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SUMMARY
An effective algorithm for path planning is introduced based on a novel concept, the distorted
configuration space (DC-space), where all obstacles deform into dimensionless geometric objects.
Path planning in this space can be conducted by simply connecting the starting position and ending
position with a straight line. This linear path in the DC-space is then mapped back into a feasible in
the original C-space. The advantage of this approach is that no trial-and-error or iteration is needed
while a feasible path can be found directly if it exists. An algorithm with general formulas is derived.
Examples in 2D and 3D are provided to validate this concept and algorithm.
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1. Introduction
Path planning is one fundamental problem in robotics research, with applications in industrial
robots,1 domestic robots,2 UAV,3 autonomous vehicles,4,5 and computational biology.6 Many different
algorithms were developed to tackle this problem. Typically, the algorithms can be classified into
deterministic approaches, probabilistic approaches, and hybrid approaches.7

Deterministic approaches typically construct the exact roadmaps, before searching a feasible or
optimum path. The methods for generating roadmaps include visibility graphs,8 Voronoi diagrams,9

Delaunay triangulation,10 and cell decomposition.11 Search methods include Dijkstra,12 A*,13 Fuzzy
Logic Control,14,15 Genetic Algorithms,16 and Ant Colony Optimization.17 However, the explicit
construction of obstacles in the C-space is intractable, especially in high dimensional space.18

The potential field method19 utilizes artificial potential fields to push and pull a robot towards
the destination by avoiding obstacles. The challenge of this method is the local minima and narrow
channels.20 To meet real-time requirements and avoid local minimums, the fuzzy virtual force21,22

was developed by means of the Bayesian network and fuzzy logic reasoning.
Probabilistic approaches are mainly sampling based and known to successfully handle many

challenging problems. Typically, the approaches can be classified into two categories: multi-query
and single-query. The former uses a constructed roadmap for multiple path generations, while
the latter constructs a tree data structure upon every query. The probabilistic roadmap method
(PRM) approach23,24 and the rapidly exploring random tree (RRT)25 belong to these two categories,
respectively. Other probabilistic planners such as the one based on expansive spaces,26 also exist. The
probabilistic and sample based approaches are usually applied to the problems when the exact free
space is unknown.

Hybrid approaches combine the advantages of both deterministic and probabilistic algorithms. The
Randomized Potential Planner (RPP)27 is an example, which utilizes random walks to escape local
minima in the potential fields. There are excellent reviews on this topic.7,18,28 The main challenges
this work focuses on are (1) narrow channels in C-space, and (2) high variance of running time of
path planner.

The narrow channels in C-space is a major challenge to sampling-based approaches.29 The running
time increases exponentially as the width of the channel reduces. In order to overcome this challenge,
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Fig. 1. Notations for C-space.

a number of sampling strategies were developed: boundary,30 Gaussian,31 bridge-test,32 hybrid,33 and
visibility PRM.34 However, the problem still remains. It was reported in ref. [35] that one feasible path
was found after 6000 iterations and 4700 explored nodes by means of RRT* Tree. One more important
issue is the relatively high variance of the running time of PRM planners.29 The high variance often
requires setting a large time limit for the planner to terminate without a path.29 This may not be
acceptable in some applications where many planning queries have to be processed sequentially.36

This works attempt to solve these challenges by a new concept called the distorted configuration
space (DC-space), where all obstacles disappear due to the distortion of the C-space. The DC-space
is achieved by artificially compressing all obstacles in the C- space into dimensionless geometric
objects such as points, so that all obstacles virtually vanish in the distorted space. In the DC-space,
the chance of intersection between a path with a lower dimensional object is zero, and hence, a path
can be planned arbitrarily, i.e., a straight path. This path in the DC-space can be then mapped into a
feasible path in the original C-space. This DC-space approach gives the consistent running time for a
new path because the start and goal can be directly connected by a straight line, which is always a valid
path in DC-space. The only computation required is to transform this line segment in the DC-space
to the path in the C-space since the DC-space is pre-computed. This involves the calculations of a
number of intersections between the line and the corresponding faces of the cells on the path.

