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This paper develops a general technique for the computation of comparative dynamics in
perfect-foresight discrete-time models. The method developed here is both applicable and
general; it can be used to analyze the effects of the perturbation of parameters on
endogenous variables and the welfare of an economic system derived from more general
multisector models. It is neither restricted to the system’s dimensions nor restricted by the
assumption of distinct eigenvalues in the system.
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1. INTRODUCTION

Lucas (2003) emphasizes that it is very important to justify welfare gains (perhaps
losses, for some) in the evaluation of the effects of policy change in macroeconomic
models. In fact, since the 1980s, many methods for comparative dynamics in
perfect foresight models have been developed to analyze welfare gains along the
dynamic path in the continuous-time model, such as those of Chamley (1981),
Judd (1982, 1996), Turnovsky (2000), and Cui and Gong (2006), among others.

For the discrete-time system, Meijdam and Verhoeven (1998) use the Z-
transform method to compute the comparative dynamics of a two-dimensional
difference system. Cui et al. (2007) extend their method to deal with high-
dimensional difference systems. However, their approach is restricted to systems
with nonrepeated eigenvalues. Problems arise in solving the linear approximation
of the system. In this method the coefficient matrix for the coefficients of the
linear approximation has to be inverted. This is done by spectral decomposition of
the matrix, which implies diagonalization and by that leads easily to the solution
of the model. The diagonalization of a noninvertable matrix is characterized by
nonrepeated eigenvalues. If some eigenvalues appear repeatedly, a matrix is then
noninvertable, which simply means that the model cannot be solved in this way. In
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fact, repeated eigenvalues correspond to high-dimension difference systems, as in
the Garman–Ohlson model [Tippett and Warnock (1997)] and the DSGE model
[Doan (2010)], among others. Therefore, existing methods cannot be applied di-
rectly to an economic system when the Jacobian matrix has repeated eigenvalues.
This paper uses the Z-transform method to develop a generalized method for
comparative dynamics, which is restricted neither to the system’s dimensions nor
to the assumption of distinct eigenvalues of the system. The method can be used to
deal with economic systems described by more generalized multisector models.

It should be emphasized that even if computational economists use advanced
software such as Dynare [see Juilliard (1996)] to simulate their models, the Z-
transform allows them to compute the effects of a small but complex unanticipated
shock such as a permanent or transitory shock.

Moreover, the approach does not rely on spectral decomposition of the
coefficient matrix of the linearized system but on Jordan decomposition, which
is available for any matrix. Even though the case of multiple eignvalues does not
always occur, economists always assume that the eigenvalues are distinct [see
Buiter (1984)]. Hence, the approach discussed here is more general.1

The remainder of this paper is organized as follows. Section 2 presents the
methodology for steady-state comparison. Section 3 presents an application
example, which has two repeated eigenvalues. Section 4 extends the method to
deal with a more general system, and Section 5 concludes the paper.

2. METHODOLOGY

2.1. Description of the Economic System

Consider the following system derived by a prefect foresight economic model,

xi
t+1 = f i(xt , yt , εht ), i = 1, . . . , n1, t ≥ 0, (1)

y
j

t+1 = gj (xt , yt , εht ), j = 1, . . . , n − n1, t ≥ 0, (2)

where f i : Rn1 × Rn−n1 × Rm → R and gj : Rn1 × Rn−n1 × Rm → R are
continuous differentiable functions; x1

t , . . . , x
n1
t are predetermined (or backward-

looking) variables with the given initial values x1
0 , . . . , x

n1
0 ; y1

t , . . . , y
n−n1
t are

nonpredetermined variables (also known as jump or forward-looking variables);
ε is a scale parameter, initially equal to zero; and for any l = 1, . . . , m, hl

t is a
bounded and eventually constant function of time. To simplify the notation, we
denote xt = (x1

t , . . . , x
n1
t )T , yt = (y1

t , . . . , y
n−n1
t )T , and ht = (h1

t , . . . , h
m
t )T .

