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Localization operators on discrete Orlicz
modulation spaces

Aparajita Dasgupta® and Anirudha Poria

Abstract. In this article, we introduce Orlicz spaces on Z" x T" and Orlicz modulation spaces on
Z", and study inclusion relations, convolution relations, and duality of these spaces. We show that
the Orlicz modulation space M®(Z") is close to the modulation space M?(Z") for some particular
Young function ®. Then, we study localization operators on Z". In particular, using appropriate classes
for symbols, we prove that these operators are bounded on Orlicz modulation spaces on Z", compact
and in the Schatten-von Neumann classes.

1 Introduction

Operators that localize in time and frequency serve as an important mathematical
instrument for examining functions across different areas on the time-frequency
plane. These can be considered transformations that alter a function’s characteristics
in both time and frequency domains, resulting in a reconstructed filtered signal.
Daubechies in [9-11] and Ramanathan and Topiwala in [23] introduced the time-
frequency localization operators, and these operators were extensively investigated in
[16, 28, 30]. This category of operators is found across diverse fields of both applied and
pure mathematics and has attracted the attention of numerous researchers. Recog-
nized as a significant novel mathematical instrument, localization operators have been
widely applied in areas, such as differential equations theory, signal processing, time-
frequency analysis, and quantum mechanics (see [6,12,13,18, 23,30]). These operators
are also referred to as Gabor multipliers, anti-Wick operators, Toeplitz operators, or
wave packets (see [2, 7, 13, 16]). For an in-depth exploration of localization operators
theory, we direct readers to the series of papers authored by Wong [3, 20, 29, 31,
32], and the book of Wong [30]. In this article, our aim is to explore the localization
operators on Orlicz modulation spaces on Z".

Localization operators have been characterized through the Schrodinger repre-
sentation and the short-time Fourier transform (STFT), indicating their study as
components of time—frequency analysis. To gain a deeper insight into these operators,
modulation spaces serve as suitable function spaces, given their connection with the
STFT. Introduced by Feichtinger in [14], modulation spaces constitute a family of
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spaces for functions and distributions. Since then, the theory of these spaces has been
expanded in various ways (see [18]). The concept of modulation spaces was extended
and investigated using Orlicz spaces and mixed-norm Orlicz spaces in [25]. Orlicz
spaces are important types of Banach function spaces that are considered in math-
ematical analysis. These spaces naturally generalize L?-spaces and contain certain
Sobolev spaces as subspaces. Orlicz spaces appear in various computations, such as
the Zygmund space Llog" L, which is a Banach space related to Hardy-Littlewood
maximal functions. Like many other function spaces, there has been a recent interest
in the case of Orlicz modulation spaces. Such spaces are obtained by imposing Orlicz
norm estimates on the STFTs of the involved functions and distributions. Since the
family of Orlicz spaces contains all Lebesgue spaces, the family of Orlicz modulation
spaces contains all classical modulation spaces. In particular, the Orlicz modulation
spaces are a subfamily of broader classes of modulation spaces. For a detailed study
on comparisons of the existing modulation spaces and Orlicz modulation spaces,
we refer to [19]. Some recent investigations on Orlicz modulation spaces can be
found in [25, 27]. In this article, we introduce Orlicz spaces on Z" x T”, and Orlicz
modulation spaces on Z", and study inclusion relations, convolution relations, and
duality properties of these spaces. Moreover, we prove that the Orlicz modulation
space M®(Z") is close to the modulation space M?(Z") for some particular Young
function .

Given that localization operators fall within the category of pseudo-differential
operators, recent research on pseudo-differential operators on Z" (see [5]) and AZ"
(see [4]) has inspired us to investigate the localization operator on Z". Also, our recent
works on localization operators on discrete modulation spaces established a strong
connection between the theory of pseudo-differential operators and localization
operators on Z" (see [8]). In this article, our main aim is to introduce the Orlicz
modulation space on Z" using the STFT on Z" x T". Then, using suitable conditions
on symbols and windows, we show that the localization operators are bounded on
Orlicz modulation spaces on Z", compact and in the Schatten-von Neumann class.

In the exploration of the localization operator on Z", an important question
emerges regarding the appropriate types of spaces to be used for the symbol. For the
localization operator on R”, the symbol is represented by a function on R” x R”.
Recent studies on pseudo-differential operators on topological groups G indicate that
the ideal phase space for operation is G x G, with G being the dual group of G (see
[22]). Given that the dual group of R" is identical to R" itself, the phase space for
defining symbols is thus R” x R". In the case of the group Z", its dual group is T",
making the phase space Z" x T". In our article, we consider the symbol as a function
defined on Z" x T" and focus our investigation on the localization operator on Z".

This article is organized as follows. In Section 2, we recall some basic facts on
the STFT and Orlicz spaces. Also, we study the mixed Orlicz spaces on Z" x T"
parameterized with two (quasi-)Young functions. In Section 3, we introduce the
Orlicz modulation spaces on Z", and study inclusion relations, convolution relations,
and duality properties of these spaces. Then, we show that the Orlicz modulation
space M®(Z") is close to the modulation space M?(Z") for some particular Young
function @. Finally, in Section 4, using suitable modulation spaces, Lebesgue spaces,
or mixed Orlicz spaces on Z" x T" as appropriate classes for symbols, we study the
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localization operator on Z" and show that these operators are bounded on Orlicz
modulation spaces on Z", compact and in the Schatten-von Neumann class.

2 Preliminaries

In this section, we recall some necessary definitions and results related to the STFT
and Orlicz spaces. Let us start with some basic definitions.

