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Abstract In this paper we prove, using explicit constructions, that every non-compact
manifold (except, of course, surfaces of finite genus) can be endowed with a non-singular
flow without minimal subset, that is to say: a flow such that each orbit closure contains a
smaller one.

0. Introduction

One of the objectives of the theory of dynamical systems, since its very beginning as a
branch of celestial mechanics, has been to find periodic orbits. When there are none, one
hopes to find at least minimal subset In this paper, we build counter-examples. Of
course, the ambient space has to be non-compact. We show that most of the non-compact
manifolds carry flows without minimal subset.

Let us define what a ‘minimal set’ is in this non-compact frame: a minimal set is a
minimal, closed, non-empty, saturated set; or equivalently, an orbit closure that contains
no smaller one; for example a single orbit which is periodic or properly embedded.

This problem has been somewhat classical since the seventies: Hector provedl that
carries a two-dimensional foliation without minimal subsg it follows immediately
thatR” carries ap-dimensional one, for every > 3 and every 2< p < n — 1. Thus,
attention was called to the case of flows. Schweitzer asked whithearries one, and
more generally if there exists some open manifold with such a fjw Ih a lecture at
Oberwolfach, July 1995, Kuperberg announced an exampR&inThe same year, Inaba
proposed a construction on a surface. The lecture of his preprint was the source of our
interest in the subject.

Let us first recall the list of manifolds on which it is known that every flow does contain
a minimal subset. Compact manifolds, as results from Zorn's lemma. The real line,
obviously. Surfaces of finite genus, becaugedny flow on such a space has a height
of at most three. It means the following: take a leaf closure. If it happens not to be
minimal, take a smaller one. If it happens not to be minimal, take a smaller one. Then this
third one is necessarily minimal.

https://doi.org/10.1017/50143385799126567 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799126567

22 J.-C. Beniere and G. Meigniez

THEOREM. Every non-compact manifold carries a flow without minimal set, except of
course the real line and surfaces of finite genus.

We work in the smooth@*°) category; but on one side our demonstration would also
lead to the same result in th@® category; and on the other side, in dimension two our
construction is in fact real analytic. It can also be noted that our flows have all leaves
proper, although of course none is properly embedded.

The plan of the proof is as follows. In 81, one builds a first flow without minimal
subset on a certain surface. In 82, cut-and-paste operations performed on this surface,
transversely to the flow, give an example on every surface of infinite genus. In 83, we
prove the rest of the theorem by induction on the dimension: examples of dimensitbn
are used to trap orbits of arbitratydimensional Smale flows—much like in Schweitzer’s
counter-example to the so-called Seifert conjecture—and the resultrisdanensional
flow without minimal subset.

ConventionsThroughout this paper manifolds are assumed smooth, connected,
paracompact, Hausdorff; and unless otherwise specified, without boundary. A surface
is a two-dimensional manifold. A flow (or foliation) is a smooth, tangentially orientable,
one-dimensional foliation.

The ends of non-compact manifolds will play a crucial role. Recall that the space of
ends of a locally compact spacé is defined as the inverse limit of the discrete space
mo(X\K) whenthe compact subsEtc X. ForX a non-compact manifold with boundary,
we keep a cautious distinction between, on one side the connected components of the
boundary ofX, and on the other side the ends)of The components dfX are contained
in X; the ends are not.

1. First example of a foliated surface without minimal subset
In this section and the next one, we work in the real analytic differentiability class. Let the
bandB = R x [0, 1] be equipped with the coordinatese R, y € [0, 1] and endowed
with the flowd/dx. It contains thdadder H C B defined byx € Zory =0ory = 1.
One defines a strip-like surface as a 2-manifdleith boundary, endowed with a flow, that
fulfills the following three conditions.
(i) There exists a proper embedding H — S such thati|; is a diffeomorphism of

0B ={0,1} x R ontoas; call h aladder and({n} x [0, 1]) thenth round.
(i)  The flow is tangent t@ S and transverse to every round.
(iii) Every leaf meets infinitely many different rounds.

We can think of (i) and (ii) as meaning th&tis obtained fromB by adding handles
and ends and modifying the flow, but only in the complementdfFigure 1). The third
condition allows some control on the global dynamics.