With the time path of xt and yt determined by the system (1) and (2), we assume
that the social welfare function is given by

W =
∞∑
t=0

βtv(xt , yt ), (3)

where 0 < β < 1 is the discount rate.
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Suppose that at time t = 0, the system is in the corresponding steady
state [we denote the steady state (x̄, ȳ) with ε = 0]; namely, the system
satisfies

f i(x̄, ȳ, 0) = x̄i , i = 1, . . . , n1, (4)

gj (x̄, ȳ, 0) = ȳj , j = 1, . . . , n − n1. (5)

At t = 0, there is an unanticipated change in ε from its initial value, and we are
interested in the induced change in social welfare, dW/dε.

2.2. The Linear Approximation System

To derive the impact of the change of ε on the economy, we differentiate (1) and
(2) with respect to ε and obtain

⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠ = A

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠+ Bht , (6)

where dxt/dε = (dx1
t /dε, . . . , dx

n1
t /dε)T and dyt/dε = (dy1

t /dε, . . . , dy
n−n1
t /

dε)T . A is the first n × n submatrix of the Jacobian matrix of the vector function
(f 1, . . . , f n1 , g1, . . . , gn−n1)T evaluated at the initial steady state (x̄, ȳ, 0), and B

is the rest of the n × m submatrix; i.e.,

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f 1
1 · · · f 1

n

...
. . .

...

f
n1
1 · · · f n1

n

g1
1 · · · g1

n

...
. . .

...

g
n−n1
1 · · · gn−n1

n

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f 1
n+1 · · · f 1

n+m

...
. . .

...

f
n1
n+1 · · · f

n1
n+m

g1
n+1 · · · g1

n+m

...
. . .

...

g
n−n1
n+1 · · · g

n−n1
n+m

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The linear approximation (6) is similar to the system described by Blanchard
and Kahn (1980). We assume that the steady state of difference system (1) and (2)
is saddlepoint stable, and following Blanchard and Kahn (1980), we impose the
following assumption.

Assumption 1. A has as many eigenvalues with absolute values smaller than 1
as there are predetermined endogenous variables, and as many eigenvalues with
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absolute values larger than 1 as there are anticipated variables: i.e., A has n1

characteristic roots that are inside the unit circle, and n − n1 characteristic roots
that are outside the unit circle.

We will use the Z-transform to find the welfare effect of an unanticipated change
in ε. First, we provide the definition of, and some important and useful propositions
for, the Z-transform.

DEFINITION 1. For any discrete-time sequence xt , the bilateral or two-sided
Z-transform evaluated at s is

X(s) = Z(xt , s) =
∞∑

t=−∞
xt s

−t ,

where s is generally a complex number.

Alternatively, in cases where xt is defined only for t ≥ 0, the single-sided or
unilateral Z-transform evaluated at s is

X(s) = Z(xt , s) =
∞∑
t=0

xt s
−t .

From this definition, we have some important and elementary properties for the
Z-transform.

PROPOSITION 1.
(1) For any two sequences xt , yt , t = 0, 1, 2, . . . , and any a, b ∈ R, we have

Z(axt + byt , s) = aZ(xt , s) + bZ(yt , s).

(2) For any sequence xt , t = 0, 1, 2, . . . , and k > 0, we have

Z(xt+1, s) = sZ(xt , s) − sx0, Z(xt−k, s) = s−kZ(xt , s).

Therefore, taking the single-sided Z-transform on system (6) yields

(sI − A)

⎛
⎜⎜⎝

Z

(
dxt

dε
, s

)

Z

(
dyt

dε
, s

)
⎞
⎟⎟⎠ = BZ(ht , s) +

⎛
⎜⎜⎝

s
dx0

dε

s
dy0

dε

⎞
⎟⎟⎠, (7)

where dx0/dε and dy0/dε are the initial changes of economic variables induced
by ε at time zero, and Z(ht , s) = [Z(h1

t , s), . . . , Z(hm
t , s)]T is the Z-transform of

the vector function ht .
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If we have derived the expressions for dx0/dε and dy0/dε, then from equation (7)
we have2

