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SUMMARY

This paper deals with the stiffness analysis of multibody systems using the Matrix Structural
Analysis—MSA. This methodology allows us to obtain the stiffness matrix of the structure from
the stiffness properties of each element. First the MSA method is described and its application is
detailed using an L-structure in order to make easy its understanding. Numerical and experimental
results obtained for the L-structure and a 6-RSS parallel manipulator, follow to prove the validity of
the methodology.
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1. Introduction

Multibody systems consist of kinematic chains composed of links that can be rigid or flexible,
interconnected by joints. These systems are used in numerous applications in areas such as aerospace
and automobile engineering, machine tools, mechanisms, deep sea exploration, medicine and
robotics.'™ A good example of a multibody system that has been widely studied in recent years
is the parallel manipulator.*

Parallel manipulators typically consist of a moving platform that is connected to a fixed base by
several serial and/or closed chains, called limbs. Such systems can possess better stiffness properties
and higher payload capacity than serial architectures, as well as high velocity and acceleration during
operation. Furthermore, errors in the joints are not cumulative, which contributes to these system’s
overall accuracy. Due to their characteristics, parallel manipulators have been studied extensively from
both the theoretical and practical viewpoints. Prototypes have been conceived and built, hand in hand
with the development of theoretical investigations into their kinematics and dynamics. The attention of
researchers and developers has focused on a number of possible applications such as manipulation,>°
packing and assembly/disassembly machines,” motion simulation,®~!! milling machines,'? toys and
sensors. However, these systems have some open problems such as small and complex workspace
with internal singularities, stiffness and complexity of their direct kinematics.>!>!4, This paper deals
with the study of stiffness analysis of multibody systems.

Stiffness can be defined as the capacity of a mechanical system to bear loads without excessive
changes in its geometry.">~!7 These geometrical changes in response to applied loads are known as
deformations or compliant displacements.

Compliant displacements in a multibody system produce negative effects on static and fatigue
strength, wear resistance, efficiency (friction losses), accuracy, and dynamic stability (vibrations).
The growing importance of high accuracy and dynamic performance of such systems has increased
the use of high strength materials and lightweight designs, improving and significantly reducing
their cross-sections and weight. However, these solutions also increase structural deformations and
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may result in intense resonance and self-excited vibrations at high speed.!”~?° Therefore, the study
of stiffness is crucial for the design of multibody systems to enable the proper choice of materials,
component geometry, shape and size, and interaction among the components. Some examples of
design procedures based on stiffness analysis can be found in refs. [21]-[26].

Due to of its importance, we direct the stiffness analysis mainly to robotics.

The overall stiffness of a manipulator depends on several factors, including the size and material of
its links, its mechanical transmission mechanisms, actuators and controller.!”-2” In general, a highly
stiff mechanism requires many large and heavy parts. However, high speed motion requires that these
parts be small and light. Moreover, it should be noted that stiffness is strongly affected by both the
position and the mechanical parameters of the structure’s parts.?8

The verification of analytical and numerical models of structural stiffness basically consists of
measuring compliant displacements in different directions resulting from the application of static
loads. The main disadvantage of this method is the need for time-consuming measurements that can
be affected by experimental errors. In this case, statistical planning is required to determine the number
of compliant displacement measurements in a given position as a function of the static load applied.

There are three main methods to derive the stiffness model of manipulators.?-*° These methods are
based on calculations of the Jacobian matrix;3'3%3%57 on Finite Element Analysis (FEA)3338:58,59
and on MSA 2%-30:39745

One of the first stiffness analyses was conducted by Gosselin,'*> who mapped the stiffness of
a parallel kinematic machine onto its actuated joints while its links were assumed to be perfectly
rigid. This approach was also applied by El-Khasawneh and Ferreira*® and Zhang et al.3! To take
link flexibility into account, this initial model was supplemented by the lumped model developed by
Zhang.*” Flexible links are then replaced by rigid beams mounted on revolute joints plus torsional
springs located at the existing joints.?’-36:43

Huang et al.*® stated that the use of FEA models is reliable, but these models require remeshing,
resulting in very tedious and time-consuming routines.*’ However, these models are well adapted to
validate analytical models or some experimental results. 3338463859 For example, Bouzgarrou et al. >
used the FEA model to study the static rigidity and natural frequencies of the T3R1 parallel robot.