Definition 2.1 Let1< p < oo.
(1)  We define ¢ (Z") to be the set of all measurable functions F on Z" such that

Ff, gy = ¥ IF(R)IP < oo
keZn
(2) We define LP(T") to be the set of all measurable functions f on T" for which

p _
HfHLp(Tn) = ,[]1‘" |f(W)|p dw < oo.
(3) The Fourier transform F7,: F of F € ¢*(Z") is the function on T", and defined by

(FzF) (w) = > e ™ " F(k), weT".
keZ"

(4) Let f be a function on T". The Fourier transform Fp« f of f is the function on
Z", and defined by

(Fro f) (K) = fT TRV £ dw, ke 7N,

(5) The space of all measurable functions H on Z" x T" such that

IH epey = X [ IHOe W) dw < o0
keZn

is denoted by L? (Z" x T").

Notice that, Fzn = F5h = Fi., and for Fe *(Z"), |1F 20 Fl 12wy = | Fll2(zm)-
Moreover, Fzn : £*(Z") — L*(T") is a surjective isomorphism.

Next, we define the Schwartz space 8 (Z") on Z" to be the space of rapidly
decreasing functions g : Z" — C. That is, g € S (Z") if for any M < oo, there exists
a constant Cg, » for which

lg(k)| < Com(1+ k)™, forall k e Z".
For j e Ny = NuU {0}, we define the seminorms p;(g) := sup (1 + |k|)/|g(k)|. Then,
keZn

the topology on 8 (Z") is given by seminorms p;. Also, we define the space of
tempered distributions 8’ (Z") to be the space of all continuous linear functionals
on 8 (Z").

Now, we define the STFT on Z" x T". Let f € (*(Z"), and fix k € Z", w € T".
For m € Z", we define the translation operator Ty by Ty f(m) = f(m — k) and the
modulation operator M,, by M,, f(m) = e*™ ™ f(m). For a fixed window function
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g €8(Z"), we define the STFT of a function f € 8’ (Z") with respect to g to be the
function on Z" x T" given by

Vef (m,w) = (f, My Tng) = kZan (k)M,, Tng(k) = kZZn F(k)g(k —mye ™k,

Let g(k) = g(=k), for k € Z". Using the convolution on Z", we write V, f as

Vof(m,w) = e ™™ (f * M, ) (m).
The STFT on Z" x T" satisfies the following properties (see [8]).

Proposition 2.2
(1) Forany fi, f2, g1, g2 € C(Z1),
6 (VerSoo VeuL2) 2 oy = (oo o)z (82 812z

(2) Letge*(Z"). Forany f € {*(Z"), we have

@ [Vefll i2amrny = 1 flaqy lelagn-
(3) Letg,he*(Z") and (g, h)p(zny # 0. For any f € (*(Z"), we have
1
TN V, ,w) My, Typh dw.
(h,g) Z /Tn of (m,w) w

L2(Z") meZn

f=

Next, we define the Orlicz spaces on Z" x T". We first need to define the convex
function. A function @ : [0, c0] — [0, oo] is called convex if

@ (xiy1 + x292) <1 @ (y1) + 2D (2)

where x;, y; € R satisfy x;, y; 2 0 for j=1,2and x; + x = L.
We recall the definition of the Young function and quasi- Young function (see [19]).

Definition 2.3

(1) Afunction® : [0, 00] — [0, co] is called a Young function if @ is convex, ©(0) =
0 and tlim D(t) = O(o0) = oo.

(2) A function @ : [0, 00] — [0, 00] is called a quasi-Young function of order p €
(0,1] if there is a Young function @ such that @y (¢) = @ (¢*), where f € [0, co].

Now, we recall the definition of the continuous and discrete Orlicz spaces (see
[19, 21)).

Definition 2.4  Let ® be a (quasi-)Young function.

(1) 'The continuous Orlicz space L®(R") consists of all measurable functions f :
R" — C such that

HfHL“’(]R") = inf{b >0: fRn ) (|f(;)|) dx < 1} < 0.
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(2) The discrete Orlicz space £®(Z") consists of all measurable functions F : Z" —
C such that

”F”gm(zn) = inf{b >0: Z (‘D(|F(bk)|) < 1} < 00.

kezZn

Note that, if ®(t) := t? for some p > 1, then L*(R") = L?(R"), the Lebesgue
spaces of p the integrable functions on R”. Hence, the continuous Orlicz spaces are the
generalization of the Lebesgue spaces. Also, note that, if ®(t) = ¢# for some p > 1, then
we get (P (Z") = (P(Z"). Therefore, the discrete Orlicz spaces are the generalization
of £P(Z") spaces. Next, we will define Orlicz spaces on Z" x T" parameterized with
two (quasi-) Young functions.

Definition 2.5 Let ®; and @, be two (quasi-) Young functions.

(1) 'The mixed Orlicz space L*®2(Z" x T") consists of all measurable functions
F:Z" xT" - C such that

||F||L“’1""2(Z"><T") =R HL“’z(T") < 00,
where
F(w)=|F(, W)Hzol(zn) .

(2) 'The mixed Orlicz space L®1®2(Z" x T") consists of all measurable functions
F:Z" xT" - C such that

HFHLTI'“’Z (ZnxTr) = HGHL‘DZ'“’I(T"XZ") < 00,
where

G(w,m)=F(m,w), meZ", weT".

In this article, we mainly assume that @, ®,, and ®, above are Young functions.

