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Abstract. Let M be a compact manifold. We show that the identity component Homeo0(M)
of the group of self-homeomorphisms of M has a well-defined quasi-isometry type, and
study its large-scale geometry. Through examples, we relate this large-scale geometry to
both the topology of M and the dynamics of group actions on M . This gives a rich family
of examples of non-locally compact groups to which one can apply the large-scale methods
developed in previous work of the second author.
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1. Introduction
The aim of the present paper is to apply the large-scale geometric methods developed in
[24] for general (i.e. not necessary locally compact) topological groups to the study of
the homeomorphism groups of compact manifolds. These homeomorphism groups are
never locally compact, so the standard tools of geometric group theory (i.e. for finitely
generated, or for locally compact, σ -compact groups) do not apply. A historical solution
to this problem, though not our approach, is to consider instead the discrete mapping class
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or homeotopy group, the quotient of the group of orientation-preserving homeomorphisms
of a manifold M by the connected component of the identity. In some cases, such as
when M is a compact surface, this mapping class group is known to be finitely generated
and its large-scale geometry understood. In other cases, the mapping class group is not
finitely generated, or no presentation is known. In any case, a great deal of information on
Homeo(M) is obviously lost by passing to this quotient. Here we propose a study of the
geometry of the identity component Homeo0(M) itself.

In [24] a framework is developed to generalize geometric group theory in a broad
setting. This framework applies to any topological group G admitting a maximal metric,
that is, a compatible right-invariant metric d such that, for any other compatible right-
invariant metric d ′, the identity map (G, d)→ (G, d ′) is Lipschitz for large distances. Up
to quasi-isometry, such a metric may equivalently be given as the word metric with respect
to a suitable, namely relatively (OB), generating set for G. Provided such a metric exists,
it gives G a canonical quasi-isometry type, and many of the standard tools of geometric
group theory can be adapted to its study. More details of this framework are recalled in §2.

1.1. General results. Our first result is a particularly nice description of a maximal
metric for Homeo0(M). Let B be a finite open cover of M by homeomorphic images of
balls. Define the fragmentation metric with respect to B on Homeo0(M) by

dB( f, g) :=min{k | f g−1
= f1 f2 · · · fk}

where each fi is required to fix pointwise the complement of some ball B ∈ B. This is
indeed a finite, right-invariant metric. Moreover, we have the following result.

THEOREM 1. Let M be a compact manifold. Then Homeo0(M) admits a maximal metric
and hence has a well-defined quasi-isometry type. Moreover, this quasi-isometry type is
simply that given by the fragmentation metric with respect to any finite cover of M by open
balls.

We also show that the large-scale geometry of Homeo0(M) reflects both the topology
of M and the dynamics of group actions on M . For instance, on the topological side, we
have the following theorem, strengthening earlier results of [23] and [6].

THEOREM 2. (Compare with [6]) For any n, Homeo0(Sn) is bounded, that is, quasi-
isometric to a point. By contrast, as soon as dim(M) > 1 and M has infinite fundamental
group, Homeo0(M) contains a coarsely embedded copy of the Banach space C([0, 1]); in
particular, Homeo0(M) is coarsely universal among all separable metric spaces.

On the dynamical side, ‘distorted’ subgroups of homeomorphism groups are known to
have interesting dynamical properties (see, for example, [6, 13, 18, 21]), and our large-
scale framework gives a much more natural definition of distortion. Namely, a subgroup
G 6 Homeo0(M) is distorted if the inclusion G ↪→ Homeo0(M) is not a quasi-isometric
embedding.

1.2. Extensions and covers. In §4 we discuss the relationship between the large-scale
geometry of Homeo0(M) and the group G of lifts of elements of Homeo0(M) to the
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universal cover M̃ . Our interest in the group G is motivated partly by computations
involving the fragmentation metric, and partly by a desire to understand the exact sequence
π1(M)→ G→ Homeo0(M), where the fundamental group π1(M) is viewed as acting on
M̃ by deck transformations.

This sequence does not generally split, nor even represent a bounded cohomology class;
we prove that it does coarsely split in many cases of interest. More precisely, we give
conditions on M for when G is quasi-isometric to the product π1(M)× Homeo0(M) via
a coarse splitting.

THEOREM 3. Let M be a compact manifold, G the group of lifts of elements of
Homeo0(M) to the universal cover M̃, H the identity component in G, and A =
π1(M) ∩ H, which is central in π1(M). If the quotient map π1(M)→ π1(M)/A admits a
bornologous section, then G is quasi-isometric to the product Homeo0(M)× π1(M).

As a special case of this theorem, whenever π1(M) is centerless the quotient map
π1(M)→ π1(M)/A = π1(M) trivially has a bornologous section.

A further description of the algebraic structure of the groups G, H and A is provided
in §4. In essence, Theorem 3 shows that the large-scale geometry of the fundamental
group of a manifold is reflected in the large-scale geometry of the group of π1-equivariant
homeomorphisms of its universal cover. We illustrate this with several examples.

The main tool in the proof of Theorem 3 is a very general result on the existence of
bornologous sections for quotients of topological groups.

PROPOSITION 4. Suppose that G is a topological group generated by two commuting
subgroups K and H, where K is coarsely embedded, and the quotient map π : G→ G/K
admits a bornologous section φ : G/K → H. Then K × G/K is coarsely equivalent to G
via the map

(x, f ) 7→ xφ( f ).

As a consequence, this gives a generalization of, and in fact a new proof of, a theorem
of Gersten [14]. We also discuss related notions of bounded cohomology and quasi-
morphisms in this general context.

1.3. Groups acting on manifolds. Finally, §6 discusses the dynamics of group actions
from the perspective of large-scale geometry. While it remains an open problem to
find any example of a finitely generated, torsion-free group that does not embed into
Homeo0(M)—for any fixed manifold M of dimension at least two—restricting to quasi-
isometric embeddings makes the problem significantly more tractable. Thus, we propose
the study of quasi-isometric embeddings as new approach to the ‘C0 Zimmer program’.
As evidence that this approach should be fruitful, we prove the following theorem.

THEOREM 5. There exist a torsion-free, compactly generated group G and manifold M,
such that G embeds continuously in Homeo0(M), but G does not admit any continuous,
quasi-isometric isomorphic embedding in Homeo0(M).

The proof of this theorem uses rotation sets as a way to link the dynamics of group
actions with the geometry of the group. Although the group G constructed in the proof is
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not very complicated, it does contain a copy of R. It would be very interesting to see a
discrete example in its place.

2. Preliminaries
2.1. Coarse structures on topological groups. In this section we give a brief summary
of some of the main definitions and results from [24] needed to understand the framework
for geometric group theory for topological groups.

As is well known, every topological group G has a natural right-invariant uniform
structure, which by a characterization of A. Weil is that induced by the family of all
continuous right-invariant écarts d on G, that is to say, metrics except that we may have
d(g, f )= 0 for g 6= f . In the same way, we may equip G with a canonical right-invariant
coarse structure. Here a coarse space (in the sense of Roe [22]) is a set X equipped with an
ideal E of subsets E ⊆ X × X (called coarse entourages) so that E contains the diagonal
1= {(x, x) | x ∈ X} and is closed under taking inverses E−1

= {(y, x) | (x, y) ∈ E} and
concatenations E ◦ F = {(x, y) | ∃z (x, z) ∈ E and (z, y) ∈ F}. For example, if d is an
écart on X , the associated coarse structure Ed is the ideal generated by the basic entourages

Eα = {(x, y) | d(x, y) < α},

for α <∞. Thus, if G is any topological group, following [24] we define its right-invariant
coarse structure ER by

ER =
⋂

d

Ed ,

where the intersection ranges over all continuous right-invariant écarts d on G.
Associated with the coarse structure ER is the ideal of coarsely bounded subsets.

Namely, a subset A ⊆ G is said to be relatively (OB) in G if diamd(A) <∞ for all
continuous right-invariant écarts d on G. If G is Polish, that is, separable and completely
metrizable, this has the following useful reformulation, proved in [24].

PROPOSITION 6. A subset A of a Polish group G is relatively (OB) in G if, for every
identity neighborhood V ⊆ G, there is a finite set F ⊆ G, and n so that A ⊆ (FV )n .

This proposition is the starting point for the theory developed in [24]. Note that if G is
connected, then the finite set F may be omitted as F may be absorbed into a sufficiently
high power of V , that is, A ⊆ G is relatively (OB) if, for every identity neighborhood V ,
we have A ⊆ V n for some n. ‘OB’ here stands for orbites bornées, referring to the fact that
for any continuous isometric action of G on a metric space, the orbit of any point under a
relatively (OB) subset of G has finite diameter.

For a Polish group G, by reworking the proof of the metrization theorem of Birkhoff
and Kakutani, one can show that having a relatively (OB) identity neighborhood V ⊆ G
is equivalent to the condition that the coarse structure ER is given by a single compatible
right-invariant metric d, in the sense that ER = Ed . Such a metric d is said to be coarsely
proper. Moreover, a compatible right-invariant metric d is coarsely proper exactly when
the d-bounded subsets coincide with the relatively (OB) sets in G. This provides a
geometric generalization of the concept of a proper metric on a locally compact group
to non-locally compact Polish groups.
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Furthermore, if G is (OB) generated, that is, generated by a relatively (OB) identity
neighborhood V ⊆ G, we may define the corresponding right-invariant word metric ρV on
G by

ρV (g, f )=min(k | ∃a1, . . . , ak ∈ V± : g = a1 · · · ak f ).

Observe that if W is a different relatively (OB) generating identity neighborhood, we have
V ⊆W n and W ⊆ V m for some n and m, which shows that ρV and ρW are quasi-isometric,
that is,

1
K
· ρV − C 6 ρW 6 K · ρV + C

for some constants K > 1 and C > 0 (in this specific case, K =max{m, n} and C = 0).
It thus follows that ρV endows G with a quasi-metric structure and hence a well-defined
quasi-isometry type.

However, being discrete, ρV is in general not a compatible metric for the topology on
G. Nevertheless, in this case it is shown in [24] that G admits a compatible right-invariant
metric d quasi-isometric to the word metric ρV . In fact, if G is generated by an ε-ball B
in some coarsely proper metric d, it is relatively straightforward to check that

∂(g, f ) := inf
{ k∑

i=1

d(ai , id) | ai ∈ B, g = a1 · · · ak f
}

is compatible, right-invariant and quasi-isometric to ρV . Such a metric d is said to be
maximal.

While every maximal metric is automatically coarsely proper, coarsely proper metrics
may not be maximal. Indeed, a locally compact second countable group always has a
proper and thus, a fortiori, coarsely proper metric due to a result of Struble [25]. However,
such a group cannot carry a maximal metric unless it is compactly generated.

