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The indentation method of nonlinear viscoelastic materials is investigated through combined
numerical and experimental efforts to reveal the correlation between the viscoelastic kernel
function and the indentation responses. It is shown that the viscoelastic kernel function of
a nonlinear viscoelastic solid with viscous response characterized by a linear rate constitutive
equation scales with the normalized relaxation load in an indentation relaxation test. This scaling
relation does not depend on the geometry of the indented solid and the profile of the indenter.
Therefore, it may serve as a fundamental relation for characterizing the viscoelastic properties of
some biological soft tissues and artificial soft materials with regular/irregular surface morphology.

I. INTRODUCTION

Determining the mechanical properties of soft materi-
als (e.g., biological soft tissues and soft elastomers) is of
great importance and has received considerable attention
of scientists and engineers from various disciplines. For
instance, the knowledge on the mechanical properties of
soft biomaterials is crucial for tissue engineering and for
understanding the responses of cells or tissues to mechanical
stimuli.1Within the framework of continuummechanics, soft
materials may be modeled by linear elastic, hyperelastic
elastic, linear viscoelastic, nonlinear viscoelastic, poroelastic,
or other sophisticated biphasic/multiphasic constitutive rela-
tions, depending on the parameters and deformation behavior
that are concerned.2–6 Although quite a few methods have
been proposed to determine the mechanical properties of soft
materials, it remains a challenge to perform regional me-
chanical tests, especially at small scales.6 Recent studies have
demonstrated that instrumented indentation is a powerful tool
for mechanical characterization of soft materials. For exam-
ple, Shimizu et al.7 and Lu et al.8 have established the
methods to analyze the indentation of linear viscoelastic
materials based on the viscoelastic contact theory. Their
method can be applied to the mechanical characterization of
polymeric materials. Fischer-Cripps9 discussed the possibil-
ity to use the multiple frequency responses in dynamic
indentation for the mechanical characterization of viscoelas-
tic materials. Tang and Ngan10 explored the indentation of
power law viscoelastic materials, and recently, they reported
a rate-jump method for characterization of soft tissues using
nanoindentation.11 Oyen and Cook12 studied the correlation
between the indentation responses andmaterial properties for

the indentation of viscous–elastic–plastic materials. Oyen13

investigated indentation creep tests and proposed a method
to reduce the errors caused by the rising time. In their
excellent review paper, Cheng and Cheng14 showed how the
dimensional analysis method could be used to deal with the
indentation of linear viscoelastic materials, and they pro-
posed a number of analytical relations correlating the in-
dentation responses with the material properties in different
loading procedures. For flat punch indentation of linear
viscoelastic materials in both time and frequency domains,
Herbert et al.15 and Cao et al.16 performed systematic ex-
perimental and theoretical studies, respectively. Their results
demonstrated to what extent the material properties can be
extracted from indentation responses. The above studies
focus on the conical, spherical, or flat punch indentation.
Cheng and Yang17 recently analyzed the indentation of
viscoelastic materials using an axisymmetric indenter and
their results could be useful for the indenter with a power law
profile. Recognizing that the poroelastic model has merits
over the linear viscoelastic model for characterizing some
biological tissues and hydrogels, a number of authors18,19

have developed methods to deduce poroelastic properties of
soft materials from indentation responses. From previous
studies, it can be seen that indentation tests are relatively easy
to perform and have advantages for evaluating local me-
chanical properties of materials at different length scales.
However, interpreting the indentation data to deduce material
properties usually remains a difficult issue because geometric,
material, and boundary nonlinearities may be involved
simultaneously in a single test.