Call a map between strip-like surfaces,: S — §’, centrifugalif it is a proper,
foliation-preserving embedding ¢finto the interior ofS’ (thus¢ (S) is a saturated subset
of the interior ofS’) such that each leaf i (S) accumulates oAS’ (in particular,g is not
proper as a map into the whole 8. Consequently (S) does not intersect any minimal
subset ofS’.
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FIGURE 1.

We shall build an infinite sequence of centrifugal embeddings of strip-like surfaces:

Mo ﬂ; M7 ﬂl) cee
It follows immediately that the direct limidM is a foliated surface without boundary and
without minimal subset.
Let Mg = B. To make a strip-like surfac&; that admits a centrifugal embedding of
My, fix a diffeomorphismy of the interval[0, 1] such thatf (y) > y forevery0O< y <1
and, say,f(1/3) > 2/3. Choose points;'s, i € Z, such that:

fP7Y2/3) < agp-1 < azp < fP(1/3).

In other words the intervaldaz,, azp11[ are disjoint, andlazp, azp1[ contains
[fP(1/3), fP(2/3)]. Make sure that no two different pointg, a; are on the same orbit
of f. This is certainly true for a generic choice of tés. Finally, choose two sequences
(xp), (x},), wherep describe<Z, such that, < 0 < x,, andx, — +oo whenp — +oo
andx), — —oo whenp — =oo. To make things clearer, choasg, x), notinZ.

For everyp, let the transverse compact segméntC B be defined by = x, and
azp <y < azpy1 and let the transverse compact segm!gnt B be defined by = x},
andf(azp) <y < f(azp+1). See Figure 2.

Perform the following cut-and-paste operations: for eactihe bandB is incised along
segmentd, andI;,; the left lip of I, and the right lip ofII/, are pasted by identifying every

point (x,, y) belonging to the interior of , to (x;,, f)) e 11/,; the right lip of 7, and the
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left lip of 7, are taken off the surface, as well as the extremities,cdnd 7,. Note that
from a topological viewpoint this is like adding infinitely many handles and an isolated flat
end. LetM; be the resulting foliated surface.

Obviously the natural embedding &f makesM; verify (i) and (ii). To prove (iii),
regard the flow on/1 as a discontinuous flow oR, which coincides withh/dx, except
when it hits some segmen} or I]’,. Let us see in detail what happens then. Gety) be
the hit point. Keeping to the ideas that we follow the flow downstream:

e if (x,y) € I, and is interior tol,, in other wordsy = x, andaz, < y < azp41,
then you jump tdx,,, f(y)) € I, and continue;

e if (x,y) € I, and is extremal, in other words= x, andy = azj, or az,,1, then
you stop;

° if (x, y) € I, then you stop.

The reverse flow has symmetric properties: hitting interior poinr%cmﬁakes you jump
to I,; hitting extremal points 0!1;7 and all points off, makes you stop.

LetL C M1 be aleaf. Is it possible that its positive end be an extremity of shysay
(xp, a;), and that its negative end be an extremity of sd;}qeay &, f(a;))? No, because
a; anda; would be in the same orbit of, but would be different since; > f(a;). Thus,
we may and do assume thiatloes not end at the extremity of any, the other case being
symmetric and left to the reader. Folldwdownstream. There are three cases.

e  The positive end ot is some pointx,, yo) € I,. ThenL must contain the halfline
y=y0,x < x;, and meet thath round for every: < x;.

. The leafL jumps infinitely many times. Sincg”(y) — 1 asn — o0, it follows
that L accumulates on the upper componend &f;. ThusL meets every round.

° The leafL is positively complete and jumps finitely many times. After some point
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(x0, y0), it just follows the flowd/dx. It contains the halfling = yo, x > xo, and
therefore meets theth round for every: > xo. ThusM; does fulfill condition (iii).
For everyy € [1/3, 2/3], sincef"(y) tends to 1 fom — +o0, it follows that the left
through (Q y) accumulates o8M;. Thus we have a centrifugal embedding:

$o:B — My:(x,y) > (0,y/2+1/3) + x,

where(p, t) — p + t denotes the flow o1 considered as an action of the real numbers
(Figure 2).
By induction, given a strip-like surfack, build a larger onéf;_1 by taking¢o(Mo)
off M1 and pastingW; in place of it. More precisely, fix an & ¢ < 1/2 and partitionB
into rectangles.

Ap=(Qn—e,n+¢[) x[0,1], C,=[n+en+1-¢€]x]O0,1].

