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A COMPARISON OF VARIOUS ANALYTIC CHOICE PRINCIPLES
PAUL-ELLIOT ANGLES D’AURIAC AND TAKAYUKI KIHARA

Abstract. We investigate computability theoretic and descriptive set theoretic contents of various kinds
of analytic choice principles by performing a detailed analysis of the Medvedev lattice of E{—closed sets.
Among others, we solve an open problem on the Weihrauch degree of the parallelization of the Zi-choice
principle on the integers. Harrington’s unpublished result on a jump hierarchy along a pseudo-well-ordering
plays a key role in solving this problem.

§1. Introduction.

1.1. Summary. The study of the Weihrauch lattice aims to measure the com-
putability theoretic difficulty of finding a choice function witnessing the truth of a
given V3-theorem (cf. [3]) as an analogue of reverse mathematics [19]. In this article,
we investigate the uniform computational contents of the axiom of choice Z%-AC
and dependent choice =!-DC for =! formulas in the context of the Weihrauch lattice.

The computability-theoretic strength of these choice principles is completely
independent of their proof-theoretic strength, since the meaning of an impredicative
notion such as E% is quite unstable among models of second-order arithmetic.
Nevertheless, it is still interesting to examine the uniform computational contents
of Z} -AC and Z{-DC in the full model PN. For instance, this setting is particularly
relevant for descriptive set theory and related areas. and indeed, the complexity of
the axiom of choice has already been studied a lot in descriptive set theory, under
the name of uniformization.

Foraset 4 C X x Y define the x-th sectionof Aas A(x) = {y € Y : (x,y) € A}.
We say that a partial function g: C X — Y is a choice function for A if g(x)
is defined and g(x) € 4(x) whenever A(x) is nonempty. Such a choice function
is also called a wuniformization of A. In descriptive set theory and related areas,
there are a number of important results on measuring the complexity of choice
functions: Let X and Y be standard Borel spaces. The Jankov—von Neumann
uniformization theorem (cf. [13, Theorem 18.1]) states that if 4 is analytic, then
there is a choice function for 4 which is measurable w.r.t. the o-algebra generated
by the analytic sets. The Luzin—Novikov uniformization theorem (cf. [13, Theorem
18.10]) states that if 4 is Borel each of whose section is at most countable, then there
is a Borel-measurable choice function for 4. Later, Arsenin and Kunugui (cf. [13,
Theorem 35.46]) showed that the same holds even if each section is allowed to be
g-compact.
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In our setting, (a 2| definition ¢4 of) a set 4 C X x Y is considered to be an
instance of the “uniformization problem,” and any choice function g4 :C X — Y
for 4 to be a solution of the instance. Then we examine the degree of difficulty
of such a transformation ¢4 — g4. In other words, we investigate not only the
complexity of a choice function g 4 itself, but also of the uniform content ¢4 — g4
of the uniformization problem. By the technique of relativization one can solve
problems in this area with results about uniform choice. Also, uniform results can
be more precise and one can wonder whether results about non-uniform choice are
still true in their uniform version.

The main tool for comparing these degrees of difficulty is Weihrauch reduction.
The notion of Weihrauch degree is used as a tool to classify certain V3-statements by
identifying V3-statements with a partial multivalued function. Informally speaking,
a (possibly false) statement S =Vx € X [Q(x) — JyP(x.y)] is transformed into
a partial multivalued function f:C X = Y such that dom(f) = {x : Q(x)} and
f(x)={y: P(x.y)}. Then, measuring the degree of difficulty of witnessing the
truth of S is identified with that of finding a choice function for f. Here, we consider
choice problems for partial multivalued functions rather than relations in order to
distinguish the hardest instance f(x) = () and the easiest instance x € X \ dom(f).

In this article, we only consider subspaces of NI, so we can use the following
version of Weihrauch reducibility. For partial multivalued functions f, g, we say
that f is Weihrauch reducible to g (written f < g) if there are partial computable
functions 4, k such that x — k(x, G o h(x)) is a choice for f whenever G is a choice
for g. In other words,

(Vx € dom(f))(Vy) [y € g(h(x)) = k(x.y) € f(x)].

In recent years, a lot of researchers have employed this notion to measure
uniform computational strength of V3-theorems in analysis as an analogue of reverse
mathematics. Roughly speaking, the study of the Weihrauch lattice can be thought
of as “reverse mathematics plus uniformity minus proof theory.” But this disregard
for proof theory provides us a new insight into the classification of impredicative
principles as we see in this article. For more details on the Weihrauch lattice, we
refer the reader to a recent survey article [3].

Coming back to our study of analytic axioms of choice, we write Z% -ACy_, x for the
independent axiom of countable choice on X seen as a partial multivalued function.
As the countable axiom of choice corresponds to countably many independent
choice, it is noted in Observation 2.1 thaﬂlii Weihrauch problem corresponds to the

parallelization of the 2} single choice, Z}-C x. In particular, E%-ACZ =w E} C,. The
dependent choice Z}-DC x corresponds to finding a path through a Z% tree, where
a finite path contains the choices already made, and the possible extensions the
choices to come. For instance, we note in Observation 2.3 that Z% -DC, =w Z{—WKL,
the problem of finding an infinite path in a binary | tree (see Section 2.1). We have
the following, proved in Proposition 2.5:

Fact 1.1. We have £-DC, =y Z!-ACy_;0.

However, using the equivalences noted in the above paragraph, Lemma 4.7 in [14]
asserts:
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Facr 1.2 (Kihara, Marcone, and Pauly [14, Lemma 4.7]). In contrast to the
previous fact, we have £{-ACy_n £w 2}-DCs.

This suggests the following question about dependent and independent choices
when the objects are chosen from subsets of the integers:

QuEsTioN 1.3 (Brattka et al. [2] and Kihara et al. [14, Question 4.10]). Do we
have Z}-DCN SW E}-ACNHN?

Note that this question was not asked in these terms in [2] and [14, Question 4.10];
however, the two formulations are equivalent by Proposition 2.2.

To negatively solve this question, we will employ the notion of a pseudo-hierarchy:
A remarkable discovery by Harrison is that some non-well-ordering < admits
a transfinite hierarchy based on an arithmetical formula. Furthermore, a basic
observation is that, without deciding if a given countable linear ordering < is well-
ordered or not, one can either produce an arithmetical transfinite hierarchy along
< or construct an infinite <-decreasing sequence. Indeed, we will see that the degree
of difficulty of such a construction is quite close to that of uniformizing analytic sets
with compact sections, which is drastically easier than deciding well-orderedness of
a countable linear ordering.

In conclusion, we have an interesting difference between countable choice on 2
and on N: In the former, independent and dependent choices correspond, while
in the latter they differ. One can wonder when this transition happens, for various
restrictions of the set we choose from. Many restrictions on the principle of choice on
a single set have already been studied, as for instance those defined in [3, Definition
7.4]. In this article, we will study the axioms of dependent and independent countable
choices for the restrictions to finite, cofinite, all-or-finite, all-or-unique, and finite-or-
cofinite sets of natural numbers. In summary, we will show the following in the
Weihrauch context:

e Countable choice on finite Z% sets is strictly easier than countable choice on
all-or-finite =! sets (Corollary 3.13).

e Countable choice on cofinite 2} sets is incomparable with countable choice on
(all-or-)finite %] sets (Corollary 3.19).

e Countable choice on all-or-finite E% sets is strictly easier than countable choice
on ! sets (Corollary 3.19).

e Countable choice on finite 2% sets has the same difficulty (modulo arithmetical
equivalence) as some disjunctive form of arithmetical transfinite recursion
(Theorem 2.12).

e Countable choice on (all-or-)finite Z% sets has the same difficulty as dependent
choice on (all-or-)finite £} sets (Theorems 3.3 and 3.10).

e Countable choice on Z} sets is strictly easier than dependent choice on Z} sets
(Theorem 3.30).

1.2. Preliminaries.

1.2.1. Weihrauch reducibility. We use several operations on the Weihrauch lattice
(see also [3, 4]). Given a partial multivalued function f. the parallelization of f is
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defined as follows:

f((xn)neN) = 1_[ f(xn) = {(yn)neN : (Vn) Yn € f(xn)}

neN

If f =w f , then we say that 1 is parallelizable. Given partial multivalued functions
f and g. the compositional product of f and g (written g f) is a function which
realizes the greatest Weihrauch degree among gy o fo for fo <w f and go <w g. It
is known that such an operation « exists. For basic properties of parallelization and
compositional product, see also [4].

1.2.2. Analytic sets as co-enumeration. In this article, we are mainly interested
in analytic sets, in other words in sets that are X! relative to some oracle A. It is well-
known that ] (A4) sets can be seen as a co-enumeration process along wi! (the supre-
mum of all A-computable ordinals), where at each step the co-enumeration is Ai (4)
in a uniform manner. This is one of the most fundamental ideas in the study of E% sets;
see any textbook on hyperarithmetic theory or higher computability theory, cf. [12].

This fact essentially follows from the Spector-Gandy theorem, i.e., IT; (Lwch) =

Z%. More precisely, P C NN is E% if and only if there is a IT; formula ¢ in the
language of set theory such that X € P +— Lwlx[X ] E ¢(X). Obviously, this
idea is uniformly relativizable to any oracle by applying the above equivalence to a
universal Z{ set which parametrizes all analytic sets (and then consider its cross-
sections).

One can utilize this fact to describe a construction of a 2{ (A) set as a uniform
(co-enumeration) algorithm along an wi!-step computation. There are a lot of
recursion-theoretic frameworks to rigorously describe the idea of ordinal step
computations, such as admissible sets, norms, and inductive operators; see e.g.,
[12, 17]. In particular, we use the following notions:

A Ti-norm on a I} set P C X, where X is either N or NV, is a map ¢: X —
w1 U{oo} such that Vx € X, (¢(x) < 0 V¢p(x) = 00), such that P = {x € X :
¢(x) < oo}, and such that the following relations <, and <, are I1}:

a<,b < ¢la) <ocoand p(a) < ¢(b).
a<,b < pla) <ocand p(a) < p(b).

In our case, we will focus on the case where X = N. In this case, ¢ has value in
% U {oo}. It is well-known that every IT} set admits a IT}-norm (in an effective,
uniform, manner): Consider a many-one reduction from a I} set P to the set WO
of well orderings. Then we define P, = {n : ¢(n) < a}. which is a A} set, and if
a is limit then we have P, = f<a Pg. If n € P,, it is natural to say that n is
enumerated into P by step . Similarly, a 2] set S can be written as the intersection
S={S,:a< a)ICK} of a decreasing sequence of A{ sets, and if n &€ S, we say that
n is removed from S by step oc. We often use some other sentences which have similar
meanings.

This argument is uniformly relativizable to any oracle by using a I} norm on a
I} set which parametrizes all coanalytic sets (cf. [17]). In particular, every X{(A4)
set can uniformly be seen as a co-enumeration of A% (A) sets, of length a)ICK. In the
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case of a Z} set P C NV, P can be seen as a coenumeration of length w;. where an
element x can only be removed before stage wy .

The reversal is also well-known (which is essentially Kleene’s HY P quantification,
whose uniform version is also clearly effective). This fact can also be presented as
an ordinal step construction as follows: If we describe a A{ rule I': Py — P,
which satisfies the property R C I'(R), then the least fixed point P of I is I1}; and
indeed the iteration (I'®(())), always stabilizes to the fixed point at o ¥ steps, i.e.,
P =J{Ps:a<wf®}. Sucha T is known as a Al inductive operator, which is a
fundamental notion in generalized recursion theory, cf. [12]; see also [17, Section
7C] for uniformity. A typical example of a Al inductive operator is the standard
construction of the H-hierarchy of Turing jumps (see also Section 2.4). Similarly, if
we describe a A{ rule @: S., — S, with ®(R) C R we eventually obtain a 2| set
S =N{Sa : a < ©*}. We consider S, = ©*(N<N) as the stage o approximation
of S in our Al-construction of a E! set S. Again, this is uniformly relativizable as
above.

There is an important result of recursion theory, known as Spector’s ! bounding
principle (admissibility of ). This theorem says that during an enumeration, on
certain conditions, an event will already happen at some stage of computation (and
not only at stage wi!, outside the scope of the enumeration).