In contradistinction to the case of locally compact groups, many large Polish groups
happen to have property (OB), that is, are relatively (OB) in themselves (see [23] for
examples). This simply means that they have finite diameter with respect to every
compatible right-invariant metric and therefore are quasi-isometric to a point. This can be
seen as a metric generalization of compactness as this simply characterizes compactness
within the class of locally compact second countable groups.

Endowed with their right-invariant coarse structures ER , much of the language and
machinery of coarse geometry (following [22]) and geometric group theory applies to
arbitrary Polish groups, though occasionally additional care is required. For example, a
map φ : G→ H between Polish groups is bornologous (i.e. a morphism in the coarse
category) if, for every coarse entourage E on G, the image (φ × φ)E is a coarse entourage
for H . If the coarse structures on G and H are given by coarsely proper metrics dG and
dH , this simply means that, for every α <∞, there is β <∞ so that

dG(g, f ) < α⇒ dH (φ(g), φ( f )) < β.

If, moreover, G happens to be (OB) generated and the metric dG maximal, then a standard
argument based on large-scale geodesicity shows that a bornologous map φ : G→ H into
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a Polish group H with a coarsely proper metric dH will always be Lipschitz for large
distances, that is,

dH (φ(g), φ( f ))6 K · dG(g, f )+ C

for some constants K and C .
We should note that, in the present paper, we have chosen to work with the right-

invariant coarse structure ER , as opposed to the left-invariant coarse structure EL defined
analogously. This is due to the fact that the most natural metrics on homeomorphism
groups are right-invariant. (These are the maximal displacement metrics, d∞, defined in
the next section.) Moreover, this choice causes little confusion with the framework of [24],
since the inversion map g 7→ g−1 is an isomorphism of the two coarse structures.

2.2. (OB) generation of homeomorphism groups. The goal of this section is to prove
the following theorem, which is our starting point for the study of the large-scale geometry
of homeomorphism groups.

THEOREM 7. Let M be a compact manifold. Then Homeo0(M) is (OB) generated and
hence has a well-defined quasi-isometry type.

Before we begin the proof, we recall some basic facts on the topology of Homeo(M). If
M is any compact metrizable space, the compact-open topology on Homeo0(M) is given
by the subbasic open sets

OK ,U = {h ∈ Homeo(M) | h(K )⊆U },

where K ⊆ M is compact and U ⊆ M open. This topology is complete and separable,
making Homeo(M) a Polish group. More generally, if X is a locally compact metrizable
space and X∗ its Alexandrov compactification, we can identify Homeo(X) with the
pointwise stabilizer of the point at infinity ∗ inside Homeo(X∗). Being a closed subgroup,
Homeo(X) is itself a Polish group in the induced topology, which is that given by subbasic
open sets

OC,U = {h ∈ Homeo(M) | h(C)⊆U },

where C ⊆ X is closed and U ⊆ X open and at least one of C and X \U is compact. As
shown by Arens [2], when X is locally connected (e.g. a manifold), this agrees with the
compact-open topology on Homeo(X). All other transformation groups encountered here
will be given the respective induced topologies.

If d is a compatible metric on a compact metrizable space M , the compact-open
topology on Homeo(M) is induced by the right-invariant metric

d∞(g, f )= sup
x∈M

d(g(x), f (x)).

Observe that, if instead d is a compatible metric on a locally compact metrizable space X ,
the corresponding formula will not, in general, define a metric on Homeo(X), as distances
could be infinite.

It will often be useful to work with geodesic metrics and their associated lifts. Let us
first recall that, by a result of Bing [3], every compact topological manifold M admits a
compatible geodesic metric, so we lose no generality working with these. Moreover, for
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every such geodesic metric on M and cover M̃
π
→ M , there is a unique compatible geodesic

metric d̃ on M̃ so that the covering map π : (M̃, d̃)→ (M, d) is a local isometry. See, for
example, [4, §3.4]. This metric d̃ will be call the geodesic lift of d .

In particular, if M̃
π
→ M is the universal cover of a compact manifold M and d is a

compatible geodesic metric on M with geodesic lift d̃ , then the action π1(M)y M̃ by
deck transformations preserves the metric d̃. As the action is also properly discontinuous
and cocompact, the Milnor–Schwarz theorem implies that, for every fixed x ∈ M̃ ,

γ ∈ π1(M) 7→ γ (x) ∈ M̃

defines a quasi-isometry between the finitely generated discrete group π1(M) and the
metric space (M̃, d̃).

The proof of Theorem 7 relies on the following two lemmas. Here, and in later sections,
we use the standard notation supp(g) for the support of an element g ∈ Homeo(M); this
is the closure of the set {x ∈ M | g(x) 6= x}.

LEMMA 8. The group Homeo∂(Bn) of homeomorphisms of the n-ball that fix the boundary
pointwise has property (OB).

Proof. We equip Bn with the usual Euclidean metric d . Let V be a neighborhood of the
identity in Homeo∂(Bn). Then there exists ε such that

Vε :=
{

g ∈ Homeo∂(Bn) | sup
x∈Bn

d(gx, x) < ε
}
⊆ V .

Given g ∈ Homeo∂(Bn), the Alexander trick produces an isotopy gt in Homeo∂(Bn)

from g0 = id to g1 = g via

gt (x)=

x if t 6 ‖x‖6 1,

tg
( x

t

)
if ‖x‖6 t.

Since limt→1 gt = g, there is some t0 < 1 such that g ∈ gt0 V . Choose h ∈ Vε such that
h(t0Bn)⊆ (1− ε)Bn . Since supp(gt0)⊆ t0Bn , we have

supp(hgt0 h−1)= h(supp(gt0))⊆ (1− ε)B
n .

Now choose f ∈ Homeo∂(Bn) such that f ((1− ε)Bn)⊆ (ε/2)Bn . A similar argument
shows that supp( f hgt0 h−1 f −1)⊆ (ε/2)Bn . As the latter set has diameter ε, it follows
that f hgt0 h−1 f −1

∈ V , hence gt0 ∈ Vε f −1V f Vε and

g ∈ gt0 V ⊆ V f −1V f V 2.

Since g was arbitrary, and f independent of g, this shows that Homeo∂(Bn) has property
(OB), taking F = { f, f −1

} as in Proposition 6. �

The second tool we use is a classical result of Edwards and Kirby (the name
‘fragmentation lemma’ is misleading as this is a difficult result and the major ingredient in
the proof of the annulus theorem; however, the corresponding result for diffeomorphisms
is indeed an easy lemma). The result states that a homeomorphism close to the identity
can be factored or ‘fragmented’ into homeomorphisms supported on small balls.
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LEMMA 9. (The fragmentation lemma [7]) Suppose that {B1, . . . , Bk} is an open cover
of a compact manifold M. There exists a neighborhood V of the identity in Homeo0(M)
such that any g ∈ V can be factored as a composition

g = g1g2 · · · gk

with supp(gi )⊆ Bi .

The proof of this lemma is contained in the proof of
[7, Corollary 1.3] of Edwards and Kirby and relies on the topological torus trick.
Note that, although the statement of [7, Corollary 1.3] is not equivalent to our statement
of the fragmentation lemma, our statement is precisely the first step in their proof.

With these preliminaries, we can now prove Theorem 7. Note that since Homeo0(M)
is connected and thus generated by any identity neighborhood, it suffices to prove that
Homeo0(M) is locally (OB), that is, has a relatively (OB) identity neighborhood.

Proof of Theorem 7. Let M be a closed manifold and {B1, B2, . . . , Bk} a cover of M
by embedded open balls. Using Lemma 9, let V be a neighborhood of the identity in
Homeo0(M) such that any g ∈ V can be factored as a product

g = g1g2 · · · gk

with supp(gi )⊆ Bi . We show that V is relatively (OB). To see this, let U ⊆ V
be an arbitrary symmetric identity neighborhood and fix some ε > 0 such that any
homeomorphism f with supp( f ) of diameter less than ε is contained in U . For each
i = 1, . . . , n, choose a homeomorphism hi ∈ Homeo0(M) such that hi (Bi ) is contained
in a ball B ′i of diameter ε. Then, for gi as above, supp(h−1

i gi hi )⊆ B ′i , so h−1
i gi hi ∈U or

equivalently gi ∈ hiUh−1
i .

Choose p large enough so that U p contains all of the finitely many hi . Then

g ∈ h1Uh−1
1 h2U · · · · · · hnUh−1

k ⊆U 2kp+k,

showing that V ⊆U 2kp+k and thus that V is relatively (OB). As Homeo0(M) is connected,
V generates, so this proves (OB) generation. �

2.3. The fragmentation norm. Using Lemma 9, one can define the following word norm
on Homeo0(M).

Definition 10. (Fragmentation norm) Let B = {B1, B2, . . . , Bk} be a cover of M by
embedded open balls. The fragmentation norm ‖ · ‖B on Homeo0(M) is given by

‖g‖B =min{n | g = g1g2 · · · gn with supp(gi )⊆ Bki for some ki }.

Note that this is dependent on the choice of cover, and not equivalent to the
‘conjugation-invariant fragmentation norm’ that appears elsewhere in the literature (e.g.
in [5]).

Let dB denote the right-invariant metric induced by ‖ · ‖B. The following observation
is due to Militon [19].
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PROPOSITION 11. Let A and B be finite covers of M by embedded open balls. Then dA
and dB are quasi-isometric.

However, an even stronger statement is valid. For any cover B, the metric dB is
maximal, in the sense given in the introduction—that is, it is quasi-isometric to that given
by any relatively (OB) identity neighborhood V in Homeo0(M).

THEOREM 12. Let B = {B1, . . . , Bk} be a cover of M by embedded open balls. Then the
identity map

(Homeo0(M), dB)→ Homeo0(M)

is a quasi-isometry.

In particular, this proves Theorem 1 as stated in the introduction.

Proof. By Theorem 7, we must show that the word metric dB is quasi-isometric to some
or all word metrics dV given by a relatively (OB) identity neighborhood V in Homeo0(M).

So choose V small enough so that each g ∈ V can be fragmented as g = g1 · · · gk

with supp(gi )⊆ Bi . Thus, if f ∈ V m , then ‖ f ‖B 6 km and so dB 6 k · dV . For the
reverse inequality, set Gi = {g ∈ Homeo0(M) | supp(g)⊆ Bi } and note that V ∩ Gi is
a neighborhood of the identity in Gi , which is naturally isomorphic to a subgroup of
Homeo∂(Bn). Lemma 8 now gives ni such that Gi = (V ∩ Gi )

ni ⊆ V ni . Let N =
max{n1, . . . , nk}. Then ‖ f ‖B = m implies that f ∈ V m N , that is, dV 6 N · dB. �

It follows from Theorem 12 that the quasi-isometry type of Homeo0(M) may be
computed either from the word metric dV associated to a sufficiently small identity
neighborhood V or from dB, where B is any covering by embedded open balls.