3 Orlicz modulation spaces on Z"

In this section, we define and study Orlicz modulation spaces on Z". Modulation
spaces were first introduced by Feichtinger in [14, 15]. To define discrete Orlicz
modulation spaces, it is essential to revisit the concept of modulation spaces defined
on Z" (see [8]).

Definition 3.1 Let 1< p<oo and ge 8(Z"). We define the modulation space

MP(Z") to be the space of all tempered distributions f € 8'(Z") for which
Vg f € LP(Z" x T"). The norm on M*(Z") is

1/p
wang(m,w)V’dw) < o0,

mezZ"

ftr 2oy = 1 Ve Lo metry = (

with the usual adjustments if p is infinite.
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We have the following inclusions:
S(Z")  MU(Z") € MX(Z") = (Z") € M (Z") < 8/(Z").

In particular, MP (Z") — ¢P(Z" ) for1< p < 2,and ¢P(Z") - MP(Z" ) for2 < p < oo.
Moreover, for p < oo, (MP(Z")) = MP'(Z"), where p' is the conjugate exponent of
p- We have similar inclusion relations for modulation spaces on Z" x T", which can
be derived by employing techniques similar to those used in the study of modula-
tion spaces on locally compact abelian groups (see [, 14]). For more information
on the properties and applications of modulation spaces, we refer to the book by
Grochenig [18].

Definition 3.2 Fix a nonzero window g € §(Z"),and 0 < p, g < oo. Let ® and ¥ be
(quasi-)Young functions.

(1) The discrete modulation space MP9(Z") is the set of all f € 8'(Z") such that
(3) HfHMP’q(Z") = vaf”Lp,q(ZnX’H‘n) < 0o.
The topology of M?4(Z") is induced by the norm (3).

(2) 'The discrete Orlicz modulation spaces M®(Z"), M®>¥(Z"), and W®¥(Z")
are the sets of all f € 8'(Z") such that

(4)

| fllaae 2y = ” ngHL“’(Z"xTn) <o, | flmorean = ” ng”L“”"'(Z"XT") <o
and
(5) If weow (zny = vaf”Lf""(Z“x’]I‘") < 00,

respectively. The topologies of M®(Z"), M®¥(Z"), and W®¥(Z") are
induced by the respective norms in (4) and (5).

Note that the definitions of the discrete Orlicz modulation spaces are independent
of the choice of the window function g € $(Z"). In addition, the difference between
the spaces M® ¥ (Z") and W®¥(Z") is in terms of their topological differences. The
topology of M®¥ (Z") is induced by the mixed Orlicz space L®*¥ (Z" x T") norm,
whereas the topology of W®¥ (Z") is induced by the mixed Orlicz space L>¥ (Z" x
T") norm.

Next, we present some basic properties of discrete Orlicz modulation spaces. For
some recent investigations of Orlicz modulation spaces, we refer to [19, 27]. We use g
as the conjugate exponent of p to define the dual space for a Lebesgue space. Similar
to the theory of Lebesgue spaces, we can define the complementary function as a
counterpart to the conjugate exponent. Also, in the theory of Orlicz spaces, the Young
functions are classified using their growth properties. In particular, the A,-condition
plays an important role in defining the dual space of an Orlicz space (see [25]).
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Definition 3.3

(1) (Complementary function) Let ¥ : R - R* be defined by ¥(y) = sup{x|y| -
O(x);x > 0}. Then, ¥ is called the complementary function to the Young
function ©.

(2) (Az-condition) A Young function ®@ : R - R* is said to satisfy the A,-condition,
if there exists a constant C > 0 and x¢ € R, such that ®(2x) < CO(x) for all
x > x¢ > 0. The Young function @ is said to satisfy local A,-condition, if there
are constants > 0 and C > 0 such that ®(2x) < C®(x) holds when x € [0, r].

Next, we give a characterization of the dual space to the Orlicz space on Z" x T".
If (O, V) is a complementary Young pair and @ satisfies a local A,-condition, then
(L® (R”))* is isometrically isomorphic to LY (R"). Similarly, we can show that
(€‘D (Z”))* is isometrically isomorphic to £* (Z"). Let (®;,¥;) be complementary
Young pairs which satisfy local A,-condition and are strictly convex for i = 1, 2. Then,
(L®®2(Z" x T"))" is isometrically isomorphic to L"¥2(Z" x T"). The proofs of
these properties can be obtained using a similar method as in [24].

Let (®;,¥;) be complementary Young pairs for i = 1,2. If f € {*'(Z") and g €
(Y1(Z™M), then we have the following Holder’s inequality for the Orlicz spaces:

(6) Ifgleaczny < 1 fleorznylgllen zmy-

In addition, if we assume that @, satisfies a local A,-condition, then for F €
L®®2(Z" x T") and G € LY»¥2(Z" x T"), we have the following Hélder’s inequality
for the Orlicz spaces:

7) IFG p1(znxrny < [ELore: znxrn) [ Gllowws nrn).-

The proofs of inequalities (6) and (7) can be obtained using a similar method as
in [24]. If @ is continuous, then the Schwartz class 8(Z") is embedded into the
Orlicz space ¢®(Z"). Also, if the complementary function ¥ is continuous then the
functions in the Orlicz space define tempered distributions on Z". More precisely, let
(®;,¥;) be complementary Young pairs and @; be continuous for i = 1,2, then we
have the following inclusions:

8(Z") c £®(z") c 8'(Z"),
if ¥ is continuous. Also,
S(Z" x T") c L®®2(Z" x T") c 8'(Z" x T"),

if ¥, and ¥, are continuous. If ®; and @, are (quasi-)Young functions, then
L®®2(Z" x T") is translation invariant, which leads to the fact that M®-®2(Z")

is translation and modulation invariant (see [27]). Using the fact that (E(D(Z")yr

is isometrically isomorphic to £*(Z"), we can extend the convolution relation
N(Z™) % 0P (Z") c £P(Z") to the Orlicz spaces. Here, we present the following
convolution relations.
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Proposition 3.4

(1) If FeLY(Z" xT"), GeL®®(Z" xT"), ®; satisfy local A,-condition and
strictly convex Young functions for i = 1,2, then
(8) IE * Gl poros (znxrny < [Flpi@oxrny [Gllones (znsy-

(2) IfFeLY(Z"xT"), G e L*(Z" x T") and ® satisfies a local A,-condition, then

9) HF * GHL“’(Z"XT") < HF“LI(ZnX'[[‘n) ”G”L(D(an’]l‘n).

Proof (1) Let (®;,¥;) be complementary Young pairs which satisfy local
A,-condition and are strictly convex for i=1,2. Then, (L‘DI"DZ(Z” xT”))* is
isometrically isomorphic to LY>¥(Z" x T").If G € L*»®2(Z" x T"), then T(; )G €
L®®(Z" x T") and | T(1,x) G| por02 (znxcrny = |Gl pe1.02 (znscrny- Let H € LYY (27 x
T"). Using Holder’s inequality (7), we obtain

(F=G,H)=| > f F* G(m,w) H(m,w) dw‘

mezn JT"

<3 f (Zf G(m =1, w—x)| |F(l,x)|dx)|H(m,w)|dw
mezn 4 T" \jegn JT"

=3 [ ( > / |T(1,5)G(m, w)| |H(m,w)|dw) |F(L,x)| dx
1ezn YT \mezn JT"

< Q)T Glliowes oty Hlmws ey d
lezn

= HGHL‘I’»%(ZWT") HHHL‘*'I»‘Pz(Z"xT”) Z / |F(1,x)| dx

1ezn JT"
= |Fllizexrny |Gl ovor znwrny [Hl prves (znsern)-
By duality, we get

HF * GHL“’I""Z(Z"x'Jl‘") = sup{|(F * G’H>| : HH”L"’I""Z(Z"XT“) < 1}
< IE s q@nxrny [GlLove: @znrn)-

(2) The proof follows similarly as in the first part of the proof by choosing
D, = D, = O. ™

Now, we study a few properties of the discrete Orlicz modulation spaces. Note that,
the definitions of these spaces are independent of the choice of the window function
g Also, if the Young function satisfies a local A,-condition, these spaces are Banach
spaces. Moreover, if the Young functions are also strictly convex, then the mixed-
norm discrete Orlicz modulation spaces are Banach spaces (see [25, Theorems 6
and 7]).

Theorem 3.5 If O satisfies a local A,-condition and its complementary function ¥ is
continuous, then M® (Z") is a Banach space. Moreover, if (®;,'¥;) are complementary
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Young pairs which satisfy local A,-condition, strictly convex and continuous for i = 1,2,
then M®®2(Z") is a Banach space.

The proof of this theorem can be obtained using a similar method as discussed in
[25]. So, we skip the proof here. Next, we discuss the duality properties of the discrete
Orlicz modulation spaces. If (@, V) is a complementary Young pair, and @ satisfies
alocal A,-condition and continuous, then (M®(Z"))* = M¥ (Z") under the duality
relation

(o) = (Veofs Veoh) = 5 [ Ve fmaw) Vg, w) dw

mezn

for fe M®(Z") and he M¥(Z"), go € S(Z"). Note that the duality relation is
independent of the choice of the window function go. If (®;, ¥;) are complementary
Young pairs which satisfy local A,-condition, strictly convex and continuous for
i =1,2, then (M®®2(Z"))* = M¥¥2(Z") under the duality relation

(o) = (Veofs Veoh) = % [ Ve fmaw) Vg (o w) dw

mezZ"

for f € M®®2(Z") and h e M¥¥2(Z"), go € 8(Z").

Theorem 3.6  If ©; and Y; are (quasi-)Young functions such that

V.
im i(x)
x—0* (Di(x)

exist and are finite for i = 1,2, then

10) L®®(Z" xT") - LY¥(Z" x T") and MO (Z") > M¥Y2(2").
Proof  The proof of the theorem follows similarly as in [27, Theorem 5.10]. ]

Theorem 3.7 Let @;, V;, i =1,2 be (quasi-)Young functions. Then, the following
conditions are equivalent:

1) MPP(7Zm) c M¥Y2(7m).
(2) L®®2 (7" xT") c LY Y2 (7" x T™).
(3) 'There is a constant xq > 0 such that ¥;(x) S ®;(x) forall 0 < x < x.

Proof Conditions (1) and (3), and (2) and (3) are equivalent follows from Theorem
3.6 and [27, Proposition 5.11]. Now, we prove that conditions (1) and (2) are equivalent.
Using the definition of discrete Orlicz modulation spaces, we have

”fHM“’l""Z(Z") = ” ng”Lml,oz (ZnxT") and ”f”M"’lv"’z (zm) = HngHL‘Pp‘l’z(anTn) .
If M®®2(Z") ¢ M¥1¥2(Z"), then

Hf”M\Pl’\PZ (Z”) < HfHM‘Pl"DZ (Z”) = || ng”L‘Ylv‘YZ(Z"xT”) < vaf”L(Dl,(Dz (an’]l‘n)
= L2 x T") < L' (Z" x T").
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Similarly, if L®+®2(Z" x T") c L¥"¥2(Z" x T"), then
[Verllwows zmwrny < VeS| poos zmmrny = 1 larsits oy < 1F oz zn)
= M®P(z") c MY (7).
This completes the proof. [

Note that the constant of the estimate in condition (3) is uniform in i, and
the converse implication holds without additional assumptions. Next, we show that
M®(Z") is close to M?(Z") in some sense. In the following proposition, we consider
the same Young function @ as in [19], since this function plays an important role in
finding the inclusion relations between the Orlicz modulation space and modulation
spaces (see [19]).

