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Abstract

We define a class of amenable Weyl group elements in the Lie types B, C, and D, which we propose as the
analogs of vexillary permutations in these Lie types. Our amenable signed permutations index flagged theta and
eta polynomials, which generalize the double theta and eta polynomials of Wilson and the author. In geometry, we
obtain corresponding formulas for the cohomology classes of symplectic and orthogonal degeneracy loci.

1. Introduction

A fundamental problem in Schubert calculus is that of finding polynomial representatives for the
cohomology classes of the Schubert varieties. In the mid 1990s, Fulton and Pragacz [10] asked a relative
version of the same question, seeking explicit formulas which represent the classes of degeneracy loci
for the classical groups, in the sense of [8], [9], [21]. These loci pull back from the universal Schubert
varieties in a G/P-bundle, where G is a classical Lie group, and P is a parabolic subgroup of G. As
such, they are indexed by elements w in the Weyl group of G, which describe the relative position of
two flags of (isotropic) subspaces of a fixed (symplectic or orthogonal) vector space.

The above Giambelli and degeneracy locus problems were solved in full generality in [25]. The
answer given there is a positive Chern class formula which respects the symmetries of the Weyl
group element w and its inverse. The paper [25] introduced a new, intrinsic point of view in Schubert
calculus, showing that formulas native to the homogeneous space G /P are possible, for any parabolic
subgroup P, and in all classical Lie types. In special cases, there are alternatives to the general formulas
of [25], but they must all be equivalent to the formulas found there, modulo an explicit ideal of relations
among the variables involved.

The seminal work of Lascoux and Schiitzenberger [18], [19] on Schubert polynomials exposed
intrinsic formulas for an important class of permutations, which they called vexillary. They defined
the shape of a general permutation to be the partition obtained by arranging the entries of its code in
decreasing order. The key defining property of a vexillary permutation was that its Schubert polynomial
can be expressed as a flagged Schur polynomial indexed by its shape. In particular, the prototype
for vexillary permutations was the Grassmannian permutations, whose Schubert polynomials are the
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classical Schur polynomials. Our aim in the present article is to define a family of amenable signed
permutations, which serve as the analogs of vexillary permutations in the other classical Lie types.

There have been two attempts in the past to define a notion of vexillary signed permutation in the
Lie types B-D, by Billey and Lam [4] and Anderson and Fulton [1]. These definitions miss the mark
because according to either of them, the Grassmannian signed permutations are not all vexillary. The
revision [2] of [1] sought to generalize the latter paper by incorporating the theta and eta polynomials
of Buch, Kresch, and the author [6], [7] and Wilson [31], [32], which are the analogs of the Schur
polynomials in the aforementioned Lie types. Unfortunately, although [2] is in the right direction, the
proofs given there contain serious errors in all Lie types except type A, and the main theorem is false,
at least in type D. Moreover, Anderson and Fulton have not acknowledged that intrinsic Chern class
formulas for the cohomology classes of all the degeneracy loci are known in any of their writings to
date.

Our approach to amenable elements is based on a careful study of how the corresponding raising
operator formulas transform under divided differences. The outline of the argument is similar to the
one found in Macdonald’s notes [20], but there are important differences in the details. The proof is
new even in type A, where we obtain a new characterization of vexillary permutations (see below).
It is critical to work with double polynomials throughout and use both left and right divided differences
to maximum effect, starting from the known formula for the top polynomial, which is indexed by the
longest length element. In types B-D, we employ the Schubert polynomials of Tkeda, Mihalcea, and
Naruse [13], which extend the work of Billey and Haiman [3] to a theory suitable for applications
to equivariant cohomology and degeneracy loci. The paper [30] provides another key ingredient: the
definition of the shape of a signed permutation, which plays the role of Lascoux and Schiitzenberger’s
shape in the latter Lie types.

The difficulty when working with sequences of divided differences applied to polynomials lies in
choosing which path to follow in the weak Bruhat order, as the Leibnitz rule tends to destroy any
nice formulas. The papers [28], [29], [31] showed how divided differences can be used to obtain
combinatorial proofs of the raising operator formulas for double theta and double eta polynomials,
exploiting the fact that these polynomials behave well under the action of /eft divided differences.
Therefore, as long as one remains among the Grassmannian elements, the choice of path through the
left weak Bruhat order is immaterial. However, this surprising property, first observed in the symplectic
case by Ikeda and Matsumura [12], completely fails once one leaves the Grassmannian regime.

To solve this problem, we introduce the notion of leading elements of the Weyl group, which
generalize the Grassmannian elements. In the Lie types A-C, a (signed) permutation w = (wy, ..., w,)
is leading if the A-code of the extended sequence (0, wy, .. ., w;,) is unimodal. The analogous treatment
of type D elements involves some subtleties, which we discuss later. The leading signed permutations
are partitioned into equivalence classes defined by their truncated A-code. Each of them is in bijection
with the class of Grassmannian elements, where the truncated A-code vanishes. The longest length
elements within each class give rise to Pfaffian formulas which are proved using divided differences,
starting from the formula for the longest element in the Weyl group. Following this, any sequence of
left divided differences used to establish the double theta/eta polynomial formula in the Grassmannian
case works—in the same way!—to prove a corresponding “factorial” formula for the elements of the
other equivalence classes.

Once the formulas for the leading elements are obtained, one can continue to apply type A
divided differences, in a manner that preserves the shape of these formulas, and proceed a bit
further down the left weak order. We thus arrive at our definition of amenable elements of the Weyl
group: they are modifications of the leading elements, obtained by multiplying them on the left by
suitable permutations. In the symmetric group, this reflects the (apparently new) fact that the vexillary
permutations are exactly those which can be written as products ww, with {(ww) = (@) — {(w),
where w and @ are 312-avoiding and 132-avoiding permutations, respectively.

Finally, one has to deal with the problem that the above formulas do not respect the symmetries
(i.e., the descent sets) of the amenable Weyl group element involved. This issue was dealt with in [20]
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by exploiting the alternating properties of determinants, and a similar argument works for the Pfaffian
examples of [1], [14]. In the situation at hand, we require variants of the key technical lemmas obtained
in [7], which exposed the more subtle alternating properties of the raising operator expressions that
define theta polynomials.

To understand some of the additional challenges one faces in the even orthogonal type D, consider
first the question of how to define the shape of an element w in the associated Weyl group W,,. There
seems to be no consistent way to do this, since, for example, the element (3, 1,2) has shape A = 2 when
considered as a O-Grassmannian element, but shape 1 = (1, 1) when considered as a 1-Grassmannian
element. The definition given in [30, Definition 5] prefers the latter shape over the former, but the more
difficult question before us here requires a further refinement.

Our solution is to define the shape of w to be a #yped partition, where the type is an inte-
ger in {0, 1,2}, extending the corresponding notion for Grassmannian elements from [5]. The O-
Grassmannian elements and their Pfaffian formulas are abandoned entirely; instead, we view them all as
1-Grassmannian elements! This fits in well with our previous papers [5], [6], [26], [28] on the
orthogonal Grassmannians OG(n — k,2n) and (double) eta polynomials, where we assumed k£ > 1
from the beginning—but for a different reason.

Another obstacle appears when one tries to define the leading elements of W,. It was observed in
[28, Section 3.3] that the compatibility of double eta polynomials with left divided differences is more
delicate than the corresponding fact in types B and C. In order to preserve this crucial property for the
polynomials indexed by leading elements, we must demand that they are all proper elements of W,
(Definition 12). There is no analog of this subtle condition in the other classical Lie types. Once all the
definitions which are special to the type D theory are found, the proof of the main result proceeds in a
manner parallel to the other three types.

We now provide the statements of our main theorems. Let E — X be a symplectic or orthogonal
vector bundle of rank NV on a smooth complex algebraic variety X. We are given two complete flags of
subbundles of £

OcE Cc---CEy=E and OCFyC---CFy=E

with rankE, = rankF, = r for each r. If N = 2n is even, we have E,.y = E;-__ and F,,s = Fr-

n—s
for 0 < s < n, while if N = 2n + 1 is odd, we are in the orthogonal case, and have E,; = Ei+1—s
and Fs = ;+1—s for 1 < s < n. Consider the degeneracy locus X,, C X, which we assume has

pure codimension £(w) in X (the precise definition of X,, is given in Sections 5.3 and 6.3). If w is an
amenable Weyl group element, we obtain formulas for the class of X,, in the cohomology ring of X,
which are given by flagged theta and flagged eta polynomials.
Fix an amenable signed permutation w in the hyperoctahedral group W,,. Let k > 0 be the first right
descent of w, list the entries w41, ..., w, in increasing order:
UG < - < Uy <0<ty < o0 <Up_g

and define

B=u+ 1, upm+ 1ty Un—i),

D:={(i,j)|1<i<j<n—kand u; +u; <0},

and the raising operator expression

RP=[la-rp ] G+rp™.

i<j i<j:(i,j)eD
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The A-code of w is the sequence y with y; 1= #{j > i | w; < w;}. Define two partitions v and & by
setting v; :=#{i | y; > j} and &; := #{i | yx+i > j} for each j > 1. Following [30], the shape of w is
the partition A = y + v, where y = (—uy, ..., —u,). If £ denotes the length of A, we say that q € [1, ¢]
is a critical index if g1 > Bq+1, orif Aq > Aq41 + 1 (respectively, Aq > Aq+1) and q < m (respectively,
q > m). Define two sequences f and g of length £ by setting

fj =k +max(i | yx+i > )

for each j, and g; := fq + B4 — €4 — k, where q is the least critical index such that g > j. The sequences
f and g are the right and left flags of w, and f (respectively, |g|) consists of right (respectively, left)
descents of w.