2.4. Distortion in homeomorphism groups. Having defined a maximal metric, we can
now define distortion for homeomorphism groups.

Definition 13. Let H be an (OB) generated Polish group and G an (OB) generated closed
subgroup of H . We say that G is undistorted if the inclusion G→ H is a quasi-isometric
embedding and distorted otherwise.

A related notion of distortion for cyclic subgroups of homeomorphisms appears in [6,
13, 18, 21] (see also references therein). Without reference to a maximal metric on these
groups, these authors define a homeomorphism (or diffeomorphism) f to be distorted
if there exists a finitely generated subgroup 0 of Homeo0(M) (respectively, Diff0(M))
containing f in which the cyclic subgroup generated by f is distorted in the sense above,
that is, if

lim
n→∞

‖ f n
‖S

n
= 0

where ‖ f n
‖S denotes the word length of f n with respect to some finite generating set S

for 0. Though this definition appears somewhat artificial, it is useful: distortion has been
shown to place strong constraints on the dynamics of a homeomorphism (see, in particular,
[13]), and is used in [15] to relate the algebraic and topological structure of Diff0(M).

The following lemma, essentially due to Militon, relates our Definition 13 to the original
notion of distorted elements.
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LEMMA 14. (Militon [19]) Let M be a compact manifold, possibly with boundary, and let
∂ be a maximal metric on Homeo0(M). If

lim
n→∞

∂(gn, id) log(∂(gn, id))
n

= 0

then there exists a finitely generated subgroup 0 6 Homeo0(M) in which g is distorted.

Proof. By Theorem 12, it suffices to take ∂ = dB to be the maximal metric given by the
fragmentation norm with respect to some cover B of M . Now fix g ∈ Homeo0(M) and let
ln = dB(gn).

In [19, Proposition 4.4], Militon uses the fragmentation property and a construction
based on work of A. Avila to build a subsequence σ(n) and a finite set S ⊆ Homeo0(M)
such that

‖gσ(n)‖S 6 C lσ(n) log
( n∑

i+1

lσ(i) + C ′
)
.

Moreover, using the fact that ((ln log(ln))/n)→ 0, the subsequence σ(n) is chosen to
increase rapidly enough so that

lσ(n) log
(∑n

i+1 lσ(i) + C ′
)

σ(n)
6

1
n
.

As the sequence ‖gn
‖S is subadditive, this shows that limn→∞ ((‖gn

‖S)/n)= 0. �

3. Computation of quasi-isometry types
Whereas the results above allow us to talk unambiguously of the quasi-isometry type of a
homeomorphism group, they provide little information as to what this might be or how to
visualize it. In this section, we give some examples. The easiest case is that of spheres,
where the homeomorphism group is simply quasi-isometric to a point.

PROPOSITION 15. Homeo0(Sn) has property (OB), hence a trivial quasi-isometry type.

This was previously proved in [23]. Subsequently, in [6], Homeo0(Sn) was shown
to have property (OB) even viewed as a discrete group. Both proofs use the annulus
conjecture. The proof we give here is similar in spirit, but only uses Kirby’s torus trick.

Proof of Proposition 15. Let x1, x2, x3 be distinct points in Sn , and let Bi = Sn
\ {xi }. By

Theorem 12, it suffices to show that the fragmentation norm on Homeo0(Sn) with respect
to the cover {B1, B2, B3} is bounded. We do this in three short lemmas.

LEMMA 16. Let f ∈ Homeo0(Sn), and x 6= y ∈ Sn . Then f can be written as a product
f1 f2 f3, where f1(x)= f3(x)= x, and f2(y)= y.

Proof. If f (x)= x , set f2 = f3 = id, and f1 = f . Otherwise, let f1 be such that f1(x)= x
and f −1

1 ( f (x))= z for some z /∈ {x, y}. Let f2 be such that f2(y)= y and f −1
2 (z)= x .

Then f3 := f −1
2 f −1

1 f satisfies f3(x)= x , and f = f1 f2 f3. �

A nearly identical argument shows the following result. We omit the proof.
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LEMMA 17. Let f ∈ Homeo0(Sn), p ∈ Sn , and suppose that f (p)= p. Let x 6= y ∈ Sn

be distinct from p. Then f can be written as a product f1 f2 f3, where f1(x)= f3(x)= x,
f2(y)= y, and each fi fixes p.

Given distinct points x1, x2, x3 ∈ Homeo0(Sn), Lemmas 16 and 17 together imply
that any homeomorphism f ∈ Homeo0(Sn) can be written as a product of nine
homeomorphisms, each of which fixes two of the xi . We now use Kirby’s torus trick
to produce a further factorization.

LEMMA 18. Let f ∈ Homeo0(Sn), let x1, x2 be distinct points in Sn , and suppose that
f (xi )= xi . Then f = f1 f2, where each fi fixes a neighborhood of xi .

Proof. Identify Sn
\ {x2} with Rn . Since f fixes x1 ∈ Rn , there is a neighborhood N of x1

such that | f (x)− x |< ε for all x ∈ N . The topological torus trick produces a compactly
supported homeomorphism h of Rn such that h(x)= f (x) for all x in some compact set
K ⊆ N with non-empty interior. Moving back to Sn , h induces a homeomorphism f2

agreeing with f on an open neighborhood of x1 and fixing a neighborhood of x2. Thus,
f1 := f f −1

2 fixes a neighborhood of x1, and f = f1 f2. �

It follows now that any f ∈ Homeo0(Sn) can be written as a product of at most 18
homeomorphisms, say f1, f2, . . . , each of which is the identity on some neighborhood
Ni of a point xi , hence supported in the ball Sn

\ {xi }. Fix a metric on Sn and let V = Vε .
Given xi ∈ Sn , let gi ∈ V be a homeomorphism such that gi (Ni ) contains an ε-radius ball
about xi . Now gi fi g−1

i is supported on the ball Bi ∼= Bn that is the complement of the ε-
radius ball about xi . Since, by Lemma 8, Homeo∂(Bn) has property (OB), gi fi g−1

i ∈ V k

for some fixed k, hence f ∈ V 18k . Consequently, Homeo0(Sn) has property (OB). �

By contrast, with the exception of M = S1, as soon as π1(M) has an element of infinite
order, the quasi-isometry type of Homeo0(M) is highly non-trivial. In fact, we show that
it contains an isomorphic coarse embedding of the Banach space C([0, 1]), that is, an
isomorphic embedding of the additive topological group C([0, 1]), which is, moreover,
a coarse embedding of C([0, 1]) with the ‖ · ‖∞ metric. In many cases, we can even
obtain an isomorphic quasi-isometric embedding of C([0, 1]). Since every separable
metric space isometrically embeds into C([0, 1]), this shows that the quasi-isometry type
of Homeo0(M) is universal for all separable metric spaces in these cases.

For our calculations, the following basic lemma is needed.

LEMMA 19. (See also [19, Lemma 3.10]) Let M be a compact manifold with universal
cover M̃

π
→ M. Fix a compatible geodesic metric d on M and let d̃ be the geodesic lift to

M̃. Fix also a maximal right-invariant metric ∂ on Homeo(M) and a compact set D ⊆ M̃.
Then there exist constants K , C such that

∂(g, id)>
1
K

sup
x,y∈D

d̃(g̃(x), g̃(y))− C

holds for any g ∈ Homeo0(M) and any lift g̃ ∈ Homeo(M̃) of g.

Recall that, for any cover M̃
π
→ M , a lift of g ∈ Homeo0(M) to M̃ is an element g̃ ∈

Homeo(M̃) such that π g̃ = gπ .
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Proof. Let B be a finite cover of M by embedded open balls of diameter at most 1. Then
for each B ∈ B, the pre-image π−1(B) is a disjoint union of open sets of diameter less
than or equal to 1. Let g ∈ Homeo(M̃) and suppose that ‖g‖B = n, so that g = g1 · · · gn

for some gi supported in Bi ∈ B. Let g̃i be the lift of gi supported in π−1(Bi ). Then
supx∈M̃ d̃(g̃i (x), x)6 1, and repeated application of the triangle inequality gives

sup
x∈M̃

d̃(g̃1g̃2 · · · g̃n(x), x)6 n.

Then

sup
x,y∈D

d̃(g̃1 · · · g̃n(x), g̃1 · · · g̃n(y))6 2 sup
x∈D

d̃(g̃1 · · · g̃n(x), x)+ diamd̃(D)

6 2 sup
x∈M̃

d̃(g̃1 · · · g̃n(x), x)+ diamd̃(D)

6 2n + diamd̃(D)= 2‖g‖B + diamd̃(D).

Now if g̃ is any lift of g, then g̃ = f g̃1 · · · g̃n for some deck transformation f . As deck
transformations act by isometries on (M̃, d̃), it follows that

sup
x,y∈D

d̃(g̃(x), g̃(y))= sup
x,y∈D

d̃(g̃1 · · · g̃n(x), g̃1 · · · g̃n(y))6 2‖g‖B + diamd̃(D).

Since, by Theorem 12, ‖g‖B is affinely bounded in terms of ∂(g, id), this proves the
lemma. �

PROPOSITION 20. Let M be a compact manifold of dimension at least 2 with
infinite fundamental group. Then there is a isomorphic coarse embedding C([0, 1])→
Homeo0(M) and thus Homeo0(M) is coarsely universal among all separable metric
spaces.

This result is a natural generalization of [6, Example 6.8] of Calegari and Freedman,
which provides a coarse isomorphic embedding of Z. We obtain an even stronger result if
more is known about the structure of the fundamental group is M .

PROPOSITION 21. Let M be a compact manifold of dimension at least 2, and suppose that
π1(M) contains an undistorted infinite cyclic subgroup. Then there is a isomorphic quasi-
isometric embedding C([0, 1])→ Homeo0(M). Moreover, the image of this embedding
can be taken to have support in any neighborhood of a curve representing a generator for
the undistorted subgroup.

Proof of Propositions 20 and 21. Let Cb([0, 1])= { f ∈ C([0, 1]) | f (0)= 0} and
observe that Cb([0, 1]) is a closed hyperplane in C([0, 1]), that is, a closed linear
subspace of codimension 1. By [1, Proposition 4.4.1], C([0, 1]) is linearly isomorphic
to its hyperplanes and thus to Cb([0, 1]). It therefore suffices to produce an isomorphic
coarse (respectively, quasi-isometric) embedding Cb([0, 1])→ Homeo0(M).