⎛
⎜⎜⎝

Z

(
dxt

dε
, 1/β

)

Z

(
dyt

dε
, 1/β

)
⎞
⎟⎟⎠ =

(
1

β
I − A

)−1

⎛
⎜⎜⎝BZ(ht , 1/β) + 1

β

⎛
⎜⎜⎝

dx0

dε

dy0

dε

⎞
⎟⎟⎠
⎞
⎟⎟⎠. (8)

Then, differentiating equation (3) with respect to ε, we obtain the impact of the
change of ε on welfare as follows:

dW

dε
=
(∇xv

∇yυ

)T ∞∑
t=0

βt

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠ =

(∇xv

∇yv

)T

⎛
⎜⎜⎜⎝

Z

(
dxt

dε
, 1/β

)

Z

(
dyt

dε
, 1/β

)
⎞
⎟⎟⎟⎠, (9)

where ∇xv = [∂v(x̄, ȳ)/∂x1
t , . . . , ∂v(x̄, ȳ)/∂x

n1
t ]T and ∇yv = [∂v(x̄, ȳ)/

∂y1
t , . . . , ∂v(x̄, ȳ)/∂y

n−n1
t ]T are the gradients of v with vectors x and y evaluated

at the steady state.
Because x1

t , . . . , x
n1
t are state variables, they cannot jump initially and we have

dx0/dε = 0. In the following section, we present the method by which to derive
dy0/dε.

2.3. The Alternative Way to Derive dy0/dε

To derive dy0/dε, Cui et al. (2007) assume that matrix A has n distinct eigen-
values, which guarantees that A can be diagonalized. This method cannot be
adopted directly when A has repeated eigenvalues. Hence, we develop a more
general method to derive the expression of dy0/dε, which is restricted neither
by the dimension of the system nor by the assumption of distinct eigenvalues for
matrix A.

Step 1. Jordan decomposition of matrix A. From Assumption 1, let μ1 ≤
μ2 ≤ · · · ≤ μn be the n eigenvalues of A (counting multiplicities). A can be
decomposed as

A = V −1JV ; (10)

the number of eigenvalues larger than one is n−n1, V is an n×n matrix with rows
that are linearly independent left eigenvectors of A, and J is the associated Jordan
matrix. As the steady state is saddlepoint stable, the number of eigenvalues inside
the unit circle equals the number of predetermined state variables, n1. Therefore,
we can decompose J as

J =
(

Jn1 0
0 Jn−n1

)
, (11)
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where

Jn1 =

⎛
⎜⎝

Jm1(μ1)

. . .

Jmk
(μk)

⎞
⎟⎠ and

Jn−n1 =

⎛
⎜⎝

Jmk+1(μk+1)

. . .

Jmk+l
(μk+l )

⎞
⎟⎠

with

Jmi
=

⎛
⎜⎜⎜⎝

μi 1
. . .

. . .

μi 1
μi

⎞
⎟⎟⎟⎠

if the multiplicity of eigenvalue μi is mi , and Jmi
= μi if μi is not a repeated

eigenvalue.
Jn1 is the Jordan matrix consisting of the first n1 rows and n1 columns of J , and

Jn−n1 is the Jordan matrix consisting of the last n − n1 rows and columns of J .
Therefore,

∑k
i=1 mi = n1,

∑k+l
i=k+1 mi = n − n1, and

∑k+l
i=1 mi = n.

Under the decomposition of (10), system (6) can be rewritten as⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠ = V −1

(
Jn1 0
0 Jn−n1

)
V

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠+ Bht . (12)

Define

wt = V

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠,

and equation (12) can be rewritten as

⎛
⎜⎜⎜⎝

w1
t+1

w2
t+1
...

wn
t+1

⎞
⎟⎟⎟⎠ =

(
Jn1 0

0 Jn−n1

)⎛⎜⎜⎜⎜⎝
w1

t

w2
t

...

wn
t

⎞
⎟⎟⎟⎟⎠+

⎛
⎜⎜⎜⎝

B̃1

B̃2
...