The rest of this work is organized as follows. Section 2 derives the DC-space and the mapping
algorithm. Examples in 2D and 3D are illustrated in Sections 4 and 5, respectively.

2. Generation of Distorted Configuration Space
A n-dimensional C-space with obstacles and a convex boundary is assumed known. In the case of
a concave boundary, a convex boundary can be constructed such that parts of the boundary turn
into obstacles. Cell decomposition is applied to the C-space with evenly spanned grids. The grid
coordinates are defined by ij along jth axis, where j = 1, 2, . . . , n. The position coordinates are
defined by xj along the j th axis, with j = 1, 2, . . . , n. A node with grid coordinates (i1, . . . , in) is
noted by Ni1...in , whose position is given by, as shown in Fig. 1,

ni1...in = [
x1

i1...in · · · xn
i1...in

]T
. (1)
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Fig. 2. Notations for distorted C-space.

Assume that the entire bounded space is divided by grids into a finite number of regular n-cubes
with unit edge-length. Hence, we have

ni1...in = [
i1 · · · in]T

.

Consider some obstacles occupying a number of cells, which are called occupied cells. All occupied
cells can be grouped into separated sets. All occupied cells within one set must be connected. A node
belonging to any occupied cell is called an occupied node, while a node not belonging to any occupied
cell is called a free node.

The key point is to force each set of occupied cells into an object in the subspace Rm, where
m < n − 1, such that this object has theoretically zero chance to be encountered by another point.
For example, the object can be a point in case n = 2, and a point or a line in case n = 3. Such objects
occupy no space geometrically in the n-dimensional space. The deformation of the occupied cells
yields the distortion of the whole grid, which yields the DC-space. The positions of nodes in the
DC-space are labeled as, as shown in Fig. 2,

ndi1...in = [
y1

i1...in · · · yn
i1...in

]T
, (2)

where y
j

i1...in
is the coordinate of Node, Ni1...in , along the jth axis after distortion.

The distortion is computed by assuming that the connection between any two neighboring nodes
is a spring with natural length of zero and stiffness of K. A spring between Ni1...ij ...in and Ni1...(ij +1)...in

is noted as S
j

i1...in
, where j indicates that this spring is along the jth axis. A stable distorted grid is

reached when the total potential energy is minimum, which yields the following theorem.

Theorem 1. In a stable distorted grid, a free node sits at the geometric center of its neighboring
nodes.
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Proof. the potential energy stored in Springj

i1...in
is given by

lV
j

i1...in
= 1

2
K ndi1...ij ...in−ndi1...(ij +1)...in

= 1

2
K

n∑
k=1

(yk
i1...ij ...in

· · · yk
i1...(ij +1)...in)2. (3)

The overall potential energy is given by

V =
n−1∑
i1=0

· · ·
n∑

ij =0

· · ·
n∑

in=0

V 1
i1...in + · · · +

n∑
i1=0

· · ·
n−1∑
ij =0

· · ·
n∑

in=0

V
j

i1...in
+ · · · +

n∑
i1=0

· · ·
n∑

ij =0

· · ·
n−1∑
in=0

V n
i1...in

.

A stable state is achieved when the overall potential energy is minimized. Equivalently, the partial
differentiation of the overall potential energy with respect to an arbitrary free node, Ni1i2...in , must be
zero, i.e.,

∂V

∂ndi1i2...in
= 0. (4)

Note that only the potential energy stored in the springs connected to Ni1i2...in is dependent
on ndi1i2...in . It is not difficult to see that these springs are S1

i1i2...in
, S2

i1i2...in
, · · · , Sn

i1i2...in
, and

S1
(i1−1)i2...in

, S2
i1(i2−1)...in , · · · , Sn

i1i2...(in−1). Therefore, Eq. (4) can be written as

∂V 1
i1i2...in

∂ndi1i2...in
+ ∂V 2

i1i2...in

∂ndi1i2...in
+ · · · + ∂V n

i1i2...in

∂ndi1i2...in
+

∂V 1
(i1−1)i2...in

∂ndi1i2...in
+

∂V 2
i1(i2−1)...in

∂ndi1i2...in
+ · · · .