Let M̃
π
→ M be the universal cover and fix a compatible geodesic metric d on M .

Denote the geodesic lift of d to M̃ by d̃ and choose a compact fundamental domain D ⊆ M̃
and basepoint z ∈ D.
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We begin with the case where π1(M) contains an undistorted infinite cyclic subgroup.
If dim(M)= 2, then the classification of surfaces implies that we may find a simple closed
curve γ representing a generator of some such subgroup. If dim(M) > 2, any curve γ
representing an infinite-order element may be perturbed so as to be embedded. Thus, in
either case, we have an embedded curve γ ⊆ M representing an infinite-order, undistorted
element of π1(M).

Let α : Bn−1
× S1

→ M be an embedding with α({0} × S1)= γ . In analogy with
‘point-pushing’ around the curve α (familiar from the study of mapping class groups of
surfaces), define a homomorphism φ : Cb([0, 1])→ Homeo0(M) by

φ( f )(x)=

{
x if x /∈ im α,

α(b, ei(θ+ f (1−‖b‖))) if x = α(b, eiθ ).

It is easy to check that φ is a well-defined isomorphic embedding of the topological group
Cb([0, 1]) into Homeo0(M) and so, in particular, is Lipschitz for large distances with
respect to any maximal metric ∂ on Homeo0(M), meaning that

∂(φ(g), φ( f ))6 K‖ f − g‖∞ + C

for some constants K and C . We will show now that it is also a quasi-isometric embedding.
Let f ∈ Cb([0, 1]) and let n = b‖ f ‖∞c. Let φ̃( f ) denote the lift of φ( f ) that fixes

points outside of π−1(α(Bn−1
× S1)). By the construction of φ( f ), there exists x ∈ D

such that
d̃(φ̃( f )(x), γ n(x))6 diamd̃(D).

In particular, as φ̃( f ) also fixes a point y of D, we have

sup
z,v∈D

d̃(φ̃( f )(z), φ̃( f )(v))> d̃(φ̃( f )(x), φ̃( f )(y))

> d̃(φ̃( f )(x), y)

> d̃(γ n(x), x)− d̃(φ̃( f )(x), γ n(x))− d̃(x, y)

> d̃(γ n(x), x)− 2 diamd̃(D).

So, as n 7→ γ n(x) is a quasi-isometric embedding of N into (M̃, d̃) with constants
independent of x , using Lemma 19 we see that also f 7→ φ( f ) is a quasi-isometric
embedding.

Note that if instead γ generates a distorted but coarsely embedded copy of Z inside
π1(M), this construction gives a coarse embedding Cb([0, 1])→ Homeo0(M).

For the more general case where π1(M) is infinite, but M is not known even to have an
undistorted infinite-order element, we proceed as follows. (We note that, whether this case
can actually occur appears to be an open question, although it is widely believed that there
should exist finitely presented torsion groups and these would furnish examples).

First, we endow M̃ with a lifted geodesic metric d̃ and produce a quasi-isometric
embedding R→ M̃ as follows. Take geodesic segments γn of length 2n centered at id
in the Cayley graph of π1(M); by König’s lemma, the union of all paths γn has an infinite
branch, which gives an isometrically embedded copy of the metric space Z in π1(M),
hence a quasi-isometric homeomorphic embedding of R into (M̃, d̃).
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Provided that dim(M) > 2, we may perturb the embedding of R in M̃ so that it remains
quasi-isometric, while its projection to M under the covering map π : M̃→ M is also
homeomorphically embedded. In fact, by moving each point no more than ε, we can
arrange so that the image of [−n, n] under projection to M has a neighborhood of diameter
ε2n that avoids the rest of the curve. Call this embedded infinite curve γ̂ ⊆ M ; it will
play the role of γ in the previous construction. Our choice of γ̂ means that there is a
homeomorphic embedding α : Bn−1

× R→ M with α({0} × R)= γ̂ .
Modifying the previous construction, we can define an isomorphic embedding φ of

the topological group (Cb([0, 1]),+) into Homeo0(M), supported in the image of α,
that translates points along the curve γ̂ . For this, let gt be a transitive one-parameter
flow on R such that |gt (x)− x | → 0 as |x | →∞. Such a flow may be obtained by
conjugating the standard translation flow on R by a suitable homeomorphism, for example,
a homeomorphism that behaves like x 7→ ex near +∞ and x 7→ −e−x near −∞. Note
that, by appropriate choice of conjugacy, we can have |gt (x)− x | approach 0 as slowly as
we like.

Now, given f ∈ Cb([0, 1]), define

φ( f )(x)=

{
x if x /∈ im α,

α(b, g f (1−‖b‖)(t)) if x = α(b, t).

As before, φ gives a well-defined isomorphic embedding of the topological group
Cb([0, 1]) into Homeo0(M). The role of the flow gt is to ensure that this actually defines
a homeomorphism φ( f ) of M and not only a permutation.

Now if fn ∈ Cb([0, 1]) is a sequence with ‖ fn‖∞→∞, then, as before, we find τn ∈

π1(M) so that d̃(φ( fn)[D], τn[D])6 diamd̃(D) and τn→∞ in π1(M). Repeating the
argument above, we thus see that {φ( fn)}n cannot be relatively (OB) in Homeo0(M) and
thus that φ is a coarse embedding. �

Remark 22. The construction in the proof above also naturally gives a metrically proper
embedding π1(M)→ Homeo0(M). Here is a brief sketch of the required modification.
Take a finite generating set for π1(M) and choose a loop γi ⊆ M representing each
generator—by abuse of notation, denote the generator also by γi . For each i , let αi :

Bn−1
× S1

→ M be an embedding with image in a small neighborhood of γi , and use the
construction in the proof of Proposition 21 to produce quasi-isometric embeddings φi :

Cb([0, 1])→ Homeo0(M) with φi [Cb([0, 1])] consisting of homeomorphisms supported
in αi (Bn−1

× S1). Let f ∈ Cb([0, 1]) be the constant function f (x)= x . The reader
familiar with the ‘point-pushing’ construction in the study of based mapping class groups
will recognize φi ( f ) as a point-push around γi . For each element γ of π1(M), choose
an expression γ = γi1 · · · γik of minimal length, and set 8(γ )= φi1( f ) · · · φik ( f ). One
then checks that this gives a metrically proper embedding, though not a homomorphism,
8 : π1(M)→ Homeo0(M). Whether such an embedding can be constructed so as to
also be a homomorphism appears to be an interesting question, especially for the case
of compact 2-manifolds of higher genus.

In the special case of 2-manifolds, Militon also proved the reverse of the inequality
given in Lemma 19.
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THEOREM 23. (Militon [19, Theorem 2.9]) Let M be a compact 2-manifold, possibly with
boundary, with universal cover M̃

π
→ M. Fix a geodesic metric d on M with geodesic lift

d̃, B a finite cover of M by embedded open balls, and D ⊆ M̃ a compact subset with
π [D] = M. Then there exist K and C such that

1
K

sup
x,y∈D

d̃(g̃(x), g̃(y))− C 6 dB(g, 1)6 K sup
x,y∈D

d̃(g̃(x), g̃(y))+ C

holds for all g ∈ Homeo0(M) and lifts g̃ ∈ Homeo(M̃).

Militon’s proof relies on two-dimensional plane topology, as well as on the particular
algebraic structure of fundamental groups of surfaces, so the following question remains
open.

Question 24. Does Theorem 23 hold for n-manifolds, when n > 3?

As a more basic step, one can also ask the following.

Question 25. Are there examples of manifolds with finite or trivial fundamental group that
fail to have property (OB)?

4. Covers, extensions, and bounded cohomology
In this section we relate the large-scale geometry of the group of homeomorphisms of a
manifold M to the group of homeomorphisms of its universal cover that are equivariant
with respect to the action of π1(M). In other words, this is the group of lifts of
homeomorphisms of M to M̃ . A basic example to keep in mind is M = Tn . In this
case, the group of lifts of homeomorphisms to the universal cover can be identified with
HomeoZn (Rn), the orientation-preserving homeomorphisms of Rn that commute with
integral translations.

The main theorem of this section, Theorem 30, gives a condition for the group of lifts
to be quasi-isometric to the direct product Homeo0(M)× π1(M). As one application, we
show that HomeoZn (Rn) is quasi-isometric to Homeo0(Tn)× Zn , and in the course of the
proof produce a bornologous section of the natural map HomeoZn (Rn)

π
−→ Homeo0(Tn),

that is, a section of π that is simultaneously a coarse embedding of Homeo0(Tn) into
HomeoZ(R). This result is particularly interesting in the context of bounded cohomology.
A theorem of Gersten (see Theorem 35 below) states that, if H is a finitely generated group
and a central extension

0→ Zn
→ G

π
→ H → 1

represents a bounded class in the second cohomology of G, then there exists a quasi-
isometry φ : H × Zn

→ G such that, for all (h, x) ∈ H × Zn , the image πφ(h, x) is a
uniformly bounded distance from h (with respect to any fixed word metric on H ). The
converse to this theorem appears to be open. Here, we give a new proof of Gersten’s
theorem that is applicable in a broader context, and then show that a variation on the
converse is false; namely, that the central extension

0→ Zn
→ HomeoZn (Rn)

π
−→ Homeo0(Tn)→ 1

does not represent a bounded cohomology class in H2(Homeo0(Tn), Zn).
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4.1. Extensions via universal covers. We begin with a general lemma on bornologous
sections of central extensions, generalizing well-known facts from the case of discrete
groups. To fix terminology, let us say that a subgroup K of a topological group G is
coarsely embedded if the inclusion map K ↪→ G is a coarse embedding.

PROPOSITION 26. Suppose that G is a topological group generated by two commuting
subgroups K and H (i.e. so that [K , H ] = 1). Assume also that K is coarsely embedded
and that the quotient map π : G→ G/K admits a bornologous section φ : G/K → H.
Then K × G/K is coarsely equivalent to G via the map

(x, f ) 7→ xφ( f ).

Proof. For simplicity of notation, set g̃ = φπ(g). As φ and π are both bornologous, so is
the composition g ∈ G 7→ g̃ ∈ H .

The first step is to show that every relatively (OB) subset A ⊆ G is contained in some
product BC , where B ⊆ H and C ⊆ K are relatively (OB) in H and K , respectively. To
see this, let A ⊆ G be a relatively (OB) subset and let B = Ã, which is relatively (OB)
in H . Let C = (B−1 A) ∩ K , which is relatively (OB) in G and thus also in K , since K
is coarsely embedded. If a ∈ A, then ã−1a ∈ (B−1 A) ∩ K = C , so a = ã · ã−1a ∈ B · C .
Thus, A ⊆ BC as required.