THEOREM 1.4 (Spector’s bounding principle). If f: N — O is a £1(A) definable
Sunction from N to the ordinals. then it must be bounded strictly below wi'. Here, O
defines the set of codes for ordinals recursive in A.

We will use this way of defining X sets together with Spector’s bounding principle
quite often in this paper. For instance, let us show that there exists a computable
function f such that f (a) is an index for a Ei set S C N such that:

e if ¢ is an index for a nonempty E{ set, then S = N,
e if ¢ is an index for an empty Z{ set, then S = 0.

Indeed, let a be an index for a Z% set E C N, and define f (a) to be the index of the
X! set defined by the following co-enumeration: at stage «, do nothing if E, (E at
stage o) is not empty, and remove everything if E, = 0.

Let S, be the set of index f(a). If S, is empty, then at some stage o, E,, is empty,
so E = (). Otherwise, suppose that E is empty. Then, we claim that there must exists
a stage a at which E,, is already empty: indeed, consider the function which to n
associates the stage where n is removed is Ei, and by Spector’s bounding principle
(Theorem 1.4) let a < w1CK be a bound to it. Then, at stage «, E, is empty and
therefore S, is also empty. So S, is empty if and only if E,, is empty. To conclude, it
is clear from the definition of S, that if it is nonempty, then S, = N.

An easy but important observation is that this construction is uniformly
relativizable. To proceed the construction (of an inductive operator), we
only need the existence of a bound a < w{!, but do not need to know
the value of such an «, and this fact is ensured by Theorem 1.4; that
is, we do not require a uniform version of Spector’s bounding principle,
although it is not hard to see that Spector’s bounding principle is uniformly
relativizable.
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§2. Equivalence results in the Weihrauch lattice.

2.1. Z}-choice principles. One of the main notions in this article is the Z%-choice
principle. In the context of the Weihrauch degrees, the 2}-choice principle on a
space X is formulated as the partial multivalued function which, given a code of a
nonempty analytic set 4, chooses an element of A.

We fix a coding system of all analytic sets in a Polish space X, and let S, be the
analytic subset of X coded by p € NN, For instance, let S, be the projection of the
p-th closed subset of X x NN (i.e., the complement of the union of all basic open
balls of index p(n) for some n) into the first coordinate (cf. [14]). Such a p is called
an analytic code (or a {-name) of S, and a coanalytic code (or a I1}-name) of the
complement of S,.

The X!-choice principle on X, E1- Cy, is the partial multivalued function which,
given a code of a nonempty analytic subset of X, chooses one element from X.
Formally speaking, it is defined as the following partial multivalued function:

dom(X}-Cy) = {p e NV : 5, # 0},
2-Cx(p) = S,.

For the basics on the Z}-Choice principle on X, see also [14]. In a similar manner,
one can also consider the I'-choice principle on X, I'- Cy, for any represented space
X and any collection I of subsets of X endowed with a representation §:C NN — I’
(where we write S, in place of S(p)). We first describe how this choice principle is
related to several very weak variants of the axiom of choice.

In logic, the axiom of X choice, 2-AC, is known to be the following statement:

VYa3b p(a.b) — IfVa ¢(a. f(a)).

where ¢ is a X formula. If we require a € X and b € Y, the above statement is
written as - ACy_, y. We examine the complexity of a procedure that, given a X!
formula ¢ (with a parameter) satisfying the premise of £}- ACy_, y, returns a choice
for . In other words, we interpret 2}— ACy_, y as the following partial multivalued
function:

dom(Z}-ACx_,y) = {p e NV :Va3b (a,b) € S,}.
S-ACxLy(p) = {f € Y* : (Va) (a. f(a)) € S,}.

Unfortunately, this interpretation is different from the usual (relative) realizability
interpretation. However, the above interpretation of 2{— ACy_, 1is related to a
descriptive-set-theoretic notion known as the generalized reduction property (or
equivalently, the number uniformization property) for £} (cf. [13. Definition 22.14]).

The equivalence X1-Cy =w Z|-AC;_,x is obvious. In this article, we are mainly
interested in countable choice £-ACn_, x. The countable choice principles Z-ACy_,n
and X-ACy_, g~ are also known as 2-ACyy and 2-AC |, respectively. In the context
of Weihrauch degrees, the interpretation of the countable choice, 2%-ACN_> X, 18
obviously related to the parallelization of the X!-choice principle.

OBSERVATION 2.1. If X is an initial segment of N, then we have Z}-C X =w
TI-ACNS .
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In logic, the axiom of X}-dependent choice on X is the following statement:
Vadb p(a.b) — Va3 f [f(0) =a & Vn o(f(n), f(n+1))].

where ¢ is a 2]-formula, and a and b range over X. It is known that dependent
choice is equivalent to the statement saying that if 7" is a definable pruned tree of
height w, then there is an infinite path through 7. However, this is achieved by using
dependent choice on the set of finite strings of elements of X, X <N. As this is the
principle that is actually used, and the one that makes sense for X being finite, this
is how we define £{-DCy:

dom(Z{-DCy) = {p € (N) : S, € X" is a tree with [S,] # 0}.
21-DCx(p) =[S,].

Note that this formulation is different from X!-dependent choice on X in the
context of second order arithmetic. Indeed, our formulation falls between Z}-
dependent choice and strong Xl-dependent choice (cf. Simpson [19, Definition
VIL.6.1]). Now, it is easy to see the following:

PROPOSITION 2.2. Cyv =w Z}-Cyn =w Z1-DCyn =w Z1-DCy.

Proor. We prove the following Weihrauch inequality, in their order from left to
right: Zl'DCNN <w Zi—CNN <w Cyv <w Ei—DCN <w Zi—DCNN.

21-DCyw <w Zi-Cyn: The set of all solutions to an instance of Z}-DCyn is
obviously 2| relative to the given parameter, and one can easily find its X{-index.

T1-Cav <w Cyuv: Let P C NN be a ! set. From its index, one can compute the
index of a closed set @ C N x NN such that the first projection of Q is P. Thus,
given an element of Q, one can find an element of P by applying the first projection,
and CNN ZW Z}-CNN.

Cyv <w Z{-DCy: Given a code ¢ of a closed subset C, of NY, compute a code of
a pruned X tree T such that C, = [T] (which is given by ¢ € T iff C, contains an
extension of ¢). Then, let o7 (o, T) be the formula expressing that 7 is an immediate
successor of o in 7. Moreover, (p. ¢.€) where S, = NNand S, = {(0.7) : ¢7(0.7)}
satisfies the premise of £}-DCy since 7T is pruned. Let / be a solution to this instance
of £!-DCy. Since 7 is pruned. / must be a path through 7.

2{-DCy <w Z}-DCyn: This is obvious as N can be computably embedded in NV

2.2. Compact choice principles. According to the Arsenin—Kunugui uniformiza-
tion theorem (cf. [13, Theorem 18.10]), the choice principle for ¢-compact A} sets
is much simpler than the one for arbitrary Al sets. We are interested in whether
an analogous statement holds for X!-choice, while we know that even compact
X{-choice does not admit a Borel uniformization.

We now consider subprinciples of the £} choice principle by restricting its domain.
Recall that S, is the analytic set in X coded by p € NY. Let R be a collection of
subsets of X. Define =1-Cy [, the Zl-choice principle restricted to sets in R. as
follows:

Z{-CX rR HE NN =X,

dom(Z{-Cy [r) = {peN:S,#0and S, € R}.
21-Cx I (p) = S,
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First, we consider the ] choice principle restricted to compact sets, that is, we
define compact E1-choice, £}-KCy, as follows:

2%'KCX = Z{'CX r{AQX:A is compact}.

In other words, the Z}-compact choice principle, Z}-KCX, is the multivalued
function which, given a code of a nonempty 2% set which happens to be compact,
chooses one element from the set. As the code contains no information about
compactness, the principle of compact =} choice on NY should be considered
as a X]-version of Konig’s lemma rather than of weak Konig’s lemma. In
contrast, a X]-version of weak Konig’s lemma and related principles are studied
in[14]; e.g.,
e The principle Z%-WKL, the weak Konig’s lemma for Z%-trees, is the partial
multivalued function which, given aZ%-name ofabinary tree T C 2<N, chooses
an infinite path through 7.

e The principle H{-Sep, the problem of separating a disjoint pair of H} sets, is the
partial multivalued function which, given a H%-name of a pair of disjoint sets
A. B C N, chooses (the characteristic function of) a set C C N separating 4
from B, thatis, 4 C C and BN C = (.

Here, recall that p is called a £{-name of S,. and a I1}-name of its complement.
OBSERVATION 2.3. X1-DC, = Z1-WKL.

Note that in [14, Lemma 4.6] these principles are shown to be equivalent to the
parallelization of two-valued Z| choice:

Fact 2.4 (Kihara et al. [14]). £1-C =y IT!-Sep =y S1-WKL.

Although Konig’s lemma and weak Konig’s lemma are different in the
computability theoretic context, these are equivalent modulo some arithmetical
power. Using this observation, we now see that the Z% versions of Konig’s lemma and
weak Konig’s lemma are computably equivalent, and thus, the principles mentioned
in Fact 2.4 are equivalent to X!-compact choice.

PROPOSITION 2.5. Z1-KCyw =w Z1-ACn_ =w ZI-WKL =y Z1-DC,.

Proor. By Observation 2.1, we have 2l-C; =y 2]-ACy_. By Fact 2.4,
T1-ACn_y2 =w ZI-WKL. By Observation 2.3, we have £}-WKL = Z!-DCs.

It remains to show that these are equivalent to the Z} compact choice principle.
First note that the reduction Z-WKL <\ Z!-KCy is obvious, as if 7 C 2V is X!,
then [T'] is compact and X!. For the converse, we claim that if a set 4 C NV is %]
and compact then it is arithmetically isomorphic to a closed set B C 2N,

So suppose that A4 is £{ and compact. First, it is clearly closed. so let T4 C N<N be
a Z% tree such that A = [T 4] and T4 has no dead-end; thatis, 7y isdefined asa € T4
iff 3X > o with X € 4. By compactness and the fact that the tree is pruned, for
every o € N<N| there exist finitely many i € N such that 6”7 € T4. We define T3 by
Vo € 2<N, g € Ty if and only if 3t € T4 such that ¢ < 07© 107 ... 077D ] Then,
the transformation 73 — T, is computable, while T4 — Tp is T/-computable:
hence B = [T'g] is arithmetically isomorphic to 4.
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In particular, B is Z}, and moreover, from the above explicit definition of 7',
one can effectively compute a Zi-code of B from a given Z{-code of A. It is easy
to compute an element of 4 from a given element of B. This argument shows that
ZI-WKL =w Z}-KCyn. .

Next, we show that the compact 2% -choice principle is also Weihrauch equivalent
to the following principles:

e The principle H}-Totz, the totalization problem for partial H} two-valued
functions, is the partial multivalued function which, given a H%—name of (the
graph of) a partial function ¢ : C N — 2, chooses a total extension f: N — 2
of p.

e The principle Hi-DNCz, the problem of finding a two-valued diagonally non-
H% function, is the partial multivalued function which, given a H%-name of a
sequence of (the graphs of) partial functions (¢, ).cn. chooses a total function
f: N — 2 diagonalizing the sequence, that is, f (e) # @.(e) whenever ¢, (e) is
defined.

The latter notion has also been studied by Kihara et al. [14, Section 4.2].
The former notion is easily seen equivalent to H}-Sep, which has also been
studied in [14], with the advantage of being generalizable to N. The following
proposition is a consequence of [14, Theorem 4.3 and Proposition 4.5] and
Observation 2.1:

PROPOSITION 2.6. X1-ACy_,» =w I1}-Tot, =y I1}-DNC,.