+
∂V n

i1i2...(in−1)

∂ndi1i2...in
= 0 (5)

Substituting Eq. (1) and Eq. (4) into Eq. (5) yields

y
j

i1i2...in
= 1

2n

(
y

j

(i1−1)i2...in
+ y

j

(i1+1)i2...in
+ y

j

i1(i2−1)...in + y
j

i1(i2+1)...in + · · · ,

· · · + y
j

i1i2...(in−1) + y
j

i1i2...(in+1)

)
(6)

with j = 1, 2, . . . , n. This solution indicates that a free node must be the geometric center of all its
surrounding nodes to have the minimum potential energy. �

To keep a convex structure, any free node on a boundary is restricted to move on the boundary. A
boundary with dimension of n − m is called a n − m boundary, where m is positive integer no greater
than n. A n − m boundary can be considered to the intersection of m hyperplanes with dimension of
n − 1. It is not difficult to see that the number of n − m boundaries in n-cubic workspace is given by
2mC(n, m) = 2mn!/(m!(n − m)!). Due to the convex structure, any two points inside the boundaries
can be connected by a straight line without passing any boundary.

Solving the Eq. (6) with respect to all free nodes and the boundary conditions yields the coordinates
of the distorted grid. In the original grid, the geometric center of a cell, Ci1...in is given by

ci1...in = 1

2n

(
1∑

k1=0

· · ·
1∑

kn=0

n(i1+k1)···(in+kn)

)
. (7)
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Similarly, the geometric center of the distorted cell, Ci1...in , is given by

ci1...in = 1

2n

(
1∑

k1=0

· · ·
1∑

kn=0

nd(i1+k1)···(in+kn)

)
. (8)

3. Path Planning
The problem of path planning is to find a path connecting the given start and goal. The start and goal
are represented by the geometric centers, p and q, of the start cell and goal cell, respectively. p and
q are calculated by Eq. (8) in the DC-space. The path in the DC-space can be as simple as a straight
line, which is adopted here. This straight-line path in Rn is formulated as

s = (1 − λ) p + λq, (9)

where λ ∈ [0, 1].
The mapping of this path back into the original space is done by recording the sequence of the

cells which this line passes through. Therefore, the intersection of the line with a cell is required.
More specifically, the intersection between the line and the faces of a cell is required to identify the
next cell on the path.

A face of a distorted cell in Rn can be modeled as a (n − 1) -ruled surface. The ruled surfaces
with different orders were discussed in ref. [37]. Assume the face towards the ij -axis in Cell Ci1···in
is of interest. The face towards the (ij + 1) -axis can be treated similarly. All vertices on this face
are C(i1+k1)···(ij )···(in+kn), where k1, . . . , kn are 0 or 1 with kj being excluded. For the simplicity of
expression, the following notations are introduced: (w1, . . . , wn−1) is the same as (i1, . . . , in) with
ij removed; (u1, . . . , un−1) is the same as (k1, . . . , kn) with kj removed. Therefore, a vertex on the
face can be represented as

Nij

(w1+u1)···(wn−1+un−1) ≡ N(i1+k1)···(ij )···(in+kn). (10)

Theorem 2. Any point on the (n-1)-ruled surface matching the face towards i j on a distorted
n-cubic cell is expressed as

r =
1∑

un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)), (11)

where ndij

(w1+u1)···(wn−1+un−1) is the position of the node in the distorted grid and λ l ∈ [0, 1].

Proof. Formula (11) can be proved in an inductive way, In the case of distorted 2-cubic cell, the
face toward on axis ij is a line segment with vertices Nij

w1 and Nij

w1+1. This line segment can be
expressed as

r = λ1nbij

w1 + (1 − λ1) nbij

w1+1 =
1∑

u1=0

((−1)u
1 (

λ1 − u1
)
dij

(w1+u1)),

which agrees with Eq. (11).
Assuming (11) holds for the case of a distorted n -cubic cell, we want to show that Eq. (11) holds

for a distorted (n + 1) -cubic cell as well. Considering the face towards the ij -axis again, the n -ruled
surface can be constructed by a line segment along the additional axis, in+1 or wn. The two ends of
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this line segment are given by, respectively,

r1 =
1∑

un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)wn),

r2 =
1∑

un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)(wn+1)).