We now claim that g ∈ G 7→ g̃−1g ∈ K is bornologous. To see this, suppose that A ⊆ G
is relatively (OB) and find B ⊆ H and C ⊆ K as above. Fix first a relatively (OB) set
D ⊆ H so that

f g−1
∈ A⇒ f̃ g̃−1

∈ D.

Now suppose that g, f ∈ G are given and set x = g̃−1g ∈ K and y = f̃ −1 f ∈ K . Assume
that

f̃ g̃−1
· yx−1

= f g−1
∈ A ⊆ BC.

Since f̃ g̃−1
∈ H , B ⊆ H , yx−1

∈ K and C ⊆ K , there is some a ∈ H ∩ K with
f̃ g̃−1a−1

∈ B and ayx−1
∈ C . Therefore

a−1
∈ g̃ f̃ −1 B ⊆ D−1 B

and thus also
yx−1

∈ a−1C ⊆ D−1 BC ∩ K .

In other words,

f g−1
∈ A⇒ ( f̃ −1 f ) · (g̃−1g)−1

= yx−1
∈ D−1 BC ∩ K .

As K is coarsely embedded, D−1 BC ∩ K is relatively (OB) in K , so this shows that the
map g 7→ g̃−1g is bornologous as claimed.

It thus follows that also g ∈ G 7→ (g̃−1g, π(g)) ∈ K × G/K is bornologous with
inverse

(x, f ) ∈ K × G/K 7→ xφ( f ) ∈ G.

Since the inverse is a composition of the bornologous map (x, f ) ∈ K × G/K 7→
(x, φ( f )) ∈ K × H and the continuous homomorphism (x, h) ∈ K × H 7→ xh ∈ G, it is
also bornologous, whence g 7→ (g̃−1g, π(g)) is a coarse embedding of G into K × G/K .
Moreover, being surjective, we see that it is a coarse equivalence. �
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Example 27. An intended application of Proposition 26 is when G is a topological group,
K G G is a discrete normal subgroup and H 6 G is a subgroup without proper open
subgroups. Then the conjugation action of H on K is continuous and so, as H cannot
act non-trivially and continuously on a discrete set, we find that [K , H ] = 1.

Remark 28. The assumption that K is coarsely embedded in the statement of Proposition
26 is not superfluous. Whereas a closed subgroup K of a locally compact group is
automatically coarsely embedded, this may not be the case for general Polish groups.
For an extreme counter-example, consider the homeomorphism group of the Hilbert cube,
Homeo([0, 1]N). This is a universal Polish group, that is, it contains every Polish group
as a closed subgroup [26]. Nevertheless it has property (OB) and is therefore quasi-
isometric to a point [23]. Thus, for example, R can be viewed as a closed subgroup of
Homeo([0, 1]N), but is evidently not coarsely embedded.

One must exercise a bit of care when constructing bornologous sections. Indeed, as the
next example shows, it is not in general sufficient that the section be length preserving.

Example 29. Let X be a Banach space and Y a closed linear subspace with quotient map
π : X→ X/Y . By the existence of Bartle–Graves selectors ([9, Corollary 7.56]), there is
a continuous function φ : X/Y → X lifting π so that ‖φπ(x)‖6 2‖π(x)‖ for all x ∈ X .
Thus, for all x ∈ X ,

‖x‖6 ‖φπ(x)‖ + ‖x − φπ(x)‖6 2‖π(x)‖ + ‖x − φπ(x)‖,

while
‖π(x)‖ + ‖x − φπ(x)‖6 ‖x‖ + ‖x‖ + ‖φπ(x)‖6 4‖x‖.

Combining the two estimates, we find that x 7→ (π(x), x − φπ(x)) is a bijection between
X and X/Y ⊕ Y so that

1
2‖x‖6 ‖π(x)‖ + ‖x − φπ(x)‖6 4‖x‖.

Nevertheless, this map need not be a coarse equivalence between X and X/Y ⊕ Y . For
example, `1 is a surjectively universal separable Banach space (see [1, Theorem 2.3.1]),
meaning that, for every separable Banach space Z , there is a closed linear subspace Y ⊆ `1

so that `1/Y ∼= Z . So find some closed linear subspace Y ⊆ `1 so that `1/Y ∼= c0. Then
`1 is not coarsely equivalent to c0 ⊕ Y , since c0 does not even coarsely embed into `1 (if
it did, then, as `1 is coarsely embeddable into `2, c0 would be coarsely embedded into the
reflexive space `2, which is precluded by [16]).

We now specialize to the case of homeomorphism groups of manifolds and lifts to
covers. Fix a compact manifold M with universal cover p : M̃→ M and view π1(M) as a
discrete subgroup of Homeo(M̃) via the action π1(M)y M̃ by deck transformations.

We observe first that the normalizer N (π1(M)) of π1(M) inside Homeo(M̃) is the group
of all lifts of homeomorphisms of M to the universal cover M̃ . This thus induces a natural
projection π : N (π1(M))→ Homeo(M) defined by

(πg)(px)= p(g(x))
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for all x ∈ M̃ and g ∈ N (π1(M)). As π1(M)= ker π , we obtain a short exact sequence

π1(M)→ N (π1(M))
π
−→ Homeo(M).

Note also that as π1(M) is discrete in Homeo(M), its normalizer N (π1(M)) is a closed
subgroup of Homeo(M).

If ft is a path in Homeo0(M) from f0 = idM to f1, then there is a unique lift f̃t of
the path in N (π1(M)) with f̃0 = idM̃ , and π f̃t = ft for all t . Uniqueness follows from
the observation that, if f̂t is another path in N (π1(M)) lifting ft with f̂0 = idM̃ , then
f̂ −1
t f̃t ∈ π1(M) for all t ∈ [0, 1]. As π1(M) is a discrete subgroup of N (π1(M)), we see

that f̂ −1
t f̃t is constant and equal to f̂ −1

0 f̃0 = idM̃ , that is, f̂t = f̃t .
Concatenating paths shows that the set

H := { f̃1 ∈ N (π1(M)) | f̃t is a lifted path with f̃0 = idM̃ }

is in fact a subgroup of N (π1(M)). As H is path-connected by construction and π1(M) is
a discrete normal subgroup of N (π1(M)), it follows that H and π1(M) commute, that is,
[π1(M), H ] = 1.

Now let G = π−1(Homeo0(M)) denote the clopen subgroup of N (π1(M)) consisting
of lifts of isotopically trivial homeomorphisms of M . As Homeo0(M) is the path-
connected component of the identity in Homeo(M), we see that both H and π1(M) are
subgroups of G. Furthermore, H and π1(M) generate G. For, if g ∈ G, we can let g̃ ∈ H
denote the endpoint of a lift of a path in Homeo0(M) from id to π(g), in which case
g̃g−1

∈ π1(M) and hence g ∈ Hπ1(M).
Letting A = H ∩ π1(M) be the group consisting of lifts of loops in Homeo0(M), we

obtain the following diagram with exact vertical and horizontal sequences.

1 1

1 A H Homeo0(M) 1

1 π1(M) G Homeo0(M) 1

π1(M)/A G/H

1 1

π

id

σ

π

=

Observe also that A is central in both π1(M) and in H , so A→ H
π
→ Homeo0(M) and

A→ π1(M)→ π1(M)/A are both central extensions.
With this setup Proposition 26 implies that, if we can show that the quotient map

π : H → Homeo0(M)

admits a bornologous section, and that π1(M) is coarsely embedded in G, then G will be
coarsely equivalent to Homeo0(M)× π1(M). The next theorem rephrases this condition
as a condition on the fundamental group π1(M).
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THEOREM 30. Assume that the quotient map π1(M)→ π1(M)/A admits a bornologous
section ψ : π1(M)/A→ π1(M). Then also the quotient map H

π
→ Homeo0(M) admits a

bornologous section
φ : Homeo0(M)→ H.

It follows that, in this case, we have the following list of quasi-isometric equivalences:

G ≈Q I Homeo0(M)× π1(M) ≈Q I Homeo0(M)× A × π1(M)/A.

Another manner of stating this result is that, if the first vertical exact sequence of the
above diagram

1→ A→ π1(M)→ π1(M)/A→ 1

has a bornologous section ψ and hence is coarsely split, then also the second horizontal
exact sequence

1→ π1(M)→ G→ Homeo0(M)→ 1

is coarsely split. In particular, this also implies that A is finitely generated.

Proof. We first show that π1(M) is coarsely embedded in G and then construct a
bornologous section φ : Homeo0(M)→ H . Fix a proper metric d on M̃ invariant under
the action of π1(M) by deck transformations and let D ⊆ M̃ be a relatively compact
fundamental domain for this action.

Then, since H commutes with π1(M) and π1(M) acts by isometries, we see that, for
g, f ∈ H ,

sup
x∈M̃

d(g(x), f (x))= sup
x∈D

sup
γ∈π1(M)

d(gγ (x), f γ (x))= sup
x∈D

d(g(x), f (x)) <∞,

so d∞(g, f ) := supx∈M̃ d(g(x), f (x)) defines a compatible right-invariant metric on H .
Fix also a point x0 ∈ D and note that, since π1(M) acts properly discontinuously on M̃

by isometries,
dπ1(M)(γ, τ )= d(γ−1(x0), τ

−1(x0))

defines a proper right-invariant metric on π1(M), that is, a metric whose bounded sets are
finite.

We now define a right-invariant metric on G by setting

∂(gγ, f τ)= inf
a∈A

d∞(g, f a)+ dπ1(M)(γ, τa−1)

for all g, f ∈ H and γ, τ ∈ π1(M). To see that ∂ is a compatible metric, note that G is
isomorphic to the quotient of H × π1(M) by the central subgroup

N = {(a, a−1) ∈ H × π1(M) | a ∈ A}

and ∂ is simply the Hausdorff metric on the quotient ((H × π1(M))/N ) induced by the
metric d∞ + dπ1(M) on H × π1(M).

To verify that π1(M) is coarsely embedded in G, we need to show that, if γn ∈ π1(M)
is a sequence with ∂(γn, 1) bounded, then the sequence dπ1(M)(γn, 1) is also bounded.
Indeed, if ∂(γn, 1) is bounded, then by definition of ∂ , there are an ∈ A so that both
d∞(1, an) and dπ1(M)(γn, a−1

n ) are bounded, whereby, as

dπ1(M)(1, a−1
n )= d(x0, an(x0))6 d∞(1, an),

the sequence dπ1(M)(γn, 1) is also bounded.
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Now let S = ψ(π1(M)/A), which is a transversal for A in π1(M). By Proposition 26
(or Gersten’s original theorem) applied to A→ π1(M)→ π1(M)/A, we conclude that
A × π1(M)/A is coarsely equivalent with π1(M) via the map (a, k) 7→ aψ(k). Here
the coarse structure on A is that given by any left-invariant proper metric; it is standard
that such a metric exists for any countable group, and the inclusion of A into π1(M) is
automatically a coarse embedding.

