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Abstract

Bergelson and Richter [‘Dynamical generalizations of the prime number theorem and disjointness of
additive and multiplicative semigroup actions’, Duke Math. J. 171(15) (2022), 3133-3200] established
a new dynamical generalisation of the prime number theorem (PNT) and the PNT for arithmetic
progressions. Let 4 > 1,k > 2. Mirsky [‘Note on an asymptotic formula connected with r-free integers’,
Quart. J. Math. Oxford Ser. 18 (1947), 178—182] showed that the numbers n such that n + I;,...,n + [, are
k-free have a natural density for any given nonnegative integers /i, ..., /;. In this note, we show that the
Bergelson—Richter theorem holds for the numbers studied by Mirsky.
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1. Introduction

For any n € N, let Q(n) be the number of prime divisors of # counted with multiplicity.
Let A(n) = (=1)2™ be the Liouville function. It is well known (see, for example, [5])
that the prime number theorem (PNT) is equivalent to the assertion that

N—oo N

1 N
lim — Z An) = 0. (1.1)
n=1

In 2022, Bergelson and Richter [1] established a new dynamical generalisation of
the PNT by placing (1.1) in a dynamical framework, showing that given any uniquely
ergodic topological dynamical system (X, u, T),

R \
lim ﬁ;mﬂ‘ 'x) = fx fdu (1.2)

holds for any f € C(X) and x € X, where C(X) denotes the set of continuous functions
defined on X. The equivalent form (1.1) of the PNT is recovered from (1.2) by taking
(X, T) as a rotation on two points.
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The Bergelson—Richter theorem (1.2) is a dynamical generalisation of some other
number theoretic results. For example, taking (X, T') as a rotation on m points (m > 2)
in (1.2) recovers a classical result of Pillai and Selberg [8, 9], which states that
Q(n) distributes evenly over all residue classes modulo m. Moreover, taking (X, T)
as irrational circle rotations in (1.2) implies that the sequence {Q(n)a} ey is uniformly
distributed modulo 1 for any irrational number «, a result mentioned by Erdds in [3]
without proof and later proved by Delange [2]. We refer to [1] for more interesting
applications of (1.2).

In [1], Bergelson and Richter also established the following dynamical generalisa-
tion of the PNT for arithmetic progressions.

THEOREM 1.1 [1, Corollary 1.16]. Let (X,u,T) be a uniquely ergodic topological
dynamical system. Then,

1
lim — T x) = f d 13
NE&N@ZSNJC( 0= | fdu (13)

forany fe CX), xe X, meNandre{0,1...,m—1}.

Indeed, taking rotation on two points in (1.3) gives

N
1
]\%iirioﬁ;/l(mn+r)20 forallme Nandr e {0,1...,m— 1},

which is an equivalent form of the PNT along arithmetic progressions (see [10]).

Let k > 2 be an integer. A natural number 7 is said to be k-free if it has no divisor
d > 1 which is a perfect kth power. We define ui(n) =1 if n is k-free and zero
otherwise. By Theorem 1.1, the orbits {f(T"™*"x)} e are equi-distributed in the

space X for any x € X. In this note, we show that the orbits { f(T*"""*")x)} ey are also
equi-distributed along a system of k-free numbers.

2. Main results

Let h,g > 1 be integers. Let /;,...,l; be nonnegative integers. In [7], Mirsky

showed that the numbers gn such that gn +1;,...,gn + [, are k-free have a natural
density A (y, ..., 1) defined by
1 (P, 9)vy(p)
Aty = = [ (1 - 22, 2.1)
d PMq P

and vy(p) =#{1 <n < X (prq) | n,n=1; (mod pr) for some i, 1 < i < h}. The fol-
lowing is our main theorem, which shows that the Bergelson—Richter theorem holds
for the numbers studied by Mirsky.

THEOREM 2.1. Let h,q > 1 be integers. Let li,...,l, be nonnegative integers. Let
(X, u, T) be a uniquely ergodic topological dynamical system. Then,
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1
lim — > pelgn+ 1) plgn + h) FT™0x) = Ag(ly, ..., 1) fx fdu (22)

N—oo
1<gn<N

forany f € C(X),xe X, meNandre€{0,1...,m— 1}, where Ay(l, ..., 1) is defined
by (2.1).

By Theorem 2.1, the orbits { f(T*"™"*")x)},cx are equi-distributed along the numbers
n such that gn + [}, ..., qn + I, are k-free for any x € X. As a corollary, we obtain the
following special case by taking g = 1,m = 1,7 = 0 in (2.2).