A set is a-compact if it is a countable union of compact sets. By Saint Raymond’s
theorem (cf. [13, Theorem 35.46]), any Borel set with g-compact sections can be
written as a countable union of Borel sets with compact sections. In particular, a
Borel code for a g-compact set S can be computably transformed into a sequence
of Borel codes of compact sets whose union is S. However, there is no analogous
result for analytic sets (cf. Steel [21]). Therefore, we do not introduce o-compact
Xi-choice as

1
z:1'(:X r{A CX:A is g-compact}+

Instead, we directly code an analytic o-compact set as a sequence of analytic
codes of compact sets. In other words, the a-compact =!-choice principle, £}-K,Cy.
is the partial multivalued function which, given a X!-name of a sequence (S, ),en of
compact sets such that at least one is nonempty. chooses an element from [ J, .y S-
Equivalently (modulo Weihrauch equivalence), one can formalize Z%-Ka Cyn as the
compositional product E}-KCyn % Z1-Cy:

Lemma 2.7. Z1-K,Cv =w Z1-KCyn * Z1-Cry.

Proor. We start by proving Zl-K,Cawv <w ZI-KCyn *Zi-Cy. Given a
sequence (S,) of compact X! sets, first use XI-Cy to get n with S, #0 (as
the set {n e N:3x € S,} is Z!). and then El-KC to choose an element
of S,,.

For the converse direction, let ((S,),en. P) be an instance of X]-KCyw x Z}-Cy.
that is, for any n S, is a 2] set which is non-empty and compact whenever n € P. Let
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ﬁn be the Z{ set defined by x € §n if and only if » € P and x € §,,. The collection

(S’,,),,eN is an instance of Z{-KJCNN, and any solution for it is a solution for the
initial instance (S, ),en. P. -

2.3. Restricted choice principles. Next, we consider several variations of the axiom
of choice for ¢:

1. The axiom of unique choice: If forany a € X, {b : p(a.b)} is a singleton, then
there is a choice function for ¢, thatis, 3fVa ¢(a, f(a)).

2. The axiom of finite choice: If for any a € X, {b : p(a,b)} is nonempty and
finite, then there is a choice function for ¢, that is, 3/ Va ¢(a. f(a)).

3. The axiom of cofinite choice: If for any a € X, {b : ¢(a,b)} is nonempty and
cofinite, then there is a choice function for .

4. The axiom of finite-or-cofinite choice: If for any a € X, {b:¢(a.b)} is
nonempty and either finite or cofinite, then there is a choice function for
®.

5. The axiom of all-or-finite choice: If for any a € X, {b : p(a.b)} is nonempty
and is either equal to X, or finite, then there is a choice function for ¢.

6. The axiom of all-or-unique choice: If for any a € X, {b : p(a,b)} is nonempty
and is either equal to X, or a singleton, then there is a choice function for ¢.

7. The axiom of total unique choice: There is a function such that whenever
{b: ¢(a,b)} is a singleton, for a € X, we have p(a, f(a)).

The last notion is a modification of a variant of hyperarithmetical axiom of
choice introduced by Tanaka [22] in the context of second order arithmetic, where
the original formulation is given as follows:

3zvn [ Xp(n. X) — o(n. Z,)].

where ¢ is a 2% formula. We will only consider the above principles restricted to
countable domains; that is, the principles of countable choice.

2.3.1. Restricted single choice. As in Observation 2.1, we may interpret these
axioms of countable choice as parallelization of partial multivalued functions. To
do so, we define:

21-UCx = Z1-Cx [ facxija=1}-
S1-C = Z1-Coy [ {aC o is finite} -
21-CE" = Z1-Cx [{ac x4 s cofinite} -
21-CRC = Z1-Cx [ {aC x4 is finite or cofinite} -
E1-C¥F = Z1-Cx [{aCxd—x or 4 s fnite}
)

1 (aou 1
ZI_C)( = z“1'CX {ACX:A=X or |A|=1} -

Note that the all-or-unique choice is often denoted by AoUCy instead of C3°",
cf. [15]. In order to interpret the axiom of total unique choice as a multivalued
function, we introduce the totalization of the }-choice principle (restricted to R) on
X. Recall that S, is the analytic set in X coded by p € N". Then we define £{-C%* [
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as follows:
TCot e NV = N,
dom(Z}-C¥¢t 1z) = N,

ot _ s, ifS,eR.
2-C¥Ir (p) = { X  otherwise.

Roughly speaking, if a given X{ set S is nonempty and belongs to R, then any
element of S is a solution to this problem as a usual choice problem, but even if a
set S is either empty or does not belong to R, there is a need to feed some value,
although any value is acceptable as a solution.

In second order arithmetic, the totalization of dependent choice is known as
strong dependent choice (cf. Simpson [19, Definition VI1.6.1]). Here we consider the
totalization X{-UCE" of Z!-UCyn. which can be viewed as the multivalued version

of the axiom of total unique choice mentioned above:

ZI-UCK" = Z3-C¥F I scwmysi—y-

2.3.2. Restricted countable choice. Hereafter, we will consider several restrictions
of X! countable choice and X! dependent choice for numbers. Recall from
Observation 2.1 that Zi—ACNHN can be identified with the parallelization of Z}-CN,
and from Proposition 2.2 that £{-DCy can be identified with Z}-Cyy.

DEFINITION 2.8. We define several versions of axiom of choice where the set we
have to choose from is restricted to special kinds:

Z}'ACKHN = Z}'CKP

where v € {fin, cof, foc, aof, aou} respectively corresponding to “finite,” “cofinite.”
“finite or cofinite,” “all or finite,” and “all or unique.” We will also consider the
Dependent Choice with the same restricted sets:

Z{_Dclzl = Zi_CNN r{[T]:VJET,{n:a"nET} isv}e

where v € {fin, cof, foc, aof, aou} has the same meaning. For any ¢ € N<N a string
corresponding to a choice for the previous sets, {n : 6" n € T} corresponds to the
next possible choice, and this set has to satisfy the condition specified by V. Note
that it corresponds to a particular formulation of Z} dependent choice, as explained
just before Proposition 2.2.

In the following, we will say that a tree 7" is homogeneous if the set [7T] of all
infinite paths through T is equal to some [ [,y A,. that is [T] is truly an instance
of the axiom of choice. In other words, a homogeneous tree 7 is a tree where the set
{n € N:0"n € T}dependsonlyon |o| wheno € T.Note thatif 7 is homogeneous
then the set H := [T'] satisfies the following property: We have h € H iff Vi € N,
3f € H with h(i) = f(i).

2.3.3. Weihrauch equivalences. Among others, we see that “all-or-unique” choice

is quite robust. Recall from Proposition 2.6 that the IT}-totalization principle
I1}-Tot, and the IT}-diagonalization principle IT}-DNC, restricted to two valued
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Jfunctions are equivalent to the X{ compact choice principle. We now consider the
N-valued versions of the totalization and the diagonalization principles:

e The principle H%-TotN, the totalization problem for partial H% functions, is the
partial multivalued function which, given a H{ -name of (the graph of) a partial
function ¢ : C N — N, chooses a total extension of ¢.

e The principle H%—DNCN, the problem of finding a diagonally non- H% Sfunction,
is the partial multivalued function which, given a H}-name of a sequence of
(the graphs of) partial functions (. ).cn. chooses a total function f: N — N
diagonalizing the sequence, thatis, f(e¢) # ¢.(e) whenever ¢, (e) is defined.

Itis clear that IT{-DNCy < IT}-DNC, = I1}-Tot, <y I1}-Toty. One can easily
see the following.

PrOPOSITION 2.9. Z1-ACY  =w I11-Toty.

Proor. The argument is almost the same as Proposition 2.6. Given a H} -name of
a partial function ¢, define S, = {a : ¢(n) | — a = ¢(n)}. which is uniformly %]
(relative to the given name). Clearly, either S, = Nor S, is a singleton. Hence, the all-
or-unique choice principle chooses an element of .S,,, which produces a totalization
of .

Conversely. we first claim that for a X set S = ({Sa : @ < w{®} (which is
induced from a given I1} norm as explained in Section 1.2), if S is a singleton,
say S = {n}. then there is & < @ ¥ such that S, = {n}. This is because. for any
m #n, we have m ¢ S =), Sa. so there is a smallest a(m) < ®® such that
m g Sq(m)- As a is a Ai function, by Spector bounding (Theorem 1.4), we must
have a = sup,,, a(m) < of®. Then S, = {n}. which verifies the claim.

Now, for the n-th X! set S, C N with a A}-approximation (S, ) oK, We define

a<m
a Al sequence (/) of partial functions on N. First, let f be the empty function,
and then wait until S,, becomes a singleton (which is a A] property as S, is
A}) at some stage o < 0¥, say S, o = {s,}. If it happens, we define f,(n) |= s,:
otherwise fo(n) 1. We eventually obtain (an index of) a partial function f with a
I} graph (i.e., a partial IT! function), which satisfies /' (n) = s, whenever S, = {s,}
by the above claim. In particular, for any total extension fof /. we have f (n) €S,
whenever S, = N or S, is a singleton.

Now, the construction (i.e., the inner reduction) from S to f is clearly uniform,
and relativizable (see also the argument in Section 1.2). The outer reduction is trivial.
Therefore, these give a Weihrauch reduction. -

We now show that all-or-unique choice is also Weihrauch equivalent to total
unique choice.

PROPOSITION 2.10. Let X be a A} subset of N. Then, £}-UCY* = Z]-C3".

PrOOF. We start by proving that £}-UCY* <w Z!-C3". Consider the following
computable inner reduction, which given an index for a X! set S = ({S, :a <
o}, output an index for the following X} set R C X (that we describe as a co-
enumeration along w{™®): First R does nothing until an ordinal stage where (the
co-enumeration of) S is a singleton; that is, for each stage o < w ¥, check if the
A} set S, is a singleton or not (which is a A% property). If it happens, R removes
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all integers so that R, = S,: if not, we keep R, = X. Since either R = X or Risa
singleton, Ris an instance of £}-UC¥". By the claim in the proof of Proposition 2.9, if
Sisa singleton then it is witnessed at some stage before w,“¥ andso R = S therefore,
the identity map trivially gives an outer reduction. Moreover, the construction is
effective; that is, given a Zi-code of S. one can effectively find a X]-index of R.

We now prove that X}-C3°" <,y Z}{-UCY". Every instance of £}-C3 is an instance
of TI-UCY* with the same solution, so this is trivial. 4

In particular, the totalization of two-valued unique choice is equivalent to the
compact choice.

COROLLARY 2.11. E1-UCY* =\ Z{-KC.

ProoF. It is clear that }-C3* =y Z1-C,, so Z1-C31 =y Z1-Co =y Z}-ACy_
by Observation 2.1. Thus, the assertion follows from Fact 2.4 and Proposition 2.5.-

2.4. Arithmetical transfinite recursion. In reverse mathematics, the axiom of Z}-
choice is known to be weaker than the arithmetical transfinite recursion scheme
ATRg (cf. [19, Section VIIL.4]). However, an analogous result does not hold in the
Weihrauch context. The purpose of this section is to clarify the relationship between
the =l-choice principles and the arithmetical transfinite recursion principle in the
Weihrauch lattice.

Kihara et al. [14] first introduced an analogue of arithmetical transfinite recursion,
ATRy, in the context of Weihrauch degrees, and studied two-sided versions of several
dichotomy theorems related to ATRy, but they have only considered the one-sided
version of ATRy. Then, Goh [9] introduced the two-sided version of ATR( to examine
the Weihrauch strength of Konig’s duality theorem for infinite bipartite graphs.
Roughly speaking, the above two Weihrauch problems are introduced as follows:

e The one-sided version, ATR, by [14] is the partial multivalued function which,
given a countable well-ordering <. returns the jump hierarchy for <.

e The two-sided version, ATR,, by [9] is the total multivalued function which,
given a countable linear ordering <, chooses either a jump hierarchy for < or
an infinite <-decreasing sequence.

Here, a jump hierarchy for a partially ordered set (P, <p) is a sequence (H,),cp
of sets satisfying the following property: For all p € P,

H,= P H,.

q<pp

where @, S, denotes the usual Turing join (i.e.. the coproduct) defined by @, S, =
{(n.x) : x € S, }, and H’ denotes the Turing jump of H. Note that the definition of
a jump hierarchy is clearly described by an arithmetical condition. For more details,
see also Sacks [18, Section 11.4].