Hence, the point on the n -ruled surface is a point on this line segment, i.e.,

r = λnr1 + (1 − λn) r2

= λn

1∑
un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)wn)

+ (1 − λn)
1∑

un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)(wn+1))

=
1∑

un=0

1∑
un−1=0

· · ·
1∑

u1=0

((−1)

n−1∑
l=1

ul n−1∏
l=1

(
λl − ul

)
ndij

(w1+u1)···(wn−1+un−1)(wn+un)),

which agrees with Eq. (11). The proof is complete. �

Given a cell Ci1···in on the path, the intersection between each face of the cell and the straight-line
path is computed by solving s = r for λ and λl , where s and r are given by Eqs. (9) and (11),
respectively. The corresponding intersecting face in Ci1···in determines the next cell on the path. This
procedure starts from the start cell and finishes at the goal cell. The pseudo-code for this procedure
is given in Algorithm 1.

Algorithm 1 Mapping path from the DC-space to the original C-space.

Calculate the center of the start cell, p; Calculate the center of the goal cell, q;
Formulate the line s connecting p and q according to Eq. (9);
step = 1;
path[step] = cellstart;
pace = 0;
while path[step] �= cellgoal do

for i from 1 to 2n do
Calculate the intersection between line s and Face i and obtain λ;
if λ > pace then

pace = λ, and f = i
end

end
path[step + 1] =the cell adjacent to the current cell by Face f;
step ++

end
return path
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Fig. 3. Examples.

Fig. 4. DC-space maps of the examples: (a) the obstacle shrinks into a point at (4.5, 4.5), (b) the C-shaped
obstacle shrinks into a point at (6, 10), (c) the spiral obstacle shrinks into a point at (8, 8), and (d) all obstacles
are reduced into sporadic points.

4. 2D Examples
Consider a 2-dimensional space. The grid coordinates are defined by i1 and i2. A node with grid
coordinates (i1, i2) is noted by Ni1i2 , whose positions before and after distortion are given by ni1i2 =
[x1

i1i2 x2
i1i2 ]T , ndi1i2 = [y1

i1i2 y2
i1i2 ]T , respectively. According to Theorem 1, the position of a free

Nodei1i2 in the DC-space satisfies the following constraint:

y
j

i1i2 = 1

4

[
y

j

(i1−1)i2 + y
j

(i1+1)i2 + y
j

i1(i2−1) + y
j

i1(i2+1)

]
, (12)

with j = 1, 2.
For simplicity, the nodes on the boundary are treated as fixed nodes. As for obstacle nodes, their

positions can be determined arbitrarily, as long as the obstacles are forced to shrink into sporadic
geometric points, which occupy no space in the DC-space map. Solving all Eq. (12) on all free nodes
with boundary constraints yields the coordinates of the distorted grid. Four examples are shown in
Fig. 3, where solid blocks represent the obstacles in the C-space. Their DC-space maps are shown in
Fig. 4, respectively.

Straight-line paths are planned in the DC-space maps, as shown in Fig. 5. According to Algorithm 1,
the paths are recorded in sequences of cells, which are mapped back to the original C-space, as shown
in Fig. 6.

5. 3D Examples
Consider a 3-dimensional space. The grid coordinates are defined by i1, i2, i3. A node with grid
coordinates (i1, i2, i3) is noted by Ni1i2i3 , whose position before and after distortion are given
by ni1i2i3 = [x1

i1i2i3 x2
i1i2i3 x3

i1i2i3 ]T and ndi1i2i3 = [y1
i1i2i3 y2

i1i2i3 y3
i1i2i3 ]T , respectively. According to
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Fig. 5. Path planned in the DC-space maps: (a) from Cell(0,0) to Cell(9,9), (b) from Cell(2,10) to Cell(5,10),
(a) from Cell(2,0) to Cell(5,5), (a) from Cell(6,12) to Cell(30,29).

