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A PSEUDO COUNTEREXAMPLE TO A
SIMULATION METATHEOREM*

SHELDON M. Ross AND KYLE Y. LIN

Department of Industrial Engineering and Operations Research
University of California
Berkeley, California 94720

We state a simulation metatheorem and then present an example that could be con-
sidered a counterexample to the metatheorem

1. THE METATHEOREM AND COUNTEREXAMPLE

Suppose that we want to simulate the value of a random varkabteas to be able
to estimate its mearurthermoresuppose thabefore obtaining the simulated value
of X, we obtain the simulated value of a random vedfor

MeTtaTHEOREM: If E[X|Y] is easily calculated then a simulation run should be
stopped when thealue of Y is obtained

For instancesuppose thaXis the delay in queue of th&h customer in a FIFO
single server queue in which all service times have distribuGowith meanp.
Then if Nis the number of customers in queue &id the remaining service time
of the customer being servédr 0 if there is no customer being seryadhen cus-
tomern arrives then the metatheorem states tlsibce

E[X|N,R] = R+ Ny,

we should stop the simulation after gathering the data(N, R). That is we should
not bother simulating the service times of thieustomers in queu&low, whereas
it is certainly true thaE[X|N, R] is an unbiased estimator &f X ] and

Var(E[X|N,R]) = Var(X)
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what if we are planning to use additional variance reduction methods to estimate
E[X]? Canit not be the case that these additional variance reduction techniques will
work more efficiently with the raw simulation estimatéthan with the conditional
expectation estimator?

Example: Consider a single server queueing system in which customers arrive at
deterministic times 2,3,..., and where the service distribution is exponential with
mean 1Let X denote the delay in queue of customeahd letR andN be as before
A simulation of one million runs gives
Var(X) = 2.1389
Var(R+ N) = 1.7104

However if we let § denote the service time of customeand as suggested in Ross
and Lin[2], use each 05, S,, S;, and S, as control variategshen an additional
simulation shows that

Var<x + > a(§ - 1)) = 0.2534
j=1

4
Var<R+ N+ b(S - 1)> = 0.4205
j=1

wherea; andb; are the optimal constants and are chosen by the simulatioriststa
Rosg[1]).

Thus itappears that there is benefit in simulating the additional service times of
those customers waiting in queue when number 5 arrivbgh would contradict
the metatheorenThe precedinghoweveris not the best way to use control variates
along with the conditional estimatdndeed if we letl; be the indicator of the event
that service on customgbegins before customer 5 arrivéisen it follows from the
independence df and§ that for any constants;,

4
E[Ecjlj(s —1)} =0.
j=1
Thus we can use an estimator of the type
4
R+N+ X ¢li(§-1). (1)
j=1

Note that estimatofl) satisfies the condition of the metatheordtrturns out that
the best estimator of this type has variance given by

4
Var<R+ N+ D ¢li(§— 1)) = 0.2374
j=1
As this variance is smaller than2b34 the variance of the control variate estimator

based orX, it appears that the metatheorem still startdiswever since the control
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variatesS, j = 1,2,3,4, are independenbne needs only to estimate the covariances
betweenX and eacl to find the optimal values;. On the other handsince the
random variable$\| = I;,(§ — 1), j = 1,2,3,4, are dependento find the optimal
constants; it is necessary not only to estimate all of the covariances betReeN

and these\, but also the covariances between all palisandW; the relatively
small variance reduction that is obtained by using estimétpover the control
variate estimator based ofmay not be worth the needed additional computational
effort.

A Final Remark: Because the example assumes that the service distribution was
exponentialit is not necessary to simulate the valueRofOne can stop the simula-
tion when customer 5 arrives and use thaecontrolled estimator

E[X|N]=N+1,

wherel is the indicator of the event that there is someone in service when customer
5 arrives (A simulation indicated that the variance of this estimator.@3835) To
improve this estimatodet T, denote the total amount of time that customéas
already spent in service at the moment that customer 5 ayawveislet

T, if customerj leaves before customer 5 arrives

T =1T+1 if customerj is in service when customer 5 arrives
1, if customerj is waiting in queue when customer 5 arrives

forj=1,2,3,4. That is if customerj is being served when customer 5 arriviben
T;* is equal to the amount of time thathas already spent in service pludifis
conditional expected remaining service timdow, by a well-known argumentt
follows that for any constants|, {Z,,1= n = 4} is a martingale with mean 0 when

Z,

|||
TM:

(dT —dE[T|TS,....T 1))

=]

= 2 4(T* - 1),
where the preceding equality follows from the lack of memory property of expo-
nential random variablgsvhich implies that the conditional remaining service time
is always equal to the mean service tjmdow, if we let M denote the number of
customers that have started service by the time customer 5 athie@M is easily
seen to be a stopping time for this martingatience by the martingale stopping
theorem

0=E[Zy]= E[}dej(Tj*—l)].
=1
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Hence if we let J, be the indicator variable for the event that M, then we can
utilize an estimator of the type

4
=1

The optimal constants can be estimated from the simulgdioahit turns out that the
variance of the resulting estimator is1694
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