Even if < is not well-founded. some solution to ATR,(<) may produce a jump
hierarchy for < (often called a pseudo-hierarchy) by Harrison’s well-known result that
there exists pseudo-well-orders which admit a jump hierarchy (but in this case the
jump hierarchy is not necessarily unique). Regarding ATR,, we note that, sometimes
in practice, what we need is not a full jump hierarchy for a pseudo-well-ordering,
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but a jump hierarchy for an initial segment of < containing its well-founded part.
Therefore, we introduce another two-sided version ATR,, as follows:

Let L be a linearly ordered set. The well-founded part of L is the largest initial
segment of L which is well-founded. We say that an initial segment / of L is large if
it contains the well-founded part of L.

We consider a variant of the arithmetical transfinite recursion ATR,/, which states
that for any linear order <, coded by x, one can find either a jump hierarchy for a
large initial segment of < or an infinite <,-decreasing sequence:

ATRy/(x) = {0"H : H is a jump hierarchy for a large initial segment of <, }
U {17 p : pis an infinite decreasing sequence with respect to <, }.

Seemingly, ATR,, is completely unrelated to any other choice principles.
Surprisingly, however, we will see that the parallelization of ATR is arithmetically
equivalent to the choice principle for X}-compact sets. We say that f is arithmetically
Weihrauch reducible to g (written f <& g) if we are allowed to use arithmetic
functions H and K (ie., H K <w 1im™ for some n € N) in the definition of
Weihrauch reducibility.

THEOREM 2.12. ATRy =¢, 1-KCy =6, ZI-ACKY  =¢, T1-ACYT .
We divide the proof of Theorem 2.12 into two lemmas.

LEMMA 2.13. ATRy <&, Z1-KCy.

Proor. By Corollary 2.11, it suffices to prove ATRy <¢ =1-UCS™. Fix x a code
for a linear order. Given n € N, let JH,, be the set of jump hierarchies for <[, (where
<[ is the restriction of <, up to {y : y <, n}). Note that {(n, H) : H € JH,} is
arithmetical (since the definition of a jump hierarchy is described by an arithmetical
condition as mentioned above). For a, k € N, if a <, n then we consider the set S g k
of all possible values of H,(k), the k-th value of the a-th level of H, for some jump
hierarchy H € JH,.i.e.S" = {H,(k): H € JH,}.Ifa £ nthenputS”, = {0}.
Clearly, S is Zi uniformly in n, a, k, and therefore there is a computable function
f such that S2 is the f'(n. a, k)-th Z% set. Note that if <,[, is well-founded, then
the product S” :=[] (k) S, essentially' consists of the unique jump hierarchy for
<x[n. In particular, S7, is a singleton for any a <, n and k € N whenever <,[, is
well-founded.

Given pyqx € Zj-UCY*(f (n.a.k)) (that is, p,.x € S", whenever S”, is a
singleton). define Hy = €/, xy.u<,n} Prak- Note that if  is contained in the well-
founded part of <., then H, must be the jump hierarchy for <,[,. By using
arithmetical power (being a jump hierarchy is a Hg statement), first ask if H, is
a jump hierarchy for <[, for every n. If yes. ,, H, is a jump hierarchy along the
whole ordering <. In particular, the whole ordering includes the well-founded part
of <, and therefore is large.

If no, we claim that there is no <,-least n such that H, is not a jump hierarchy
for <,[,. Indeed, suppose there exists one, then obviously 7 is not contained in the

11t coincides in the domain of <[,,; however, for a £y n. we have St = {0}.
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well-founded part of <. Hence, <[, is a large initial segment of <. Moreover, by
minimality of n, every H; for j <, n is a jump hierarchy, so by definition of a jump
hierarchy, €@{H; : j <\ n} is the jump hierarchy for <,[,. But then, none of the
S” . are empty, and H, must be a jump hierarchy for <.[,, a contradiction proving
the claim.

Let jj be the <y-least number such that /; is not a jump hierarchy for <.[},.
and j,41 <y ju be the <y-least number such that H;,  is not a jump hierarchy
for <,[;,,,. Finding such a sequence is AY. 50 one can arithmetically find such an
infinite sequence (j,),en. which is clearly decreasing with respect to <. -

Lemma 2.14. Z1-C3f <¢) /ﬁR\Qz

Proor. First, consider a computable instance S of X}-C2'. Let <, be a linear
order on an initial segment L, of N such that n € S iff <, is ill-founded. Let H,
be a solution to the instance <, of ATR,/.. Ask the arithmetic question whether
there exists n such that H,, is an infinite decreasing sequence w.r.t. <. If so, one can
computably find such an n, which belongs to S. Otherwise, each H,, is (essentially)
a jump hierarchy along a large initial segment J,, of L,,. In an arithmetical way, one
can obtain J,. Then ask if L, \ J, is nonempty, and has no <,-minimal element. If
the answer to this arithmetical question is yes, we have n € S.

Thus, we are left with the case where for any n either L, = J, holds or L, \ J,, has
a <,-minimal element. In this case, if » € S then J, is ill-founded. This is because
if J,, is well-founded, then J,, is exactly the well-founded part of L, since J, is large,
and thus L, \ J, is nonempty and has no <,-minimal element. Moreover, since J,
admits a jump hierarchy while it is ill-founded, J,, is a pseudo-well-order; hence H,
computes all hyperarithmetical reals (see [6]). Conversely, if n ¢ S then H,, is a jump
hierarchy along the well-order J,, = L,,, which is hyperarithmetic.

Now, ask if the following (H,,),cn-arithmetical condition holds:

(3i)(Vj) Hi £r H;. (1)

By our assumption that S # ), there is k € S, so that H;, computes all
hyperarithmetic reals. Therefore, if (1) is true with witness i, the hierarchy H; cannot
be hyperarithmetic; hence i € S. Then one can arithmetically find such an i. If (1)
is false, for any i there is j such that H; <7 H;. In this case, start from i :=k € S,
and obtain an infinite sequence jo. ji. j2.... such that H, <r H;, <r H; <t -
Since H) computes all hyperarithmetical sets, H;, is not hyperarithmetical for any
n,i.e., j, € S. This implies that S is an infinite set. However, by our assumption, if
S is infinite, then S = N. Hence, any i is solution to S.

Finally, one can uniformly relativize this argument to any instance of Z}-Cgﬁf. -

PrOOF OF THEOREM 2.12. By Lemma 2.13, ,ﬁR\Z/ <W 2{-/K?NN. By Corollary

—

2.11, 2}-/K?NN =w Z-UCY* =y Z1-UCY* =y =1-KCyn. By Proposition 2.10 and

Definition 2.8, Z1-UCY* = Z1-C3" =\ Z1-ACHY 5.

Clearly, ZI-ACX"  <w ZI-AC¥' . as witnessed by the identity reductions. By

_

Definition 2.8 and Lemma 2.14, £1-ACX", ; = Z1-C2f <¢ ATR, =y ATRy. -
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One can also consider a jump hierarchy for a partial ordering. Then, we consider
the following partial order version of Goh’s arithmetical transfinite recursion. Let
(<) be a coding system of all countable partial orderings.

ATRY?(x) = {0"H : H is a jump hierarchy for <.}
U {17 p : pis an infinite decreasing sequence with respect to <, }.
Note that ATR5°(x) is an arithmetical subset of NY. Obviously.
ATR <w ATRy <w ATR; <w ATRE® <\ Z}-Cyn.

This version of arithmetical transfinite recursion directly computes a solution to all-
or-finite choice on the natural numbers without using parallelization or arithmetical
Weihrauch reductions.

PROPOSITION 2.15. ]-C2f <\ ATRS®.

PrOOF. Let S be a computable instance of £{-C2'. Let 7}, be a computable tree
such that n € S iff T}, is ill-founded. Define

T = 00U, T, = {(). (0). (00)} U {{00n)c : & € T,}.

Let i~ H be a solution to the instance 7" (ordered by reverse inclusion) of ATR®.
If i =1, i.e., if H is an infinite decreasing sequence w.r.t. 7, then this provides an
infinite path p through 7. Then, choose n such that 00n < p, which implies 7}, is
ill-founded, and thus n € S. Otherwise, i = 0, and thus H is a jump hierarchy for 7.
We define H,; = H oo, Note thatif n ¢ S then H,’ is hyperarithmetic, and if n € S
then H,’ computes all hyperarithmetical reals. By the definition of a jump hierarchy.,
we have (H*)"” <r H. Thus, the following is an H-computable question:

(30)(Vj) H &7 H. (2)

As in the proof of Lemma 2.14, one can show that if (2) is witnessed by i then
i € S, and if (2) is false then any i is a solution to S. As before, one can uniformly
relativize this argument to any instance S. -

QUESTION 2.16. ATR, ={, ATRy ={, ATR5*?

§3. An analysis of the analytic axioms of choice and dependent choice. In this
section, we investigate the structure of different restrictions of the axiom of
analytical choice under the Weihrauch reducibility. We compare the dependent and
independent axioms of choice for the various restrictions, and the relative strength
of the restrictions.

We show both Weihrauch reductions and nonreductions. A powerful tool for
proving the latter is Medvedev reduction, introduced in [16] to classify problems
according to their degree of difficulty, as for Weihrauch reducibility. However, when
Weihrauch reducibility compares problems that have several instances, each of them
with multiple solutions, Medvedev reducibility compares “mass problems,” which
correspond to problems with a single instance. A mass problem is a set of functions
from natural numbers to natural numbers, representing the set of solutions. For
two mass problems P, QO C NN, we say that P is Medvedev reducible to Q if every
solution for Q uniformly computes a solution for P.
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DEerINITION 3.1 (Medvedev reduction). Let P,Q C NN be sets. We say that P
is Medvedev reducible to Q, written P <j, Q if there exists a single computable
function f such that for every x € Q, f(x) € P.

If P:C X =NV is now a Weihrauch problem, that is a partial multivalued
function, then for any instance x € X, one can consider the mass problem P(x)
(the set of all solutions of the x-th instance of P). Then, if P <j Q, then for
every computable instance x of P, there is a computable instance y of Q such that
P(x) <y QO(y). Using Medvedev reducibility, we are able to compare the degree of
complexity of different instances of the same problem, and we will be interested in
the structural property of their complexity: Given a Weihrauch problem P, we define
the Medvedev partial order of P to be the partial order of Medvedev degrees of P(x)
for all computable instances x € dom(P), under the Weihrauch reduction. We will
see below Definition 2.8 that when P corresponds to a restriction of the axiom
of choice, the corresponding partial order is an upper semi-lattice, while when it
corresponds to a restriction of the axiom of dependent choice, the corresponding
partial order is a lattice. For instance, P = 2{—DCN yields the Medvedev lattice of
Xi-closed sets, which is interesting in its own right.

We will be mainly interested in the existence of maximal elements of Medvedev
semi-lattices of P, for P being various choice problems, as it can be used to
Weihrauch-separate two problems. Suppose that P <y Q and the Medvedev semi-
lattice of Q has no maximal element, while the Medvedev semi-lattice of P has
one. Then, we have P < Q: Let x € dom(P) be any computable instance realizing
a maximal Medvedev degree in P, and take y € dom(Q) computable such that
P(x) <p O(p) (as P <y Q). By the fact that Q has no maximal element, let
z € dom(Q) be computable and such that Q(z) >, Q(y). Then, it cannot be that
there is 1 € dom(P) computable such that P(1) >3 O(z), as it would contradict
maximality of x. Therefore, z is a witness that P <y Q.

Throughout this section, we use the following abuse of notation.

NotaTioN. Given a Weihrauch problem P, we abuse notation by writing“ 4 € P”
or “4 in P” to mean that 4 is a computable instance of P, that is, 4 = P(x) for
some computable x € dom(P).

Given vV € {fin, cof, foc, aof, aou}, the partial order on the computable instances
of T1-ACY_, under Medvedev reducibility forms an upper semi-lattice. Indeed,
if A=T],A, and B =[], B, are two computable instances of £1-ACY_,. then
C =T], C, where Cy, = A, and C»,11 = B, are computable instances of £} -ACY_,
which is a least upper bound of 4 and B. Similarly, the partial order on the
computable instances of £}-DCy under Medvedev reducibility forms a lattice: If
A and B are instances of £1-DCY. then C = {t e NN : gy :n > 1(2n) € A Aoy :
n— t(2n+1) € B} is a computable instance of Z%-DCKI which is a least upper
bound of 4 and B, and for v € {fin, foc, aof} (respectively vV € {cof,aou}) the
set D =074 U 17 B (respectively D = J,(2n"A4) U (2n + 17 B)) is a computable
instance of £{-DCY, which is a greatest lower bound for 4 and B.