Theorem CB. Let w be an amenable element of W,,.
(a) If E is a symplectic vector bundle, then we have

[X] =0y (E — Epnci = Fuig) = RP A(E = Ept — Frag) (1)

in the cohomology ring H*(X).
(b) If E is an odd orthogonal vector bundle, then we have

[%w] = 2_m®w (E - Enff - Fn+1+g) = 2_mRD C/I(E - Enff - Fn+1+g) (2)

in the cohomology ring H* (X).

Following [31], the Chern polynomial in equation (1) is interpreted as the image of R” ¢, under the
Z-linear map which sends the noncommutative monomial ¢, = €4, Cq, . .. to ] ] jCaj (E —Ent,—Fnig ,.),
for every integer sequence a. The Chern polynomial in equation (2) is defined similarly.

As discussed above, the main theorem in the even orthogonal case involves nuances in its
formulation and its proof; we therefore state it separately.

Theorem D. Let w be an amenable element of Wi If E is an even orthogonal vector bundle, then we
have

[X,] = Hy (E = Epi = Fuig) = 27" RP % Ca(E = Epf = Fuag) A3)

in the cohomology ring H* (¥).

We refer the reader to Sections 2.3 and 6 for the precise meaning and basic properties of the terms
which appear in equation (3).

This article is organized as follows. Section 2 contains background material on divided differences
and Schubert polynomials, and defines the shape of a (signed) permutation in all the classical types.
Section 3 deals with raising operators and provides variants of the lemmas from [7] that we require
here. Sections 4—6 define and study amenable elements and their applications in types A, C, and B/D,
respectively. In particular, we give our notion of flagged theta and flagged eta polynomials; these are
indexed by amenable Weyl group elements. Finally, Appendix A contains counterexamples to several
statements in [2].

2. Preliminaries

This section gathers together background material on the divided differences and Schubert polynomials
used in this work. We also discuss the notion of the shape of a (signed) permutation. Our notation is
compatible with that found in [30].
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2.1. Lietype A

Throughout this article, we will employ integer sequences a = (a7, @z, . . .), which are assumed to have
finite support, and we identify with integer vectors. The integer sequence « is a composition if a; > 0
for all j. A weakly decreasing composition is called a partition. If A is a partition, the length of A is
the integer (1) := #{i | A; # 0}, and the conjugate of A is the partition 1’ with /l;. =#i |4 =}
for all j > 1. As is customary, we identify partitions with their Young diagrams of boxes, arranged in
left justified rows. An inclusion u C A of partitions corresponds to the containment of their respective
diagrams; in this case, the skew diagram A/ u is the set-theoretic difference A\ u. For each integer r > 1,
let§, := (r,r—1,...,1), 6 := (1,2,...,r), and set §y := 0. Denote by ¢, the sequence whose rth
term is 1 and all other terms are zero.

The symmetric group S, is generated by the simple transpositions s; = (i,i + 1) for | <i <n - 1.
There is a natural embedding of S), in S,,1| by adjoining n+1 as a fixed point, and we let S, := U,,S,. We
will write a permutation @ € S, using one line notation, as the word (@, . . . , w,) where @; = @ (i).

The length of a permutation @, denoted £(w), is the least integer r such that we have an expression
@ = §i ...8;,. The word s;, ...s;, is called a reduced decomposition for w. An element w € S
has a left descent (respectively, a right descent) at position i > 1 if £(s;@w) < €(w) (respectively, if
{(ws;) < {(w@)). The permutation @w = (@}, Wy, . ..) has a right descent at i if and only if w; > @41,
and a left descent at 7 if and only if @~ (i) > @ (i + 1).

The code y = y(w) of a permutation @ € S, is the sequence {y;} withy; :=#{j > i | @w; < w;}.
The code y determines w, as follows. We have w; = y; + 1, and for i > 1, @; is the (y; + 1)st
element in the complement of {wy,...,w;_1} in the sequence (1,...,n). Following [18], [20], the
shape A = A(w) of w is the partition whose parts are the non-zero entries y; of the code y (@), arranged
in weakly decreasing order. We have || :=; 4; = >; yi = {(w).

For any integer p > 0 and sequence of variables Z := (z1, 22, ...), the elementary and complete
symmetric functions e, (Z) and h,(Z) are defined by the generating series

ﬁ(l +z;1) = ie,,(z)tp and ﬁ(l —zit) ! = i hp(Z2)t?,
i=1 i=1 p=0

p=0

respectively. If r > 1, then we let €},(Z) := ep(z1,...,2,) and h},(Z) := hp(zi1,...,2,) denote the
polynomials obtained from e, (Z) and %, (Z) by setting z; = 0 foralli > r. Let €),(Z) = h),(Z) := bop,
where 69, denotes the Kronecker delta, and for r < 0, define h},(Z) := e}, (Z) and €},(Z) := h} (Z).

Let X := (x1,x2,...) and Y := (y1,y2,...) be two sequences of independent variables. There is
an action of So, on Z[X, Y] by ring automorphisms, defined by letting the simple reflections s; act by
interchanging x; and x;;; while leaving all the remaining variables fixed. Define the divided difference
operator 0} on Z[ X, Y] by

f=sif

Xi = Xi+1

o0F f = fori > 1.

Consider the ring involution 7 : Z[X,Y] — Z[X, Y] determined by n(x;) = —y; and n(y;) = —x; for
each i, and set ;" := 79X r.
Forany p,r, s € Z, define the polynomial " i3, by

14
", = Z hy (X)eS,_;(<Y).
i=0

We have the following basic lemma.
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Lemma 1. Suppose that p,r,s € Z. For alli > 1, we have

rps—1
and 97("hS) = o
! P 0 otherwise.

r+1hs ifr = +i,
a;f(’h;):{ po U=

0 otherwise

if's = +i,

The double Schubert polynomials S for @ € S of Lascoux and Schiitzenberger [17], [18] are the
unique family of polynomials in Z[ X, Y] such that

075Gy =

13

{emi ifl@s) < U@). o :{ew if t(s;m) < £(@), @

0 otherwise, 0 otherwise,

for all i > 1, together with the condition that the constant term of S is 1 if w = 1, and 0 otherwise.

2.2. Lie type C

The Weyl group for the root system of type C,, is the group of signed permutations on the set {1, ..., n},
denoted W,,. The group W,, is generated by the simple transpositions s; = (i,i + 1) for 1 <i <n -1
together with the sign change so, which fixes all j € [2, 1] and sends 1 to 1 (a bar over an integer here
means a negative sign). We write the elements of W,, as n-tuples (wy,...,w,), where w; := w(i) for
each i € [1,n]. There is a natural embedding of W,, in W,,,; by adjoining n + 1 as a fixed point, and
we let Wo, := U, W,,. The symmetric groups S, and S, are the subgroups of W,, and W, respectively,
generated by the reflections s; for i positive. The length £{(w) and the reduced decompositions of an
element w € W, is defined as in type A. We have

Cow) =#{i < jlwi>wik+ > |wil

i:w;<0

for every w € We,.

An element w € W, has a right descent (respectively, a left descent) at position i > 0 if £(ws;) <
£(w) (respectively, if £(s;w) < €(w)). The signed permutation w = (w1, wy, . ..) has a right descent at
0 if and only if w; < 0, and a right descent at i > 1 if and only if w; > w;;|. The element w has a left
descent at 0 if and only if w~' (1) < 0, thatis, w = (---1---). The element w has a left descent at i > 1
if and only if w=' (i) > w™!(i + 1), that is, w has one of the following four forms:

Let w € W, be a signed permutation. Following [30, Definition 2], the strict partition y = u(w) is
the one whose parts are the absolute values of the negative entries of w, arranged in decreasing order.
The A-code of w is the sequence y = y(w) with y; = #{j > i | w; < w;}. We define a partition
v =v(w) by

vy =#{i|y; > j}, forall j > 1.

Finally, the shape of w is the partition A(w) := u(w) + v(w). The element w is uniquely determined by
u(w) and y(w), and we have |A(w)| = £(w).