Many soft materials are typically time-dependent sys-
tems and often exposed to sufficiently large deformation
to elicit a nonlinear viscoelastic response.20 Therefore, this
paper is concerned with the mechanical characterization of
nonlinear viscoelastic soft materials using indentation tests.
Along this line, some efforts have been made in recent
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years. For instance, Goh et al.21 presented a method to
determine the nonlinear viscoelastic constitutive constants
from a spherical indentation load–depth curve. They used
the indentation responses under different loading speeds to
deduce the material parameters. Rauchs et al.22 proposed an
inverse method based on finite element simulations and
gradient-based optimization to identify the material param-
eters of a viscous hyperelastic constitutive law from
spherical indentation tests. They described the deformation
behavior of the material via the Zener model. In the present
paper, we study the determination of the viscoelastic kernel
functions of nonlinear viscoelastic materials using indenta-
tion. Our recent theoretical analysis on the indentation of
linear viscoelastic materials led to a simple relation corre-
lating the viscoelastic kernel function with the indentation
load in an indentation relaxation test, which is independent
of the geometry of both the indenter and the indented solid.23

The objective of this paper is to explore whether such a
relation can be generalized to the indentation of a nonlinear
viscoelastic material with the viscous response characterized
by a linear rate constitutive equation. To this end, both
numerical simulations and experiments will be carried out.

The paper is organized as follows. Section II represents
the computational model for the indentation method of
nonlinear viscoelastic materials. We focus on the finite
strain viscoelastic models with the viscous response char-
acterized by a linear rate constitutive equation. Particularly,
a widely used model included in the commercial software
ABAQUS24 and ANASYS25 following Simo26 is adopted.
First, the spherical indentation of a soft layer bonded to
a rigid substrate is investigated. Then, two critical cases are
analyzed, including the conical indentation of a solid with
irregular surface profile and the flat punch indentation of
a soft layer bonded to a hard substrate. In Sec. III, experi-
ments are conducted. Polydimethylsiloxane (PDMS) is used
in the preparation of experimental specimens. Tensile tests
are performed first to characterize the viscoelastic kernel
function of the material. Then, indentation tests are carried
out on specimens with an inclined surface or with irregular
surface profiles to verify the scaling relation between the
viscoelastic kernel function and the normalized relaxation
load. Section IV gives the concluding remarks.

II. COMPUTATIONAL STUDIES

Our recent theoretical analysis23 on the indentation of
linear viscoelastic materials with time-independent Pois-
son’s ratio showed that the reduced relaxation function �E
has a simple relation with the normalized relaxation load
�P, i.e.:

�E ¼ �P : ð1Þ
Here,

�E ¼ EðtÞ=E0 ; ð2Þ

where E(t) is the relaxation modulus of the indented linear
viscoelastic material and E0 represents the instantaneous
modulus. �P ¼ PðtÞ=P0, whereP(t) is the relaxation load and
P0 the indentation load at the starting point of relaxation.
Equation (1) has been verified through finite element
simulations to be applicable when the indented solid under-
goes finite deformation. In our previous study, however, the
indented material was assumed to be linear viscoelastic.23

In this paper, we first perform a computational study to
examine whether the simple relation given in Eq. (1) can be
generalized to the indentation of nonlinear viscoelastic
materials.

A. Material model

Many finite deformation viscoelastic models have been
reported in the literature to date.1,26–31Most of them adopt
a linear rate constitutive equation to characterize the
viscous response, which is the main concern of this study.
We here focus on a model developed by Simo,26 which has
been slightly amended and included in some widely used
commercial softwares, e.g., ABAQUS24 and ANASYS.25

The constitutive equation in Simo’s finite strain visco-
elastic model is derived from the following uncoupled free
energy function26:

WðE;QÞ ¼ U0ðJÞ þW
0ð�EÞ � Q : �E þWIðQÞ ; ð3Þ

where U0 andW
0
are the volumetric and deviatoric parts of

the initial elastic stored energy function W0. WI is de-
termined from the conditions of thermodynamic equilib-
rium. J5 detF is the Jacobian of the deformation gradient.
Q is an internal variable. The Lagrangian strain tensors are
given by:

E ¼ 1
2
ðC � GÞ; �E ¼ 1

2
ð�C � GÞ ; ð4Þ

where G is the second-order metric tensor in the reference
configuration. The right Cauchy–Green tensors are related
to the deformation gradient F and the isochoric part of the
deformation gradient �F by:

C ¼ FTF; �C ¼ �FT �F ; ð5Þ
where �F ¼ F=J1=3. Equation (3) gives the following
constitutive model for the second Piola–Kirchhoff stress
tensor:

S ¼ JpC�1 þ J�2=3DEV½@W0ð�EÞ@�E � Q� ; ð6Þ
where p is the hydrostatic pressure. The operator
DEV½�� ¼ ð�Þ � 1

3 ½C : ð�Þ�C�1 denotes the deviator of the
indicated argument in the reference configuration. The
Kirchhoff stress in the spatial configuration is:

s ¼ FSFT ¼ JpI þ dev �Fð@W 0ð�EÞ@�E � QÞ�FT
h i

; ð7Þ
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where I is the second-order unit tensor in the spatial
configuration. dev½�� ¼ ð�Þ � 1

3 trð�ÞI is the deviator in the
spatial configuration of the indicated argument. The
internal variableQ is determined from the following linear
rate equation of evolution:

_Qþ 1
t0
Q ¼ 1� c

t0
DEV

@W
0ð�EÞ
@�E

" #
; Q t¼0j ¼ 0 ; ð8Þ

where c is a given parameter and t0 is the characteristic
relaxation time of the material. Equations (7) and (8) give
the Kirchhoff stress in the following form26:

s ¼ FSFT ¼ JpI þ dev½�FH �FT� ; ð9Þ
where

H ¼
Z t

0

cþ ð1� cÞeð�ðt�sÞ=t0Þ
� � d

ds

@W
0ð�EÞ
@�E

" #
ds ; ð10Þ

Here, cþ ð1� cÞeð�t=t0Þ� �
is the viscoelastic kernel func-

tion, representing the relaxation behavior of the material.
For more general cases, this kernel function can be defined
as Prony series with several relaxation times, e.g.,

gðtÞ ¼ c0 þ +
N

i¼1
cie

ð�t=tiÞ. The initial elastic stored energy

function W0 could have many choices as well. For
example, when the strain energy function for the classical
neo-Hookean model is adopted, W0 ¼ 1

2l0
�I1 þ U0ðJÞ,

where l0 is the initial shear modulus and �I1 is the first
deviatoric strain invariant.

ABAQUS24 amends the above model by taking into
account the viscous volumetric response and gives the
following set of equations in the spatial configuration for
the Kirchhoff stress:

sDðtÞ ¼ sD0 ðtÞ þ dev

Z t

0

@g

@s9
�F�1
t ðt � t9ÞsD0 ðt � t9Þ

� �F�T
t ðt � t9Þds9 ; ð11aÞ

sHðtÞ ¼ sH0 ðtÞ þ
Z t

0

@k

@s9
sH0 ðt � t9Þds9 ; ð11bÞ

where sD and sH are the deviatoric and the hydrostatic
parts of the Kirchhoff stress. ds9 ¼ dt9

Ahðhðt9ÞÞ, where h is the

temperature and Ah the shift function.24 �Ftðt � t9Þ repre-
sents the isochoric part of the deformation gradient of the
state at t � t9 relative to the state at t. g and k are the shear
and bulk viscoelastic kernel functions, respectively. In this
paper, we focus on the case where the Poisson’s ratio is

time independent, and hence, g 5 k. sD0 and sH0 are
determined from the initial elastic stored energy function
W0. In this study, W0 corresponding to the Arruda–Boyce
hyperelastic model32 is used, which is given by:

W0 ¼ l
1
2
ð�I1 � 3Þ þ 1

20k2m
ð�I21 � 9Þ þ 11

1050k4m
ð�I31 � 27Þ

(

þ 19

7000k6m
ð�I41 � 81Þ þ 519

673; 750k8m
ð�I51 � 243Þ

)

þ 1
D

J2el � 1
2

� ln Jel

� �
;

ð12Þ
where l, km, and D are material parameters and km is
the locking stretch at which upturn of the stress–strain
curve would rise significantly. Jel is the elastic volume
ratio. The initial shear modulus l0 is related to the shear
modulus l by:

l0 ¼ l 1þ 3

5k2m
þ 99

175k4m
þ 513

875k6m
þ 42; 039

67; 375k8m

 !
:

ð13Þ
The initial bulk modulus K0 is related to D with the

expression K0 ¼ 2
D, where D is zero for incompressible

materials. A typical value of km is in the range of 3–7 for
common rubbers and it is usually in the range of 1–2 for
some soft elastomers and many biological soft tissues.