This structural difference imply that no matter the restriction on analytical AC
and DC, the corresponding semi-lattices will always be different under Medvedev
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reducibility, as there exist two homogeneous sets whose product is not Medvedev
equivalent to a homogeneous set.

PROPOSITION 3.2. For every V € {fin, cof, foc, aof, aou}, there exists A € 1-DCY]
such that there is no B € L1-ACY_,y with A =y B.

PrOOF. Simply take 4gand 4; in | -ACfin - which are not Medvedev equivalent,
and consider C = 0" A4y U 1™ A4, which is in Z}—DCR{‘. Now, toward a contradiction,
suppose also that there exists H in E%-AC%LN (actually there is no need for H to be
Z}) such that C =), H. Let ¢ and v be witnesses of this, i.e., ¢ (resp. y) is total on
C (resp. H) and its image is included in H (resp. C).

Now, we describe a way for some 4; to Medvedev compute 4, ;: Let i € 2 and
o be extendible in H such that w°(0) = 1—-i. Given x € A4;, apply ¢ on i"x to
obtain an element y of H. Define J to be y with its beginning replaced by ¢. Then,
by homogeneity, ¥ is still in H, so ¢(7) has to bein (1 —i)"A41_;.

For other values of v, the proof is exactly the same or very similar. -

Note that the above proof used the fact that there always exists infimum in Z} -DC},
while this is not clear in £I-ACY_, .

3.1. Axioms of finite analytic choice. We already have defined £{-KCyy in Section
2.2, which is clearly the same problem as Z}—DCR{‘ up to the coding of the instance.
Using our previous work, we show that the finite choice can always be weakened to

independent choice over two possibilities:
THEOREM 3.3. Z%-AC%"_)N =W Z%-DC{{]" =y Z1-WKL.

ProOOF. First, itis clear that we have X1-ACH, ; <w Z!-DC". Up to the coding of
the instance, we also have X1-DCE" = Z!-KCy. By Proposition 2.5, Z1-KCy =w
S1-ACy_,2 =w EL-WKL. But clearly, Z!-ACy_,» <w ZL-ACT . 4

In the following, we are interested in a finer analysis of XI-ACf", ; and X!-DCf"
using Medvedev reducibility. In particular, we show that both of these semi-lattices
admit a maximal element: Indeed, we show that there is a single nonempty compact
homogeneous 2} set coding all information of nonempty compact Z} sets. This
can be viewed as an effective version of Dellacherie’s theorem (cf. Steel [21]) in
descriptive set theory.

THEOREM 3.4. There exists a maximum in the Medvedev semi-lattices OfE%-ACg{;N

and £1-DCE.

Proor. To construct a greatest element in E}-DC%". by Proposition 2.5, we only
need to enumerate all nonempty compact X! subsets of 2V. Let S, be the e-th X!

subtree of 2<N. Then, consider a A% co-enumeration (Se‘a)a <X of S, (induced

from a Hi-norm, as explained in Section 1.2). If [S,] is empty. by compactness, S,
is finite.

If S, is finite, we claim that there is o < w{® such that S, is finite, and
the least such « is a successor ordinal. To see this, first note that for each
o € 2N\ S, there is a(0) < o™ such that ¢ € S, ,(,). Now, 2<N \ S, is cofinite,
and in particular, computable, so by Spector bounding (Theorem 1.4), we have
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a =sup{a(s): g € 2N\ S.} < 0¥, For the second assertion of our claim, by
minimality of «, we have [S, 4] # 0 for any f < a, and moreover, if o is a limit
ordinal, then [Sca] = (\[Seafn]- However, by compactness, this intersection is
nonempty, which contradicts our choice of a.

Now we construct a uniform A} approximation of a sequence (7, ).cn of nonempty
X} sets such that if [S.] # 0 then T, = [S,]. Define T,o = 2", and for any o >
0, Too = [Seal] if [Seal # 0 (which is a T19(S. ) property by compactness, so in
particular Al). If o > 0 is the first stage such that [S,,] = 0, then. by the above
claim, o is a successor ordinal, say o = f + 1. In this case, define 7., = T, s for
any y > «, and end the construction. By minimality of o, we have T, g # () since
f < a. Then consider T, = (), Te.o. and it is not hard to check that the sequence
(T.).en has the desired property. It is easy to check that this argument is uniformly
relativizable to any oracle. _

As a maximal instance of Z%-DC‘('”, it suffices to take the one consisting of the
product of all 7,. Note that by Theorem 3.3 this also shows the maximality result
for Z1-ACi, . =

As a special property of =] compact sets, we have the following analog of the
hyperimmune-free basis theorem. For p.q € NN we say that p is higher Turing
reducible to ¢ (written p <,r ¢) if there is a partial IT}-continuous function
®:C NN — NV such that ®(¢) = p (see Bienvenu, Greenberg, and Monin [1] for
more details). Here, ® is I1{-continuous if ®(¢)(n) = m is a I} relation.

LEMMA 3.5. For any 2} compact set K C NN there is an element p € K such that
every [ <,r p is majorized by a A} function.

Proor. Let (y.) be a list of higher Turing reductions. Let K, = K. For each e.
let Q., = {x € N¥: w*(n) 1}. Then Q. , is aZ} closed set. If K, N Q. , is nonempty
for some n, define K, = K, N Q. for such n; otherwise define K,;; = K,. Note
that if K, N Q. is nonempty for some #, then ) is not total for any x € K. If
K. N Q. , is empty for all n, then y, is total on the =} compact set K. one can find a
Al function majorizing w for all x € K, (cf. the proof of [14, Lemma 4.7]). Define
K =, K,. which is nonempty since K, is compact. Then, for any p € K. every
f <ur pismajorized by a A% function. -

Note that continuity of higher Turing reduction is essential in the above proof.
Indeed, one can show the following:

PROPOSITION 3.6. There is a nonempty =} compact set K C NN such that for any
p € K, thereis [ <t p’ which dominates all Ai Sfunctions.

PrOOF. Let (¢,) be an effective enumeration of all partial TI] functions ¢, : C
N — 2. As in the argument in Proposition 2.6 or Proposition 2.9, one can see that
the set S, of all two-valued totalizations of the partial H{ function ¢, is nonempty
and X!. Then the product K = [], S, is also a nonempty X} subset of 2. It is clear
that every p € K computes any two-valued total A] function, so (non-uniformly)
computes any total A% function on N. Let BB be a total p’-computable function
which dominates all p-computable functions. In particular, BB <7 p’ dominates all
Al functions. x
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3.2. Axioms of all-or-finite and all-or-unique analytic choices. We now discuss
choice when the sets from which we choose can be either everything, or finite.
We will show that under the Weihrauch scope, this principle is a robust one. in the
sense of having multiple characterization, that is strictly above X} -DCHr. All-or-finite
choice shares with finite choice the same properties that dependent and independent
choices are equivalent and the existence of a maximal element containing all the
information, with very similar proof as for 2}-DCR{‘.

In Proposition 2.9, we hinted that ] -AC™,  is robust. We give two other evidences
of this in the following theorems.

TueoreM 3.7. Z1-ACEKY | =w ZI-ACEHY ..

PrOOF. Tt is clear that Z!-ACZT >\ ZI-AC¥" . by the identity function.
It remains to prove ZI-ACH', <w ZI-ACK". Let 4 =[], 4, € ZI-ACY. . We
define uniformlyin 4 theset B =[], ,, B} suchthat 4 <) Band B € TL-ACK &
We will ensure that there exists a single computable function ® such that for any m
and X €[], B we have ®¥ € 4,,,.

We first describe the co-enumeration of B)". Let (An.0) -,

cK be an approximation
of 4,, C N (induced from a H%-norm, as explained in Section 1.2). First, wait for
the first stage where A,, is finite (if this never happens then B! = N). Here note that
if 4,, is finite then its finiteness is witnessed at some stage before ¥ by Spector
bounding (Theorem 1.4) as seen in the proof of Theorem 3.4. If it happens, wait for
exactly n additional elements to be removed from 4,,. If this happens, let B/ = {c¢}
where c is the code for the finite set A4, at this stage «,. More formally, we suppose
that in the co-enumeration of 4,, at most one element is removed at each stage, and
we let o be the least stage such that A4,, o, is finite, and a1 be the least stage such
that Ay.a,,; & Am.a, if it exists. Then, let D, be the finite set coded by e. and set
B = {c} with D, = Ay,

Now. we describe the function ®@. Given X, find the first 7 such that we do not have
the following: Dy ;) 2 Dy(;11) # 0. Note that X (0) codes a finite set. so the length
of the chain Dy 2 Dy(;) 2 --- has to be finite. Therefore, there exists such an i.
Then, output any element ®* from Dy ;). If X € ], B;". whenever we reach stage
ay, wehave Dy (,) = Apq,.and thusi > n. Assume that oy is the last stage such that
some element is removed from A4,,. Then, k <iand Dy ) = Apma, = Am 2 Dy
This implies that if X € [], B/”. then the chosen element ®¥ is contained in A4,,. as
required. -

We have seen by combining Proposition 2.6, Theorem 3.3, and Proposition
2.5 that X1-ACH, ; is Weihrauch equivalent to IT}-Tot, and I1}-DNC,. Moreover,
we have also shown in Proposition 2.9 that X}-AC{", is Weihrauch equivalent
to IT}-Toty. Recall from Section 2.3 we have introduced the IT}-diagonalization
principle IT}-DNCy, which is a special case of the cofinite X!-choice principle. For
this principle., we know in advance a bound of the number of elements removed by

a cofinite set. Such a principle is bounded by the following principle for £ € N:
Z}-CEM = 2i-Cx Tpacxnai<ey-

Namely, we have Hi- DNCx <w z{-cg’g“. One can consider the coproduct of

(E%-C?fw)[@\] and call it strongly-cofinite choice on X. One can show that this

https://doi.org/10.1017/js1.2021.37 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.37

1472 PAUL-ELLIOT ANGLES D’AURIAC AND TAKAYUKI KIHARA

principle is strictly weaker than the cofinite choice (Proposition 3.8 and Theorem
3.17 below). Even more generally, we consider finite-or-strongly-cofinite choice,
denoted Zi -ACfNOS_iN, which accepts an input of the form (p, y), where for any n € N,
p(n)isacodeofa Z} subset S ,(,) of N such that either S ,(,) is nonempty and finite,

fosc

or [N\ S,(,)| < w(n). If (p. w) is an acceptable input, then Z{-ACS*y chooses one
clement from [, S, ().

We show that all-or-unique choice is already strong enough to compute finite-or-
strongly-cofinite choice:

PROPOSITION 3.8. Z1-ACR® =\ ZI-ACHT, ..

ProOF. First, it is clear that TI-ACP* >w ZI-ACY'  as witnessed by the
identity function. It remains to prove Ei—ACf\?iN <w 2}-AC§;’LN. Let A =], A4x
with a bound y given. We will construct a uniformly 2| sequence (B}),<y(n)
of subsets of N. We use BJ. B} .... Byﬁ(n)fl to code information which element is
removed from A, whenever A4,, is cofinite, and use B;(n) to code full information
of A, whenever A4, is finite. If ay is the first element removed from A, then put
Bl ={ao}. and if a; is the second element removed from A4,. then put B} = {a;}.
and so on. If 4,, becomes a finite set, then BV”/(n) just copies A, otherwise Bu’i(n) =N.

One can easily ensure that for any n € N and m < y(n), if 4, is finite, then B”. is a
singleton disjoint from 4,,; otherwise B}, = N. Moreover, we can also see that either
B(’;(n) is nonempty and finite or B, =N

Now, assume that X € [],,, By, is given. If X (n. w(n)) & {X(n.i) : i < y(n)}.
then put Y(n) = X(n,yw(n)). Otherwise, choose Y(n) ¢ {X(n,i):i<w(n)}.
Clearly, the construction of Y from X is uniformly computable.