Proposition 3.8  Let © be a Young function which satisfies

(11) ®(x) = -x*logx, 0<x<e s,
Then,
(12) MP(Z") c M®(Z") € M*(Z"™), p<2,

with continuous and dense inclusions.

Proof  Using similar arguments as in [19, Lemma 3.2] and Theorem 3.7, we obtain
that the inclusions in (12) hold and are continuous. Since M?(Z"), p < 2 is dense in
M?(Z"), it also follows that M®(Z") is dense in M?(Z"). ]

Throughout the following section, we assume that the Young function © satisfies
(11) so that we can use the inclusion relations in (12) in the proof of the main results.

4 Localization operators on Orlicz modulation spaces on Z"

Here, we study the localization operators on Z" and prove their boundedness.
Furthermore, we demonstrate the compactness of these operators and their inclusion
in the Schatten-von Neumann class.

Definition 4.1 Let o € L'(Z" x T") u L= (Z" x T"). For the symbol ¢ and two
window functions g1, g, € 8(Z"), the localization operator £5"¢* is defined on £2(Z")

by
B)  e2efk)= T [Tna(m,w) Vo f(m,w) My Tpga(k) dw, ke Z".

mezn

For any f, h € £2(Z"), we rewrite the operator £5"%* in a weak sense as

(14) (S‘gl’ng’h)ﬁ(z") = ZZ:n fw a(m,w) Vg, f(m,w) Vo, h(m,w) dw.

For1< p < oo, wedefine B(¢P(Z")) to be the space of all bounded linear operators
from ¢ (Z") into itself. For p = 2, the space B(¢*(Z")) is the C *-algebra of bounded
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linear operator A from ¢*(7Z") into itself, equipped with the norm

H-AH'B(KZ(Z”)): sup HA(f)”ez(Zn)-

I flle2(zny<1

To define the Schatten-von Neumann class S, on Z", we need to first recall the
definition of singular values of an operator. For a compact operator A € B(¢*(Z")),
the singular values of A are the eigenvalues of the positive self-adjoint operator
|A| = VA*A and denoted by {s,,(A)} sen. For1 < p < oo, we define the Schatten-von
Neumann class S, to be the space of all compact operators whose singular values lie
in ¢#, and equipped with the norm

oo 1/p
AL, = (zl<snm>>z’) |

For p =00, So is the class of all compact operators with the norm |A|s.. :=
|-Al (22 (zny)- For p =1, the trace of an operator A € S; is defined by

tr(A) = Z(Avn, Va)e @z
n=1

where {v, }, is any orthonormal basis of £*(Z"). In addition, if A is positive, then
tr(A) = |Als,-

For a compact operator A on the Hilbert space ¢*(Z") if the positive operator A*A €
S1, then we call the operator A as a Hilbert-Schmidt operator. For any orthonormal
basis {v, }, of ¢*(Z"), we have

[AlGs = IALS, = |A* Alls, = tr(A"A) = 3 [Avallfa(z0)-
n=1

4.1 Boundedness and compactness of £5"¢*

Here, we consider g, g, € M®(Z"), and prove the results related to the boundedness
and compactness of £5"%*.

Proposition4.2  Let ® be a Young function, o € L>°(Z" x T"), and g1, g, € M®(Z").
Then, the operator £5°%* € B(¢*(Z")), and

1288 s(e2qzny) < lollie(zexy g1 lmo 2oy 1820 mo zn)-
Proof Let f,h € (*(Z"). Applying Hélder’s inequality, we get

|<£§1,ng,h>ez(2n) < ZZ: fw lo(m, w)| |Vg f(m, w)| |V, h(m, w)| dw

|Vglf|| L2(Z"xT™) |Vg2hH L2(Z"xT") -

Applying Plancherel’s formula (2), we obtain

(84 £.h) o,

<o Lo (ZnxT™)

<ol Lozl fle@ny Igiley 1Bleey 182]e@n-
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Since M®(Z") c (*(Z"), we get

lgilezzny < lgilmezey and [ g2le@ny < 82l me .-

Therefore,
1258 B(2(zny) < l0llL=(zox) lg1lmo 2y 182 ] Mo zn)- |

Proposition 4.3  Let ® be a Young function, ¢ € M'(Z" x T") and g1, g, € M®(Z").
Then, the operator £5°%* € B(¢*(Z")), and

12575 522y < lollan(zexry lgilmo @20y 1820 mo zn)-

Proof Let f,he¢*(Z"). Using the duality between the modulation spaces
M (Z" x T") and M'(Z" x T"), we obtain

‘(Eﬁl’ng,h)p(zn) < meZZ" /Tn |o(m,w)] |Vglf(m,w) ngh(m,w)| dw
(15) < lollsqzmcrny | Ve S - Veuh| s amcrny-

Since Lz(Zfl x T") ¢ M*(Z" x T") and M® (Z") c €Z(Z”), applying Plancherel’s
formula (2), we get