The viscoelastic kernel function g can be defined in the
following form:

g ¼ 1� vðtÞ ; ð14Þ
where vðtÞ is a function with vð0Þ ¼ 0 and 0# vðtÞ, 1.
Prony series is usually used to define vðtÞ as:

vðtÞ ¼ +
M

a¼1
ga½1� expð�t=saÞ� ; ð15Þ

where ga is a positive real number defining the extent of
the relaxation of the material, sa represents the character-
istic relaxation time, and M is an integer.

B. Finite element analysis

The scaling relation in Eq. (1) can be generalized to the
indentation of nonlinear viscoelastic materials with the
constitutive model described in Sec. II. A as:

g ¼ �P : ð16Þ
An analytical proof of Eq. (16) is difficult because of

the highly nonlinear feature of the problem. So in this
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section, a series of finite element simulations are per-
formed to examine the applicability of Eq. (16). The
displacement-controlled loading procedure adopted in the
numerical experiments is given by Fig. 1. In the analysis,
the time t1 at which the indenter reaches the maximum
depth is taken to be smaller than 10% of the minimum
characteristic relaxation time, and the relaxation time tr is
10 times the maximum characteristic relaxation time of the
material. We first investigate an example of a spherical
indenter indenting into a soft layer bonded to a rigid
substrate (Fig. 2). A total of 200 cases have been simulated
by considering different indentation depths and a wide
range of material properties. The ratios of the indentation
depth to the thickness of the soft layer vary from 0.1 to 0.5
and km changes from 1 to 10. First-order Prony series is
used to describe the viscoelastic kernel function, g(t), and
its value at the time of t 5∞, g(t5 ∞), is in the range of
0.1–0.9. Figure 3 compares the identified viscoelastic
kernel functions with the actual solutions. Our simulations
show that the value of km has no effect on the identified
solution; therefore, km 5 1 is taken for illustration. It can
be found from Fig. 3 that for different extents of re-
laxation, the viscoelastic kernel functions identified from
Eq. (16) and the indentation relaxation loads at different
indentation depths match the actual solutions remarkably
well. Since the viscoelastic kernel function scales with the
normalized relaxation load according to Eq. (16), the

condition number33 for the present problem is 1. This
indicates that the error level in the identified solution is
basically the same as that in the input data as illustrated
in Fig. 4.

We further explore two examples of practical interest.
For each example below, we investigate three kinds of
nonlinear viscoelastic materials with different viscoelastic
kernel functions, referred to as NVM1, NVM2, and
PDMS, respectively, as listed in Table I. The material
parameters of PDMS are obtained from tensile tests, as
described in detail below.

1. Conical indentation of a substrate with irregular
surface profile

First, we consider the conical indentation of a nonlinear
viscoelastic substrate. This example dedicates to verify
the applicability of Eq. (16) to the circumstances under
which the indented solid has irregular geometry. A total of
12,272 four-node axisymmetric elements are used to
model the indented solid. The maximum indentation depth
at which the relaxation starts is h0 5 2 lm, and the
corresponding deformed mesh is presented in Fig. 5. The
indentation-induced maximum principal logarithmic
strain is around 33%.We explore the effects of the locking
stretch and the compressibility of the indented material by
investigating different values of km and D in Eq. (13).
When D 5 0, the material is incompressible, and in the
simulations, we use the hybrid element (CPE8H) in
ABAQUS instead of the reduced integration element with
hourglass control. Using the indentation responses given
by finite element computations and Eq. (16), the visco-
elastic kernel function g is determined. The results are
given by the circle points in Fig. 6, which find a good
agreement with the actual solutions (lines).