COROLLARY 2.2. Let h > 1 be an integer. Let 11, ...,1, be nonnegative integers. Let
(X, u, T) be a uniquely ergodic topological dynamical system. Then,

1
lim — I)--- 1,) F(TE™ =Al,...,11f d
NgroloNI;Nuk(nm) p(n + 1) F(Tx) = Ay W | fdu

forany f € C(X) and x € X, where

Ally,.... ) = n(l_%)

p
and v(p) = #{I; (mod p*): 1 <i < h}.

In [6], Mirsky showed that the numbers n such that n+1[;,...,n + [, are k-free
have a natural density A(/y,..., ;). Moreover, he obtained an asymptotic formula for

the density with a better error term than [7]. By taking k =2,h=1 and /; =0 in
Corollary 2.2, we obtain the result in [1, Corollary 1.8]: for any uniquely ergodic
topological dynamical system (X, u, T),

1 L6
Jim Do ATy = > fX fdu (2.3)

1<n<N
n squarefree
for any f € C(X) and x € X. Taking (X, T) as a rotation on two points in (2.3) gives
another well-known equivalent form of the PNT:

N
. 1
Jim ;u(n) =0,

where u(n) is the Mobius function, which is defined to be 1 if n =1, (=1)* if n is
the product of k distinct primes and zero otherwise. Therefore, Corollary 2.2 gives
a dynamical extension of the PNT. Moreover, we obtain the following variant of the
Bergelson—Richter theorem along twins of squarefree numbers by taking k = h = 2,
Iy =0,l, =1 in Corollary 2.2.

COROLLARY 2.3. Let (X,u,T) be a uniquely ergodic topological dynamical system.
Then,
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pmy 3 sr[](-7) [

1<n<N 14 X
n,n+1 squarefree

forany f € C(X) and x € X.

REMARK 2.4. In [7], Mirsky also studied the following three systems of positive
integers relating to k-free numbers:

(1) positive integers n such that n + ay, ..., n + a; are k-free while n + by, ..., n+ b,
are not, where ay, ...,a;, by, ..., b, are distinct positive integers;

(2) blocks of s k-free numbers, s > 1;

(3) blocks of s numbers that are not k-free, s > 1.

Similar to the arguments in [7], one can apply Corollary 2.2 to establish the variants
of the Bergelson—Richter theorem along these three systems of numbers.

In the next section, we will prove Theorem 2.1 by applying some ideas of Mirsky in
[6, 7], Hall in [4, Theorem 1], and Bergelson and Richter in [1, Corollary 1.8].
3. Proof of Theorem 2.1

To prove Theorem 2.1, we first cite some lemmas in [4, 7]. For positive integers

my,...,msand ay, ..., ds, it is well known that the system of congruences in n,
n+a;=0 (modm;), 1<i<s, (3.1)
is soluble if and only if (m;, m;) | (a; — a;) for 1 <i < j < s.1f (3.1) is soluble, then the
solutions form exactly one residue class modulo [my, ..., m]. Let
E(ml""’ms) =1lor0
al,...,dg

according to whether (3.1) is or is not soluble.

LEMMA 3.1 [7, Lemma 3]. Let my,...,my,ay,...,das,q be given positive integers, and
T the number of positive integers n such that

gn+a; =0 (modm;), 1<i<s and qgn<N.

Then,
E(q9ml9' . "m‘\')
Osal’-"’aS
T=N—— +0(]).
g, my,...,m]

LEMMA 3.2 [7, Lemma 6]. We have

i . N #(d1)"'ﬂ(dh)E(q,d’f,...,dﬁ) _ 11—[(1 ~ (pk,q)vq(p))’

7 k k
= Hled,....d) 0.h,....0 4L p

where vo(p) =#{1 <n < P (p*, ) | nyn = 1; (mod pr) for some i, 1 <i < h).
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LEMMA 3.3 [4, Lemma 2]. For each fixed h and o > 1,

1 _
Z AT <po H'™.
= d,,>H[ 1> dp]

Now, we prove Theorem 2.1 by an elementary method.