” Vgnf'@” M (Z"xT")

< ” Vglf : nghH L2(Z"xTm)

< Ve f || 2 ncrny

= Hf”mzn) ||ng€2(Z”) ||h”122(zn) HgZHZZ(Z")
(16) < fllexzmy

From (15) and (16), we have

| Ve || 12 znxrmy

|hH€2(Z") Hglﬂw(zn) HgZHM“’(Z")-

12575 5 (e2(znyy < lolan(zoxy lg1lao 2y 182 ] a0 zn)- [

Proposition 4.4  Let ® be a Young function, o € M*(Z" x T") and g1, g, € M®(Z").
Then, the operator £5"%* € B(¢*(Z")), and

||13§1’g2 ” sz < lolmz@zrxrny €1l mezny 182] Moz
Proof Let f,h € (*(Z"). Applying Hélder’s inequality, we get

‘(Sgl,ng,h)éz(zn) < Z v/p|a(m,w)| |Vg1f(m,w) ngh(m,w)| dw
mezn

< HO-H L2(Z"xT™) ‘Vg1f' ngh” L2(Z"xTm)-
Since L2(Z" x T") = M?*(Z" x T"), using (16), we obtain

(89 £.h) o,

fle@y 1hle@y 18l me @y 1820 me @z -

< HO'” MZ(Z"XT")
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Therefore,

1255 5(e2(zny) < 0l az@oxrny |1 mo 20y 82l a0 (zny- n

Theorem 4.5 Let 1< p <2, 0 € MP(Z" xT"), ® be a Young function, and g, g, €
M®(Z"). For fixed 0 € MP(Z" x T"), the operator £5%* can be uniquely extended to
a bounded linear operator on (*(Z"), for which

1255 5(2(zny) < I0lmo(zoxrny 181lar0 20y 182 ] 010 20)-

Proof Letl< p<2andoe M'(Z" x T")n M*(Z" x T™). The modulation spaces
M?P interpolate similar to the corresponding mixed-norm spaces L?. From Proposi-
tion 4.3, for 0 € M'(Z" x T"), we have

1£5°% | 52 qamy) < lolancamceny |81 mo zny 18210 zn)-

Also, from Proposition 4.4, for ¢ € M*(Z" x T"), we have
| €875 52 (zny) < lolaqamerny g1l me @y |82 ]ao @)

Now, for 1 < p < 2, using the Riesz-Thorin interpolation theorem (see [26]), we get
1£3°% || B (2(zny) < 0] mocnerny |81l a0 2y 182010 (-

Let 0 € MP(Z" x T") and {0, },»1 be a sequence of functions in M'(Z" x T") n
M?*(Z" x T") such that ¢, - 0 in MP(Z" x T") as n — oo. Therefore, for any n, k €
N, we get

| 25752 — 258 || B (a(zny) < 0w = Ok o (znsrmy 181l aro 20y |82 ) as0 20y

Hence, {£5%*1,,, is a Cauchy sequence in B(¢*(Z")). Let £5°%* — £5"% agn — o0.
Then, the limit £5"%* remains unaffected by the selection of the sequence {0, } 1, and
we have

|28 5@y = lim [£6%] 5@,
< lim lowl aeznsrny [ &1l mo 2y 1821 Mo (20
= [ollpe zrxrny |81l e 2y €20 Mo 2y n

Theorem 4.6 Let 1< p <2, 0 € MP(Z" xT"), ® be a Young function, and g, g» €
M®(Z"). Then, the operator £5°%* : (2(Z") — (*(Z") is compact.

Proof Leto e M'(Z" x T") and {v, }, be an orthonormal basis for ¢*(Z"). Since
M (Z" x T") c L}(Z" x T"), applying Parseval’s identity, we get

s

(28 %v,,v,)

. 2(zn)

> % [ 1ol [(vas M Tugi)eon

n=1mezn < T

=
Il

IN

dw

|(Mw Tin&2sVn )ZZ(Z")
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f lo(m, w)|( (Vs My Tz (20 |<MWng2,vn>mn))dw
mEZ" =1

8

f |o(m, w)] (Zl(vn,Mmegﬁﬂ(z")V

2) dw

1
= Slolnern (gl + g @n)

mEZ“

+ Z |<Mmeg27Vn)éz(Z")
n=1

1
- EHUHMl(Z"x'Jl‘”) (lg1 H?\/I‘D(Z") + [ g H?\/I“’(Z"))'

Hence, the operator £5"% € S;. Next, let 0 € M?(Z" x T"). We consider {0, },» in
MY (Z" x T") n M*(Z" x T") such that 0, - ¢ in M?(Z" x T") as n — oco. Then,
applying Theorem 4.5, we obtain

| £8.5 - g8 |2y < low = ollmr@nxry 811 Moz 18210 2y = 0,

as n — oo. Therefore, £5¢* — €8¢ in B(¢*(Z")) as n - oco. From the above, we
get that {£5%*},.5 is a sequence of linear operators in S; and hence compact, so the
operator £5 is compact. [

Now, we calculate the adjoint (£5"%*)* of the operator £5"%* on ¢2(Z"), which
determined by the relation

(g8 f, h>122(Zn = (f, (g8) h)ﬁ(zn
We obtain
(2& ng h)ZZ(Zy‘
= an o(m,w) Vglf(m’W)de

mezZn

= Z fw o(m,w) (f, My Tugi)e(zny Vg, h(m,w) dw

mezn

5 fT o (m,w) (f, Vesh(m, w) My, Tyuga)2 vy dw

meZ"

(f, Z fw o(m,w) Vg, h(m,w) M,, T, g1 dw

meZ" £2(Zm)

_ £2,81
= (f. & h)wm :
Hence, we get
(£§1’g2)* — £§2>g1.