Let A (respectivelyC) be the union of thet,,’s (respectivelyC,’s).

Changing if necessargo(x, y) to ¢o(u(x,y),y), we can make eackho(C,) be
contained in the region af/1 defined byn < x < n + 1. Then the following properties
are obvious (Figure 2):

(a) therestrictiorRpo|c is proper;
(b)  ¢o(C) does not meet the ladder ofy;
(¢) ¢o(A,) meets the zeroth round, for everye Z.

Obviously the ladder oM extends to a foliation-preserving embedding 0A) —
(My., OMy,), still denotedh. Let

Mipa =M [ [ (M1\¢o(C))
¢Ooh’1

be the sum of\f; and M1\¢o(C) above the diffeomorphismig o =1 : h(A) — ¢o(A).
Let

ok My — Myy1 and y : Mi\go(C) — My

be the canonical embeddings.

From (@), it follows thatM; 1 is a foliated manifold with boundary. Now we prove
M1 is strip-like. (b) implies that the ladder af1 followed by v fulfills conditions (i)
and (ii). To verify (iii), let Ly+1 be any leaf inMy,1. EitherLg+1 = ¥ (L1) for some leaf
L1 C M1, 0r Lyy1 = ¢x(Ly) for some leafL; C M.

. In the first case, sincé; meets infinitely many rounds @1, it follows that L1
also meets infinitely many rounds fj 1.

. In the second case, for infinitely manis, L; meets theith round ofMy. In other
words,h~1(L;) contains a leaf of4,,, sayL) = In — e, n + €[ x{y,}. Obviously,
in M, the sequence of segmemig(L,,) accumulates on at least one component of
dM1. Applying ¥, one gets thal,; accumulates on at least one component of
dM;+1. In other wordsgy is centrifugal. In particularL;1 meets every round of
Mi+1: condition (iii) is verified. The construction @ is achieved.
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2. The general surface case
First recall the classification of 2-manifold8]] each surfaces has a finite or infinite
genus GS), is orientable {) or not (—), and has a space of end&SE which is compact,
metrizable and totally disconnected. This space contains the open subsg&t @E(
orientable ends, containing itself and the open subsés F&f flat ends. IfS is orientable
then OKS) = E(S). Also, &(S) < oo if and only if FE(S) = E(S). Conversely, any
quintuple (G,+, E, OE, FE) as above characterizes, up to diffeomorphism, a unique
surface. To be short, call (G}, &, E(S), OE(S), FE(S)) the topological characters of
S. We endows = S U E(S) with the usual topology.

Let X be a surface of infinite genus. To get the wanted flowkXowe shall start from
the foliated surfacé/ built in 81 and apply successive cut-and-paste operations to give it
the same topological charactersXs

These operations will be of the following type. L&te a surface whose ends are all
orientable, endowed with a flow; and |IetC S be a transverse properly embedded one-
dimensional manifold with boundary, whose connected comporigrdse compact. In
other words/, is a locally finite set of transverse disjoint compact segmentsp lbet the
finite or infinite number of the,’s. We shall be interested in the cages- 2 andp = oc.

Choose a tangential orientation for the flow, thus evgritas an upstream side and a
downstream side; choose an oriented connected opdh setS containing/ and whose
complemenS\U is compact. Choose a proper embeddiraf (Z/ pZ) x [0, 1] (if p < o0)
orZ x [0, 1] (if p = o0) into S, whose image id, and that gives each, the tangential
orientation which is compatible with those of the flow andof

Incise S along every segment; take off the endpoints; a new foliated suface-
CP(S, I, +) is obtained by pasting the upstream lip of every segment to the downstream
lip of the next one, using the obvious diffeomorphightn, ) — ¢@m + 1,7). In
the same way defin8 = CP(S, I, —) using the orientation-reversing diffeomorphism
d(n,t) = p(n+1,—t).

What are the characters 81 ? It is obvious that GS,) = G(S) + p; thats’, has the
same orientability a$; and thatS’ is not orientable. What about the ends?

If p < oo, then EE’,) equals E) plus two isolated flat orientable ends; andSE(
equals Eg) plus one or two isolated flat orientable ends, depending on the parity of

If on the contraryp = oo, let A = E(S) N I be the limit set of/. Then EC,) is
homeomorphic to the spacef(quotiented by the relation that identifies all points/of
to one single point. This end is non-flat; it is orientableAffs contained in OEY). In the
same way, E{’ ) equals E§) quotiented by the relation that identifies all points/ofo
one single point. This end is non-flat and non-orientable. The flathess and orientability of
the other ends have not changed.