2. Flat punch indentation of a soft layer bonded
to a rigid substrate

Then, we consider a flat punch indenter indenting into
a viscoelastic soft layer bonded to a rigid substrate. This
example aims at examining the applicability of Eq. (16) to
the cases where the indenter tip has defects and the effects
of rigid substrate come into play as well. A total of 10,001
four-node axisymmetric elements are used. The deforma-
tion of the indented solid and the contour of the maximum
principal logarithmic strain at the maximum indentation
depth of 1.5 lm are shown in Fig. 7. Based on the load
time relation given by finite element simulations, the
viscoelastic kernel function of the indented solid is
identified using Eq. (16) and given by the triangle points
in Fig. 6. The consistency between the identified results and
the actual solutions indicates that Eq. (16) is applicable to
this kind of problems.

FIG. 1. Loading procedure used in the simulation of indentation
relaxation tests.

FIG. 2. A spherical indenter indenting into a soft layer bonded to
a rigid substrate.
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III. EXPERIMENTS

A. Materials

The material used in the experiments is PDMS. It was
prepared by mixing a degassed elastomer base and
a cross-linker in a ratio of 10:1 w/w. The prepolymerized
mixture was filled in a mold and cured at 60 °C for 8 h.
When the PDMS had become a solid state, it was taken out
to prepare the specimens.

B. Tensile tests

Tensile relaxation tests are performed to determine the
viscoelastic kernel functions of the materials, and the
results are compared with those identified from indenta-
tion tests. The ElectroForce� 3100 test instrument (Bose,
Eden Prairie, MN; Fig. 8) is used for the measurements.
The specimens have a width of 5 mm, a thickness of

FIG. 3. Comparison of the viscoelastic kernel function identified by using Eq. (16) with the actual solutions, km5 1. (a) g(∞)5 0.9; (b) g(∞)5 0.7;
(c) g(∞) 5 0.3; and (d) g(∞) 5 0.1.

FIG. 4. Comparison of the viscoelastic kernel function identified by
using Eq. (16) with the actual solutions; 3% random error was
introduced to the input data to illustrate the sensitivity of the identified
solution to data noise.
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1.8 mm, and a gauge length of 11 mm. Displacement-
controlled loading procedure is applied, and the measure-
ments conducted at ambient temperature (23 °C) and the
humidity is about 50%. The specimen is first stretched to
a given stretch ratio, and then, the tensile relaxation test is
performed by keeping this stretching ratio to be constant.
The time at which the specimen is stretched to the given
stretch ratio is taken as 1 s, which is much shorter than
the characteristic relaxation time. A number of different
stretch ratios are adopted in the experiments to examine
the extent to which the relaxation behavior of the material
depends on the deformation. Figure 9 represents a typical
tensile curve with the maximum nominal strain up to 40%.
It can be found that the tensile curve exhibits nonlinearity
when the tensile strain is beyond 20%, which is basically
consistent with result reported in the literature (e.g., Fig. 2 in
Ref. 34). Figure 10 shows an example for the variation of
the relaxation load with time.

C. Indentation tests

In the measurements, we use the ElectroForce� 3100
test instrument with a spherical indenter of 2.5 mm in
radius (Fig. 11). The machine can reach a maximum load
of 22 N. The displacement resolution is 1 lm and the load
resolution is 0.5 mN. The measurements are performed at
room temperature. The displacement-controlled loading
procedure shown in Fig. 1 is adopted. Different loading

TABLE I. Material parameters of three representative materials used in the computational study in Sec. III.

Materials g(t) l0 (MPa) km D (1/MPa) v

NVM1 1 � 0.6(1 � exp(�t/5)) 2 3 0 0.5
NVM2 1 � 0.25(1 � exp(�t/05)) � 0.35(1 � exp(�t)) 3 1.1 0.069 0.45
PDMS 1 � 0.0173(1 � exp(�t/73.26)) � 0.0658(1 � exp(�t/2.21)) 1.2 1.4 0.357 0.4

Here, D ¼ 3ð1�2mÞ
l0ð1þmÞ.