Therefore, the operator £5"%” is a self-adjoint operator if g; = g, and o is a real-valued
function.
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4.2 Localization operators in S,

Here, we show that the operator £5* € S, and give an upper bound of | £5*s, .

Proposition 4.7 Let 0 € M'(Z" x T"), ® be a Young function, and g € M®(Z").
Then, the operator £¢ : (2(Z") — (*(Z") isin S, and

125515, < 4lolan(znxrny 18130 (z0)-

Proof Let 0 € M'(Z" x T"). Then, from Theorem 4.6, the operator £5°¢ € S;.
Let 0 € M'(Z" x T") be nonnegative real-valued. Then, ((£5%)*£8)/2 = 8% Let
{v, } be an orthonormal basis for £*(Z") consisting of eigenvalues of the operator
((£88)* 2842 2(Z") - (2(Z"). If o is nonnegative real-valued function, then by
using a similar method as in the proof of Theorem 4.6, we get the following estimate:

Nk

1815 = 3 {((£5%) " L8%) v, va)

2z

=
I
—_

Nk

(17) = (Qg’gvnavn)ez(zn) < HO'HMI(Z"XT”) HgH?VI‘D(Z")

=
]
—

Next,let 0 € M'(Z" x T") be an arbitrary real-valued function. We write o = o, — 0_,
where 0, = max(0,0) and 0_ = — min(o, 0). Then, applying the relation (17), we get

1€540s, = 1€5° = €55 s,
<1285, + 1281,
< ”gH?\/I‘D(Z'I)(HO'+||M1(Z"><T") + o=l anznxrny)
(18) SZHgH?\/[“’(Z")HUHM‘(Z"X’]I‘")~
Finally, let 0 € M'(Z" x T") be a complex-valued function. Then, we write ¢ = 0} +

iy, where 03, 05 are the real and imaginary parts of o, respectively. Applying the
relation (18), we get

€85 ]s, = [ £58 +i 2585,

<[ €85 s, + 1285 s,

< 2] gl30 2oy (ol s znserny + |2l s zoserny)

< 4]0 anzrerny |8 l3s0 2y - n

Theorem 4.8  Let 0 € M'(Z" x T"), ® be a Young function, and g € M®(Z"). Then,
for1< p < oo, the operator £5% : (*(Z") - (*(Z") isin S, and

18515, < 2P0l anznerny I8N0 zny-

Proof  Usinginterpolation theorems (see [30, Theorems 2.10 and 2.11]), Proposition
4.4, and Proposition 4.7, we obtain the proof of the theorem. ]
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In the following, we obtain a lower bound of | £5#| s, and improve the constant
given in Proposition 4.7.

Theorem 4.9  Let 0 € M'(Z" x T") be a nonnegative real-valued function, ® be a
Young function, and g € M®(Z"). Then, the operator £ is in Sy, and

1 ol i
W |‘0|‘L1(Z"XT”) < ‘|2§-g”51 < HgHi/Id’(Z") ”O.HMI(Z”XT")a
M®(7Zm)

where G is given by 6(m,w) = (£§’g(MW Tng)> M, ng)el(zn)'

Proof Leto € M'(Z" x T"). Then, from Proposition 4.7, the operator £5¢ € S;. If
{5,(£5%)}, are the positive singular values of £5%, {v,}, is an orthonormal basis
for the orthogonal complement of the null space of £5¢ consisting of eigenvectors of
|£%¢| and {u,}, is an orthonormal set in ¢/*(Z"), then using the canonical form of
compact operators (see [30, Theorem 2.2]), we get

(19) S5 F = 3 5u (SN va)excanytn
n=1

Therefore, we obtain

gk

(Eﬁ’gvn,un)éz(zn) = an(£§’g) = [ £5%]s,.
n=1

|
—_

n

Applying Bessel’s inequality and Cauchy-Schwarz’s inequality, we obtain
15505, = D (L5 5V, ttn) 2 (z0)

n=1
oo

=Y 5 [ 0lmw) VevaOmow) Vaaen G, w)

n=1 meZn"

oo 1/2
) [ lomw) (nZl|ngn(m,w)|2)

o 1/2
(Z|Vgun(m,w)|2) dw
n=1

< o] prznsrm |\g\|52(z»v)

< ol an(znxrmy HgHi/[“’(Z")'
To prove that 6 € L'(Z" x T"), applying formula (19), we get

|6 (m, w))

- |(£§’g(MW Tng)s My Tng)

£2(Z)
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s}

Z (258 (M,, ng,v,,)/z(zn)(u,,,M ng)zz(zn)

n=1

1 2 2
< 5 an(s‘g,g) (‘(Mmeg) Vn)éz(zn) + ‘(Mmeg’”n)p(Zn) ) .

Now, using Plancherel’s formula (2), we obtain

6] 1 (znsrny = Z / |6(m, w)| dw

=
%2 EMLQM@UM“mgwwwf
+ ‘(MWng,un>g2(Zn) 2) dw
< [l gl3o 2y ;lsn(si’g)
= gl zny 1255 1s:- n

4.3 M®(Z") boundedness

Here, we obtain that the operators £5"% : M®(Z") - M®(Z") are bounded. Let us
start with the following propositions.