B̃n

⎞
⎟⎟⎟⎠ht , (13)

where B̃ = VB, and B̃i is the ith row of the matrix B̃.
System (13) consists of n difference equations; we will use it to solve wt .

Because we know that dx0/dε = 0, we only need to find w
n−n1
0 , . . . , wn

0 .
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Step 2. Solving w
n−n1
0 , . . . , wn

0 . If the eigenvalue outside of the unit circle
is single, then the subequations of system (13) can be solved recursively. If the
eigenvalue outside the unit circle is repeated, then the equation associated with that
eigenvalue cannot be solved directly; instead, we will solve it using the recursive
structure of the Jordan matrix, with the details presented below.

To explain the method more clearly, we assume that the multiplicty of eigenvalue
λ is p, and from equation (13) the subsystem associated with the eigenvalue λ is
then ⎛

⎜⎜⎜⎜⎜⎜⎝

w1
t+1

w2
t+1
...

w
p−1
t+1

w
p

t+1

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

λw1
t + w2

t + B̃1ht

λw2
t + w3

t + B̃2ht

...

λw
p−1
t + w

p
t + B̃p−1ht

λw
p
t + B̃pht

⎞
⎟⎟⎟⎟⎟⎟⎠

. (14)

The solution of the last equation, w
p

t+1 = λw
p
t + B̃pht , is

w
p
t = 1

1 − λL
B̃pht = −1

λ

∞∑
i=0

1

λi
B̃pht+i ,

where L is the lag operator.
Therefore,

w
p

0 = −1

λ
B̃pZ(ht , λ). (15)

Solving the rest of the equations recursively, we have

w
p−m
t = −1

λ

∞∑
i=0

1

λi

(
w

p−m+1
t+i + B̃p−mht+i

)
. (16)

Therefore, we have

w
p−m

0 = −1

λ

[
Z(w

p−m+1
t , λ) + B̃p−mZ(ht , λ)

]
(17)

for m = 1, 2, . . . , p − 1.

Similarly, we can derive that w
n−n1
0 , . . . , wn

0 .

Step 3. The derivation of dy0/dε. Substituting w
n−n1
0 , . . . , wn

0 determined by
Step 2 into

wt = V

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠,

we have

V

⎛
⎝ 0

dy0

dε

⎞
⎠ = w0. (18)

From equation (18), we can derive dy0/dε and w
j

0 , j = 1, . . . , n1.
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Remark. The method for the computation of dy0/dε can be used to compute
the effect of the complex shock εht first on the transition path and then on social
welfare.

3. AN APPLICATION

3.1. The Model

In this section, we use a simple example to explain our method. We consider
the following extension of the Tahvonen and Withagen (1996) and Wirl (2000)
framework:

W = max
{rt },{zt+1},{qt+1}

∞∑
t=0

βt [U(zt , qt ) − (v + τ)zt − C(rt )], (19)

subject to the constraints

qt+1 = qt − δqt − rt , t ≥ 0, (20)

and

zt+1 = zt + ϕ(qt ) − θzt , t ≥ 0, (21)

with the given initial values of state variables q0 and z0.
In line with Wirl (2000), qt is the firm’s effluents or emissions into the environ-

ment, and it can be depreciated at the rate δ; zt is the pollution stock, and suppose
that it increases with the effluent but is reduced through indigenous abatement by
the environment, i.e., depreciation, and 0 < θ < 1 is the depreciation rate. The
pollution formation function ϕ(qt ) is

ϕ(qt ) = pqt , (22)

where p is a positive constant. For simplify, we assume that p = 1 − δ.
U(zt , qt ) is the firm’s gross surplus from discharging. Suppose that the firm is

located on a lake and a higher environmental quality for the lake is perferred and
the pollution is penalized at νzt . The firm can lower its effluents at rate rt but at a
cost C(rt ). For simplicity, we assume that