In particular, writing every γ ∈ π1(M) in its unique form γ = as with a ∈ A and s ∈
S, we see that the map γ = as ∈ π1(M) 7→ a ∈ A is bornologous. Therefore, for every
constant C , there is a finite set F ⊆ A so that, for all a, b ∈ A and s, t ∈ S,

dπ1(M)(as, bt)6 C ⇒ ab−1
∈ F.

Since S−1 is also a transversal for A in π1(M), the set S−1 D is a fundamental domain
for the action A y M̃ . In particular, every g ∈ Homeo0(M) has a unique lift φ(g) ∈ H so
that φ(g)x0 ∈ S−1 D. This is our definition of the section φ.

We now show that φ is bornologous. For this, suppose that B ⊆ Homeo0(M) is
relatively (OB). Define Bφ = {φ(g)φ( f )−1

∈ H | g f −1
∈ B}. We must show that Bφ is

relatively (OB) in H . To do this, let V be an arbitrary identity neighborhood in H . Without
loss of generality, we may suppose that

V = {g ∈ H | d∞(g, 1) < ε}

for some ε > 0. Then π [V ] is an identity neighborhood in Homeo0(M) and thus, as
Homeo0(M) is connected, there is m so that B ⊆ π [V ]m = π [V m

]. Let F ⊆ A be the
finite subset chosen as a function of C = mε + 2 diam(D) as above.

Assume that g f −1
∈ B. Since φ(g)φ( f )−1 is a lift of g f −1, there is some a ∈ A so that

aφ(g)φ( f )−1
∈ V m and so

d(aφ(g)x0, φ( f )x0)6 d∞(aφ(g), φ( f )) < mε.

Writing φ(g)x0 = s−1x and φ( f )x0 = t−1 y for some x, y ∈ D and s, t ∈ S, we have

dπ1(M)(a
−1s, t)= d(as−1x0, t−1x0)

6 d(as−1x0, as−1x)+ d(as−1x, t−1 y)+ d(t−1 y, t−1x0)

= d(x0, x)+ d(aφ(g)x0, φ( f )x0)+ d(y, x0)

< mε + 2 diam(D),

whence a−1
∈ F and hence φ(g)φ( f )−1

∈ FV m . So Bφ ⊆ FV m , showing that Bφ is
relatively (OB) in H .

Proposition 26 now implies that G is coarsely equivalent to Homeo0(M)× π1(M),
while, similarly, π1(M) is coarsely equivalent to A × π1(M)/A. As Homeo0(M) and
π1(M) are both (OB) generated (finitely generated in the case of π1(M)), so is G.

Also, by Proposition 26, if ψ is the bornologous section for the quotient map π1(M)
q
→

π1(M)/A, then γ ∈ π1(M) 7→ γ · (ψ ◦ q(γ )−1) ∈ A is a bornologous surjection from the
finitely generated group π1(M) onto A, whereby A must be finitely generated too. In other
words, all of G, Homeo0(M), A, π1(M) and the quotient π1(M)/A are (OB)-generated
and so have a well-defined quasi-isometry type. As remarked at the end of §2, standard
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arguments apply in this case to show that coarse equivalences are in fact quasi-isometric
equivalences; hence, we have

G ≈Q I Homeo0(M)× π1(M) ≈Q I Homeo0(M)× A × π1(M)/A. �

The following examples illustrate two extreme cases in which Theorem 30 immediately
applies.

Example 31. (Case where A = π1(M)) Let n > 1, and let HomeoZn (Rn) be the group
of orientation-preserving homeomorphisms of Rn that commute with integral translations.
As each deck transformation can be realized as a lift of a path of rotations of the torus, we
have A = π1(M) and so π1(M)/A is trivial. Thus, Theorem 30 implies that HomeoZn (Rn)

is quasi-isometric to Homeo0(Tn)× Zn .

Since Homeo0(T) has property (OB) (by [23] or Proposition 15) and thus is quasi-
isometric to a point, we immediately have the following corollary.

COROLLARY 32. HomeoZ(R) is quasi-isometric to Z.

Example 33. (Case where A is trivial) Let M be a compact manifold such that π1(M) has
trivial center. This happens, for example, if M admits a metric of negative curvature, or
more generally, if π1(M) is a δ-hyperbolic group. Then A = 1, Homeo0(M) is isomorphic
to the identity component G0 of G, and thus Homeo0(M)× π1(M) is isomorphic to G0 ×

π1(M)= G.
In the case where π1(M) is hyperbolic, one can see the splitting of the exact

sequence more geometrically, as follows. Hyperbolicity of π1(M) and the fact that deck
transformations act by isometries on M̃ , which is naturally quasi-isometric to π1(M),
together imply that

sup
x∈M̃

d̃(x, γ x)=∞

for any 1 6= γ ∈ π1(M). But if ft is a path in Homeo0(M) with lift f̃t based at id in
G, then d̃( f̃1(x), x) <∞, so f 7→ f̃1 gives a well-defined, continuous, surjective lift
Homeo0(M)→ G0.

4.2. Bounded cohomology. We briefly discuss the relationship between bounded
cohomology, quasi-morphisms, and central extensions. Recall that, if C is a group,
each central extension 0→ A→ B→ C→ 1 defines an element of the (discrete) group
cohomology H2(C; A), this class is bounded if it admits a cocycle representative C2

→ A
with bounded image.

It is well known that the extension

0→ Z→ HomeoZ(R)→ Homeo0(T)→ 1

represents a bounded second cohomology class; this is a direct consequence of the Milnor–
Wood inequality.
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We will show, by contrast, that

0→ Zn
→ HomeoZn (Rn)→ Homeo0(Tn)→ 1

does not represent a bounded element of H2(Homeo0(Tn); Zn) for any n > 1. Although
this can be demonstrated directly in the language of group cohomology, we choose to
take this opportunity to introduce the notion of quasi-morphism in the general context of
topological groups.

The standard definition of a quasi-morphism on a group H is a function φ : H → R such
that {φ(a)+ φ(b)− φ(ab) | a, b ∈ H} is a bounded set. This generalizes quite naturally
to functions φ : H → G with image in an arbitrary topological group G. For this, let us
say that two maps φ, ψ : X→ (Y, E) from a set X with values in a coarse space (Y, E) are
close if there is some entourage E ∈ E so that (φ(x), ψ(x)) ∈ E for all x ∈ X .

Definition 34. A map φ : H → G from a group H to a topological group G is a quasi-
morphism if the two maps (a, b) 7→ φ(ab) and (a, b) 7→ φ(a)φ(b) are close with respect
to the coarse structure on G.

When working with the right-invariant coarse structure on G, this simply means that
the symmetric set

D = {φ(a)φ(b)φ(ab)−1
| a, b ∈ H}± ∪ {1}

is relatively (OB) in G. Observe that then φ(1)= φ(1)φ(1)φ(1)−1
∈ D and so φ(a−1) ∈

φ(a)−1 Dφ(aa−1)= φ(a)−1 Dφ(1)⊆ φ(a)−1 D2 for all a ∈ H . Therefore, if D is
contained in the center Z(G) of G, we find that, for all h1, . . . , hk ∈ H and α1, . . . , αk ∈

{−1, 1},

φ(hα1
1 hα2

2 · · · h
αk
k ) ∈ φ(h

α1
1 )φ(h

α2
2 · · · h

αk
k )D

⊆ · · ·

⊆ φ(hα1
1 )φ(h

α2
2 ) · · · φ(h

αk
k )D

k−1

⊆ φ(h1)
α1 D2φ(h2)

α2 D2
· · · φ(hk)

αk D2 Dk−1

= φ(h1)
α1φ(h2)

α2 · · · φ(hk)
αk D3k−1.

If 0→ Zn
→ G→ H → 1 is a central extension of a finitely generated group H by

Zn , the extension represents a bounded cohomology class in H2(H ; Zn) exactly when
the quotient map π : G→ H has a section φ : H → G that is a quasi-morphism, or
equivalently, if D as defined above is a finite subset of Zn .

The following result of Gersten can now be deduced from Proposition 26 by showing
that quasi-morphisms between countable discrete groups are bornologous.

THEOREM 35. (Gersten [14]) If a central extension 0→ Zn
→ G→ H → 1 of a finitely

generated group H represents a bounded cohomology class, then G is quasi-isometric to
H × Zn .

By contrast, not all quasi-morphisms, or even homomorphisms, between topological
groups are bornologous. For example, a linear map between Banach spaces is bornologous
if and only if it is bounded, i.e., continuous. However, one may show that a Baire
measurable quasi-morphism between Polish groups is bornologous [24].
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The following converse to Gersten’s theorem appears to be open, although a related
result for L∞-cohomology has been proved in [17].

Question 36. Let H be a finitely generated group and 0→ Zn
→ G

π
−→ H → 1 a

central extension. Suppose that φ : H × Zn
→ G is a quasi-isometry such that πφ(h, x)

is a bounded distance from h. Does 0→ Zn
→ G

π
−→ H → 1 represent a bounded

cohomology class?

Though we do not know the answer to Question 36, and suspect that it may be positive,
we will show that the answer is negative for the central extensions of (OB) generated
groups

0→ Zn
→ HomeoZn (Rn)

π
−→ Homeo0(Tn)→ 1,

for all n > 2. By Example 31, there exists a bornologous section φ of the quotient map
π , and (k, x) 7→ kφ(x) is a quasi-isometry between the product Zn

× Homeo0(Tn) and
HomeoZn (Rn). Hence, to give a negative answer, it suffices to prove the following.

THEOREM 37. For n > 2, the central extension does not represent a bounded cohomology
class in H2(Homeo0(Tn); Zn), that is, π has no section that is a quasi-morphism.

Proof. To show that π has no section which is a quasi-morphism, it will suffice to study
sections over commutators. Our computations here are motivated by the (easily checked)
fact that the value of a commutator under any quasi-morphism to an abelian group is
uniformly bounded in terms of sup(D). We adapt this line of reasoning to our discussion
of sections of HomeoZn (Rn)

π
−→ Homeo0(Tn), using the fact that Zn is central.

First note that if φ and ψ are two sections of π , then [φ(a), φ(b)] = [ψ(a), ψ(b)] for
all a, b ∈ Homeo0(Tn). Indeed, given a, b, there are ka, kb ∈ Zn so that ψ(a)= φ(a)ka

and ψ(b)= φ(b)kb. Since Zn is central, it follows that

[ψ(a), ψ(b)] = ψ(a)ψ(b)ψ(a)−1ψ(b)−1

= φ(a)kaφ(b)kbk−1
a φ(a)−1k−1

b φ(b)−1

= [φ(a), φ(b)].