Example 1. (a) For the signed permutation w := (5, 3,4,7,1,6, 2) in W7, we obtain u = (6,5,4,1),
v=(1,4,1,3,1,0,0), v = (5,2,2,1),and A = (11,7,6,2).

(b) Let £ > 0. An element w € W, is k-Grassmannian if £(ws;) > €(w) for all i # k. This is
equivalent to the conditions

0<W1 < e < Wi and Wil < Wi < v
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If w is a k-Grassmannian element of W, then A(w) is the k-strict partition associated with w in [7,
Section 6.1].

(c) Suppose that the first right descent of w € W, is k > 0, and let m = £(u) and € = £(1). Then, u
is a strict partition and v C k"% + 8, k_1, with v; 2 k forall j € [1, m]. It follows that

A > > > Ay > max(Apat1, k) = Ayl = Apan = - = Ay
Lemma 2 [20], [30]. Ifi = 1, w € W, and y = y(w), then
Vi > Yirl © wi > wiy © L(ws;) =L(w) — 1.
If any of the above conditions hold, then

V(Wsz) = (’}’1’ s Yi-L Vil Yi T 177i+2, Yi+3s - - ')‘

Let ¢ := (c1, ¢2,...) be a sequence of commuting variables, and set ¢o := 1 and ¢, := 0 for p < 0.
Consider the graded ring I" which is the quotient of the polynomial ring Z[ c] modulo the ideal generated
by the relations

P
Cpep+2 ) (=D'cpuicpi =0, forall p>1. (5)
i=1

Let X := (x1,x2,...) and Y := (y1, y2,. . .) be two sequences of variables. Following [3], [13], there
is an action of W, on I'[ X, Y] by ring automorphisms, defined as follows. The simple reflections s; for
i > 1 act by interchanging x; and x;,; while leaving all the remaining variables fixed. The reflection s
maps x| to —x1, fixes the x; for j > 2 and all the y;, and satisfies

p
so(cp) =cp +22x{cp_j forall p > 1.
j=1
For each i > 0, define the divided difference operator 67 onI'[ X, Y] by

Fosof gy St

s fori > 1.
—2x1 Xi = Xiy1

oy f =
Consider the ring involution ¢ : I'[ X, Y] — T'[X, Y] determined by

e(xj) =-yj, e(yj) =—xj, w(cp) =cp

and set (9iy := @0 ¢ for eachi > 0. The right and left divided difference operators d;" and 6iy onI'[X,Y]
satisfy the right and left Leibnitz rules

07 (f8) = (6] g+ (sif)d'g and 97 (fg) =(8;f)g+(s]/)5; . (6)

where s7 = @s;¢, for every i > 0.
Forany p,r, s € Z, define the polynomial "¢}, by

p
res = Z Z Cpeizje} (X)RS(=Y).

p
i=0 j=0

We have the following basic lemma, which stems from [12, Section 5.1].
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Lemma 3. (a) Suppose that p,r,s € Z. For alli > 0, we have

r=1_.s e — 47 r s+l if o = 47
G (resy =1 ot HrEE 4 ey G T8
ter 0 otherwise. thor 0 otherwise.

(b) Foralli > 1, r,s > 0, and indices p and q, we have

y(r lS‘l _r —i+ls i+l | r —i+ls i+l
0;("c q) = cp 1 eg e e

Suppose r, s > 0, and let ¢, := "¢,* for each p € Z. We then have the relations

P
Hep +2Z(—1)"cp+icp_,- =0 forall p>r+s 7)

i=1

in'[X,Y]. Indeed, if C(¢) := Z;’fzo ¢t is the generating function for the ¢,,, we have

c() = ]—[(1 +x;1) ]_[(1 ) Z

i=1 Jj= p=0

and hence

S

coeEn=[[a-gA [ [a-yd),

i=1 j=1

which is a polynomial in ¢ of degree 2(r + s).
The type C double Schubert polynomials €,, for w € W, of Ikeda, Mihalcea, and Naruse [13] are
the unique family of elements of I'[ X, Y] such that

'€, =

4

{@mi if COwsi) < COw) gy ={¢w if €(s;w) < £(w), ®

0 otherwise, 0 otherwise,

for all i > 0, together with the condition that the constant term of €, is 1 if w = 1, and 0 otherwise.

2.3. Lie types B and D

When working with the orthogonal Lie types, we use coefficients in the ring Z[%] .Forany w € W, the
type B double Schubert polynomial B,, of [13] satisfies B,, = 275" E,,, where s(w) is the number of
indices j such that w; < 0. The odd orthogonal case is therefore entirely similar to the symplectic case.
In the rest of this section, we provide the corresponding preliminaries for the even orthogonal group,
that is, in Lie type D, and assume that n > 2.

The Weyl group W, for the root system D, is the subgroup of W, consisting of all signed
permutations with an even number of sign changes. The group W, is an extension of S, by the element
Sg = 508150, which acts on the right by

(WI,W2, e ,Wn)SD = (W29W19W39 .. ’Wl’l)'

There is a natural embedding W, <> W,.1 of Weyl groups, induced by the embedding W,, <> Wi,
and we let Wy, := U, W,,. The elements of the set Ny := {0, 1, ...} index the simple reflections in Weo.
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The length £(w) and reduced decompositions of an element w € W,, are defined as before. We have

Cow) =#{i < jlwi>wik+ Y (Iwil=1)

i:w;i<0

for every w € Weo.

An element w € Wy, has a right descent (respectively, a left descent) at position i € Ny if £(ws;) <
{(w) (respectively, if £(s;w) < €(w)). The element w = (wy, wa,...) has a right descent at O if and
only if w; < —wy, and a right descent at i > 1 if and only if w; > w;,;. We use the notation 1 to denote
1 or 1, determined by the parity of the number of negative entries of w. The following result corrects
[28, Lemma 4].

Lemma 4. Suppose that w is an element of Weo.
(a) We have €(sgw) < £(w) if and only if w has one of the following four forms:

(o Tee2ees), (o2 Teee), (202100,
(b) Assume that i > 1. We have £(s;w) < £(w) if and only if w has one of the following four forms:

Definition 1. We say that w has type 0 if |w{| = 1, type 1 if w| > 1, and type 2 if w| < —1.

There is an involution ¢ : We, — We which interchanges sp and s1; we have ((w) = sowsy in the
hyperoctahedral group Wo,. We deduce that ¢«(w) = w if and only if w has type 0, while if w has positive
type and |w, | = 1 for some r > 1, then

(W) = (=W, Wa, .o, Weel, =W, Wral, .. ).

It follows that ¢ interchanges type 1 and type 2 elements. The next definition refines the notion of the
shape of an element of W, introduced in [30, Definition 5].

Definition 2. Let w € W, have type 0 or type 1. The strict partition u(w) is the one whose parts are
the absolute values of the negative entries of w minus one, arranged in decreasing order. Let y = y(w)
be the A-code of w, and define the parts of the partition v = v(w) by v; = #{i | y; > j}. If w has
type 2, then set u(w) = u(t(w)), y(w) :=y(t(w)), and v(w) = v(t(w)).

A typed partition is a pair consisting of a partition A together with an integer type(2) € {0, 1,2}. The
shape of w is the typed partition 4 = A(w) defined by A(w) := u(w) + v(w), with type(1) := type(w).

Observe that the element w is uniquely determined by p(w), y(w), and type(w). Moreover, we have
[A(w)| = €(w).

Definition 3. Let w € W, \ {1}, let d denote the first right descent of w, and set k := d, if d # O, and
k =1, if d = 0. We call k the primary index of w.

Example 2. (a) For the signed permutation w := (3,2,7, 1,5,4, 8) in W7, we obtain u = (6,5),
vy = (4,_3,0,1,2,1,0), v = (53,2,1), and 2 = (11,8,2,1) with type(d) = 1. The element
((w) = (3,2,7,1,5,4,6) has shape 1 = (11, 8,2, 1) with type(1) = 2. Both w and ¢(w) have primary
index k = 1.