U(zt , qt ) = aqt (23)

and

C(rt ) = rt + 1

2
γ r2

t − ςrt , (24)

where a, γ , and ς are positive constants.
Finally, the fiscal authority taxes at constant rates, τ , and applies a constant

subsidy rate, ς .
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Denote by ξt and ηt the Lagrangian multiplers associated with constraints (20) and
(21), respectively, and using the Lagrangian method, the dynamics of the economy
can be derived as

qt+1 = (1 − δ)qt + 1 − ς + ξt

γ
, (25)

zt+1 = pqt + (1 − θ)zt , (26)

ξt+1 = 1

β(1 − δ)
ξt − a

1 − δ
− 1

1 − θ

(
1

β
ηt + v + τ

)
, (27)

and

ηt+1 = 1

1 − θ

(
1

β
ηt + v + τ

)
, (28)

with boundary conditions |limt→∞qt | < ∞, |limt→∞ zt | < ∞, |limt→∞ ξt | < ∞,
|limt→∞ ηt | < ∞, qt=0 = q0, and zt=0 = z0.

Equations (25)–(28) determine the dynamics for variables qt , zt , ξt , and ηt . qt

and zt are predetermined variables with given initial values of q0 and z0; ξt and
ηt are nonpredetermined variables. After qt , zt , ξt , and ηt are obtained, the firm’s
welfare can be derived as

W =
∞∑
t=0

βt [U(zt , qt ) − (v + τ)zt − C(rt )].

With the specified function forms for U(z, q), C(r), and ϕ(q), the system is
linear. In fact, we can deal with more complex problems such as the Lucas (1988)
model, but that is left for future research. In the next section, we will use the
method developed in Section 2 to derive the effects of policy change on welfare
and endogenous variables.

3.2. Effects of Policy Change on the Economy

Suppose that at time zero the fiscal authority has been taxing at constant rates, τ ,
and constant subsidy rate, ς , and that the economy has reached the corresponding
steady state, (q∗, z∗, ξ ∗, η∗). Then, the government announces that at time t ,
t ≥ 0, τ and ς will change by εhτ

t and εh
ς
t , respectively, where ht ≡ (hτ

t , h
ς
t )T

are eventually constant functions of time, and ε is a scale parameter, initially equal
to zero.

Substituting the new policies into the dynamic system (25)–(28) yields

qt+1 = (1 − δ)qt + 1 − ς − εh
ς
t + ξt

γ
, (25′)

zt+1 = pqt + (1 − θ)zt , (26′)

ξt+1 = 1

β(1 − δ)
ξt − a

1 − δ
− 1

1 − θ
(

1

β
ηt + v + τ + εhτ

t ), (27′)
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and

ηt+1 = 1

1 − θ

(
1

β
ηt + v + τ + εhτ

t

)
. (28′)

Differentiating system (25′)–(28′) with respect to ε, evaluated at ε = 0, we
have ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dqt+1

dε

dzt+1

dε

dξt+1

dε

dηt+1

dε

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= A

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dqt

dε

dzt

dε

dξt

dε

dηt

dε

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+ Bht , (29)

where the coefficient matrices A and B are as follows:

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − δ 0
1

γ
0

1 − δ 1 − θ 0 0

0 0
1

β(1 − δ)
− 1

β(1 − θ)

0 0 0
1

β(1 − θ)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1

γ

0 0

− 1

1 − θ
0

1

1 − θ
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(30)

Equation (29) is equivalent to equation (6) in Section 2. In the following section,
we derive the effects of policy change on welfare and endogenous variables.

Step 1. Jordan decomposition of the matrix A. It is easy to derive that the four
eigenvalues of the matrix A are 1 − δ, 1 − θ , 1/β(1 − δ), and 1/β(1 − θ). As
δ, θ , and β ∈ (0, 1), two eigenvalues are outside of the unit circle, denoted by
μ1 = 1/β(1 − δ) and μ2 = 1/β(1 − θ), and two eigenvalues are inside the unit
circle, denoted by ω1 = 1 − δ and ω2 = 1 − θ , respectively; the steady state is
saddlepoint stable.