Methods based on MSA are simple and easy to implement computationally. Clinton et al.’° used
this approach to derive the stiffness matrix of each element of a Stewart platform and then assemble
individual elements into a system’s stiffness matrix. This approach is also used by Huang et al.*
to obtain the stiffness model of a machine frame considered as a substructure. The superposition
principle is used to obtain the stiffness model of the machine structure as a whole. The approach is
applied to the Gough—Stewart platforms due to its constructive characteristics which segments have
only axial forces.

In this paper, the MSA method is used for obtaining the stiffness matrix of multibody systems.
This method was chosen due to its easy implementation and to enable the stiffness mapping as
a function of kinematic model and characteristics of its elements. The multibody stiffness study is
essential for building equipment with high accuracy as applied to the manufacture of parts and robotic
surgeries. This paper have the following contributions: the step-by-step detailing of the MSA method
and presenting experimental results applied to an L-structure and a parallel structure with six-degrees
of freedom (dof).

First, this paper presents a methodology to determine the global stiffness matrix of a multibody
system, using MSA, and knowing the stiffness matrix of each structural element. The compliant
displacement of the end-effector as a function of the external forces acting on the structure is then
mapped based on the stiffness matrix, and the kinematic model of the multibody system is created.

After the MSA methodology is described, followed by a step-by-step explanation of a simple
structure comprising two segments and a spherical joint, called an L-structure.

Finally, the MSA methodology will be applied to two structures: the L-structure and a 6-RSS
parallel structure. The theoretical results obtained with the MSA method are then compared with
experimental results.

2. Matrix Structural Analysis

In this paper, the stiffness matrix is determined using the MSA method, also known as the displacement
method or direct stiffness method (DSM) which has been a precursor of FEA.>! Structural analysis
methods break up complex systems into component parts, discrete structural elements, with simple
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elastic and dynamic properties that can be readily expressed in a matrix form. Because multibody
systems are made up of segments and joints, this method makes it easy to determine the structure’s
stiffness matrix. Discrete structures are composed of elements joined to one another by connecting
nodes. When such a structure is loaded, each node suffers translations and/or rotations, which depend
on the structure’s configuration and boundary conditions. For example, in a fixed linkage system,
no displacement occurs. The nodal displacement can be determined from a complete analysis of the
structure. The matrices representing the beam and joint are considered building blocks, which, when
fitted together according to a set of rules derived from the theory of elasticity, provide the static and
dynamic properties of the whole structure.®

2.1. Stiffness of joint and beam
The stiffness of a joint can be given by:*!+42

kc - kc
ijint = |:_k k i|’ (1)

where k. = diag(kx, kiy, kiz, krx, kry, kr2)s Kixy kiy, ki, are the translational stiffnesses and k., k.,
k,, the rotational stiffnesses about the x, y and z Cartesian axes.

Considering a straight bar j with a uniform cross section which moments and forces acts on its
extremities, where are considered reference frames i and i + / and then, §,, d,, 8, are the linear
compliant displacements and ¢,, ¢y, ¢, the angular ones, both on x, y and z direction respectively.

The stiffness matrix of a jth three-dimensional straight bar (beam or segment) with a uniform

cross-sectional area can be expressed as Eq. (2).

| ke ke
k]—[_kbj b, ] @)

Using the elastostatic properties of the bar can obtain a 6 x 6 symmetrical stiffness matrix k;; that
relates the applied forces/moments with displacements as>>

(40 0 0 0 0 |
0 22E 0 0 0 %
0 0 Bhbi g B 0
=1 0 0 Ok 0 0 ®)
0 0 —6EL’ 0 “E—’ 0

InEq. (3), E; and G are the modulus of elasticity and the shear modulus of element j respectively;
L is the beam length, I,;, I,; are the moments of areas about the y and z axes, respectively, J; is the
Saint-Venant torsional constant and A; is the cross-sectional area.

The application of MSA requires writing the stiffness matrices of all the elements in the same
reference frame. This reference transformation must be computed for all the elements before the
stiffness matrix of the structure is assembled. The transformation matrix, 7;, can be obtained by
linear algebra.>?