FIG. 5. Contours of the maximum in-plane principal strain for the conical indenter indenting into a solid with irregular surface profile.

FIG. 6. Comparison of the viscoelastic kernel function identified by
using Eq. (16) with the actual solutions: (a) the results for NVM1 and
NVM2 and (b) the results for PDMS.
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rates are adopted. The results show that when the loading
time at which the indenter reaches the maximum indenta-
tion depth is smaller than 1 s, the loading curve basically
does not depend on the loading rate. Our computational
results have demonstrated that the geometry of the indented
solid has no effect on the relation given by Eq. (16). This
issue has been further examined in our experiments by
investigating two critical cases. In the first example, the
indentation tests are performed on the specimens with
different inclined surface. In the second case, the specimen

is a particle with rough surface. For each specimen, at least,
five measurements are conducted. The ratio of the in-
dentation depth to the indenter radius is taken as 0.8. The
variation of the indentation load with time is recorded and
used to determine the viscoelastic kernel functions of the
indented material.

FIG. 7. A flat punch indenter with tip defects indenting into a soft layer.

FIG. 8. Tensile test of PDMS strip performed using the ElectroForce�
3100 test instrument.

FIG. 9. Tensile curve of PDMS (1:10), when the nominal strain is
beyond 20%, pronounced nonlinearity occurs.

FIG. 10. Variation of the relaxation load normalized by the load at the
starting point of the tensile relaxation test with time for three different
stretch ratios.
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D. Results and analysis

To analyze the tensile relaxation test, we need the
correlation between the relaxation load and the viscoelastic
kernel function involved in the finite strain viscoelastic
model in Sec. II. Referring to Findley et al.,35 the derivation
of such a relation is given in Appendix. Using Eq. (A11) in
Appendix and the tensile loads in the relaxation tests, the
viscoelastic kernel function of the material is obtained and
plotted in Fig. 12. The errors as illustrated by the error bar are
mainly attributed to the difference in the stretch amount in
the tensile relaxation tests.

Using Eq. (16), the viscoelastic kernel function g of the
material is evaluated from the indentation load–time curves,
and the results are depicted in Figs. 13 and 14. Figure 15
shows the relative difference between the indentation results
and the tensile results. It can be drawn from Figs. 13 and 14

that indeed, the effects of the geometry of the indented solid
on the determination of the viscoelastic kernel function
using Eq. (16) are negligible, which is consistent with the
computational results. Figure 15 indicates that the visco-
elastic kernel function determined using indentation re-
laxation tests and Eq. (16) matches the result given by
tensile relaxation tests well (the relative difference is smaller
than 5%). Therefore, Eq. (16) may serve as a fundamental
relation to extract the viscoelastic kernel function of non-
linear viscoelastic materials from the responses of indenta-
tion relaxation tests. It is of interest to note that Eqs. (16) and

FIG. 11. Indentation tests performed using the ElectroForce� 3100 test
instrument.

FIG. 12. Viscoelastic kernel functions identified using tensile loads
and Eq. (A11). The errors (shown as the error bar in the figure) are
mainly attributed to the difference in the stretch ratios.

FIG. 13. Viscoelastic kernel functions identified from indentation
relaxation tests and Eq. (16) for the specimens with inclined surfaces:
(a) inclined angle h 5 0°; (b) h 5 7.35°; and (c) h 5 11° .
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(A11) are in the same form though tension and indentation
are two fundamentally different types of loading.