Fig. 6. Path mapped back to the original maps: (a) from Cell(0,0) to Cell(9,9), (b) from Cell(2,10) to Cell(5,10),
(a) from Cell(2,0) to Cell(5,5), (a) from Cell(6,12) to Cell(30,29).

Theorem 1, the position of node Ni1i2i3 in the DC-space satisfies the following constraint:

y
j

i1i2i3 = 1

6

[
y

j

(i1−1)i2i3 + y
j

(i1+1)i2i3 + y
j

i1(i2−1)i3 + y
j

i1(i2+1)i3 + y
j

i1i2(i3−1) + y
j

i1i2(i3+1)

]
, (13)

with j = 1, 2, 3.
The nodes on the boundary-planes can slide within the plane. Solving all Eq. (13) on all free nodes

yields the coordinates of the distorted grid. Two examples are shown in Fig. 7. In Fig. 7(c), the two
block obstacles in the first example are forced to deformed into two separate geometric points, (1.5,
1.5, 0) and (4, 3, 2), respectively. In Fig. 7(d), all cave-shaped obstacles deform into geometric line
segments with the same heights. The horizontal positions of these six line segments are (11, 10), (11,
25), (28, 10), (28, 25), (45, 10), and (45, 25), respectively. Note that only one portion of the DC-space
map is shown in Fig. 5(d) for visibility.

The straight-line path in the DC-space is mapped back to the original C-space by Algorithm 1.
Four paths generated in the second example are illustrated in Figs. 8-11, respectively. The straight-
line paths in the DC-space are shown in Figs. 8(a)-11(a), where only the surrounding distorted cells
around the cells at the start and at the end are displayed for visibility. The paths are mapped back
to the original C-space, as shown in Figs. 8(b)-11(b), and Figs. 8(c)-11(c), where the obstacles are
displayed.

The examples show that this approach is capable to generate collision-free paths in an environment
with complicated obstacles, and avoid traps induced by concave obstacles. It can be observed that
paths are attracted to the obstacles in the original space when they are close.

6. 3R-Robot
A 3R-robot is shown in Fig. 12, where the obstacles are the black, green and red circles. The geometric
parameters are L1 = L2 = L3 = 90 cm. Each link is modeled as five overlapping circles with the radii
of 22.5 cm. Each obstacle circle has a radius of 10 cm. The joint angles, θ1, θ2 and θ3 are restricted
to [−95◦, 95◦]. According to the algorithm described in Section 2, the C-space and DC-space are
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Fig. 7. 3D examples: (a) and (b) are the original maps with obstacles of 3D Examples 1 and 2, respectively; (c)
and (d) are the DC-space maps free of obstacles of 3D Examples 1 and 2, respectively.

Fig. 8. Path 1 generated from Cell(25,10,26) to Cell(45,22,5) in the 3D example: (a) the straight-line path in the
DC-space, (b) the path mapped into the original space, and (c) the same path with obstacles displaced.

Fig. 9. Path 2 generated from Cell(6,5,5) to Cell(45,5,15) in the 3D example: (a) the straight-line path in the
DC-space, (b) the path mapped into the original space, and (c) the same path with obstacles displaced.

Fig. 10. Path 3 generated from Cell(25,10,20) to Cell(25,25,5) in the 3D example: (a) the straight-line path in
the DC-space, (b) the path mapped into the original space, and (c) the same path with obstacles displaced.
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Fig. 11. Path 4 generated from Cell2,2,2 to Cell54,32,25 in the 3D example: (a) the straight-line path in the
DC-space, (b) the path mapped into the original space, and (c) the same path with obstacles displaced.

Fig. 12. A 3R-robot: (a) the geometric description and (b) the obstacles and volumes of links.

Fig. 13. (a) The C-space and (b) DC-space of the 3R-robot.

generated, as shown in Fig. 13. Two example paths in the C-space mapped from the straight path in
the DC space are shown in Fig. 14.

7. Discussion and Conclusion
An efficient algorithm based on the DC-space was introduced to tackle the path planning in a known
C-space. Once the DC-space map is constructed, a feasible plan can be found quickly because the
algorithm only evaluates the cells on the path. The main advantage of this algorithm is that the path
can be obtained immediately in the DC-space if a feasible path exists, without applying trial-and-error
or iterations in typical heuristic and sample-based approaches. The general formulas were derived
while the examples in 2D and 3D were provided to validate this concept.