Thus, the stiffness matrix of the elements in a common reference frame (elementary stiffness
matrix), for segments, k;, and for joints, k¢. = can be expressed as

joint
[kj] :[Tj] [kj] [Tj]T, 4)
(k¢ ] = (T3] [Kjoind [T517 . )

After obtaining the stiffness matrix of beams and joints in a common reference frame, the stiffness
matrix of a structure can be determined using MSA. Based on how the structure elements are connected
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Fig. 1. (a) Scheme of the L model; (b) Nodes of an L-structure.

through their nodes, it is possible to define a connectivity matrix. Since segment and joint stiffness
are known, the global stiffness matrix can be obtained by a superposition procedure.

The methodology described to obtain the global stiffness matrix considers the structure as free, i.e.,
without motion constraints, what makes this matrix be singular. By applying boundary conditions
when the displacements are known, a new invertible stiffness matrix K can be obtained, and the
compliant displacement can then be computed as

U=K'w, (6)

where U are the compliant displacements and W are the applied external wrenches.

3. Applying the MSA for Stiffness Analysis of an L-Structure
This example presents a practical method for computer application of the assembly of a structure’s
stiffness matrix using the MSA method.

The used structure consists of two bars connected by a spherical joint and crimped at the ends,
according to the scheme in Fig. 1(a). In order to consider the application of an external force in the
horizontal segment a node must be considered at the point of force application. Then, the horizontal
segment is split into two parts. The model in Fig. 1(b) is now composed of three segments and one
spherical joint: the first segment is defined by nodes 1 and 2, the second segment is defined by nodes
2 and 3 and the third segment by nodes 4 and 5, while the joint is defined by nodes 3 and 4. Nodes
1 and 5 are fixed. It should be noted that the nodes 3 and 4 which define the joints are physically
coincident. The L-structure was used because it is quite similar to the arm and forearm of the 6-RSS
structure presented in Sections 5 and 6.

Each element (segments and joint) consisting of two nodes has twelve-dof, i.e., six-dof for each
node, Fig. 2. The dof are the possible compliant displacements corresponding to linear compliant
displacements (3;, d,;, 8,;) and angular compliant displacements (¢y;, ¢y;, ¢.;), where the sub-index
i corresponds to the node’s number, Fig. 3.

Each segment and joint has a stiffness matrix written in the local frame, as given by Egs. (1) and
(2), respectively. These matrices have to be written in relation to the inertial frame. According to the
node coordinates, this can be done using Egs. (4) and (5).

The stiffness matrix is assembled by a superposition process, according to the nodes and their dof.
For that each dof is assigned an identification number, preferably in increasing sequence, as shown
in Table I.

Using the dof numbers, a connectivity matrix can be assembled in which each row represents the
dof of each element. Thus, the matrix of connectivity, mat_connect, is given by:

1 2 3 4 5 6 7 8 9 10 11 127 segment 1 —2

7 8 9 10 11 12 13 14 15 16 17 18 | segment 2 —3

13 14 15 16 17 18 19 20 21 22 23 24| joint 3—-4

19 20 21 22 23 24 25 26 27 28 29 30 segment 4 —5
(N

mat_connect =
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Table I. Node degrees of freedom.

Compliant displacement Nodei=/ Nodei=2 Nodei=3 Nodei=4 Nodei=25

Oyxi 1 7 13 19 25

8y 2 8 14 20 26

8z 3 9 15 21 27

b 4 10 16 22 28

yi 5 11 17 23 29

o 6 12 18 24 30
Fyi+! 5yi+1

Oxi+1

(a) (®)
Fig. 2. (a) Representation of forces acting on a bar; (b) corresponding displacements due to deformation of the
bar.
3
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Fig. 3. (a) Segment defined by nodes 1 and 2 with the corresponding compliant displacements; (b) Joint defined
by nodes 3 and 4 with the compliant displacements.

The connectivity matrix provides an indication of the elements, its nodes, its dof and which of the
elements are superposed.

Therefore, in the assembly of the stiffness matrix, the rows and columns represent the number of
dof. As the size of the stiffness matrix is given by the product of the number of nodes multiplied by
the number of dof of each node (6-dof), the L-structure has five nodes, then, it has 30-dof. In Fig. 4
each element is represented by a different color, with its corresponding dof. Each position in the
matrix has its corresponding element stiffness, and in the overlap region, the sum of the stiffness of
the elements that share the same node. Thus, the stiffness matrix of the free structure has a dimension
of 30 x 30, Fig. 4.