If A, becomes a finite set, the first case happens, and Y (n) = X (n, y(n)) €
B;(n) = A,. If A, remains cofinite, it is easy to see that N\ 4, C {X(n.,i):i <
w(n)}, and therefore Y (n) € A4,. Consequently, Y € 4. -

COROLLARY 3.9. ZI-ACY =w ZL-ACK. | =w Z1-ACk<,.

In the following we will only consider all-or-finite choice, by convenience. We
now prove that dependent choice does not add any power, and the existence of an

instance that codes all the other, with very similar proofs as in the Z%-DC{{]” case.

TueoREM 3.10. Z1-ACY'  =w Z1-DC¥.

PrROOF. It is clear that Zi—ACﬁ?LN <w Z%-DC"NM. The argument for Zi-DCRff <w
Z{-ACR&N is similar to the finite case (Theorem 3.4). If 7 is a X! tree, for every
o define T, by the following 2! procedure: First, put 7, = N, and then wait for
succr (o) := {n: 0" n € T} to be finite but nonempty. As in the proof of Theorem
3.4, if succr (o) is finite, its finiteness is witnessed at some stage < a)ICK by Spector
bounding (Theorem 1.4). For the first such stage o (which is not necessarily a
successor ordinal), if succr (o) becomes empty, we just keep 7, = N, and end the
construction. If succr (o) turns out to be finite but nonempty, at every stage after
a define T, to be succr (o) except if this one becomes empty. Note that if succr (o)
becomes a finite set at some stage o, but an empty set at a later stage o, then the
least such stage a; must be a successor ordinal, and therefore we can keep T, being
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nonempty (see also the proof of Theorem 3.4). Clearly, T, is either finite or N. If T
is an instance on}-DCfiff, then T;, = succy (a) and therefore [, cyen 75 >a [T].A

The absence of a maximal element in the Medvedev semi-lattice of the axiom
of choice on “all-or-finite” sets would allow us to Weihrauch separate it from its

“finite” version. However, Z%-AC%‘iN does also have a maximum element.

THEOREM 3.11.  There exists a single maximum Medvedev degree in X! -AC  and

x1-DCY.

Proor. The argument is again similar to Theorem 3.4, even though we have no
compactness assumption.

By Theorem 3.10 that X1-ACX",; =y =1-DC¥', it suffices to prove the result
for one of the functions, let us say X}-AC¥' . Let 4, =[], S¢ be the e-th X!
homogeneous set. We set 4, = I, S¢ to be defined by the following Z% procedure:
First, set 55 = N, and then wait for some S} to become finite and nonempty. If this
happens, define S¢ = S¢ until it removes its last element. At this point, leave S¢
nonempty, which is possible since it can happen only at a successor stage (this is
because S¢ has already become a finite set at some previous stage). Then, one can
see that A, is in 1-ACZ, . and if 4, is also an instance of X1-AC¥',  then 4, = 4,.

Then (A4, ).cy is an enumeration of all nonempty elements of Ei-AC;?LN. Define
the maximum to simply be [], [, S¢. a

We now prove that the relaxed constraint on the sets that allows them to be
full does increase the power of the choice principle, making Zi-AC;{iN strictly
above Z!-ACH", .. We use the fact that the semi-lattice of =!-ACH", \ has a maximal
element (Theorem 3.4), and we show that it must be strictly below some instance of
Z-AC -

THEOREM 3.12. For every A € Z1-ACI, . there exists B € £1-ACZY,\; such that
A <y B.

Proor. We will find C =[], C, € ZI-AC¥",; such that C £y A. Then, B =
A x C will witness the theorem.

Now, let us describe the co-enumeration of C,. First, wait for x — @ (n) to
be total on A4, where @, is the n-th partial computable function: More precisely,
as @} (n) | is XY, the formula Vx(x € 4 — ®3(n)) is I1}. Hence. if it holds, it is
witnessed at some stage before wC¥ (via a I{ norm assigned to this formula). Next,
since A4 is compact and @ is continuous, @ takes only finitely many values on A; that
is, @ (n) := {®X(n) : x € A} is finite. Clearly, ®;(n) is E!. and therefore, again,
as in the proof of Theorem 3.4, the finiteness of ®(n) is witnessed at some stage
a before w{®. At this point, remove everything from C, except max @;!,(n) + 1.
where @;',(n) is the stage o approximation of ®;!(n).

We have that C, is either N if the co-enumeration is stuck waiting for x — @} (n)
to be total on A, or a singleton otherwise. Also, it is clear that for any n, ®, cannot

be a witness that C <,; 4,50 C £, A. -
COROLLARY 3.13. We have £1-ACH ¢ <y ZL-ACE .
Proor. By Theorem 3.12 and Theorem 3.4. -
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One can also use the domination property to separate the all-or-finite choice
principle and the ( ¢-)compact principle.

aof

PROPOSITION 3.14. There exists A € £1-ACY,y such that every element p € A
computes a function which dominates all A} functions.

PrOOF. Let (¢,).en be an effective enumeration of all partial IT] functions on
N. Define 4, xy € N for k, e € N as follows. Begin with 4, ;) = N. Wait until we
see (k) |. If it happens, set A(.xy = {¢.(k)}. Define 4 =[], A,. Then define
Pr(k) =3, p{e.k)). which is clearly computable in p. It is easy to see that P

dominates all A} function whenever p € A. .

This shows that all-or-finite Zi—choice is not Weihrauch-reducible to a-compact
X{-choice.

COROLLARY 3.15. ZI-ACET ( Zw Z1-K, Cynr.

PrOOF. Recall that a computable instance of X!-K,Cyn is a countable union of
compact Z} sets. Thus, by Lemma 3.5, there is a solution p to any given computable
instance of 2}-K, Cyn such that any function which is higher Turing reducible to p
is majorized by a A} function. However, by Proposition 3.14, there is a computable

instance of £{-AC{",y whose solution consists of A] dominants. -

COROLLARY 3.16. X{-K,Cyn is not parallelizable, and Z}-KCyn <w Z1-K, Cyn.

ProoF. Clearly, ZI-ACy_,y (and therefore ZI-AC¥' ) is Weihrauch reducible
to the parallelization of £}-K,Cyn. Therefore, by Corollary 3.15, £{-K,Cy is not
parallelizable. By definition. any 2]-ACY_, is parallelizable, and so is X]-KC by
Proposition 2.5. o

3.3. Axioms of cofinite analytic choice. The choice problem when all sets are
cofinite is quite different from the other restricted choices we study. It is the only
one that does not include =!1-ACT", .

Let us fix an instance 4 = [], 4, of Z}-ACS, ;. For every n. 4, is cofinite. so
there exists a, such that for any i > a,, we have i € 4,,. Now, call f the function
n — a,. We have that f € A4, and for every g pointwise above f, we must have g € 4.
So we clearly have 4 <w {g € NV :Vi f(i) < g(i)} = A. This essential property
of 2%-AC§°LN prevents an instance to have more computational power than A, for
some f € NI,

The cofiniteness still allows some more power, as we will prove in this section that
TLACET,  is Weihrauch incomparable with both £1-ACE"  and =1-ACX', .

THEOREM 3.17. There exists A € T\-ACE, such that for any B € TI-ACE'
A £y B.

PrOOF. We use the existence of a maximum all-or-finite degree of Theorem 3.11
to actually only prove

VB € Z1-AC' .34 e ZI-ACKT 1 4 £ B.

Fixa B = [],cy Bn. with B, C N being either N or finite. We will construct 4 =
[I.cn Ae. and use 4, to diagonalize against @, being a witness for the reduction, by
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ensuring that either @, isnot totalon B, or 3k € N, € [],_, B, with ®J(e) | & A..
Here is a description of the construction of 4., along with sequences of string (o)
and (z,):

1. First, A, = N. Wait for a stage where B C dom(®, ), that is @, is total on the
current approximation of B. Define ¢y = ¢ = 79, and move to step (2).

2. Let n be the maximum such that 7z, is defined. Find ¢, > 7, in the current
approximation of B such that ®;"*' (¢) |. Take o, to be the leftmost such,
and remove ®;"*' (¢) from A4,. Move to step (3).

3. Wait for some stage where ®5(e) := {®X(e) : X € B} C A4,. If it happens,
wait again for the current approximation of B to be “all or finite,” which will
happen. Take 7,,1 to be the greatest prefix of g, still in B, and return to

step (2).

As in the proof of Theorem 3.12, the property B C dom(®,) is [T}, so it is witnessed
at some stage < a)ICK Let us prove that A, is cofinite. If the co-enumeration of 4,
stays at step (1), then 4, = N is cofinite. Otherwise, let us prove that there can only
be finitely many 7, defined.

Suppose all 7, are defined. Then, the pointwise limit of the 7, must be defined:
Let £ be an integer such that (z,(£)),cn stabilizes for big enough n, for all £’ < £.
Start from a stage no where they have stabilized. For n > ny, if 7, (£) changes, that
is 7,41(£) # 7,(£), it must be that 7,,(¢) has been removed from B,. But then, B, will
become finite before the co-enumeration continues, and 7,(£) can only take values
in B, and never twice the same. Therefore, (7,(£)), becomes constant at some point.
Now. let X € NN be the limit of (z,). As X (¢) € B, for every £. we have X € B.
Since B C dom(®, ) is already witnessed at some previous stage, and this is a positive
property, we must have X € dom(®,). Thus, thereis ¢ < X such that ®7(e) |. Let
s be such that ¢ < 7, for any ¢ > 5. However, our algorithm can reach step (2) at
most once after s: This is because, asg < 7, < 7,1, we must have ®;° ! (¢) = @7 (e).
which is removed from A, at step (2). This ensures that ®X (e) = ®%(e) & 4., so
®3(e) C A, is never witnessed, and thus 7, is undefined.

Hence, there is an ny such that 7, is defined only for n < ny, and thus o, can
be defined only for n < ny, therefore by construction at most ny + 1 elements are
removed from A,. and thus A4, is cofinite.

It remains to prove that 4 £,, B. Suppose @, is a witness for the Medvedev
reduction. ®, must be total on B, so we get past step (1) in the definition of A4,.
Then, as only finitely many 7, are defined, the co-enumeration has to be stuck at
some step, waiting for something to happen. It cannot be stuck in step (2), as @, is
total on B, and any finite sequence 7 € [, <|o| Bn can be extended in an element of
B by homogeneity. This means that the co-enumeration is stuck at step (3), waiting
for ®2(e) C A,. to never happen. This leaves us with ®2(e) Z A4,,so thereis X € B
such that ®¥(e) ¢ 4., and so @Y ¢ 4. 8

THEOREM 3.18. For any A € T}-ACKY  and B € T1-ACET . if A <ur B. then A
contains a A} path.

Proor. Assume that 4 <,; B via some partial computable function ®, and 4
and B are of the forms [, 4, and [], B,. respectively. We describe the A} procedure
to define C € 4:
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Given n, in parallel. wait for n to be enumerated in one of those two I1] sets:

1. Ifnisenumerated in {n : 3k e N,Vf € NN, 35 > f, ®°(n) = k}, define C(n)
to be one of these k.

2. Ifnisenumeratedin {n : Vf € NN, Vk, 3k’ > k. 3o > f such that ®° (n) = k'}
then define C (n) = 0.

Here, ¢ > f denotes the pointwise domination order, that is, a(n) > f(n) for all
n < |o|. As the items (1) and (2) are both I}, it is easy to check that C is Al.

We claim that one of the two options will happen. Assume that case (2) fails. Then,
there are / € NY and k € N such that for any ¢ > 1, if ®°(n) | then ®?(n) < k.
If moreover case (1) fails, then for any ¢ < k, there is f, such that if ¢ > f, and
@°(n) | then @7 (n) # £. We define g € N" by g(j) = max{f (j). fo(j)..... fx(J)}
for any j. Then we have g > f, fo. ..., f«, and therefore, if ¢ > g then ®? (n) cannot
take any value. Hence, as B; is cofinite for any j, there is b; € N such that [b;, o) C
B;. As @ is total on B, if h(j) € B, for every j then ®"(n) is defined for any n.
However, if we define /() = max{g(j).b,} then #(j) € B; and therefore ®"(n) |
a contradiction. This verifies our claim.