Suppose for contradiction that φ is a section of π that is a quasi-morphism, that is, so that

D = {φ(a)φ(b)φ(ab)−1
| a, b ∈ Homeo0(Tn)}± ∪ {1}

is a finite subset of Zn . Then φ([a, b][c, d]) ∈ [φ(a), φ(b)][φ(c), φ(d)]D23, or
equivalently,

[φ(a), φ(b)][φ(c), φ(d)] ∈ φ([a, b][c, d])D23,

for all a, b, c, d . In particular, this implies that, for any section ψ of π , the set

F =
{
[ψ(a), ψ(b)][ψ(c), ψ(d)] ∈ Zn

| a, b, c, d ∈ Homeo0(Tn) and [a, b][c, d] = 1
}

is finite and independent of the choice of ψ .
We can now finish the proof of Theorem 37 using the following example communicated

to the first author by Leonid Polterovich.
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Example 38. For every N > 0, there are a, b, c, d ∈ Homeo0(Tn) with [a, b][c, d] = 1 so
that, for any section ψ of π , the product

[ψ(a), ψ(b)][ψ(c), ψ(d)]

has word norm greater than N with respect to the standard generators of Zn .
To simplify notation, we will assume that n = 2; the general case is analogous.

Let N > 0 be given. Since by [8] every element of Homeo+(T) and hence also of
Homeo+(T)× Homeo+(T) is a commutator, we can find a, b ∈ Homeo0(T2) such that
[ψ(a), ψ(b)](x, y)= (x + 1/2, y) for any choice of ψ . Let A ∈ SL2(Z) be the matrix

A =
(

2N + 1 1
2N 1

)
.

The linear action of A on R2 normalizes the set of integral translations, so descends to a
homeomorphism of T2. Moreover, for any f ∈ Homeo0(T2), the induced homomorphism
A f A−1 of T2 is also in the identity component Homeo0(T2). Define c = Aa A−1 and d =
AbA−1. Since we are free to redefineψ if needed, we may assume thatψ(c)= Aψ(a)A−1

and ψ(d)= Aψ(d)A−1, as these project to a, b, c and d in Homeo0(T2), respectively. To
be consistent with standard notation, we now write points of R2 as column vectors to
compute:

[φ(c), φ(d)]
(

x
y

)
= A[φ(a), φ(b)]A−1

(
x
y

)
= A

(
A−1

(
x
y

)
+

(
1/2
0

))
=

(
x + N + 1/2

y + N

)
.

Thus,

[φ(a), φ(b)][φ(c), φ(d)]
(

x
y

)
=

(
x + N + 1

y + N

)
,

showing that [φ(a), φ(b)][φ(c), φ(d)] has norm greater than N , as desired. Moreover,
since

[φ(a), φ(b)][φ(c), φ(d)]

is an integral translation, we have

[a, b][c, d] = π([φ(a), φ(b)][φ(c), φ(d)])= 1 ∈ Homeo0(T2). �

Remark 39. Example 38 can easily be adapted to also provide an unbounded class in
H2(Homeo0(Tn), Z). Indeed, this is represented by the central extension of Homeo0(Tn)

by the group of isotopically trivial homeomorphisms of R× Tn−1 that commute with
integer translation of the R factor.

5. Examples of quasi-isometric embeddings
As a means of further describing the large-scale geometry of groups of homeomorphisms,
we give examples of quasi-isometric, isomorphic embeddings between them. Since
HomeoZ(R) is quasi-isomorphic to Z (by Corollary 32), it has the simplest non-trivial
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quasi-isometry type among all non-locally compact groups of homeomorphisms. Thus, a
natural starting point, and our focus here, is producing examples of embeddings of this
group into others.

It is easy to construct an injective homomorphism HomeoZ(R)→ Homeo0(M), for any
manifold M : start with an embedded copy of Sn−1

× [−1, 1] in M , and define an action
of HomeoZ(R) supported on the interior of this set (which we identity with Sn−1

× R) by
φ( f )(x, t)= (x, f (t)). This extends to an action on M that is trivial on the complement
of the embedded Sn−1

× R. However, such a homomorphism is not a quasi-isometric
embedding; in fact, using the fact that Homeo(Sn−1) has property (OB), one can easily
show that the image of φ is bounded in Homeo0(M).

However, with more work, we are able to construct examples of undistorted continuous
homomorphisms HomeoZ(R)→ Homeo0(M).

PROPOSITION 40. Let M be a manifold with dim(M)> 2 such that π1(M) has an
undistorted element of infinite order. Then there is a continuous, quasi-isometric
isomorphic embedding HomeoZ(R)→ Homeo0(M).

Proof. We start with a special case, defining a quasi-isometric, isomorphic embedding
from HomeoZ(R) to the group of orientation-preserving homeomorphisms of the closed
annulus A := S1

× [−1, 1]. This construction will then be modified so as to have image in
the group of homeomorphisms of A that fix the boundary pointwise. The case for general
M is given by a suitable embedding of a family of such annuli in M .

Define a foliation of R2 by vertical lines on the lower half-plane, and lines of the form
{(x, x − a)} on the upper half plane (Figure 1, left). Each leaf is a set La of the form

{(a, y) | y 6 0} ∪ {(y + a, y) | y > 0}

and we have homeomorphism ψa : La→ R given by ψa(x, y)= y + a, with inverse

ψ−1
a (z)=

{
(a, z − a) if z − a < 0,

(z, z − a) if z − a > 0.

This identification lets us define an action of HomeoZ(R) on R2, preserving each leaf of
the foliation. On each leaf La , f ∈ HomeoZ(R) acts by ψ−1

a fψa . For f ∈ HomeoZ(R),
let f̂ (x, y) denote the homomorphism of R2 just described. Explicitly, if (x, y) ∈ La , then

f̂ (x, y)= ψ−1
a f (y + a)=

{
(a, f (y + a)− a) if f (y + a)− a < 0,

( f (y + a), f (y + a)− a) if f (y + a)− a > 0.

One can check directly that this action commutes with integral horizontal translations,
that is, that f̂ (x + 1, y)= f̂ (x, y)+ (1, 0), and so descends to an action of HomeoZ(R)
on the open annulus R2/(x, y)∼ (x + 1, y).

We claim that it also extends to a continuous action on the compactification of this
quotient to the closed annulus A, giving a homomorphism φ : HomeoZ(R)→ Homeo0(A).
First, define the compactification explicitly by identifying R2/(x, y)∼ (x + 1, y) with
R× (−1, 1)/(x, y)∼ (x + 1, y) via the map R2

→ R× (−1, 1) given by (x, y) 7→
(x, (2/π) arctan(y)) and compactify by adding the boundary circles S1

× {−1} and
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FIGURE 1. A foliation of the plane and induced foliation on the annulus.

S1
× {1}. Figure 1 (right) shows the foliation on this annulus; leaves are transverse to the

circle S1
× {−1} and spiral around the circle S1

× {1}. Now it is easy to check explicitly
that the action of HomeoZ(R) extends continuously to a trivial action on the S1

× {−1}
boundary component, and to the standard action of Homeo+(S1)= HomeoZ(R)/Z on the
S1
× {1} boundary component.
To show that this is a quasi-isometric embedding, let U be a symmetric relatively (OB)

neighborhood of the identity in Homeo(A) and let ‖·‖U denote the corresponding length
function on Homeo(A). Also, for n ∈ Z, let Tn ∈ HomeoZ(R) denote translation by n.
Since the inclusion n 7→ Tn of Z into HomeoZ(R) is a quasi-isometry between Z and
HomeoZ(R), it suffices to verify that n 6 K‖φ(Tn)‖U + K for some constant K .

Let T̃n be the lift of φ(Tn) to the universal cover Ã= R× [−1, 1] of A that fixes R×
{−1} and acts on R× {1} as translation by n. It follows that T̃n([0, 1] × [−1, 1]) has
diameter at least n. Lemma 19 now gives the desired inequality.

By gluing two copies of A together on the S1
× {1} boundary component, and

‘doubling’ the action defined above, we get an action of HomeoZ(R) on the closed
annulus that fixes each boundary component pointwise. Translations in HomeoZ(R) act
by rotations on the essential S1 curve corresponding to the identified S1

× {1} boundary
components, so the same argument as above shows that this is also a quasi-isometric
embedding.

This gluing construction easily generalizes to higher dimensions. Rather than gluing
two copies of A together on the S1

× {1} boundary, we can take a family of copies of
A parametrized by Sn−2, and identify the S1

× {1} boundary component of each annulus
in the family with a single copy of S1. In this way we get an action of HomeoZ(R) on
S1
× Dn−1 that fixes the boundary pointwise. As before, translations in HomeoZ(R) act

as point-pushes along an essential S1
× {0} ⊂ S1

× Dn−1 curve.
For the general case, suppose that M is a manifold of dimension n > 2 such that π1(M)

has an undistorted infinite-order element. As in the proof of Proposition 20, we may find an
embedded curve γ ⊆ M representing such an element. Identify S1

× Dn−1 with a tubular
neighborhood of γ so that γ = S1

× {0}. The construction above now gives an action of
HomeoZ(R) on this tubular neighborhood and fixing the boundary, so it extends (trivially)
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to an action of HomeoZ(R) by homeomorphisms of M . As in Proposition 20, the action
of Tn ‘point-pushes’ along γ , and so the estimate from Lemma 19 given there shows that
this is a quasi-isometric, isomorphic embedding. �

6. Application to group actions and distorted subgroups
It is a basic, although typically very difficult, problem to classify the actions of a given
group G on a manifold M (i.e. the homomorphisms G→ Homeo(M)). In the case where
G is a finitely generated discrete group, progress on this problem has been made in three
separate cases, all under strong additional assumptions. The first case is the study of
actions by diffeomorphisms preserving a volume form on M . In the case where G is
assumed to be a lattice in a Lie group, this is the classical Zimmer program. The second
tractable case is the very special case of M = S1, and the third case is centered around the
theme of using torsion elements in G to show that G cannot act on a manifold. See [10]
for a survey of results in all three directions.

Other than these special cases, the problem of classifying (discrete) group actions on
manifolds remains wide open. For example, the following statement appears in a recent
paper of Fisher and Silberman [11]. ‘Except for M = S1, there is no known example of a
torsion-free finitely generated group that doesn’t act by homeomorphisms on M .’ If G is
a locally compact, rather than finitely generated, group, again very little can be said about
actions of G by homeomorphisms save for the special cases where G is compact or has
many torsion elements.

