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Proof of Theorem 2: The proof for Theorem 2 is the same as the above proof
but ‘parallel” is replaced by ‘perpendicular’ and the cross-product is
replaced by the dot-product.
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105.12 Two solutions to a Sangaku problem

In this Note we present two solutions to the Sangaku problem 1.2.8
from [1].

Sangaku problem 1.2.8

We have three circles, I, I; and I'5, whose radii are respectively a, b, c.
Circle T} is tangent to circle I, at P, and tangent to circle I'; at Q. We shall
prove that

a*d’
T @+ b)a+o)

where d is the length of the exterior common tangent to I; and 5.

PQ*

I

N
FIGURE 1

P
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First solution

Let ZPAQ = a. Now, drawing the segments AB, AC, BC the radii of T,
and I35 that are perpendicular to d. Last, we draw a segment from B
perpendicular to the radius of I';. Clearly this new segment has length d.
See Figure 2.

FIGURE 2
We have,
PO* = 24*(1 - cosa), (1)
BC* = (a+ b + (a+cf -2+ b)(a+c)cosa, )

by the cosine rule in the triangles PAQ and BAC respectively. We need to
prove the relation

d = 2(1 = cosa)(a + b)(a + ¢).
By the Pythagorean theorem
BC* = d* + (c - b,
equating with (2) follows that

= (a + b)2 + (a + c)2 - (c - b)z— 2(a + b)(a + ¢) cosa

24d* + 2ab + 2bc + 2ca — 2(a + b)(a + ¢) cosa

2(a + b)(a + c¢) —2(a + b)(a + c¢) cosa

2(1 — cosa)(a + b)(a + ¢).

https://doi.org/10.1017/mag.2021.25 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2021.25

NOTES 141

Second solution

FIGURE 3

IfD = MP n NQ, thenD e I. We have,
ZQCB + /BCN

ZONM = ———————, (3)
ZPMN = M, 4)
Nop = & LQCIZE + LBCN’ 5)
sopM = “F APBZ + LCBM ©)

Since PMNQ is a quadrilateral,
ZONM + ZPMN + ZNQP + ZQPM = 360°.
So, from the simultaneous equations (3), (4), (5), (6), we obtain
o + ZOCB + ZBCN + ZPBC + ZCBM = 360°. 7

In triangle DMN , the sum of interior angles is

/DMN + ZDNM + ZMDN = 180°,
thus,
360° — a
2
and then ZMDN = ia. As claimed.

+ ZMDN = 180°,

From the equations (3), (6) and (7), we deduce
Z0ONM + ZQPM = 180°,
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hence, the quadrilateral PMNQ is cyclic. As a consequence, triangles DPQ
and DMN are similar. Therefore,

PO _ DP _ DO

d DN DM
From AD = AP = AQ = a, triangles APD and MPB are similar as are
triangles DAQ and CQON. Finally, the ratios are
&> DN x DM
PQ? DP x DQ
(DQ + ON) x (DP + PM)
DP x DQ
PM
PM ON  PM ON
Dp  DQ DP DQ
b
1+2+ <
a a a
(@ + b)(a + o)
a? '

=1+

bc
t
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105.13 Proximity of the incentre to the inarc centres

The inarc centres of a triangle

In a triangle ABC with sides a, b, ¢, semiperimeter s, circumradius R,
inradius r and area A, let L4, Lp, Lo denote the inarc centres of the triangle.
An inarc centre of a triangle is a centre of a circle tangent to two sides of a
triangle and internally to the circumcircle of the triangle. The corresponding
inarc radii are denoted by pa, pg, pc-
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