As before, by cofiniteness, there exists » € NV such that g > b implies g € B.
Fix n. In case (1), for k = C(n), there is ¢ > b such that ®°(n) = k. Therefore,
C(n) € ®8(n) := {®¥(n) : X € B}. and moreover ®Z(n) C A4, since ® witnesses
A <y Band A =[], A,. Hence we get C(n) € A,. In case (2). there are infinitely
many k and thereis > b such that ®° (n) = k. This means that ® (») is infinite, and
therefore A, is infinite since ®Z(n) C 4, as above. Hence 4, = Nand C(n) € 4,,.

Consequently, we obtain C € A. o
COROLLARY 3.19. We have both X}-ACE, ¢ Zw ZV-ACKT ¢ and T1-AC ¢ Zw
Z-ACR

ProoFr. The first part is implied by Theorem 3.17 (see the argument in the
paragraph below Definition 3.1). The second part is implied by Theorem 3.18 and
the fact that there exist Z} finitely branching homogeneous trees with no A% member
(cf. [14, Theorem 4.3 and Lemma 4.4]). -

We now show that Z!-ACE', ; does not admit a maximal element, using a proof
similar to the one of Theorem 3.17.

THEOREM 3.20. For every B € TV-ACS, . there exists A € TV-ACSY, such that
A £ B. Thus, £} -ACE',  does not have a maximal element.

Proor. Fix a B =[],y B, with each B, C N cofinite. We will construct 4 =
[I.cn Ae. and use 4, to diagonalize against @, being a witness for the reduction, by
ensuring that either @, is not total on B, or 3k € N, o € [],_, B, with @7 (e) 1€ A,.
Here is a description of the construction of 4., along with sequences of string ()
and (z,):
1. First, 4, = N. Wait for a stage where B C dom(®, ), that is @, is total on the
current approximation of B. Define 6y = ¢ = 19 and move to step (2).

2. Let n be the maximum such that 7, is defined. Find 7,1 > 7, in the current
approximation of B such that ®;"*' (¢) |. Take o, to be the leftmost such,
and remove ®;"*' (¢) from A4,. Move to step (3).
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3. Wait for some stage where ®5(¢) C A4,. Take 7, to be the greatest prefix of
041 still in B, and return to step (2).

Let us prove that A4, is cofinite. If the co-enumeration of 4, stays at step (1). then
A. = N is cofinite. Otherwise, let us prove that there can only be finitely many 7,
defined, just as in Theorem 3.17.

Suppose infinitely many (z,) are defined. Then, this must have a limit: Let £ be a
level such that (7, (£)), stabilizes for all £/ < £. Start from a stage where they have
stabilized. From this stage, if 7, (¢) changes, it must have been removed from B,. But
that can happen only finitely many times, as B is cofinite. Therefore, (z,,(£)) becomes
constant at some point. However, this is impossible: Let X € NN be the limit of (z,,).
As X(¢) € B, for every £, we have X € B. Since B C dom(®,) is already witnessed
at some previous stage, and this is a positive property, we must have X € dom(®,).
Thus, there is ¢ < X such that ®J(e) |. Let s be such that ¢ < 7, for any 7 > s.
However, our algorithm can reach step (2) at most once after s: This is because, as
o < 1, < gy,1. we must have @;**!(e) = ®?(e). which is removed from A, at step
(2). This ensures that ®X (¢) = ®7(e) € A4,. so PE(e) C A, is never witnessed, and
thus 7, 1s undefined. Hence, there is an ny such that z, is defined only for n < ny,
and thus g, can be defined only for n < ny, therefore by construction at most ny + 1
elements are removed from A4,., and thus A4, is cofinite.

Hence, there is an ny such that 7, is defined only for # < ny, and thus o, can
be defined only for n < ny, therefore by construction at most ny + 1 elements are
removed from A,. and thus A4, is cofinite.

It remains to prove that A £, B. Suppose @, is a potential witness for the
inequality. Either ®, is not total on B, or we get stuck at some step in the
co-enumeration of A4,, waiting for ®5(e) C A, to never happen, leaving us with
®53(e) ¢ A,, so thereis X € B such that ®X (¢) ¢ 4., and so ®¥ ¢ A.

We now prove the last assertion: X! -ACE, |, does not have a maximal element. Let
B =T], B, € Z-ACE' . Let 4 =[], 4, given by the first part of the proof. Then,

C =TI, 4. <1, Bn € Z-ACE  yand 4, B <)y Cso B<y C. .

‘We here also note some domination property of the cofinite choice. The following
fact is implicitly proved by Kihara et al. [14, Lemma 4.7] to separate X]-WKL and

S Cr.

Fact 3.21 [14]. There exists 4 € Zi—ACf\?LN such that every element p € 4
computes a function which dominates all A{ functions.

Therefore, as in the proof of Corollary 3.15, we can observe the following.

COROLLARY 3.22. ZI-ACE £y =1-K, Cy.

3.4. Axioms of finite-or-cofinite analytic choice. In this part, we study the
weakened restriction to sets that are either finite, or cofinite. This restriction
allows any instance from the stronger restrictions, thus E%-ACaN‘iN, Z{-AC{\'{'_)N,
and 1-ACS, | are Weihrauch reducible to 2!-ACR<,  (and similarly for dependent
choice). It is the weakest form of restriction other than “no restriction at all” that we
will consider. However, we don’t know if this restriction does remove some power

and s strictly below X{-AC_, or not, as asked in Question 3.24.
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In the following, we will show that £1-ACR<, . £1.DC® and T!-ACy_, . Z1-DCy
do not admit a maximal computable instance. We will give several different proofs
of this result. Theorem 3.23 is an attempt to answer Question 3.24 positively, but
the conclusion turns out to be too weak, by lacking the effectivity required for a
diagonalization.

THEOREM 3.23. For every A € Z1-ACR, . there exists B € £1-ACy_,y such that
B £y A.

Proor. We will build B =[], B, € £}-ACy_,y by defining B, in a uniform X!
way, such that if @, is total on A4, then d);“(e) Z B, .

Fixe € N, and 4 = [], 4, € ZI-AC, . In our definition of the co-enumeration
of B, along the ordinals, there will be two main steps: The first one forces that if
®4(e) C B,. then for every /, (Df[gl(e)| < where Aj<; = {0 e N : [6]N A #
(}. The second step will force that if @4 (e) C B,, then A4 is empty or @, is not total
on A.

In order to conduct all these steps, we will need to remove several times an element
of B., but we do not want it to become empty. This is why in parallel of removing
elements from B,. we also mark some as “saved for later,” so we know that even
after infinitely many removals, B, is still infinite.

We now describe the first part of the co-enumeration. For clarity, we use the
formalism of an infinite time algorithm, that could easily be translated into a X}
formula.

for / € Ndo
Mark a new element of B, as saved;
while (Df[g (e) is infinite do
for i € Ndo
Mark a new element of B, as saved;

Remove from B, the first element of (Df[g (e) that is not saved, if
it exists. Otherwise, exit the loop;
Wait for ®4(e) C B,:
end
Wait for every A4, with n <[ to be finite or cofinite;
Unmark the elements marked as saved by the “for i € N” loop;

end
end

Let us first argue that for a fixed /, the “while” part can only be executed a finite
number of times. At every execution of the “for i € N loop, either one element of

A< is removed, or (Dfrg (e) is finite and we exit the while loop (this is because
at every step, only finitely many elements are marked as saved). But this means
that if a “for” loop loops infinitely many times, by the pigeon hole principle there
must exists a specific level /[y </ such that 4;, went from cofinite to finite. But
this can happen only / 4 1 times, and the “while” loop can only run / 4+ 1 many
times.
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Let us now argue that at every stage of the co-enumeration, including its end, every
B, is infinite. Fix a level /, and suppose that at the beginning of the corresponding
“while” loop, B. is infinite. As after every loops of the “for i € N” loop one element
is saved, it means that after all these infinitely many loop, B, contains infinitely many
elements. This will happen during only finitely many loops of the “while” loop, so
at the beginning of level / 4 1, B, is infinite. A similar argument with the elements
saved by the first “for / € N” loop shows that if the first part of the co-enumeration
ends, B, is still infinite.

Now we split into two cases. If the first part of the co-enumeration never stops, as
the “while” loop is in fact bounded, it means that the co-enumeration is forever stuck
waiting for ®4(e) C B,. But as this never happens, B, has the required property.
Otherwise, the first part of the co-enumeration ends, and we are at a stage where for

A . . .. . .
every [, @, r<! (e) is finite, but B, is infinite. We now continue to the second part of
the co-enumeration of B,:

for / € Ndo

Remove from B, all the elements of (Df[gl (e);
Wait for ®4(e) C B,:
end

We argue that this co-enumeration never finishes. Let x € A4, and ¢ < x such that
®7(e) |= k. The co-enumeration will never reach the stage where / = |0 + 1], as it
cannot go through / = |g|: If it reaches such stage, it will remove k from B, and
never have @4 (e) C B,. So, the co-enumeration has to stop at some step of the “for”
loop, waiting for ®4(e) C B, never happening. As B, is infinite, it has the required
property. -

In order to Weihrauch-separate Ei—ACf{,’iN from the unrestricted 2]-ACy_,y.

one would need a stronger result with a single B € £]-ACy_,y not Medvedev
reducible to any A4 € E}-AC‘CN";N. We could try to apply the same argument to
define [] (ne) Bine)- this time diagonalizing against an enumeration (S¢).cy of
S¢ =T1, S € ZL-ACy_y. If S¢ is not in ZI-ACKS, . the co-enumeration will be
stuck somewhere in the co-enumeration of some level, with no harm to the global
diagonalization.

However. if some particular S¢ is empty. we could end up with some By, ., = .
making B empty. Indeed, suppose we reach the second part of the co-enumeration.
Then, the malicious S¢ can make sure that every step of the second loop are achieved,
by removing from S all strings o such that ®Z(e) |¢& By,.y. at every stage of the
co-enumeration. As a result, both S¢ and B, ., will become empty.

QUESTION 3.24. Do we have ZI-ACRS « <y Z1-ACy_,y?

We now give a stronger result with a much simpler, but not effective, proof. As
a corollary, we will obtain the fact that ]-ACy_, and =!-DCy do not admit a
maximal computable instance.

THEOREM 3.25. For every A € X1-DCy. there exists B € }-ACy_,y such that
B Ly A
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PrOOF. We first claim that there is no enumeration of all nonempty elements of
21-ACy_,y. More than that, we will prove that there is no [, ,cy S5 € Z{-ACy_,x
uniformly X! such that for every B = [], B, € £{-ACy_,y. there exists an e such that
[1,S¢ C B. Let (S¢)cen be any uniformly | enumeration. We construct (B, ).en.
a witness that this enumeration is not a counterexample to our claim. We define B,
by stages: At stage a, B.[a] is equal to the open interval |min(S¢[a]); o[, where
S¢[a] is the stage o approximation of S¢. Then B, = (1), B[] defines a 2} set. We
have [, B, 2 [], Sy for every e € N and the claim is proved.

Now. suppose that there exists 4 € £{-DCy such that for every B € Z!-ACy_,y.
we have B <, A. Let us define S¢ by

meS¢ <= 3IX € A[DX(n) |=m or @, is not total on 4].

Here, it is easy to check that non-totality of ®, on the Z} set Ais a 2% property
(see also the proof of Theorem 3.12). Hence, (S¢) is ! uniformly in e and n.
Given any B € X1-ACy_ . as B <)/ 4. fix a witness ®,. Then @, is total on 4, and
therefore S¢ = ®4(n) := {®X(n) : X € A}. By our choice of @, we also have @4 :=
[1,®4(n) C B. and as B is homogeneous we obtain [, S¢ C B. Then, (S¢).nen
would be a contradiction to our first claim. -

COROLLARY 3.26. Neither £}-ACy_,y nor £1-DCy admits a maximal element.