Taking Jordan decomposition for matrix A, we can obtain

A = V −1JV,

where V is an invertible matrix associated with the Jordan matrix J of coefficient
matrix A.
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Then, premultiplying both sides of system (29) by V , the system can be repre-
sented by

V

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dqt+1

dε

dzt+1

dε

dξt+1

dε

dηt+1

dε

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎝

ω1 φ 0 0
0 ω2 0 0
0 0 μ1 φ

0 0 0 μ2

⎞
⎟⎟⎠V

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dqt

dε

dzt

dε

dξt

dε

dηt

dε

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+ V

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1

γ

0 0

− 1

1 − θ
0

1

1 − θ
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

ht ,

(31)

where φ in the Jordan matrix are defined as

φ =
{

0, if θ �= δ

1, if θ = δ.

Letting V (dqt+1/dε, dzt+1/dε, dξt+1/dε, dηt+1/dε)T = (w1
t+1, w

2
t+1, w

3
t+1,

w4
t+1)

T = wt+1, equation (31) can be rewritten as

⎛
⎜⎜⎜⎜⎜⎜⎝

w1
t+1

w2
t+1

w3
t+1

w4
t+1

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎝

ω1 φ 0 0
0 ω2 0 0
0 0 μ1 φ

0 0 0 μ2

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

w1
t

w2
t

w3
t

w4
t

⎞
⎟⎟⎟⎟⎟⎟⎠

+ V

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 − 1

γ

0 0

− 1

1 − θ
0

1

1 − θ
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

ht . (32)

Step 2. Solving w3
0 and w4

0 . From the last equation of (32), we have

w4
t = 1

μ2

∞∑
i=0

{
1

μi
2

[
V41

γ
h

ς

t+i +
(

V43 − V44

1 − θ

)
hτ

t+i

]}
. (33)

Therefore,

w4
0 = 1

μ2

[
V41

γ
Z
(
h

ς
t , μ2

)+
(

V43 − V44

1 − θ

)
Z
(
hτ

t , μ2
)]

. (34)

Similarly, we can derive the solution of w3
t ,

w3
t = 1

μ1

∞∑
i=0

{
1

μi
1

[
V31

γ
h

ς

t+i +
(

V33 − V34

1 − θ

)
hτ

t+i + φw4
t+i

]}
, (35)
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and

w3
0 = 1

μ1

[
V31

γ
Z
(
h

ς
t , μ1

)+
(

V33 − V34

1 − θ

)
Z
(
hτ

t , μ1
)+ φZ

(
w4

t , μ1
)]

. (36)

Step 3. Derivation of dξ0/dε and dη0/dε. As effluent discharge and pollution
stock are both state variables that cannot jump, the initial effects of the unantici-
pated policy shock on these state variables are null; i.e., dq0/dε = dz0/dε = 0.

Therefore, to evaluate the relationship V (dqt+1/dε, dzt+1/dε, dξt+1/

dε, dηt+1/dε)T = (w1
t+1, w

2
t+1, w

3
t+1, w

4
t+1)

T at time 0, we have

(
V33 V34

V43 V44

)⎛⎜⎜⎝
dξ0

dε

dη0

dε

⎞
⎟⎟⎠ =

(
w3

0
w4

0

)
. (37)

From equation (37), we obtain

dξ0

dε
= V44w

3
0 − V34w

4
0

V33V44 − V34V43
, (38)

and

dη0

dε
= V33w

4
0 − V43w

3
0

V33V44 − V34V43
. (39)

Step 4. Derivation of the effect of policy change on welfare, dW/dε. Equations
(38) and (39) present the initial effects of tax on pollution and subsidies on
investment in the economy. Similarly to equation (9), we have the effect of policy
change on welfare,

dW

dε
=

⎛
⎜⎜⎝

a

−(v + τ)

ξ ∗

0

⎞
⎟⎟⎠

T

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Z

(
dqt

dε
, 1/β

)

Z

(
dzt

dε
, 1/β

)

Z

(
dξt

dε
, 1/β

)