Proposition 4.10 Let 0 € M'(Z" x T"). Let (®,¥) be a complementary Young
pair, and @ satisfies a local A,-condition and continuous. Let g € MY (Z") and
g2 € M®(Z"). Then, the operator £5°% : M®(Z") - M®(Z") is a bounded linear
operator, and

|8 |5 (aro (znyy < Nolanzmxny [g1llaev zny 18210 2y
Proof Letfe M®(Z")and ge M¥(Z").Since (M®(Z"))* = M¥(Z"), applying
Holder’s inequality, we get
(20) |ng(m>W)| <N flste zny |81 zny-
Forany f € M®(Z") and h € MY (Z"), applying relations (14) and (20), we have
Kﬁwfw
/ o (m, w)| |Vg, f(m, w)|| Ve, h(m, w)| dw

meZ"
< HUHMl(Z"xT“) HfHM“’(Z") I\gl\len) Hh”M"’(Z") ”gZHM“’(Z")-
Therefore,
12555 |5 (mo 2y < N0 lan@osry 181llaew 20y €2 )30 (20)- [

Next, using the Schur technique, we get an M®(Z")-boundedness of the operator
£5"%. We obtain a new estimate for | £5"%* |5 (o (z0)).-
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Proposition 4.11  Let 0 € M'(Z" x T") and g1, g, € M*(Z") n (> (Z"). Then, there
exists a bounded linear operator £5% : M®(Z") - M®(Z") for which

1252 | 5 (Mo 20y

< max(| g1l v zny &2l e (z0)> |81l e= 2y | €2l aar zn)) 0 a2 znsermy-

Proof = We define the function K on Z" x Z" by

1) Kk D)= 3 [T o (m, w) My Togi(1) My Trngs (k) dw.
mezn "
Then, we have

e f(k)y= % fqrn o(m,w) Vg f(m,w) My, T,g, (k) dw

meZ"

> fT a(m,w) (f, My Tng1) MyTnga(k) dw

mezZ"

= o(m,w DM, Trugi(1) My T2 w
3 [Lootmw) 3 FOM T My Tuga(6) d

=S )Y fT o(m, w) My, Trmgi(1) My, Trags (k) dw
lezn mezn

- IZZ:n:K(k,l)f(l).

For every | € 7", we get

S Kk D€ Y Y [ 00wl [MyTug ()] 1My Toga(k)] dw

kezZn keZm meZn
(22) < glle=zny g2l anrqzny ol an(znsrnys
and for every k € Z", we have
(23) 2 1K DI < lglan(zey lg2lem(zny lolanczncm.

leZn

The kernel function K (k, I) of the localization operator £5"% satisfies (22) and (23).
Hence, by Schur’s lemma (see [17]), the operator £5"%* extends to a bounded linear
operator £57%2 : M®(Z") - M®(Z") with the operator norm

1252 | 5 Mo 20y

< max(| g1l v zny &2l e (z0)> |81l e= 2y | €2l aar zn)) 0 a2z n

Remark 4.12  Based on Proposition 4.1, it is determined that the bounded linear
operator on M®(Z") identified in Proposition 4.10 is, in fact, the discrete integral
operator on M®(Z") characterized by the kernel X as provided in (21).

Theorem 4.13  Let o € L' (Z" x T™). Let (®, V) be a complementary Young pair, and
@ satisfies a local A,-condition and continuous. Let gy € M* (Z") and g, € M® (Z").
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Then, the operator £5"%* ¢ B(M®(Z")), and

12375 |3 (mo z0y) < N0l 2qznxrny &1 are 2y 1820 a0 20y

Proof Let f e M®(Z")and h e M¥ (Z"). Using the duality between M®(Z") and
MY (Z"), we get

(€574 £, h)
<y an |o(m,w)]| |Vg1f(m,w)| |ngh(m,w)| dw

mezZn

<ol przmerny | fllae @z | 81l aee 2oy 1Bl aew 20y | 82l are 2y -

Hence,
1 L35 |3 (v z0y) < N0l 2qzoxrny €11 a2y 1820 Mo 20y ]

Theorem 4.14  Let (®;,Y;) be complementary Young pairs which satisfy local A,-
condition, strictly convex and continuous for i =1,2. Let o € L*»®2(Z" x T") and
g1, 92 € S(Z). Also, let there exists a constant xo > 0 such that ¥;(x) $ ©;(x) for all
0 < x < xg. Then, the localization operator £5°%* is in B(M®>®2(Z")), and we have

1€5" 5 (moroa (zmy) < 0] o0z zncrny-

Proof Let f € M®»®2(Z") and h € M¥>¥2(Z"). From the given condition, ®;, ¥;
satisfy condition (3) of Theorem 3.7. Hence, we have M®»®2(Z") c M¥-¥2(7Z").
Now, applying Holder’s inequality (7), we obtain

|<£§1’ng,h)| < Z /]I‘" lo(m, w)| ‘Vglf(m,w)‘ |Vg2h(m,w)| dw

mezn

< HOH L“’I"DZ(Z”XT")” Vg1f“L“’l""Z(Z”xTﬂ)H nghHL“'lr"'Z(Z"xT“)

= HUH L®1®2 (2 xT™") f”M"’lv"’Z(Z") HhHM“‘l"“Z(Z")
< HO'H L®1®2 (ZnxTn) ”f”M“’l""z (zm) Hh”M"’l""Z(Z")-
Hence, using the duality between M®®2(Z") and M*¥2(Z"), we get
[£8"4 | 3 (moror zny) < 0] Loror (znsrny-

This completes the proof. [
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