Thus, from the connectivity matrix, Eq. (7), it is possible to computationally devise an algorithm
to assemble the stiffness matrix.
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Fig. 4. Superposition procedure to assemble the structure’s stiffness matrix.

After obtaining the stiffness matrix of the structure, the boundary conditions must be applied; for
this example, they consist of fixed nodes 1 and 5. Because the fixed nodes have zero displacements,
the rows and columns corresponding to the dof of nodes 1 and 5 can be deleted, leaving the matrix
represented in Fig. 5.

It should be noted that given linear or angular displacements can be imposed as boundary
conditions. After the boundary conditions have been imposed, the compliant displacements can
be determined as a function of the forces applied at the respective nodes, Eq. (6).

The procedure described in this paper can be extended to any multibody system.

Although the FEA and MSA methods use the same basic equations, Egs. (2)—(4) and (6), the MSA
method can be used as an alternative to the FEA. (a) A robotic structure is composed of segments and
joints. Thus, each segment and each joint can be modeled by only two nodes in the MSA method. In
contrast, the FEA method involves dividing each beam into several nodes to describe accurately the
segment deformed shape, (b) Commercial FEA software programs (the usual procedure) do not allow
for control of the solver. In contrast, the MSA method allows the assembly of the stiffness matrix to
be followed step-by-step, in the FEA method this procedure is included into an automatic solver. (c)
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Fig. 6. Scheme of the L-structure.

In the FEA method, each change in the structure’s configuration requires remeshing or applying the
solver again, thus increasing the computational cost. The MSA method requires only an improvement
of the inverse kinematic model to map the stiffness of all the configurations of the structure.

4. Experimental Tests of the L-Structure
The L-structure is composed of two segments connected by a spherical joint and fixed at the other
extremities, according to the scheme in Fig. 6.

Figure 7 illustrates the layout of the support structure used in L-structure experiments, which
consists of a rigid base. The compliant displacements were measured using a system consisting of
a dial indicator with a resolution of 1um, set in a prismatic precision guide. The dial indicator was
positioned along the horizontal segment using a caliper ruler with a resolution of 0.02 mm and a
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Fig. 7. Schematic diagram of the test bench.
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Fig. 8. Details of the experimental apparatus.

course of 600 mm, enabling the position of applied loads to be determined. A digital inclinometer
with a resolution of 0.1° was also used for the leveling measurement system, as well as a port weight
and weights for the application of static loads, and a digital balance with a resolution of 2 grams to
measure the weights, Figs. 7 and 8.

The segments were built of steel with an elastic modulus of E = 2.17e!'! N/m™2 and circular section
with a diameter of 6.1 mm, Fig. 3.

The stiffness of a spherical joint is calculated using k. = diag(k;y, kiy, ki, krx, kry, k,;); While
kix = kiy =kiz =2 % 10'! are the translational stiffnesses and k., kry, ky; = 0 are the rotational
stiffnesses.

The experimental stiffness tests of the L-structure were performed with three loads: 0.750 kg,
1002 kg and 1250 kg, measuring the compliant displacement of the y axis along the horizontal
segment, Figs. 6 and 8.
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Platform

(a) (b)

Fig. 9. (a) Generic configuration of a 6-RSS parallel manipulator; (b) Vectors for modeling the 6-RSS structure.

Table II presents the experimental results. A description of the statistical planning is given in.*>7>3

As can be seen in Table II, the differences between the values obtained by MSA and the
experimental tests are small. The largest error occurred near the fixed end. This was expected due to
the impossibility of obtaining a perfect fixed end and of ensuring that the point where the load was
applied was exactly the same point where the displacement was measured.

These results indicate that the MSA method presented in this work is not only easy to understand,
implement, and standardize but also provides theoretical results that are consistent with experimental
results.

It should also be noted that this example demonstrated the possibility of measuring micrometric
compliant displacements.