Z

(
dηt

dε
, 1/β

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (40)
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where⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Z

(
dqt

dε
, 1/β

)

Z

(
dzt

dε
, 1/β

)

Z

(
dξt

dε
, 1/β

)

Z

(
dηt

dε
, 1/β

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

1

β
I − A

)−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

BZ(ht , 1/β) + 1

β

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0
0

dξ0

dε

dη0

dε

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (41)

with dξ0/dε and dη0/dε are determined by equations (38) and (39).
Equations (38), (39), and (40) analytically present the effects of a small shock

on the economy. We can use the relationships to analyze these effects theoretically.
However, to illustrate our results more intuitively, we use numerical solutions to
explain them.

3.3. Numerical Illustration of Our Results

We consider two cases: repeated eigenvalues and distinct eigenvalues outside
the unit circle. For simplicity, we focus on analyzing the effects of tax change;
therefore, h

ς
t = 0.

Case 1: θ = δ (repeated eigenvalues outside the unit circle). We choose
parameters δ = 0.5, p = 1, ν = 0.45, τ = 0.2, ς = 0.1, γ = 1, β = 0.5, and
θ = 0.5. The coefficient matrix A in equation (30) can be rewritten as

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

2
0 1 0

1

2

1

2
0 0

0 0 4 −4

0 0 0 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Obviously, the eigenvalues are ω1 = ω2 = 1/2, μ1 = μ2 = 4. Hence, there are
two repeated eigenvalues outside the unit circle.

We assume that at time 0, say, the government increases the tax rate on pollution,
which it maintains at the higher level until time T :

hτ
t =

{
1, 0 ≤ t ≤ T ;
0, t > T .
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TABLE 1. Effects of an increase in tax rate on
pollution

T = 2 T = 5 T = 10 T = ∞
dr0

dε
1.4661 1.4815 1.4819 1.4819

dW

dε
−0.2839 −0.4869 −0.5175 −0.5185

Therefore, we have

Z
(
hτ

t , μ
) = 1 − (1/μ)T +1

1 − 1/μ

and

w3
0 = 1

μ1

{(
V33 − V34

1 − θ

)[
1 − (1/μ1)

T +1

1 − 1/μ1

]
+ φZ

(
w4

t , μ1
)}

,

w4
0 = V43 − V44

μ2(1 − θ)

[
1 − (1/μ2)

T +1

1 − 1/μ2

]
,

where

w4
t =

⎧⎨
⎩

V43 − V44

μ2(1 − θ)

1 − (1/μ2)
T +1−t

1 − 1/μ2
, t ≤ T ;

0, t > T .

Using the above equations, we can obtain numerical solutions for short-run effects
based on the above calculation.

To investigate the effect of an increase in the tax rate on pollution exclusively,
let T change from 2, 5, and 10 to infinity. The numerical solutions are presented
in Table 1.

Therefore, an increase in the tax rate on pollution offers a negative incentive and
disencourages investment in lowering effluents. Table 1 also presents the negative
effects of policy change on the firm’s welfare; this conclusion is the same as
those of many existing studies, where an increase in pollution tax harms the firm’s
welfare and lowers its effluents.

Case 2: θ �= δ (distinct eigenvalues outside the unit circle). Let us change
δ = 0.6 and leave all other parameters as in Case 1. Coefficient matrix A in
equation (30) can then be derived as

A =

⎛
⎜⎜⎝

0.4 0 1 0
0.4 0.5 0 0
0 0 5 −4
0 0 0 4

⎞
⎟⎟⎠.
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TABLE 2. Effects of an increase in tax rate on
pollution

T = 2 T = 5 T = 10 T = ∞
dr0

dε
1.2973 1.3326 1.3333 1.3333

dW

dε
−0.4527 −0.6361 −0.6657 −0.6667

The eigenvalues are ω1 = 0.5, ω2 = 0.4, μ1 = 4, and μ2 = 5. Hence, there are
two distinct eigenvalues outside the unit circle.