In particular the surface$, do not depend, up to diffeomorphism, on the choices of the
orientations, nor on the choices@f ¢.

Now we set a frame in which applying the above cut-and-paste operations will keep the
foliation without minimal subset.

Definitions.Let V be a manifold (of any dimension) endowed with a flow. Call a subset
uniformif it meets every neighborhood of every ends@paratrixis a properly embedded
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half leaf. Anon-separatrixs a leaf no half of which is properly embedded. Recall that a
leaf iswanderingif it meets the interior of a transverse codimension one ball that meets
every leaf at most once. Let WNB) C V be the interior of the set of wandering non-
separatrices. The flow i8andering enougif WNS(V) is uniforminV.

Coming back to dimension two, if a foliated surfaSeis wandering enough, then
WNS(S) contains a locally finite, uniform set of transverse compact segmentsuch
that every leaf meets at most one of them, and at most once—ca#dtraissible segments
system

Assume the foliated manifold is both wandering enough and without minimal subset,
and/ is contained in an admissible segments system. Then the induced fléy @n
obviously also wandering enough. Also, since our cut-and-paste operation has support
in WNS(S), since it permutes half leaves without changing their limit set, and since this
limit set is non-empty and contained in the complemeWsIS(S), it follows thatS’, also
contains no minimal subset.

We shall obtainX as the last of five successive foliated surfaces, all without minimal
set, all wandering enough. All but maybe the last one will have only orientable ends.

First step: back to the surface M d1. To understand its topology, considéf;. It is
orientable and has infinite genus. To every couple of segme,ntsg,() corresponds an end
e, of My, which is isolated in E¥/1) and flat. Also, to the two ends d corresponds a
single ences, in M1. Itis not flat. The sequenasg, tends toe,, asp — +oo. It follows
easily thatM is also orientable; every end @f, but one, corresponds to some couple
(Ip, I;,) in someM;, and thus is flat, orientable and isolated.

Let us choose the;’'s more carefully than in 81, to make sure is wandering enough.
Letn > 0 be so small thatf(1/3 — n) > 2/3 + n. If the a;’s are taken such that
lazp, azp4al containg] f7(1/3 — n), f¥(2/3 + n)] then in M the leaf through (Oy) is,
forevery fP(1/3—n) <y < fP(1/3), a wandering non-separatrix. All are disjoint from
Mo, and they accumulate, whentends tof?(1/3), on the end of\/; associated to the
segments,,, 1;,. ThusM is wandering enough.

Second step: fixing the orientabilitif. X is orientable, seM’ = M. If not, choose
in M an admissible segments system; pick up two of thég A1; and letM' =
CP(M, AgU A1, —). Thus in all cased/’ has the same orientability a&

Third step: identifying endd.et A’ be an admissible segments systemMn. Thus
M" = CP(M’, A’, +) has the same orientability &and only one end, which is of course
non-flat.

Fourth step: fixing the space of endset A” be an admissible segments systenmf.
Fix in E(X) a non-flat poinkg. Since any compact metrizable totally discontinuous space
is embeddable into the interval, it is easy to find a topological embeddirf X) — M”
(recall thatS = S U E(S)) such thath(eg) is the unique end of” and such that
h(E(X)\{eg}) is contained im”.

ObviouslyM” = M"\h(E(X)\{eo}) is a surface with the same orientability Esand
there is a homeomorphisi: E(X) — E(M"”). All its ends are flat, except(eg).
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Fifth step: fixing the flatness of the endst A” be an admissible segment system for
M". Since theA}”’s are uniform inM"”’, we can extract a subfamily whose accumulation
set in EQ4"’) coincides with EM"")\h(FE(X)). After reindexing these segments, we
have a two-parameter family{j.f/j, i, j € N, such that for every fixeg the sequence
A;”] converges, when — +oo, to some end; € E(M")\h(FE(X)); and such that the
sequence of these limit ends) is dense in EM"")\h(FE(X)). For each fixedi, perform
the cut-and-paste operation @P(’, {A; j};en. +) to get a surface”” with the same
orientability asX, such that there is a homeomorphigm (E(X) — E(M"")) carrying
FE(X) onto FE(M"").