(b) Let k > 1. An element w of W is k-Grassmannian if £(ws;) > €(w) foralli # k, if k > 1, and
foralli ¢ {O, 1}, if k = 1. This is equivalent to the conditions

|W1|<W2<---<Wk and Wil < Wi <t 0,

the first condition being vacuous if £ = 1. If w is a k~-Grassmannian element of We, then A(w) is the
typed k-strict partition associated with w in [6, Section 6.1].

https://doi.org/10.1017/nmj.2025.10097 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2025.10097

10 Harry Tamvakis

(c) Suppose that the primary index of w € Wy isk > 1,and let m = ¢(u) and € = €(A). Then, yis a
strict partition and v C k"% + 8,11, with v; > k forall j € [1, m]. We therefore have

/ll >/12>"'>/lm>max(/lm+lyk) Z/lm+1 Z/lm+2 = Z/lf-

Let b := (b1, bs,...) be a sequence of commuting variables, and set by := 1 and b, := 0 for
p < 0. Consider the graded ring I'"” which is the quotient of the polynomial ring Z[b] modulo the ideal
generated by the relations

p-1
byb,+2 Z(—nib,,ﬂ-b,,_i +(=1)Pby, =0, forallp>1.

i=1

We regard I as a subring of I'’ via the injective ring homomorphism which sends ¢, to 2b,, for every
p=1l _

Following [3], [13], we define an action of W, on I'’[ X, Y] by ring automorphisms as follows. The
simple reflections s; for i > 1 act by interchanging x; and x;;; and leaving all the remaining variables
fixed. The reflection sg maps (x1,x2) to (—x2, —x1), fixes the x; for j > 3 and all the y;, and satisfies,
forany p > 1,

p-1
sa(bp) =bp + (x1 +x2) Z Z xlaxé7 Cp—1—j-
j=0 \a+b=j
For each i € Ny, define the divided difference operator 4 on I'"[ X, Y] by

=50l gy Sond

) fori > 1.
-X1 — X2 Xi — Xi+1

Rf =
Consider the ring involution ¢’ : I'"[X,Y] — I'/[X, Y] determined by
') ==yp ) ==x; ¢ (bp) =bp

and set 6iy = ¢'07 ¢’ for each i € Ng. The right and left divided difference operators 4; and 6iy on
I'"[X, Y] satisfy the right and left Leibnitz rules

3 (f8) = (0 g+ (sif)d g and 8] (fg) = (5] flg+ (5] )9} g, (€))
where siy = ¢’'s;¢’, forevery i € Np.
P
1
Letr > 0andset’c, := ) c¢p_ih;"(X). Define b, :="cp, forp <r,"b, = E’cp for p > r, and
i=0

set

1 1 ~
by i=="c, + ze;(X) and "b, =

r 1 r
5 cr — Eer(X).

1
2
1 P
For s € {0, 1}, let"aj, := Erc,, + ; "cp-ihi(-Y), and define
"bY¥:="b, + Z "¢, _ihi(=Y), and rZi ="h, + Zrcr_ihf(—Y).
i=1 i=1

We have the following propositions, which are proved as in [28, Section 2].
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Proposition 1. Suppose that p,q € Zandr,s > 1.
(a) Foralli > 1, we have

r=1.9 . . r q+1 . .
c ifr = =i, c ifqg==+i,
6lx rC;])) — p-1 f . and 61)1(rcg) — p-1 fq .l
0 otherwise 0 otherwise.
We have
rc2_1 ifq =1,
r .2 ; —
PN o
o p r .1 r vy
2( cp_l)— Ccp-1 ifg=-1,
0 iflgl = 2.

(b) Foralli > 1, we have

Yor —is i\ _r —i+ls i+l r o —i+ls i+l
9; ( p cq)— e,y teg e e

We also require certain variations of the above identities. Let f, be an indeterminate of degree r,

s

. . —~ 1 .
which will equal "b,., "b,, or 3 "¢, in the sequel. We also let f; € {0, 1}. For any p, s € Z, define rcp
by

rs ._1,.s
Cp = Cp

N Q2fr ="cr)eh(<Y) ifs=r-p<0,
0 otherwise.

For s € {0, 1}, define
-
£Eo=fod Y Ter h(=Y),
j=1

set fy :="c, — frand 5 :="c, = 2f, + f2.

Proposition 2. Suppose that p € Z and p > r.
(a) Foralli > 1, we have

rflz_\r—P ifi=p—r > 2,

p-1
a7 ("cy ") =320 (fy) ifi=p-r=1,
0 otherwise
and
r?;:f” ifi=p-rz2,
a’("e, Py =12f ifi=p-r=1,
0 otherwise.
We have

) Y
88: (rE;—P) = {(z)fr l;r P 11’
ifr—p<-1.
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(b) Foralli > 2, we have

c Cc + ' cC c

Yro—is iy _ro—i+ls i+l | ro~—i+ls i+l
9; ("ep'Teg) ="e 0 ey p q-1°

Fix r,s > 0, and define ¢, := "c,* for each p € Z. For p = r + s, set b, := e (X)e5(=Y). Then, in

addition to the relations (7), we have the relations

p
(cp+0p)(cp —Ddp) +2 Z(—l)icp+icp_i =0 for p=r+s (10)
i=1
inI"[X,Y]. _
Following [13], the type D double Schubert polynomials ®,, for w € W, are the unique family of
elements of I'’[ X, Y] satisfying the equations

07Dy, =

1

{:owsi if COwsi) < CO0). e ={:os,.w if £(siw) < €(w), an

0 otherwise, 0 otherwise,

for all i € N, together with the condition that the constant term of D,, is 1 if w = 1, and 0 otherwise.

3. Raising operators

For each pair i < j of distinct positive integers, the operator R;; acts on integer sequences a =
(a1, ,...) by

R,’j((l’) = (al,...,ai+1,...,al~—1,...).

A raising operator R is any monomial in these R;;’s.

Following [7, Section 1.2], let A° := {(i,j) € ZXZ | 1 <i < j} and define a partial order on A° by
agreeing that (i’, j) < (i, j) if i’ <iand j’ < j. We call a finite subset D of A° a valid set of pairs if it
is an order ideal in A°. Any valid set of pairs D defines the raising operator expression

RP:=[]a-ryp ] (+rp™.
i<j i<j:(i,j)eD
We also use the raising operator expressions

1-R;;
0 ._ D 0, _ 2
RO = H(l Rj) and R* := Sevom

i<j i<j

3.1. Alternating properties in types A—C

Foreachr > 1, leto" = (O'l-r)ieZ be a sequence of variables, with 0'6 =1land o] = 0 for eachi < 0,
and let Z[o] denote the polynomial ring in the variables o for i, > 1. For any integer sequence a,
let o := 0}, 02, .. ., and for any raising operator R, set R 0y := ORq.

Fix j > 1, let z be a variable, set " := o for each » # j and TIJ, = 0'[], + ZO’I]]_I for each p € Z.
Ifa = (a,...,ar) and @’ = (a/{, . ,az,,) are two integer vectors and r, s € Z, we let (a,r,s,a’)
denote the integer vector (ay,...,ae, 71, s, ai, e, a;,). The following two lemmas are generalizations
of [7, Lemmas 1.2 and 1.3].

Lemma S. Let A = (Ay,...,4j_1) and pp = (ftj42, ..., pe) be integer vectors, and D be a valid set
of pairs. Assume that o/ = o/*', (j,j + 1) ¢ D, and that for each h < j, (h,j) € D if and only if
(h,j+1)eD.
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(a) For any integers r and s, we have
D D
R OA,r,s,u = -R TQ,s-1,r+1,u

inZ[o].
(b) For any integer r, we have

RP Tarru = RP Tar.r.u

inZ|o,z7].

Proof. The proof of (a) is identical to that of [7, Lemma 1.2]. For part (b), we use linearity in the jth
position to obtain R 74, = Roa,r r.u + 2R 04 -1, 4, fOr any raising operator R that appears in the
expansion of the power series RP. Adding these equations gives

D D D
R T/Lr,r,/lzR O—/l,r,r,,u+ZR TA,r-1,r,u-

Now, part (a) implies that R” oy, -, = 0. O

Fix k > 0, let ¢ = (¢;);ez be another sequence of variables, and consider the relations

P
¢pCp+2 ) (=D)¢paicy; = 0 forall p > k. (12)

i=1
Lemma 6. Let A = (A1,...,4;_1) and it = (ujs2, ..., fi¢) be integer vectors, and D be a valid set of
pairs. Assume that o/ = o7*! = ¢, (j, j+1) € D, and that for each h > j + 1, (j, h) € D if and only if

(j+1,h) € D.
(a) If r,s € Z are such that r + s > 2k, then we have

D _ D
R™oarsu=—R" Casrp

in the ring Z| o | modulo the relations coming from (12).
(b) For any integer r > k, we have

D D
R TAr+l,r,u = R TA,r+l,r,
u u

in the ring Z[ o, z] modulo the relations coming from (12).

Proof. The proof of (a) is identical to that of [7, Lemma 1.3]. For part (b), we expand R 74,41 . w and
use linearity in the jth position to obtain

D D D
R T/l,r+1,r,,u:R OA,r+l,r,u +zR OA,r,ru-

Now, part (a) implies that RP oy, « vanishes modulo the relations (12). O

3.2. Alternating properties in type D

In type D, we will require certain variations of Lemmas 5 and 6. For each r > 1, we introduce a new
sequence of variables v” = (v} );ez such that v} = 0 for each i < 0. Let Z[o, v] denote the polynomial
ring in the variables o], v} fori,r > 1. For each r > 1, define the sequence 0" by 0] = o] + (=1)"v!
for each i, and for any integer sequence a, let 7, := 3},1 5'(212 el

Fix an integer d > 0 such that vj = 0 for all / whenever r > d. If R := [];; le‘]{-f is a raising
operator, denote by supp,(R) the set of all indices i and j such that n;; > 0 and j < d. Let D be a
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valid set of pairs and R be any raising operator appearing in the expansion of the power series R”. Let
A= (41,...,4¢) be any integer vector and set p := RA. Define

~ _ = _—l —¢
Rxoy=0, =0, -0y,

where, foreachi > 1 and p € Z,

. 0';, ifi € supp,(R),
" |5l otherwise.

