary point and convergent point is less
than the search radius ρ. Therefore the stick hill-climbing scheme provides a good ini-
tial guess when integrating with other optimization methods. In the stick hill-climbing
algorithm, the search radius plays the key role instead of the search direction. It can
approximate a maximum or a minimum to high accuracy by itself through tuning ρ dur-
ing iterative procedure. Based on these good features, it is believed that the stick hill-
climbing algorithm has potential applications in computational science. Meanwhile, the
stick hill-climbing algorithm can be easily applied to higher-dimensional problems and
constrained optimization.

This work can be extended in several directions. The rigorous mathematical theory
should be built up, such as the convergence. The algorithm can be applied to more
higher-dimensional problems using some well-designed techniques. Finally, applying
the stick hill-climbing algorithm to scientific problems is also important.
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