5. The 6-RSS Parallel Manipulator

The 6-RSS is a parallel manipulator with six-dof, which has a base and a mobile platform connected
by six RS-SS segments, where the R-joint lies on the Cartesian axes (points b;), two joints per axis,
as shown in Fig. 9(a). The Cartesian system is the base of the structure upon which the actuators are
mounted to reduce dead loads. One extremity of SS-segments is connected to the mobile platform,
which consists of a virtual cube, where the S-joints are tied to the center of its faces. The kinematic
variables are the input angles ¢; (i = 1 fo 6) of the R-joints. The RS- and SS-segments of this structure
have same length [biby| = [b3bs| = [bsbg| = [p1p2| = |p3pal = [pspsl-

Kinematic equations can be obtained by using a suitable analytical procedure with a vector and
matrix formulation.>*> Equations can be written by considering a generic reference frame fixed to
the base (Of, xr, Y, zr) and another to the platform (0y;, x37, Ypr, zar), as illustrated in Fig. 9(b).
The parameters are as follows: ¢; are the generalized coordinates; b; is the position vector of the base
points b; (position of the R-joint at the base), S; and L; are the vectors of the arm and forearm, all
corresponding to the base reference frame, and S; and L; are their lengths; p; is the position vector
of the platform points p; (position of the S-joint of the mobile platform), corresponding to the mobile
reference frame. All the parameters are fori = / t0 6.

From Fig. 9(b), for i = I to 6, one can obtain:

Li=[R] p;+t—bi—Si, ()
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Table II. Compliant displacement in the y direction in response to the application of three different loads along the horizontal segment.

Compliant displacement in the y direction [mm)]

0.750 kg 1,002 kg 1,250 Kg
Average Average Average
experimental experimental experimental
x (mm) 8, (mm) MSA (mm) Error (%) 3, (mm) MSA (mm) Error (%) 8, (mm) MSA (mm) Error (%)
30 —0.004 —0.0040 0 —0.005 —0.0060 20 —0.006 —0.0074 23.33
45 —0.011 —0.0102 7.27 —-0.014 —0.0152 8.57 —0.017 —0.0182 7.06
60 —0.022 —0.0230 4.55 —0.029 —0.0300 3.45 —0.036 —0.0380 5.56
75 —0.037 —0.0364 1.62 —0.049 —0.0496 1.22 —0.061 —0.0618 1.31
90 —0.054 —0.0536 0.7 —0.072 —0.0710 1.39 —0.090 —0.0926 2.89
105 —0.073 —-0.0724 0.82 —0.098 —0.1044 6.53 —0.121 —0.1186 1.98
120 —0.091 —0.0898 1.32 —0.122 —0.1240 1.64 —0.152 —0.1498 1.45
135 —0.107 —0.1114 4.11 —0.143 —0.1406 1.68 —0.179 —0.1764 1.45
150 —0.119 —0.1166 2.02 —0.159 —0.1566 1.51 —0.199 —0.1916 3.72
165 —0.126 —0.1222 3.02 —0.168 —0.1624 3.33 —0.210 —0.2052 229
180 —0.126 —0.1204 4.44 —0.169 —0.1636 3.19 —-0.211 —0.2038 341
195 —0.120 —0.1150 4.17 —0.160 —0.1596 0.25 —0.200 —0.1974 1.30
210 —0.107 —0.1052 1.68 —0.143 —0.1422 0.56 —0.178 —0.1708 4.05
225 —0.088 —0.0836 5 —0.118 —0.1176 0.34 —0.147 —0.1420 3.40
240 —0.066 —0.0640 3.03 —0.088 —0.0812 7.73 —0.110 —0.1074 2.36
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where
bi={bix by b}, )
pi={px Py P}, (10)
Si={Sx Sy S}, (11)
L=l Ly L.}, (12)
S = ISil = (82 + 82, + 82)'”, (13)
Li=ILil= (2 +2 +12)", (14)

nx OX ax
[Rl=[n o a]=|n, o, a,|. (15)
nZ OZ aZ
In Eq. (8), only the lengths L; of the vector L; are known. Thus, one can write:
L= ([R] pi+1—bi—S)’. (16)
Developing Eq. (16), one has:

2pix [(nx[x +nyty +ngt; — neSix —nySiy — nzSiz)]
+2piy [(Oxtx + oyty +0,1; — 0xSix — OySiy - OzSiz)]

+2pi: [(axts + ayty + azt, — a Six — aySiy — a:Siz)| +
+ 2bix [ (Six — tx — Ny pix — 0xPiy — axpiz) ]