Fix j > 1,set 7! := 0 foreachiijand?;; =5',J,'+z5';;71 for each p € Z.

Lemma 7. Let A = (Ay,...,4j_1) and pt = ((j42, ..., ue) be integer vectors, and D be a valid set of
pairs. Assume that j > d, o/ = o/*1, (j, j + 1) ¢ D, and that for each h < j, (h, j) € D if and only if
(h,j+1)eD.

(a) For any integers r and s, we have

D |, —~ D -~
R™ % OAr,s,u = -R" % TA,s-1,r+1,u

inZ|o,v].
(b) For any integer r, we have

D, =~ D, =~
R™ * T pru = R” %Oy ru

inZlo,v,z].

Proof. Since j > d, the argument used in the proof of [7, Lemma 1.2] works here as well to establish
part (a). Part (b) is an easy consequence of (a). O

Fix k > 0, let ¢ = (¢;)iez and d = (;);ez be two other sequences of variables such that b, = 0 for
all p > k + 1, and consider the relations

p
(cp +2p)(€p =0p) +2 > (=1)'¢puicpi =0 forall p > k. (13)
i=1

Lemma 8. Let A = (A1,...,4;_1) and pp = (uj42, ..., ue) be integer vectors, and D be a valid set of
pairs. Assume that j < d, 0/ = o/ = ¢, v/ = v/*! =, (j,j+ 1) € D, and that for each h > j + 1,
(j,h) e Difandonly if (j +1,h) € D.

(a) If r,s € Z are such that r + s > 2k + 2, then we have

RD * a/l,r,s,u = _RD * a-/l,s,r,p (14)
and
RP %G kst kst =0 (15)

in the ring Z| o, v] modulo the relations coming from (13).
(b) For any integer r > k, we have

D = D -~
R™ xTp 41, = RY X O rt1,r.p

in the ring Z| o, v, z] modulo the relations coming from (13).

Proof. The proof of (14) is identical to that of [7, Lemma 1.3]. The proof of (15) follows the same
argument, using (14) and induction to reduce to the case when u is empty. For any integer vector p with
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at most d components, define 7}, := RP * 0. If g is the least integer such that 2¢ > £and p := (4,1, s),
then we have the relation

The proof is now completed by induction, as in [7, Lemma 1.3]. For part (b), we expand R” * T rlrp
and use linearity in the jth position to obtain

D =~ D, —~ D —~
R™ % T r+l,r,u = R™ % O r+l,rut2 R OAr,ru-

Now, part (a) implies that RD x O a,r,r,u vanishes modulo the relations (13). m]

4. Amenable elements: Type A theory
4.1. Definitions and main theorem

As Lie theorists know well, type A is very special when compared to the other Lie types. In the theory of
amenable elements, this manifests itself in the fact that we can work with dominant elements instead of
leading elements. The result is the simplified treatment given here, which does not have a direct analog
in types B-D. Another difference in type A is that the order of application of the divided difference
operators is switched: we first use the left divided differences, then the right ones. But by far the main
distinction between type A and the other classical types is that one can use Jacobi—Trudi determinants,
represented here by R?, instead of the more general raising operator expressions R that define theta
and eta polynomials, which are essential ingredients of the theory for the symplectic and orthogonal
groups.

Ifw e S, andv € S,,, then @ is called v-avoiding if @ does not contain a subword (@;,, ..., @;,,)
having the same relative order as (vy,..., V). The notion of v-avoidance also makes sense when @
is any integer vector (@}, ..., @,) with distinct components w;. We say that @ is dominant if its code
v (@) is a partition, or equivalently, if @ is 132-avoiding (see [20, Proposition 1.30] and [22, Theorem
2.2)).

For the next result, we refer to [ 15, Exercise 2.2.1.5] and [24, Section 2.2].

Lemma 9. The following conditions on a permutation w € S, are equivalent:

(a) w is 312-avoiding; (b) w™" is 231-avoiding;

(¢) w has a reduced decomposition of the form R; ...R,_1, where each R; is a (possibly empty)
subword of s ... sy_1 and furthermore all simple reflections in R, are also contained in R 41, for each
p<n-—1
Definition 4. A (right) modification of w € S, is a permutation ww, where w € S, is such that
{(ww) = {(w) — {(w), and w is 231-avoiding. A permutation is amenable if it is a modification of a
dominant permutation.

For any three integer vectors a, 8, p € Z¢, which we view as integer sequences with finite support,
define P15 =P h’f,‘] P2 hﬁzz ... Given any raising operator R = [],; R:;fj, let RPHE = phﬁﬂ.
Proposition 3 [20, Proposition 6.14]. Suppose that w € S,, is dominant. Then, we have

_ p0s§Y_ g A@)
Sz =R n]h/l('ar)‘

Proof. We use descending induction on ¢(w). Let wy := (n, ..., 1) denote the longest element in S,,.
One knows from [17] and [20, Proposition 3.5] that the equation

_ p06SY_ 1601
Sw =R n*1h5

n-1

holds in Z[ X, Y], so the result is true when @ = wy.
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Suppose that @ # @y and @ is dominant of shape A. Then, A C §,,-1 and A # 6,,—1. Let r > 1 be the
largest integer such that ; =n —ifori € [1,r],and let j := 41 +1 = @41 < n—r—1.Then, s;@ is
dominant of length {(@) + 1 and A(s;@) = A(@) + €-41. Using Lemma 1 and the left Leibnitz rule, we
deduce that for any integer sequence a = (ay,...,a,), we have

6])) (‘ZVH hfl(sjw)) = O h’l(w)

=€y °
We conclude that

_ qY _ay [(p0 Y Asi@)\ _ p0 sy ()
o = ) (Gyy) = ) (RO %y 7)) = RO O 7).

O

Definition 5. Let @ be an amenable permutation with code y and shape A, with £ = £(1). Define two
sequences | = f(w) and g = g(w) of length ¢ as follows. For 1 < j < ¢, set

i =max(i|y; = 4;)
and let
gj =fq+4q—0a,
where q is the least integer such that q > j and A > Aq41. We call f the right flag of @, and g the left

flag of @.

It is clear from Lemma 2 that the right flag f of an amenable permutation is a weakly increasing
sequence consisting of right descents of @w. We will show that the left flag g is a weakly decreasing
sequence consisting of left descents of w.

Proposition 4. Suppose that @ € S, is dominant with A:=A(@). Let w be a 23 1-avoiding permutation
such that {(Tw) = (@) - {(w), and set @ = Tw, y := y(@), and A := A(w@). Then, the sequence
0y | + A — Ais weakly increasing, and

06 +1-Ap1
So = RY On1 hy.

Moreover, if 1q > Aq+1, then ;l\q is a left descent of @, q + /Tq — Aq is a right descent of w, and we have
G+ —Aq = max(i | y; = Ag).

ni

Proof. Suppose that @ is of shape 1 = 7 = (p{' Py ..., p"), where p; > --- > p,. Then, the right
descents of @ are at positions d| = ny,dy :==ny+ny,...,d; == ny+---+n;. Since we have @; < @,
for all j # d, forr € [1,t], we deduce that

o =p1+ 1, Tga=p2+ 1., 0q_ 11 =pr+ L, @g =1

Moreover, since @ is 132-avoiding, it follows that the left descents of @ are py,..., p;. Finally,
Proposition 3 gives

Ga = RO %l (16)
so the result holds when w = 1 and @ = @ is dominant.
Suppose next that @ := @w for some 231-avoiding permutation w such that £(@w) = (@) — {(w).

Lemma 9 implies that w has a reduced decomposition of the form Ry ...R,_;, where each R; is a
(possibly empty) subword of 5,1 ... s; and all simple reflections in R ,,; are also contained in R, for
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every p > 1. Now repeated application of (4), Lemma 1, and the right Leibnitz rule (6) in equation (16)
give

Go = 3" (S5) = RO St -Ap,

We will show that the sequence 6 | + A-Ais weakly increasing and verifies the last assertion, about
the left and right descents of @.

Using Lemma 2, we study the right action of the successive simple transpositions in the reduced
decomposition R; ... R,—; for w on the code ¥ of @. The action of these on ¥ is by a finite sequence of
moves a +— &', where a = y(v) and @’ := y(v’) for some v,v’ € S,,. Here, v/ = vs;_1...s; for some
i < jsuchthat £(v') =£(v) = j+i,and sj_1 ...s; is a subword of some R, with j — i maximal. Since
the initial code 7 is weakly decreasing, we have @; > --- > ;-1 > @}, and

’
a = (al""vai—l’ajaai - 1,.-.,0’/’_1 - 1,&j+1,0(j+2,...).