Sixth step: fixing the orientability of the endBhe same as the fifth step, but chamg€
to M, FE to OE and CPR(-, +) to CP(, -, —). You get a surfacé/”” with the same
characters a¥, therefore diffeomorphic tX.

3. The higher-dimensional case

In this third section we show that every non-compact manifdlbf dimensionn > 3
carries a flowF,; without minimal set. In fact, an induction enwill prove thatM carries
awandering enougHow without minimal set (see §2).

Since M is hon-compact, it admits a non-singular flow. Embedding infinitely many
Wilson’s plugs B] changes it to a Smale flow, i.e. the limit set is a locally finite uniform
union of periodic orbits”y, and every other orbit accumulates on at least one of them.

Now build a transverse hypersurfafez M that meets every leaf. To this end, as usual
choose for each, a transverse, embedded, £ 1)-dimensional compact bally, ¢ M
that meet<y in its centercy, and is otherwise disjoint from th&,’s. We shall join them
together to make a connected hypersurfacéut we must take some care because we
want every component &fT to be a compact(— 2)-ball. For every pair of neighbouring
balls Ty, T¢, from their union release two balls, that i®& 1 x S°; then on the boundary
S"2x S paste @" 3 x B! transverse to the flow (see Figure 3). Get a connected manifold
T whose boundaryT is a union of compact(— 2)-spheres7;.

In casen = 3, we can make sure th@thas infinite genus by adding a handle minus a
disk to everyly (see Figure 3).

Let N be the ¢ — 1)-manifold without boundary you get by pasting:a{ 1)-ball B; on
eachdT;. By induction,N carries a wandering enough flafy without minimal subset.

It is not difficult to extract from WNS¥) an open saturated subset which is uniform in
N, and such that its complementy = N\Qy is also uniform inN. Notice that every

leaf closure meeta y. Since bothA y andQy are uniform, applying if necessary #y

an isotopy ofN we can assume that evefy belongs toA y and thatAy C T. Here we

use this lemma: in a manifold, two disjoint discrete subsets can be sent into two disjoint
uniform subsets by some isotopy. The details are left to the reader.

Form a plug as follows. Endow the produet= T x [—1, +1] with coordinatey € T
ands € [—1, +1]. Let Xy be any integrable non-singular vector field tangentia Let
x : T x [—1,1] — [0, 1] be a smooth function such that2(1) = Ay x {1/2} and that
x(p,—s) = —x(p, s), and thaty = 0 on a neighborhood &f(T x [—1, 1]). Define two
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FIGURE 3.

vector fields inP: the vertical oné/p = 9/ds and
Xp=xXy+@Q-x)Vp.

Obviously X p is smooth; it coincides witlVp on a neighborhood of P; and there are
two foliation-preserving embeddings

AN = Ap = Ay x {—%,-i-%} tp = (p, i%)-

Exactly as in Schweitzer's plud], the dynamics o p result easily from its definition.
For everyp € Ay, the half leaf throughg, —1) is trapped inP, it does not meeT’ x {1}.
Every half leaf trapped ilP accumulates o\ p. For everyp € T\Ay, the half left
through (p, —1) is not trapped inP, and quitsP on the opposite pointy, 1) [Wilson’s
matching ends property].

We now modifyS in a neighborhood of". Obviously there is a proper embedding
¢ : P — M such thay(p, 0) = p and¢,Vp = S. ChangeS to ¢, Vp = S. ChangeS to
¢« Xp in ¢(P), to get onM a new flowF,,. DenoteAy = ¢ (Ap).

We claim that the closure of every half lelafof 7y, meetsA .

This is certainly true ifL is trapped inp (P). For example, denotg; the left of Fy,
that coincide withCy outside¢ (P). Sincec, € Ay, the leafL; is trapped inp (P) and
accumulates o y;.

If L is not trapped, then because of Wilson’s matching ends propertgincides
outside¢ (P) with a half leaf of S, sayL’. SinceS is a Smale flow,L’ accumulates
on someCy, thusL accumulates oy, thus onA y,.

From the claim follow easily the demanded propertiesA@r: on one side, sincé&y
had no minimal subset\ y does not contain any, thusp does not either, thug,, does
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not either; on the other side, obvioushA A y; is wandering and contains no separatrix, so
Fu is wandering enough.

Acknowledgement.We thank Gilbert Hector for calling our attention to the question of
flows without minimal subsets.
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