+2biy [(Siy — ty — nypix — 0y piy — aypiz) |

+ 2b;, [(S,-Z —t; — N Pix — 0, Piy — azpiz)]

+ (465 +12)+pf +S;+1b;
—2(t:Six+ tySiy +1.5:,) =L} =0 (17)

Equation (17) can be simplified by choosing proper reference frames.>> The reference frames used
here are: (X;, Y3, Z,) at the base, where the origin coincides with point by; and (X, Y, Z,) fixed at
the point p; of the mobile platform, as illustrated in Fig. 9(a). The rotation matrix [R], Eq. (15), can
be given by the Euler angles (rotation ¢, about x, rotation ¢, about y and rotation ¢3 about z), where
s and c are the abbreviation of sine and cosine, respectively:

chrcds —crsd3 s¢
R = s¢is¢rcg3 +cohr15¢s  —sP1sPpasps + cpicps  —spicdy | . (18)
—CO15Prch3 + sP15P3  cP1ShrsP3 + spieds cPicgr

6. Stiffness Analysis of the 6-RSS Parallel Manipulator
In this work, the stiffness model of 6-RSS parallel manipulator using MSA is obtained considering
only the compliance of segments. The arms and forearms are modeled as beams, Fig. 10(a), and the
stiffness of the entire structure is determined according to the elements arranged in the structure,
Fig. 10(b).

The studied structure has the RS-segment and the SS-segment with the same length i.e., Si = Li =
0.3 m;|b1by| = |b3bs| = |bsbs| = |p1p2| = |p3p4l = | pspsl = 0.076 m; the segments are built with

https://doi.org/10.1017/50263574715000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574715000016

Stiffness analysis of multibody systems 2379

Table III. Compliant displacements of node 4 for o} = a0y = a3 = a4 = a5 = ¢ = 0°. Forces are given in (N)
and torques in (Nm).

U 8y (m) 8y (m) 8 (m) ¢ (rad) ¢y (rad) ¢ (rad)

= (10,0,0) MSA  0.002168 —0.000532 —0.000532 0.000857 0.001701 —0.005384
T, =(0,0,0) FEA 0.002173 —0.000534 —0.000534 0.000854 0.001727 —0.005378
F. = (0,10,0) MSA —0.000532 0.002168 —0.000532 —0.005384 0.000857 0.001701

T, =(0,0,0) FEA —0.000534 0.002173 —0.000534 —0.005378 0.000854 0.001727
F. =(0,0,10) MSA —0.000532 —0.000532 0.002168 0.001701 —0.005384 0.000857
T, = (0,0,0) FEA —0.000534 —0.000534 0.002173 0.001727 —0.005378 0.000854
F,

(
(10,10,10) MSA  0.001103 0.001103 0.001103 —0.002826 —0.002826 —0.002826
(0,0,0) FEA 0.001105 0.001105 0.001105 —0.002796 —0.002796 —0.002796

Forearm

(a) (b)

Fig. 10. (a) General arrangement of a 6-RSS parallel manipulator; (b) Nodal points of a 6-RSS parallel
manipulator.

steel with E =2 x 10" Nm™2 and G = 0.8 x 10'" N m™2; and the cross-sectional area is circular
with 0.005 m diameter. The boundary conditions are given by actuators considered as blocked, and
therefore the forearms can be considered fixed in the rotational joints (nodes 1, 7, 8, 13, 14, and 19).
The external force and torque are applied on node 4, which is the center of the end-effector.

As can be seen in Fig. 10(b), the structure has 19 nodes with six-dof at each node. Thus, the system
has 114-dof with an 18 x 12 connectivity matrix. The stiffness matrix of the structure, considering
the boundary conditions (six fixed rotational joints), is a 78 x 78 matrix.*?

To check the analysis made with the MSA method, a model was built using the FEA method with
ANSYS® software. The element used here is a beam divided into 10 parts. The running time to
solve the FEA and MSA methods are similar. The running time means that for the MSA method is
after the kinematics matricial implementation and for the commercial software the structure mesh is
done. The main difference is that the MSA method needs only the kinematic model of the structure
and, for the commercial software is necessary to build the FEA model of the structure at each desired
configuration.

Tables III and IV list the results obtained from the FEA and MSA models. In these tables, F, is
the external force (F, = [Fx, Fy, Fz]) and T, the external torque (7, = [Mx, My, Mz]).