Similarly, let

hτ
t =

{
1, 0 ≤ t ≤ T

0, t > T

and we obtain

w3
0 = V33 − V34

μ1(1 − θ)
Z
(
hτ

t , μ1
)
, w4

0 = V43 − V44

μ2(1 − θ)
Z
(
hτ

t , μ2
)
.

Table 2 shows the effects of the tax on the economy.
From Table 2, we also know that an increase in pollution tax initially lowers the

firm’s effluents and and harms its welfare. However, the quantitative difference is
smaller than the case θ = δ.

4. AN EXTENSION TO A MORE GENERAL SYSTEM

The method developed here can be used to deal with all systems that can be
linearized as system (6). For the more generalized system,

F i(xt+1, yt+1, xt , yt , εht ) = 0, i = 1, . . . , n1, (1′)

Gj(xt+1, yt+1, xt , yt , εht ) = 0, j = 1, . . . , n − n1, (2′)
where F i : Rn1 ×Rn−n1 ×Rn1 ×Rn−n1 ×Rm → R and Gj : Rn1 ×Rn−n1 ×Rn1 ×
Rn−n1 × Rm → R are continuous differentiable functions. ε and ht are assumed
to be as before.

Linearizing systems (1′) and (2′) around the steady state yields

�

⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠ = �

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠+ �ht, (42)

where � is the first n × n submatrix of the Jacobian matrix of the vector function
(F 1, . . . , F n1 ,G1, . . . ,Gn−n1)T evaluated at steady state; � and � are the rest of
the n × n and n × m submatrices.

As the matrix � may not be invertible, we cannot use Jordan decomposition
to deal with it, and we use Schur decomposition instead. Hence, there are square
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matrices Q and Z and upper triangular matrices � and �, such that

Q′�Z′ = �,Q′�Z′ = �, (43)

where Q and Z are unitary matrices that satisfy QQ′ = ZZ′ = I .
Thus, we have

Q′�Z′

⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠ = Q′�Z′

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠+ �ht . (44)

We premultiply both sides of equation (44) by �−1Q and obtain

Z′

⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠ = �−1�Z′

⎛
⎜⎜⎝

dxt

dε

dyt

dε

⎞
⎟⎟⎠+ �−1Q�ht . (45)

Define ⎛
⎜⎜⎝

dpt+1

dε

dqt+1

dε

⎞
⎟⎟⎠ = Z′

⎛
⎜⎜⎝

dxt+1

dε

dyt+1

dε

⎞
⎟⎟⎠;

then ⎛
⎜⎜⎝

dpt+1

dε

dqt+1

dε

⎞
⎟⎟⎠ = �−1�

⎛
⎜⎜⎝

dpt+1

dε

dqt+1

dε

⎞
⎟⎟⎠+ �−1Q�ht, (46)

which is the same as the linearized system (6) described in Section 2. The methods
developed in Section 2 can be also used to deal with this generalized system.

5. CONCLUDING REMARKS

With the aid of the Z-transform, this paper presents a generalized method for
computing comparative dynamics in discrete-time models. Using this method,
we can analytically derive the effects of policy change on social welfare and
endogenous variables. Our method is restricted neither to the system’s dimensions
nor to the assumption of distinct eigenvalues of the system. It can be used to
deal with the difference systems raised by any multisector model. For example,
we could use it to analyze the effects of fiscal policies on the economy in the
Uzawa–Lucas model, as in Ortigueira (1998).

However, the methodology developed here can be only used to analyze a saddle-
point stable system, where the eigenvalues of coefficient matrix A do not equal 1.
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Unit eigenvalues appear in models and make simulation difficult. Therefore, fur-
ther researches should consider more general systems with unit eigenvalues [see
Laffargue (2004)].

Furthermore, the methodology developed here can be used only for a certainty
shock. The stochastic shocks in many economic models may also be important
and interesting. Therefore, further research should extend this method to deal with
more general systems with stochastic shocks.

NOTES

1. We would like to thank one of the referees for pointing this out.
2. Assume that 1/β is not an eigenvalue of matrix A.
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