Proor. Let 4 =[], 4, € £]-ACy_,y. By Theorem 3.25. let B =T]], B, €
T1-ACy_,y such that B £y A. Then, C =[], 4y x [],, Bn € £}-ACy_,y is such
that A <) C. A similar argument works for }-DCy. -

There is another non-effective proof showing that X!-DCy does not have
a maximal element (but the proof does not work for XI-ACy_y). Indeed,
remarkably, the result shows that there is no greatest nonempty E} closed set
even with respect to hyperarithmetical Muchnik degrees. We say that 4 C NN is
hyperarithmetically Muchnik reducible to B C NN (written 4 <HYP B) if for any
x € B there is y € A such that y <, x, that is, y is hyperarithmetically reducible
to x.

Fact 3.27 (cf. Gregoriades [11, Theorem 3.13]). If P is a Al closed set
with no Ai element, then there exists a clopen set C such that PN C # () and
P<YP pnC.

Proor. This is what Gregoriades essentially obtained in the proof of [I1,
Theorem 3.13]. If P = [T] for a computable tree 7, the “key remark” in the proof
of [11, Theorem 3.13] gives us a clopen neighborhood C = [u] of some y € P such
that A{(y) " PN C =0.s00# PN C £YP {y} C P. The tree T can be replaced
with a Al tree since the “key remark” follows from the equivalence (1) in the proof
of [11, Theorem 3.13], as it gives an implicit Z} definition of the leftmost path a; of
P, which leads to a contradiction. Observe that, even if we replace T with a A] tree,
the condition is still £}, which concludes the proof. .

Note that any P satisfying the conclusion of the above fact cannot be homogeneous
since if P is homogeneous, C is clopen, and P N C is nonempty, then we always have
PN C =y P.So, Fact 3.27 does not imply Theorem 3.25.
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COROLLARY 3.28. For any nonempty E% set A C NN, there is a nonempty H(l) set
B C NN such that A <P B.

w

ProoF. For any nonempty ! set A, it is easy to see that there is a nonempty IT)
set A* such that 4 <,; A*. If A* hasa A} element, then the assertion is clear as any
I19 set B with no Al element is such that 4* <!!YP B.If 4* has no Al element, by
Fact 3.27, there is clopen C such that 4 <,, A* <"YP 4* N0 C. 4

In [5], Cenzer and Hinman showed that the lattice of T1Y classes in Cantor space
is dense. Here we already showed the lack of maximal elements; we now prove the
lack of minimal elements:

THEOREM 3.29. For every A € E1-DCy with no computable member, there exists
B >y NV in £1-DCy such that

NN<MAUB<MA.

Proor. We first reduce the problem to finding a non-computable hyperarithmeti-
cal real X such that 4 contains no X-computable point. If such an X exists, then we
have NN <3y AU{X} <y 4.

It suffices to show that ®X & 4 for any e, and () <7 X. The latter condition is
ensured by letting X be sufficiently generic. To describe a strategy for ensuring the
first condition, fix a pruned X} tree T4 such that [74] = 4. There are two ways for
®, to not be a witness that 4 has an X-computable element: either ®7 ¢ T, for
some g < X, or X ¢ dom(®,). Let us argue that we have the following: For any
e € Nand ¢ € N<N there exists a finite string 7 extending ¢ such that

either @) ¢ T4 or [t] N dom(®,) = 0. (3)

Indeed, if it were not the case for some e € N, we would have a string ¢ such that
for every 7 extending g, @ € T4 and there exists an extension p > t such that @,
strictly extends @I, allowing us to compute a path of 7,4, which is impossible as
A >y NN.

Begin with the empty string g9 = (). For e let D, be the e-th dense E(l) set of strings.
Given a,, in a hyperarithmetical way, one can find a string ¢, € D, extending o,.
Now. we have a I1} function assigning e to the first o, extending ¢} we find
verifying (3). This function is total, and then A]. Moreover, it is clear that ®X does
not define an element of A for any X extending g, . -

3.5. Axiom of choice versus dependent choice. H. Friedman showed that the axiom
of X]-dependent choice is strictly stronger than the axiom of £-choice in the context
of second order arithmetic (cf. [19, Corollary VIII.5.14]). Although the Weihrauch
degrees of the principles =!-DCyn and Z1-ACy_, v are the same (Observation 2.1
and Proposition 2.2), we will see that Z}-DCN is strictly stronger than Z}-ACNHN,
which finally solves Question 1.3:

THEOREM 3.30. ATR, Zw Z!-ACy_,x: hence £1-ACy_y <w =!-DCy.

Proor. Let A4, be the set of solutions to the e-th computable instance of ATR;,
thatis, 0" H € A, if and only if H is a jump hierarchy for the e-th computable linear
order <., and 17 p € A4, if pis an infinite decreasing sequence w.r.t. <,. Suppose for
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the sake of contradiction that 4 = [, 4. is Medvedev reducible to a homogeneous
2% set S. Let B be the set of all indices e € N such that the set of all infinite decreasing
sequences w.r.t. <, is not Medvedev reducible to S, and let C be the set of all indices
e € N such that the set of all jump-hierarchies for <, is not Medvedev reducible to
S. Note that B and C are X1,

Moreover, we claim that B and C are disjoint. To see this, let ® be a continuous
function witnessing 4 <,; S. If there is X € S such that ®¥(0) is i then, by
continuity of @, there is a finite initial segment ¢ of X such that ®Y(0) =i for
any Y extending o. However, by homogeneity of S, S N [¢] is Medvedev equivalent
to S. This means that, for any e, S Medvedev bounds either the set of infinite paths or
the set of jump-hierarchies for the e-th computable tree. This concludes the proof of
the claim.

Let WO be the set of all indices of well-orderings, and NPWO be the
set of all indices for computable linear orderings with infinite hyperarithmetic
decreasing sequences (i.e.. linear orderings which are not pseudo-well-ordered).
Clearly, WO is contained in B. Moreover, by H. Friedman’s theorem [7] saying
that a computable linear order which supports a jump hierarchy cannot have
a hyperarithmetical descending sequence (see also Friedman [8] for a simpler
proof based on Steel’s result [20]). NPWO is contained in C. Since B and C
are disjoint X} sets, by the effective version of the Lusin separation theorem (cf.
[17. Exercise 4B.11]), there is a Al set A separating B from C. This contradicts
(Goh’s refinement [10, Theorem 3.3] of) Harrington’s unpublished result, which
states that if a Zi set separates WO from NPWO, then it must be 2%-complete.
So A4 cannot be Medvedev below a homogeneous set, and thus ATR; £Lw
Ei'ACNHN'

Clearly, ATR, <w Z!-Cyn since being a jump hierarchy and being an
infinite decreasing sequence are arithmetical properties. Since X|-Cyw is
Weihrauch equivalent to X{-DCy by Proposition 2.2, we obtain X{-ACy_y
<w Z1-DCy. 4

Finally, we decompose the axiom of countable X} choice into finite £| choice and
cofinite X! choice.

TuEOREM 3.31. E1-ACy_y <w ZI-ACH,  + Z1-ACET, .

ProoF. Given a homogeneous X} tree 7 C N<N, let f7 be the leftmost path
through 7. Then f7 has a finite-change higher approximation, i.e.. there is a A]
sequence approximating f with finite mind-changes (cf. [1] for the definition). Let
mr(n) be the number of changes of the approximation procedure for f7 | #n + 1.One
can assume that f7(n) < mz(n). Then, one can effectively construct a £} sequence
(S,)nen of cofinite subsets of N such that m € S, implies m > m7(n). In particular,
any element g € [], S, majorizes mr, and thus f7. Use E{-ACK}’LN to choose such
a g. and consider the E}(g) tree T¢ = {g € T : (Va < |o|) a(n) < g(n)}. Then T¢
is a finite branching infinite tree since f7 € [T¢]. Therefore. as in the proof of
Proposition 2.5, one can effectively covert T¢ into a X{(g) infinite binary tree 7*.
Use 2]-WKL (which is Weihrauch equivalent to Zi—AC%"_)N, as seen in Theorem 3.3)
to get an infinite path p through 7. From p one can easily construct an infinite path
through 7¢ C T. =
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Closed choice: Cyn, ©1-DCy

!

X >} homogeneous choice: S1-ACy_

.
-\ ATR} slAcf o T-Toty

¥} compact choice: ¥}-KCyv, }-ACfin . »l-wKL, II}-SEP

!

Unique choice: UC, A}-CA, %1-SEP

FIGURE 1. Key principles between UCyn and Cyn (where dashed lines denote
parallel arithmetical Weihrauch reducibility.)

3.6. Summary of this section. In summary, we obtain the following:

THEOREM 3.32. We have

2-DCy —— 2}-DC* ——= 3!-DC¥" ——=3|-DCf

ﬂ | | |

Z}-AC_,y — Z}-ACKS,y == Z1-ACH,y == Z1-AC,y
\ >‘< ></
v o
cof
Zi'ACNHN
Here, arrows — and = denote > and >, respectively. See also Figure 1.

A few questions about Z{-AC{\?;N remain open:

QUESTION 3.33. Is Z1-ACKS, ; <w Z1-DCR Is Z1-ACKS,  <w ZI-ACy_,y?

We also do not know if the dependent and independent choices for cofinite sets
coincide.

QUESTION 3.34. Ts Z1-ACY'  <w Z!-DCE™

We solved the main question by showing £1-ACy_,y <w Z}-DCy (Theorem 3.30),
but it is just a computable separation. Therefore, it is natural to ask if Z}-ACy_,y
and X!-DCy can be separated even in the hyperarithmetical sense. In other words,
the following is one of the most important open questions, where UCyy is the unique
choice principle (or equivalently, the choice principle for E! singletons: cf. [14]).

QUESTION 3.35. Is UC x Z1-AC_,y <w Z1-DCy?
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We also ask a question purely on the structure of Medvedev degrees for finite
axioms of choice. Define more generally Z}-ACKI _n to be Z1-ACy_,y where the set
from which we choose have to be taken from P. For instance, if P = {4 C N : [4] <
o}, then T1-ACK_, = Z1-ACi, ..

QUESTION 3.36. LetP={4CN:4C2}and Q={4 CN:|4] <2}. Isevery
element of I-ACQ |, Medvedev equivalent to some element of X1-ACE_, 2

We are also interested in comparing various kinds of arithmetical transfinite
recursion.

QUESTION 3.37. ATR, =%, ATRy ={, ATR®?

Finally, we mention a few descriptive set theoretic results deduced from our results.
Foraset 4 C NN x NN, each 4, = {y € NV : (x, y) € 4} is called a section. If the
section A is nonempty for each x € N¥ then 4 is called zozal. Below. we use <{, to
denote the continuous version of Weihrauch reducibility; see [3].

THEOREM 3.38. 1. There is a total analytic set A with compact homogeneous
sections such that any total analytic set with compact sections is <{, -reducible
to A.

2. For any total analytic set A with closed sections, there is a total analytic set with
homogeneous sections which is not <{, -reducible to A.

3. Thereisatotal Fys set with Gs sections which is not ={,-equivalent to any analytic

set with closed sections.

4. There is a total closed set which is not <{-reducible to any total analytic set with

homogeneous sections.

Proor. (1) follows from the relativization of Theorem 3.4 since 2}-AC§LN =w
21-KCyn by Proposition 2.5 and Theorem 3.3. (2) follows from the relativization
of Theorem 3.25. For (3), let S be the set of pairs (x, y) with y £7 x. Then S is
F,s5. and each S(x) = {y : y £7 x} is co-countable; hence G;. Suppose that S is
={-equivalent to an analytic set 4 with closed sections. In particular, there are x-
computable functions Ay, /; such that S(x) <}, A(ho(x)) <3, S(hi o hy(x)), where
<3, indicates the Medvedev reducibility relative to x. By definition of S, z <7 x
implies S(z) D S(x).so S(z) <ar S(x). Hence, S(hy o hy(x)) <pr S(x). and thus,
we have S(x) =}, A(hy(x)). Since A(hy(x)) is closed. one can apply (a relativization
of) Theorem 3.29 to get a X}(x) closed set B such that NN <3, B <3, 4(hy(x)).
However, this implies NY <3 B <%, S(x), which is impossible by definition of S.
Finally, (4) follows from the relativization of Theorem 3.30. .
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