IV. CONCLUDING REMARKS

We have explored the indentation of nonlinear visco-
elastic materials with focus on the determination of the
viscoelastic kernel function, which represents the relaxa-
tion behavior of the material. Our finite element simula-
tions based on a typical finite strain viscoelastic model
illustrate that the viscoelastic kernel function scales with
the normalized indentation relaxation load, i.e., g ¼ P.
Similar to the indentation of linear viscoelastic solids, this
relation is independent of the indenter as well as the profile
of the indented solid. Therefore, it should be especially
useful in the case where the indenter has tip defects or the
indented solid has irregular geometry. Experiments have
been conducted on PDMS to confirm our computational
results and validate the applicability of the relation in
practical measurements.

It is emphasized that the present study focuses on the
finite strain viscoelastic model with the viscous response

characterized by a linear rate constitutive equation, which
has been widely used in the literature to characterize the
nonlinear viscoelastic solids whose relaxation behavior
is basically independent of the deformation. However,
some biological soft tissues exhibit strong deformation-
dependent relaxation behavior, especially in the case of
large deformation.36 In this case, the deformation behavior
cannot be well captured by the single integral hereditary
model37 involved here. Instead, such fully nonlinear
models as developed by Reese and Govindjee29 should
be used, for which the correlation between the indentation
responses and the material properties has not been
established and deserves further effort.
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APPENDIX

In the uniaxial tension test of a homogeneous solid, the
motion is described by:

x1 ¼ kðtÞX1; x2 ¼ J1=2kðtÞ�1=2X2; x3 ¼ J1=2kðtÞ�1=2X3 ;

ðA1Þ
where xi (i 5 1, 2, 3) and XI (I 5 1, 2, 3) represent the
coordinates in the spatial and reference configuration,
respectively, k(t) is the stretch ratio in the direction of the
uniaxial tension, and J is the determinant of the deformation
gradient. The deformation gradient has the diagonal form:

FðtÞ ¼ Diag
h
kðtÞ; J1=2kðtÞ�1=2; J1=2kðtÞ�1=2

i
: ðA2Þ

We consider a tensile relaxation test, where the stretch
ratio is described via a Heaviside step function:

kðtÞ ¼ k0ðt$0Þ
1ðt,0Þ

�
: ðA3Þ

The instantaneous Kirchhoff stress s0(t) is the function
of the material parameters, the stretch ratio, and the

determinant of the deformation gradient J. When t $ 0,
the stretch ratio k(t) in a tensile relaxation test and J are
constant, and hence, the Kirchhoff stress s0(t) also does
not change, which is written as s0 here. In this case, it is
obvious that �Ftðt � t9Þ is a second-order unit tensor.
Therefore, from Eq. (9), we have:

sDðtÞ ¼ sD0 þ sD0

Z t

0

@g

@t9
dt9 ; ðA4Þ

sHðtÞ ¼ sH0 þ sH0

Z t

0

@g

@t9
dt9 : ðA5Þ

Further, the Kirchhoff stress s(t) is:

sðtÞ ¼ sDðtÞ þ sHðtÞ ¼ s0 1þ
Z t

0

@g

@t9
dt9

0
@

1
A : ðA6Þ

Recall that g(0)5 1, Eq. (A6) can be further reduced to:
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sðtÞ ¼ s0gðtÞ : ðA7Þ
In the current configuration, the Cauchy stress can be

expressed as:

rðtÞ ¼ JsðtÞ : ðA8Þ
Then, the uniaxial tensile load may be written as:

PuðtÞ ¼ r11ðtÞAð0Þ=k0 ; ðA9Þ
where A(0) represents the area of the initial cross section.
r 11 is the Cauchy stress in the tensile direction. Equations
(A7)�(A9) give:

PuðtÞ ¼ Js011gðtÞAð0Þ=k0 ; ðA10Þ
where s011 is the instantaneous Kirchhoff stress in the
tensile direction. It is of notice that g(0) 5 1 and
Puð0Þ ¼ Js011Að0Þ=k0, from Eq. (A10), we get the fol-
lowing correlation between the viscoelastic kernel func-
tion g(t) and the relaxation load:

gðtÞ ¼ �PuðtÞ¼ PuðtÞ
Puð0Þ ; ðA11Þ

where Pu(0) is the tension load at the starting point of
relaxation.
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