We propose that one should instead study homomorphisms G→ Homeo0(M) that
respect the geometric and topological structure of G, namely, the quasi-isometric,
isomorphic embeddings.

Problem 41. Let G be a compactly generated group, and M a manifold. Classify the
quasi-isometric, isomorphic embeddings G→ Homeo0(M).

This problem should be most accessible in the case where M is a compact surface,
and, as a first step, one should produce examples of groups with no quasi-isometric,
isomorphic embeddings into Homeo0(M), and/or groups with only very few or very rigid
quasi-isometric, isomorphic embeddings.

6.1. Groups that admit no quasi-isometric, embedding into Homeo0(M). The goal of
this section is to provide evidence that Problem 41 is (a) approachable, and (b) essentially
different from the general problem of classifying group actions on manifolds. To do this,
we construct an example of a compactly generated group that embeds continuously in a
group of homeomorphisms, but only admits distorted continuous embeddings.

Let Homeo0(A) denote the identity component of the group of homeomorphisms of
the closed annulus. These homeomorphisms preserve boundary components, but need not
pointwise fix the boundary. Our main proposition is the following.

PROPOSITION 42. There exists a torsion-free, compactly generated, closed subgroup G
of Homeo0(A) such that G does not admit any continuous quasi-isometric, isomorphic
embedding into Homeo0(A).
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The obstruction to a continuous quasi-isometric, isomorphic embedding given in
our proof comes from a combination of Theorem 23 and some basic results from the
theory of rotation vectors for surface homeomorphisms, as developed by Franks [12] and
Misiurewicz and Ziemian [20].

Proof. Let G = Z n R, where the action of the generator z of Z on any r ∈ R is given by
zr z−1

=−r . (Here and in what follows, we think of Z as the cyclic group generated by z,
and R as an additive group.) G is quasi-isometric to Z× R, as the subgroup 2Z× R6 G is
of index 2. We first produce a continuous, injective homomorphism from G to Homeo0(A).
In fact, the same strategy can be used to produce a continuous injective homomorphism
G→ Homeo0(M), for any manifold M of dimension at least 2.

Let B ⊆ A be an embedded ball, and let g ∈ Homeo0(A) be a homeomorphism such
that the translates gk(B), for k ∈ Z, are pairwise disjoint. Let { ft }t∈R be a one-parameter
family of homeomorphisms supported on B. For r ∈ R define

φ(r)(x)=


gk fr g−k(x) if x ∈ gk(B), k even,

gk f−r g−k(x) if x ∈ gk(B), k odd,

x otherwise,

and define φ(z)= g. Then φ(z)φ(r)φ(z)−1
= φ(r)−1 and so φ extends to a

homomorphism defined on G. By construction, this homomorphism is continuous and
can easily be insured to be an isomorphic embedding.

We now show that there is no continuous quasi-isometric, isomorphic embedding of G
into Homeo0(A). To see this, suppose for contradiction that ψ was such an embedding.
We focus first on the R factor of G. The first goal is to show that the algebraic constraint
given by undistortedness of ψ(R) puts a dynamical constraint on the action of ψ(R). For
concreteness, identify the universal cover Ã of A with R× [0, 1], and the covering map
with the standard projection π : R× [0, 1] → R/Z× [0, 1] ∼= A. Let d be the metric on
A induced by the standard Euclidean metric d̃ on R× [0, 1], so d̃ is a geodesic lift of d .

Continuity of ψ together with the construction of lifts of paths of homeomorphisms
described in §4.1 gives a lift of the action of R on A, that is, a homomorphism ψ̃ : R→
Homeo(Ã) such that πψ̃ = ψ .

Let t be any non-trivial element of R6 G. Since 〈t〉6 R6 G is quasi-isometrically
embedded, the restriction of ψ to 〈t〉 is a quasi-isometric, isomorphic embedding into
Homeo0(A). To simplify notation, let τ = ψ̃(t), so τ n

= ψ̃(nt), and let D = [0, 1] ×
[0, 1] be a fundamental domain for A. Theorem 23 implies that there exist constants
K ′, C ′ such that

n 6 K ′ sup
x,y∈D

d̃(τ n(x), τ n(y))+ C ′ (1)

holds for all n. In particular, for K := 2K ′ and C := C ′ + K ′ · diam(D), we have

n 6 K sup
x∈D

d̃(τ n(x), x)+ C (2)

for all n. Increasing K and C further if needed, we easily get the other inequality
1
K

sup
x∈D

d̃(τ n(x), x)− C 6 n 6 K sup
x∈D

d̃(τ n(x), x)+ C. (3)
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Using an argument from [20], we will now find a single point x that achieves such a
‘linear displacement’ under τ n for all n. Combined with a theorem of Franks, this will
give the existence of a periodic orbit for ψ(R). As this argument uses tools separate from
the rest of the proof, we state it as an independent lemma.

LEMMA 43. Suppose that τ ∈ Homeo(Ã) is a lift of an annulus homeomorphism satisfying
the inequalities in (3) above. Then there exists a point x ∈ D such that

lim
n→∞

1
n

d̃(τ n(x), x)= K .

Proof. Pick a sequence of points xn ∈ D such that d̃(τ n(xn), xn)> supx∈D d̃(τ n(x), x)−
1/n. By inequality (3), we have

n
K
−

C
K
−

1
n
6 d̃(τ n(xn), xn)6 K n + K C.

This implies that there exist 0< L ≤ K and a subsequence xnk such that

lim
k→∞

τ nk (xnk )− xnk

nk
= (L , 0)

where τ n(xn)− xn is considered as a vector in R× [0, 1] ⊆ R2.
Since, the estimate lim supn→∞ ((τ

n(yn)− yn)/n)6 (K , 0) holds for any sequence of
points yn , we may take xnk to be a sequence that maximizes the value of the norm of
limk→∞ ((τ

nk (yn)− yn)/n) over all sequences in D such that this limit exists.
In [20, Theorem 2.4], it is shown that, under these hypotheses, there exists a probability

measure µ on D, invariant under τ , and such that
∫

D(τ (x)− x) dµ= (L , 0). (The result
of [20] is in fact more general, applying not only to annulus homeomorphisms, but also to
continuous non-invertible maps, and to continuous maps of the torus. In their language,
(L , 0) is an extremal point of the rotation set for τ .) It now follows from the Birkhoff
ergodic theorem that, for µ-almost every x ∈ D,

lim
n→∞

τ n(x)− x
n

=

∫
D
(g(x)− x) dµ= (L , 0),

giving the existence of a point as in the lemma. Further details can be found in
[20, §1]. �

Continuing with the proof of the theorem, let s = t/L , so ψ̃(s)L
= ψ̃(t). This makes

sense even for non-integer L , as s is in the (additive) R subgroup, so we may define ψ̃(s)L

to be ψ̃(Ls). From Lemma 43 we have a point x such that

lim
n→∞

ψ̃(t)n(x)− x
n

= (L , 0),

and this implies that

lim
n→∞

ψ̃(s)n(x)− x
n

= (1, 0).

Let T : R× [0, 1] → R× [0, 1] be the translation T (a, b)= (a + 1, b). Since T
commutes with s, we have

lim
n→∞

(T−1
◦ ψ̃(s))n(x)− x

n
= (0, 0).
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By work of Franks [12, Corollary 2.5], this implies that T−1
◦ ψ̃(s) has a fixed point.

(In the language of [12], T−1
◦ ψ̃(s) is said to have a periodic point with rotation number

0; this simply means a fixed point.) Equivalently, there exists a point x0 ∈ R× [0, 1] such
that ψ̃(s)(x0)= x0 + (1, 0). Since ψ̃(R) commutes with T , we have also ψ̃(r + s)(x0)=

ψ̃(r)(x0)+ (1, 0) for all r ∈ R. It follows that the orbit of π(x0) ∈ A under ψ(R) is an
embedded circle, homotopic to a boundary component of the annulus. Let C denote this
embedded circle.

As before, let z denote a generator of the Z factor of G = Z n R. Since zr z−1
=−r , the

embedded circle ψ(z)(C) is the orbit of the point ψ(z)(x0) under ψ(R). From the group
relation and our construction of the lift ψ̃ by lifting paths, it follows that if x ∈ R× [0, 1]
satisfies π(x) ∈ φ(z)(C), then we have

ψ̃(s)(x)= x + (−1, 0). (4)

This implies, in particular, that ψ(z)(x0) 6= x0, and that the curves ψ(z)(C) and C are
disjoint.

As both ψ(z)(C) and C are homotopic to boundary circles, ψ(z)(C) separates C
from one of the boundary components of A. For concreteness, assume that this is the
boundary component S1

× {0}. If A0 is the closed annulus bounded by S1
× {0} and

C , then ψ(z)(A0) is a sub-annulus contained in the interior of A0 whose boundary is
S1
× {0} t ψ(z)(C). It follows that the set {ψ(z)n(A0) | n ≥ 0} is a family of nested

annuli, and the boundary components ψ(z)n(C) of each are pairwise disjoint curves, with
ψ(zn)(C) separating ψ(zn−1)(C) from ψ(zn+1)(C).

Since A is compact, there exists an accumulation point y of the curves ψ(zn)(C). Since
ψ(zn)(C) separates ψ(zn−1)(C) from ψ(zn+1)(C), y is an accumulation point both of the
set of curves of the form ψ(z2m)(C) and of the set of curves of the form ψ(z2m+1)(C).
We now use this to derive a contradiction: informally speaking, the relation zr z−1

=−r
will force the flow given by ψ(R) to move points in opposite directions on the curves
ψ(z2m)(C) and ψ(z2m+1)(C), and so it cannot be continuous at y.

To make this more formal, let ỹ be a lift of y to Ã= R× [0, 1]. Then there exists a
sequence an in Ã approaching ỹ and such that π(an) ∈ ψ(zn)(C). Since an ∈ ψ(zn)(C),
using the group relation as in equation (4) above, we have

ψ̃(s)(an)=

{
an + (1, 0) if n = 2m + 1,
an + (−1, 0) if n = 2m.

This contradicts the continuity of the homeomorphism ψ̃(s) at y, concluding
the proof. �

Although flows played a central role in the proof of Propositions 42, we expect that it
should be possible to give discrete examples.

Question 44. Can one modify the construction above to give an example of a torsion-
free, finitely generated subgroup of Homeo0(A) that does not quasi-isometrically
isomorphically embed into Homeo0(A)?

A good candidate for this question might be the subgroup Z n Z6 Z n R or the infinite
dihedral group Z/2Z n Z.
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It would also be interesting to see analogous constructions on other manifolds. The
tools we used from [20] and [12] generalize directly to homeomorphisms of the torus, and
less directly to other surfaces, making the two-dimensional case quite approachable.
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