A comparison of DC-Space with two common algorithms, A* search and PRM, are conducted.
With all three algorithms, the same grid size as shown in Fig. 3(b) is used. The cost function in A* is
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Fig. 14. Two example paths generated for (a) from Cell(0.5,0.5,0.5) to Cell(19.5,19.5,19.5) and (b) from
Cell(4.5,13.5,12.5) to Cell(14.5,5.5,8.5).
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Fig. 15. Comparison of (a) computation time and (b) path length of path finding by A*, PRM, and DCS
(DC-Space Method) in the example shown in Fig. 3(b).

defined as the sum of the travel distance from the start cell to the current cell and the heuristic defined
as the straight distance from the current cell to the end cell. The best-first search is applied, i.e., the
cell with minimum cost is chosen for every step. In PRM, a path tree is grown from the start cell and
end cell. A collision detection algorithm attempts to connect any new sampled cell with the samples
in the tree, by means of a straight line. If there is no collision with obstacles, a collision-free path
between the samples is added to the path tree. When the tree includes both the start and end cells, a
shortest path between them is found. The maximum number of iterations is set to be 50 in PRM.

Eight different experiments are run with respect to these three algorithms. Each algorithm is
run 10 times to get the average value. The A* and DCS algorithms are quite consistent in each
experiment while the deviation among the results produced by PRM is high.

As shown in Fig. 15(a), the computation time by DCS is much less than the time required by A*
and PRM. The main reason is that DCS does not need to explore the whole workspace to find the
path. Instead, it only explores the cells on the path. The price of this efficiency is that DCS requires
pre-processing time to create the DC-space. In the case that path planning needs to be performed
continuously in a given C-space, DCS can significantly reduce the computation cost.

As shown in Fig. 15(b), A* produces the shortest path since its heuristic function ensures that the
final result is the optimum solution. As a newly developed algorithm, DCS in this work can only
perform feasible path finding.

The comparison of the number of iterations is shown in Fig. 16. A* requires more iterations than
PRM and DCS, which is consistent with the computation time associated with these methods. The
number of iterations in DCS always equals to the travel distance, because DCS only checks the cells
on the path.
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Fig. 16. Comparison of the number of iterations for path finding by A*, PRM, and DCS in the example shown
in Fig. 3(b).

More works need to be done to improve the performance of this algorithm. First, an obtained path
is by no means close to an optimum path, even though it is straight-line solution in the DC-space. This
is because neither the DC-space nor the C-space is not flat. There can be two possible approaches
to optimize the path generated by the DCS technique: (1) pre-process: using correct metric to distort
the C-Space into a quasi-flat space so that a straight line in the DC-Space is approximately an
optimum path in C-Space, and (2) post-process: shaping the obtained feasible path by the DCS into
an optimum path. If the pre-process is achieved, the DCS can directly provide an optimum solution
without searching the space, which can significantly reduce the computational time as compared to
existing methods such as A* and PRM in a static and known environment. The post-process may be
achieved by taking random samples around the feasible path found initially. This procedure should
also be more efficient because the searching space is narrowed down to the area around the feasible
path only.

Second, singularity may occur when the distance between a straight-line path and a fixed node
into which an obstacle deforms cannot be distinguished by a computer because of the max digital
precision. This problem can be readily solved by introducing one or more arbitrary via points in the
DC-space to take detours. Third, in the case of a trap-shaped obstacle such as the one shown in Fig.
3(c), the free cells deep in the trap can deform into cells that are too compact to be recognized by
a computer due to the digital precision. Therefore, these cells cannot be reached by Algorithm 1.
Further investigations are required to tackle these issues so that this concept and algorithm can be
applied to general and real robotic systems in partially known C-space with high dimensions. Potential
solutions to the “curse of dimensionality” may include using a relatively coarse resolution in a high-
dimensional C-Space by sacrificing some free space under the constraint of computation power and
developing the analytical mapping between the C-Space and the DC-Space so that discretization is
not required for distortion.
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