We say that the move is performed on the interval [, j], or is an [i, j]-move. The procedure is defined
as the performance of finitely many moves to %, ending in the code y. This describes the effect of
multiplying @ on the right by w.

Example 3. Suppose that @ := (5,6,7,4,3,8,2,1) in Sg with code
¥Y=0(4,4,4,3,2,2,1,0).

If w = 575¢555453525756555456¢55, then ww = (5,1,6,2,3,7,4,8) and y = y(ww) =
(4,0,3,0,0,1,0,0). The procedure from ¥ to y consists of a [2, 8]-move, followed by a [4, 8]-move,
followed by a [5, 7]-move:

(4,4,4,3,2,2,1,0) — (4,0,3,3,2,1,1,0) — (4,0,3,0,2,1,0,0) — (4,0,3,0,0,1,0,0).
Notice that after an [/, j]-move a — a’, we have
@] =vy; =min(e, | r € [i, j]) > max(a, | r > j). (17)

Let u and p’ be the shapes of v and v’, respectively, and set f := 6" | + - u (respectively, [/ =
M A — ut). We then have

,Ll/ = (/JI,---s,Ur—lv,ur - 15"'9ﬂs—1 - l’ﬂs’,us+1,--~)

for some r < s with s —r = j — i, and

f’:(fl7""fr—l7fr+1v"'vfs‘—l+1vf&'7f¥+ls"')'

Since uy = @; < @j-1 — 1= ps—1 — 1, wededuce that f{ — f/ |, = fs— fic1 =1 =ps —ps-1 -1 2 0. 1t
follows by induction on the number of moves that the sequence fis weakly increasing.

Suppose that ), > u/,., for some d. Using (17) and induction on the number of moves, we deduce
that f) = max(i | @] > p;). This implies that for any q such that 14 > Aq41, we have q + /Tq - g =
max(i | y; = Aq), and hence that q + Zq — Aq is a right descent of @, in view of Lemma 2.

We claim that Id is a left descent of v’. Clearly, the left descents of v and v’ are subsets of
{P1,-..,p:}. There is at most one left descent p. of v that is not a left descent of v/, and this occurs if
and only if v; = p, and v, = p. + 1 for some h € [i,j — 1]. Since @y, > -+ > @1 > @, we deduce
that @, = --- = aj_1 = a; + 1, and hence p;_(j_h)ﬂ = = u; = Hs. We conclude that /Td * De»
completing the proof of the claim, and the proposition. O
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Exampled. Let @ := (4,5,6,2, 1,3), adominant permutation in Sg with shape 1= v(@)=(3,3,3,1).
Take w := 545352515453 in Proposition 4, so that w = ww = (1,4,2,5,6,3), with y(Gw) =
(0,2,0,1,1,0) and 2 = (2,1, 1). We have 65V +1-1=(2,4,5,5,5), and deduce that

_ p0(2,4,55,5)5(3.3.3,1) _ p0(2,4,5 5(3.3.3)
o =R h(2,1,1,0) =R h(2,1,1)'

Theorem 1. For any amenable permutation @, we have

_ p0 (@) 8(@)
G = ROT@ 1S

Proof. We may assume that we are in the situation of Proposition 4, so that @ = @w, with A= A@)
and 1 = A(w). Choose j € [1,£] and let q be the least integer such that q > j and Aq > Aq+1. Then, we

have A; = A1 = -+ = A,. As the sequence f := 6,Vl_1 +A-Ais weakly increasing, we deduce that if
Ay = Ap41 > 0, then either (i) Zr = IHI and f = fr+1 — 1 or (i) ;l\, = ;l\H] + 1 and f; = f41. Theorem
1 follows from this and induction on q — j, using Lemma 5(b) in Proposition 4. O

Example 5. Consider the amenable permutation @w := (3,4,6,1,5,2) in S¢. We then have y(w) =
(2,2,3,0,1,0), A(w) = (3,2,2,1), f(w) = (3,3,3,5), and g(w) = (5,2,2,2). Theorem | gives

0 (3,3,3,5) ,(5,2,2,2
Gsa152 = R )hgs,z,z,li'

Recall from [18], [19] that a permutation @ is vexillary if and only if it is 2143-avoiding.
Equivalently, @ is vexillary if and only if A(@ ™) = A(w)’.

Theorem 2. The permutation w is amenable if and only if @ is vexillary.

Proof. According to [20, Proposition 1.32], a permutation is vexillary if and only if its code y satisfies
the following two conditions, for any i < j: (i) if y; < y;, then y; <y, for any k withi < k < j and
(ii) if y; > 7, then the number of k with i < k < j and y; < y; is at most y; — ;.

Assume first that @ is amenable, so that @ = @w for some dominant permutation @ and 231-
avoiding permutation w. Using Lemma 2, we see that the code ¥y of @ is transformed into the code y
of @ by the moves of the procedure described in the proof of Proposition 4.

We claim that the sequence 7 is a vexillary code. It follows from the inequalities (17) that for any
[, j]-move of the procedure, we have y, < vy; < vy, forevery r € [i, j] and s > j. Moreover, if r # i
for all [4, j]-moves of the procedure, then y; < v, forall s > r. It is easy to see from this that y satisfies
the vexillary conditions (i) and (ii). Indeed, choose r < s such that y, < vy, and some ¢ € [r,s]. If
r =i for some [i, j]-move, then we have y, < yi forall k € [i, j], while if £ > j, then we must have
Yr = v¥s = Yk. Therefore, y, < vy,. If r # i for all [i, j]-moves, then y, = ys and hence y, = y,. To
prove (ii), suppose that r < k < s and y, > ¥ > yx. Then, we must have k = i for some [i, j]-move
of the procedure, where s < j. We conclude that the number of such £ is at most y, — y;.

Conversely, suppose that @ € S, is a vexillary permutation with code y. We call an integer i > 1
an initial index if there exists an s > i with y; < 5. We claim that there is a canonical 312-avoiding
permutation w such that £(ww) = €(w) + {(w), ww is dominant, and w, = a if a < i for every initial
index i. This will complete the proof of the theorem, by applying Lemma 9.

To establish the claim, we argue by descending induction on the length of @. Observe that @ has no
initial index if and only if @ is a dominant permutation. Hence, if @ is already dominant, then we must
take w to be the identity.

Assume that @ is not dominant. We say that the index j is associated with the initial index i of @ if
j is the maximum s such that y; < ;. Let i be the smallest initial index, let j be associated with 7, and
set @’ := ws; ...s;_1. The vexillary condition (i) and Lemma 2 imply that

'}’(w,) = (7h--~a?’i—l"}’i+l +1’~~-,')’j+1,')’i"}’j+17---)
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and {(w’) = (@) + j —i > {(w). It follows by checking conditions (i) and (ii) that @’ is vexillary and
that every initial index i” of w’ satisfies i’ > i.

By the inductive hypothesis, there exists a canonical 312-avoiding permutation w’ with £(@’w’) =
{(w’)+{(w’), @’w’ dominant, and w/, = a ifa < i’ for every initial index i’ of @’. The claim is proved
with w = 5;...5;_1w’, once we check that w is 312-avoiding. Indeed, since w, = a for all a < i and
£(si...sjw") = j—i+{(w'), we must have

w=(1,2,...,i-1,...,a1,...,40,...,Qj—i,..., ],...)
and
w=(1,2,...,i-1,...,a1+1,...,ax+1,...,aj;+1,...,i,...)

where the set {ai1,...,a;_;} isequal to {i,...,j — 1}. As w’ is 312-avoiding, there are no integers
a < b < csuch that w;, > w; > w; . It is easy to see from this and the above relation between w” and
w that the latter permutation has the same property, and therefore is also 312-avoiding. O

Remark 1. (a) Define a left modification of w € S, to be a permutation ww, where w € S, is 312-
avoiding and such that {(ww) = €(w) — £(w). Then, a permutation is amenable if and only if it is a left
modification of a dominant permutation. This follows from Lemma 9, Theorem 2, and the fact that @
is dominant (respectively, vexillary) if and only if @' is dominant (respectively, vexillary).

(b) It is not hard to show that a definition of amenable permutations as left modifications of leading
permutations, in the same manner as Definition 8 in type C, results in the same class of permutations as
that given in Definition 4.

Let @ be a vexillary permutation with code y and shape A, and let w be the canonical 312-avoiding
permutation associated with @ in the proof of Theorem 2. Define a new sequence ¥ by the prescription

Ya = Yo +#{i | i is an initial index with associated index j andi < @ < j}

for each @ > 1. Let A be the partition obtained by listing the entries of % in weakly decreasing order.
Then, A is the shape of ww.