PROOF OF THEOREM 2.1. Put a(n) = f(T*"™*)x) and a = fodu. By Theorem 1.1,
o1

Jim Z aldn +1) = a (3.2)

1<n<N

foranyd e Nandr € {0,1...,d — 1}. Clearly, a(n) is bounded. We may assume that
la(n)| < 1 for all n. It is well known that i (n) = 3z, u(d). Let

pen() = > p(d) and  ecu(n) = )" u(d)
i i

for H > 2. Then, p = pp g + exn. Define

SuNY = > pun(gn+ 1) pun(gn + la(n).
1<gn<N

By using px = g + ex. g and expanding the left-hand side of (2.2),

‘ D man+ b plan + ba(n) - SH(N)‘

1<gn<N
< O D lentan+ i+ >0 lewnlgn + ern(gn + [l + -+
1<i<h gn<N 1<ij<h gn<N
+ > lewn(gn+ ) exnlgn + )l (3.3)
gn<N

Let [=max{l;:1<i<h}. For 1<r<h and 1<1i,...,i, <h, by Holder’s

inequality,

1/r
> lewntan + 1)+ ecatan + 1) < [ ] (D lewntan+ 1)) < D lexutol
gn<N 1<j<r gn<N n<N+l

Moreover, by Lemma 3.3,

Z lex ()" < Z Z Z 1< Z Z [dl,]fildr]k < ]I\;;:ll-

n<N+l n<N+l d11<|n d’;‘ln di>H d.>H
dl >H dr>H

https://doi.org/10.1017/5S0004972725000140 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972725000140

60 B. Wang [6]

It follows that the right-hand side of (3.3) is bounded by

h
h\N +1 n N+1
Z(r)Hk—l =@ =D

r=1

This implies that

Z Mi(gn + 1) - - - wr(gn + ly)a(n) = Sg(N) + Oh,k,l( N (3.4)

k-1 )
1<gn<N H

As regards Sy (N), by the definition of py g,

SNy = Do > pld)--pdy) > al.

d\<H dp<H gn<N
d{.‘ln+l; for all i

Let T, (N) be the number of positive integers n such that gn < N and d{.‘ | n+ 1; for
all i with 1 <i < h. Then, by Lemma 3.1,

q,d’f,...,d,’j)
E(o,ll,...,lh

T,Ny=N——F———
lq.df,....df]

+ O0(1).
If E( qo"ﬁ’“"iz) =1, we write n =¢'m+t for some ¢ with 0 <t <¢’, where gq’ =
lq.d,....df].

If B is a finite nonempty set, we define

1
EB b(x) = I Z b(x)

xeB

for any function b : B — C on B. Then,

_ q, d’f,...,dﬁ ,
SuN) = 3o 3 )BT )Y algmer)
di<H dy<H q(qg'm+1)<N
k k
= 3 Sty papE( T B atgmer
= A 0,01,y m<(N-qn)/qq’
k k N
= 3 3wy et B( G )+ o)
di<H  dy<H 001l lg.d},....d,]
alg’'m+ 1)

. m<(N-q1)/qq’
ﬂ(dl)"'ﬂ(dh)E(q,dlf,...,d]if) E

=N s Sl VA
di<H di<H [q,d’f,,d}];] 0’119""lh mS(N—ql)/q‘I'

alg'm + 1) + O(H").

(3.5)
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Combining (3.4) and (3.5),

1
= Z Hi(gn + 1) - - - u(gn + lp)a(n)
1<gn<N
d d L dF H"
=YL D) ]1 al Z)E(% L 7’1) E a(q'm+t)+0(—)
= i lads.. .. d)] s oo oo In ImzcV=gn/qq) N
1
+ O(Hk 1) (3.6)
for2 <H<N.

Now, we fix H first. By (3.2), taking N — oo in (3.6),

1
lim — ' pu(gn+ ) plgn + ha(n)

N—oo N lsanN
d d gk 1
Z H( 1) i h)E(qO, i 7)+0(Hk 1) a7
di<H dy<H [61, .. 15+ h

Then, taking H — o in (3.7) gives

lim — Z u(n+ 1) - - - i (n + Ip)a(n)

l<n<N
,U(dl) - p(dp) o dy
—a; Z [q, .. dk]E(OJl,---,lh)’
which is equal to Ay(ly,...,l;)a by Lemma 3.2. This completes the proof of
Theorem 2.1. ]

REMARK 3.4. In Theorem 1.1, the rate of convergence in (1.3) iS oy—(1). If one can
show a better bound than oy_,.(1) in Theorem 1.1, then one can also obtain better
bounds on the rate of convergence in Theorem 2.1 and Corollary 2.3 by using (3.6)
and the arguments similar to [4, Theorem 1].
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