Numerical simulations were made to demonstrate the soundness of the model due to symmetry of
the structure. The results of these simulations are listed in Table III. As can be seen, the compliant
displacements are the same in the direction of the applied forces when the other forces and torques
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Table IV. Compliant displacements of node 4 for o} = 1.5° ap = 5% a3 = 1.5% ag = 3.5% a5 = 3% a6 = 1°.
Forces are given in (N) and torques in (Nm).

U 8y (m) 8y (m) 8 (m) ¢y (rad) @y (rad) . (rad)
F, = (10,000 MSA  0.002366 —0.001190 —0.000391  0.008324  0.002119 —0.005466
; =:(1’((())’,(i)0,0) MSA  —0.000456  0.002302 —0.001196 —0.005218  0.008197  0.002205
E ==(0’(1)’,(())),10) MSA —0.001146 —0.000462  0.002283  0.002089 —0.005136  0.007933
E: ((?6(,)11)),10) MSA  0.000763  0.000650  0.000696  0.005195  0.005179  0.004672
T. = (1,1,1)

—_—

Bolt/Nut ggh

Forearm

Spherical
Jomt

Load

Fig. 11. Experimental stiffness tests of 6-RSS with dial indicator.

are zero, and the compliant displacements are the same when the same forces are applied. Table IV
lists the compliant displacements in a generic configuration of the 6-RSS structure.

A non-actuated prototype of the 6-RSS was built for experimental testing, Fig. 11. The actuators,
which are blocked with bolts and nuts, are used as boundary conditions (nodes 1, 7, 8, 13, 14 and
19), so the rotational joints can be considered fixed.

The first tests were performed with the initial measurement of compliant displacement in only
one direction, using a dial indicator. Three different loads M1 = 0.9935 kg, M2 = 1.2435 kg and
M3 = 1.4915 kg were applied on the center of the platform, at node 4. The acceleration of gravity is
g =9.81 m s—2. These experimental tests were performed with an initial 6-RSS parallel manipulator
configuration of o] = a0y = 3 = a4y = a5 = ag = 0°.

Compliant displacements in the Z; direction, at points 3, 5, 11, and 17 were obtained using a dial
indicator with a resolution of 1x m. Statistical planning was used to determine the required number
of measurements of compliant displacements, whose results are listed in Table V.

The results listed in Table V confirm the validity of the MSA method, which calculated the
compliant displacements in the direction of applied force with an error of less than 9%.

After the experimental tests with the dial indicator, additional measurements were taken with loads
applied at points 10 and 16, Fig. 12(b), and different rotations of revolute joints b1 to b4, Fig. 10(a), to
determine the compliant displacements in the directions X}, Y} and Z;. The compliant displacements
were measured at points 5, 11, and 16 using a Mitutoyo BR-M443 coordinate measuring machine

https://doi.org/10.1017/50263574715000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574715000016

Stiffness analysis of multibody systems 2381

Table V. Compliant displacements of nodes.

Average Standard
Load 8, MSA (mm) experimental (mm) deviation (mm) Error (%)
Node 17
Ml 2.136 1.995 0.047 6.6
M2 2.673 2.696 0.047 0.9
M3 3.206 3.201 0.049 0.16
Node 11
Ml 2.250 2.058 0.030 8.5
M2 2.817 2.736 0.028 2.9
M3 3.378 3.460 0.004 2.4
Node 5
Ml 2.062 1.897 0.015 8
M2 2.581 2.540 0.010 1.7
M3 3.096 3.260 0.012 53
Node 3
Ml 2.062 2.013 0.004 2.4
M2 2.581 2.731 0.009 5.8
M3 3.438 3.663 0.030 6.5

with a resolution of 0.5um, Fig. 12(a). Figure 12(c) shows the 6-RSS structure positioned on the
BR-M443 measuring machine.

Statistical planning was used to determine the required number of measurements of compliant
displacements, whose results are listed in Table VI.

As shown in Table VI, displacements smaller than 1 mm did not yield good results, which can be
explained by the clearance in the spherical joints. Another source of error was the inexact point of
measurement, which is a point in the center of a spherical joint in the MSA model.

The results listed in Tables V and VI confirm the validity of the MSA method.