Consider the skew Young diagram 7(w) := ;l\//l. For each i > 1, fill the boxes in row i of (@)
with a strictly decreasing sequence of consecutive positive integers ending in i. In this way, we obtain a
tableaux T = T'(w) of shape 7(w) with strictly decreasing rows. Define the depth of a box B of T'to be
the distance from B to the end of the row it occupies. Form a reduced decomposition for a permutation
wr by listing the entries in the boxes of 7 in decreasing order of depth, with the entries of a fixed depth

listed in increasing order. It then follows from the definition of w that wr = w.
Example 6. Let w := (1,3,6,7,9,4,8,2,5) be the vexillary permutation in S¢9 with code y =

(0,1,3,3,4,1,2,0,0). The initial indices are 1, 2, 3, 4, and 6 with associated indices 7, 7, 5, 5, and
7, respectively. The reduced decomposition for the canonical permutation w is

5485385485652535455865152535455586
and we have ww = (9,7,6,8,4,3,1,2,5), vyjth code (8,6,5,5,3,2,0,0,0). We also have 4 =
(4,3,3,2,1,1), ¥ = (0,2,5,6,8,3,5,0), and 2 = (8,6,5,5,3,2). The tableau T(w) on the skew

diagram 7(w) is displayed in Figure 1.

It would be interesting to find analogs of the canonical permutation w and the tableaux 7'(w) for the
amenable elements in the other classical Lie types.
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£
AW | W&

Figure 1. The tableau T on the skew diagram I/ﬂ.

4.2. Type A degeneracy loci

Let E — X be a vector bundle of rank n on a complex algebraic variety X, assumed to be smooth
for simplicity. Let @ € S, be amenable of shape A, and let { and g be the left and right flags of @,
respectively. Consider two complete flags of subbundles of £

OcEc---CE,=E and OCF,C---CF,=E

with rankE, = rankF, = r for each r. Define the degeneracy locus X ; C X as the locus of x € X such
that

dim(E,(x) NFs(x)) 2#{i<r|wm;>n-s} Vr,s.

Assume further that X, has pure codimension ¢(zw) in X. The next result, which follows from
Theorem | and Fulton’s work [8], will be a formula for the cohomology class [¥X] in H2(®) (%)
in terms of the Chern classes of the bundles E, and Fs. Recall that for any integer p, the class
cp(E - E, - Fy) is defined by the equation

c(E—E, - Fy) :=c(E)c(E,;) " c(Fy)™!

of total Chern classes.

Theorem 3 [8]. For any amenable permutation w € S, we have
(X5 = 52 (E — Ejf = Fa—g) = R® ca(E — Ef — Fu—g) (18)

in the cohomology ring H* (¥).

The Chern polynomial in (18) is interpreted as the image of the Schur polynomial sy (¢) := R%,
under the Z-linear map which sends the noncommutative monomial ¢, to [] jCaj (E - Es, - Fn_gj), for
every integer sequence a.

Remark 2. Theorem 3 and its companion Theorems 5, 7, and 8 in the other classical Lie types are
results about cohomology groups, taken with rational coefficients in types B and D. However, from
these, one may obtain corresponding results for cohomology with integer coefficients, and for the Chow
groups of algebraic cycles modulo rational equivalence. For the latter transition, see [9], [11].

5. Amenable elements: Type C theory
5.1. Definitions and main theorem

Let w be a signed permutation with A-code y and shape A = u+v, with £ = £(1) and m = £(u). Choose
k > 0, and assume that w is increasing up to k. If & = 0, this condition is vacuous, while if &k > 1,
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it means that 0 < w; < --- < wy. Eventually, k£ will be the first right descent of w, but the increased
flexibility is useful.
List the entries w41, . . ., Wy, in increasing order:

Up < <ty <0 <upy <o <Up_g.
Define a sequence 8(w) by
Bw) =i +1,...,um+ L thyg1, ..., Upg).
and the denominator set D(w) by
D(w) ={(i,j)|1<i<j<n-kand u; +u; <0}. (19)

This notation suppresses the dependence of S(w) and D (w) on k. Observe that the inequality u;+u; < 0
in (19) is equivalent to B;(w) + 8;(w) < 0.

Definition 6. Suppose that w € W), has code y = y(w) and k > 0. The k-truncated A-code ¥y = %y (w)
is defined by

Ky (W) i= (Yksats Yis2s - - > Yn)-

If k is the first right descent of w, then we call Xy (w) the truncated A-code of w. We let & = £(w) be the
conjugate of the partition whose parts are the non-zero entries of Ky (w) arranged in weakly decreasing
order.

Clearly, an element w € W, increasing up to k with a given k-truncated A-code C is uniquely
determined by the set of elements {wy1, ..., w,}, or equivalently, by the sequence B(w).

Let v(w) be the unique k-Grassmannian element obtained by reordering the entries Wiy, ..., wy to
be increasing. For example, if w := (2,4,7,5,8,3,1,6) and k := 3, then v(w) = (2,4,7,6,3,1,5,8).
Note that the map w +— v(w) is a bijection from the set of elements in W,, increasing up to k& with
k-truncated A-code C onto the set of k&~-Grassmannian elements in W,,, such that B(v(w)) = 8(w) and

n

n—k
L) =) = 37 Co= W) = 3 Ve
j=1

i=k+1
In particular, if w, w are two such elements, then £(w) > £(w) if and only if £(v(w)) > £(v(W)).

Lemma 10. Let w and w be elements in Wy, increasing up to k and with the same k-truncated A-code C,
such that £(w) = £(w) + 1. Suppose that v(w) = s;v(w) for some simple reflection s;. Then, w = s;w.

Proof. There are four possible cases for i and v(w): (a) i = 0 and v(w) = (---1---); (b)i > 1
and viw) = (-+-i---i+1---);(c)i > land v(w) = (---i+1---i---);and (d) i > 1 and v(w) =
(+++i+1---i---). In the first three cases, the result is clear. In case (d), the i + 1 must be among the first
k entries of v(w), which coincide with the first & entries of w, while i lies among the last n — k entries

of w. Hence, the result follows. ]

For any three integer vectors a, 8, p € Z¢, define # c[; = cf;‘l P2 cf:fz . ... Given any raising operator

Proposition 5. Fix an integer k > 0. Suppose that w and w are elements in Wy, increasing up to k
with the same k-truncated A-code C, such that ((w) = £(w) + 1 and s;v(w) = v(W) for some simple
reflection s;. Assume that we have

_ pD(w) (w)
€ =R ch(w)
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for some integer sequence k. Then, we have

D(w) (w)
Gy = RPW Kcﬁ(w)

Proof. Set F,, := RP™) chzw)), so we know that €,, = F,,. As equation (8) gives 97 €,, = Gy, it will

suffice to show that (9l.y w = Fy. The proof of this will follow the argument of [31, Proposition 5].

Let p = p(w), v = v(w), d 1= A(w) = p+v, i = p(W), 7 := v(W), 1 := A(W) =L +7, B = B(w),
and B = B(w). There are four possible cases for w, discussed below. In each case, we have 1 C 4, so
that/l =4, -1 forsomep >1 and/l =A; forall j # p.

(a) v(w) = (- --) with i = 0. In this case, we have D(w) = D(w). Since clearly v = v and
H,=pp—lforp= 5(,u) while zz; = p; forall j # p, it follows that 8, =i, ﬁp =i+1, whlle,b’] _ﬁj
for all J ;t p. _

(®) v(w) = (--+i---i+1--). In this case D(w) = D(w), and we have v = V and 1), = pp, — 1,
while it ; = p; forall j # p. It follows that 8, = —i, Ep =-i+1,and §8; = ,Ej forall j # p.

(c)v(w) = (-+-i+1---i---).Inthis case D(w) = D(W) U{(p,q)}, where 5, = —i and B, = i. We
see similarly thatﬁp =—i+1 andﬁq =i+ 1, while §; = Ej forall j ¢ {p,q}.

(dv(w)=(--i+1---i---). In this case, we have D(w) = D(w) while clearly u = u. We deduce
that v, = v, — 1, while v; = v; for all j # p. We must show that 8, = i, and hence Ep =i+1,and
B =Ej forall j # p.

Note thatif w, =i + 1, thenr € [1,k]. Since w; > w, forall j € [r, k], and the sequence S(w) is
strictly increasing, we deduce that 8, = i exactly when g =y, (w). We have y,(w) =y, (w)-1=g-1,
while y;(w) = y;(w) for j # r. It follows that v, = v, — 1, while 7; = v; forall j # g. In other words,
g = p, as desired.