7. Conclusions
This paper presented a methodology to obtain stiffness matrices for multibody systems using MSA.

The stiffness matrix enables the compliant displacements of a structure such as a mobile platform
to be determined when an external wrench is applied.

The use of this methodology requires knowledge of the kinematic model of the structure and the
stiffness matrices of its elements (segments and joints).

To illustrate the use of the MSA method, a simple structure was chosen which is composed by two
bars and one spherical joint, called an L-structure. The MSA methodology was applied step-by-step
to this structure.

The main advantage of the MSA method to determine the stiffness matrix of a whole structure is
that it does not require Jacobian calculations of the structure, and therefore does not require the use of
differential equations. Another advantage of this method is that it enables the mapping of compliant
displacements for nodes related to different configurations of the structure.

This paper presented practical examples and experimental tests of the use of the MSA method for
obtaining compliant displacements.

The MSA methodology was applied in an L-structure and a 6-RSS parallel structure.

The experimental results obtained for the L-structure (composed of two bars and a spherical joint,
fixed at the extremities) showed that the differences between the values obtained by the MSA and
the experimental tests are negligible. The largest error occurred near the fixed extremity. This was
expected because of the impossibility of obtaining a perfectly fixed extremity and of ensuring that
the point of applied load was exactly the same point where the displacement was measured.

It should also be noted that the experimental results of the L-structure demonstrated the possibility
of measuring small compliant displacements in the order of microns.

To simplify the stiffness model of the 6-RSS parallel structure, only the stiffness of the segments
was considered. Blocked actuators were used as boundary conditions, allowing the rotational joints
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Table VI. Compliant displacements of nodes.

Measurements
Applied loads (kg) MSA (mm) Experimental measurements (mm) Error (%) Rotating joints (°)

node 10 node 16  Node X Y Z X Y Z X Y Z by b, b3 by

0 1,641 5 -0,817 3,782 —0,857 Avg.Exp. —0,684 3,810 —0,701 16,2 -0,7 18,2 0 0 0 0
Std. dev. 0,180 0,121 0,041

1,441 0,598 5 —-2,854  —0,587 1,064  Avg.Exp. —-2919 0,727 1,196 —-23 =237 —124 0 0 0 0
Std. dev. 0,094 0,073 0,119

1,233 0,700 5 —-2,643 —0,551 0,949  Avg.Exp. —2,545 —0,536 1,618 3,7 27 -=70,6 54 6,6 0 0
Std. dev. 0,336 0,059 0,275

1,241 0 11 —2,638 0,892 0,740  Avg.Exp. —2,602 0,303 0,638 1,4 66,0 13,8 0 0 0 0
Std. dev. 0,113 0,052 0,065

1,438 0,601 11 —2,744  —0,280 1,189  Avg.Exp. —2,790 —0,401 1,322 —-1,7 —-434 -—11,1 0 0 0 0
Std. dev. 0,360 0,054 0,067

1,233 0 16 —2,262 0,960 0,342  Avg.Exp. —2,211 0,480 0,607 2,2 50,0 =773 2,1 5 —-6,1 —49
Std. dev. 0,040 0,111 0,223

1,233 0 16 —2,366 0,788 0,761  Avg.Exp. —2,441 0,328 0,365 =32 58,4 52,1 2,1 5 2,3 5,7
Std. dev. 0,036 0,210 0,236

8¢T

swasds Apoqunut fo s1sKpup ssauffig


https://doi.org/10.1017/S0263574715000016

Stiffness analysis of multibody systems 2383

(©)

Fig. 12. (a) Mitutoyo BR-M443 coordinate measuring machine; (b) 6-RSS structure; (c) Experimental stiffness
tests.

to be considered fixed. To evaluate the method, the numerical results were first compared with a built
model and solved using a commercial finite element software program. Experimental tests were then
performed in a single direction, the direction of applied load, using a dial indicator. A coordinate
measuring machine was used to measure the compliant displacements in three directions.

Based on the results obtained with the L-structure and the 6-RSS parallel structure, it can be
stated that the MSA method described in this work is not only easy to understand, implement, and
standardize but also provides results that are consistent with experimental test results.

Furthermore, the methodology can be applied to analyze the stiffness of any multibody system.

The next step in this work will consist of improving the stiffness model of the 6-RSS parallel
manipulator considering the compliance and clearance of spherical joints.
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