To simplify the notation, set ¢, := “c%,, for any integer sequences a and p. In cases (a), (b), or (d),
it follows using the left Leibnitz rule and Lemma 3(a) that for any integer sequence @ = (ay,...,a¢),
we have

alyci — C(Bl ----- /iz;ll)) (aty(cﬁp;) C(.Bp+1 ----- Be) + Sy((,’ﬁi) a}’(c(ﬁhH ----- Be) ))

(ar,--- (@p+15--sr) (ap+1,---»ar)
(ﬁl ----- ,317,1) ﬁp+1 (ﬁpﬂ ----- ﬂf) y Bp _ (ﬁl ----- Bp"’l ----- Bf) _ B
= Cares ap-1) (C"l’_l C(“p 1eess L) i (a ) O) €l ap—1,..,ar) ~ C/(g”fp'
Since A — €, = A, we deduce that if R is any raising operator, then
Yip B y _pbB
0; (Rc))) = 0; (LR/I) —LR/I . =R a

As RPOW) = RP(W) we conclude that
3 (Fw) = 87 (RP™ ) = RPOVE = P,

In case (c), it follows from the left Leibnitz rule as in the proof of Lemma 3(b) that for any integer
sequence « = (a1, . ..,ar), we have

Y B _ gy (BrrnmisndBe)
o o =0)ch

Since A — €, = A, we deduce that if R is any raising operator, then

YR ABY =5 _ B B —RP
9 (Rcy) =97 (cpy) = Cra_e, + clli/l—eq =Rc<+RRpq C[;
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As RP) 4 RD(W)RW = RPO) we conclude that

8 (Fy) = 87 (RPM™ Ay = RD<W>c§ + RD<W>Rch§ = RD(W>C§ Sy

O
Proposition 6. Suppose that w € W,, is such that y(w) is a partition. Then, we have
— pDW) v(w) B(w)
€, = RPCI I A, (20)
Proof. Assume first that w; < 0 for each i, and y(w) is a partition. We claim that
_ pov(w), —6n-1
€, =R Camy * 2D

The proof of (21) is by descending induction on £(w). One knows from [13, Theorem 1.2] and [29,
Proposition 3.2] that (21) is true for the longest element wg in W,,, since v(wg) = 6,-1 and A(wg) =
On+0n_1.

Suppose that w # wy is such that y(w) is a partition, and the shape of w equals &, + v. Then,
v C 0p-1 and v # §,-1. Let r > 1 be the largest integer such that v; = n — i fori € [1,r], and

let j := v,41+1 < n—r— 1. Then, ws; is of length {(w) + 1 and satisfies the same conditions,
v(ws;) = v(w) + €41, and A(ws;) = A(w) + €41. Using Lemma 3(a), for any integer sequence
a=(ay,...,a,), we have

5 (v(wsﬂcgzsn_l) = V(W) (=61
J

641"
We deduce that

G =9} () = 0 (RO ) = R i,
proving the claim. Equation (20) now follows, by combining (21) with the k¥ = 0 case of
Proposition 5. o

Corollary 1. Suppose that w € W,, is increasing up to k and the k-truncated A-code *y is a partition.
Let k" % + &(w) = (k+ &1, ...,k +&n_x). Then, we have
— pDw) k"F4g(w) B(w)
€, = RPOD K00 A (22)
Proof. Itw = (1,...,k,Wis1,...,wy) Withwy,; < Oforall j € [1,n—k], theny(w) = kK4 &(w) is
a partition, and (22) is a direct application of Proposition 6. In this case, v(w) = (1, ..., k,-n,...,—k—
1) is the longest k-Grassmannian element in W,,. The general result now follows from Proposition 5,

as the k-Grassmannian elements of W, form an ideal for the left weak Bruhat order (see, e.g., [23,
Proposition 2.5]). o

Definition 7. Let £ > 0 denote the first right descent of w € W,. List the entries wgy,...,w, in
increasing order:

U < - <y <0< upyy < <Upg.

We say that a simple transposition s; for i > 1 is w-negative (respectively, w-positive) if {i,i + 1}
is a subset of {—uy,...,—uy} (respectively, of {ums1 ..., un—r}). Let o~ (respectively, o*) be the
longest subword of s,,_ ...s; (respectively, of sy ...s,_1) consisting of w-negative (respectively, w-
positive) simple transpositions. A modification of w € W, is an element ww, where w € S, is such that
t(ww) = {(w) — {(w), and w has a reduced decomposition of the form R; ... R,_;, where each R; is
a (possibly empty) subword of oo * and all simple reflections in R, are also contained in R, for
eachp <n-1.
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Definition 8. Suppose that w € W,, has first right descent at k > 0 and A-code y. We say that w is
leading if (Y41, Yk+2---»>7Yn) 1S a partition. We say that w is amenable if w is a modification of a
leading element.

Remark 3. (a) The integer vector a = (a1, ..., ap) is called unimodal if for some j € [1, p], we have

The element w € W, is leading if and only if the A-code of the extended sequence (0, w1, wa, ..., wpy),
where we have set w(0) := 0, is unimodal.

(b) Given an element w € W, there is an easy algorithm to decide whether or not w is amenable.
One simply applies all possible inverse modifications to w and checks if any of these result in a leading
element.

Example 7. Consider the leading element w = (2,4,6,5,1,3) in Ws, with k = 3, y(w) =
(2,2,3,2,1,0), u(w) = (3,1), v(w) = (5,4,1), £&(w) = (2,1), and A(w) = (8,5,1). We have
B(w) =(-2,0,5) and D(w) = {(1,2)}, so Corollary 1 gives

_ pl12) 543 (205 _1-Rip oy (5.43) (-2.05)
CW =R 0(8,5,1) = 1+R12 (1 R13)(1 R23) C(S,S,l) .

In the following, we will assume that w has first right descent at k > 0 and £ is as in Definition 6.
Lety := (yr,...,y1), ¢ :=¢', € :=£(1),and m := £(u). We then have

A=¢+&+p (23)
and A; > > Ay > Ay 2000 = Ag.

Definition 9. Say that q € [1, ] is a critical index if Bqr1 > Bq + 1, or if 4 > Aq41 + 1 (respectively,
Aq > Ag+1) and q < m (respectively, g > m). Define two sequences f = f(w) and g = g(w) of length ¢
as follows. For 1 < j < ¢, set

T o=k max(i | yess 2 )
and let
gj =fq+Bq—&a—k,
where q is the least critical index such that q > j. We call f the right flag of w, and g the left flag of w.

If m > 1, then m is a critical index, since u,, is the largest negative entry of w. We will show that for
any amenable element w, f is a weakly decreasing sequence consisting of right descents of w, and g is
a weakly increasing sequence whose absolute values consist of left descents of w.

Lemma 11. (a) If Bs41 > Bs + 1, then |Bs| is a left descent of w.
(b) If s < m, then ¢s = k, while if s > m and Bg+1 = Bs + 1, then ¢g = ¢g41.

Proof. Leti :=|Bs|, and suppose that 1 < s < m. Ifi = 0, then uy; = —1, so clearly i is a left descent
of w.Ifi > 1 and Bs4; > Bs + 1, then i is a left descent of w, since w™' (i) > 0 and w™!(i + 1) < 0. As
w; > 0forall j € [1,k], we have yy; > m forall j € [1, k], and hence ¢ = k.

Next, suppose that s > m. If Bg, > Bs+1 = i+1, then we have w™! (i+1) < O or wj =i+1 for some
Jj € [1, k]. In either case, it is clear that i is a left descent of w. Finally, assume that 85, = 85 + 1. If
¢s > @541, there must exist j € [1, k] such thaty; = s, thatis, #{r > k | w, < w;} = 5. We deduce that

{wylr>kand w, <w;}={ur,...,us},
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which is a contradiction, since ugy < w; = us1 =us+1 < wj, forany j € [1, k]. This completes the
proof of (a) and (b). )

Proposition 7. Suppose that w € W, is leading with first right descent at k > 0, let A= A(W), and
& 1= EW). Let w = ww be a modification of W, and set y = y(w), A := Aw), B = B(w), and
& = &(w). Then, the sequence B+ A — A is weakly increasing, and

€, — RD(w) k™™ ky& lj(w)ﬂf & _ — RP(w) k™" kyg BM /l
(w)

Moreover, if q € [1,{] is a critical index of w, then k + .fq is a right descent of w, the absolute value of
Bq + fq &y is a left descent of w, and fq =max(i | Yi+i = q).

Proof. Suppose that the truncated A-code of w is
= e
for some parts p; > py > --- > p; > 0,and weletd; :=ny +---+nj for j € [1,¢]. Then, we have
E=(dl dl P alr)
and it follows that
Wil = Up+1,5 "/‘;k+d1+1 =Upytls - v v"7k+d,,1+1 =Up,+l

and v'\?j < WJ-H forall j ¢ {k,k+di,...,k+d,}. Hence, the set of components of the vector Kk 4 2
coincides with the set of all right descents of .

If q € [1,¢€] is a critical index, we have shown that f; is a right descent of w. We claim that
i 1= |gql = |B4] is a left descent of w. By Lemma 11(a), we may assume that Sq41 = B4 + 1, which
implies that q # m.

Suppose that q < m. Then, we have /lq > /lq+1 + 1 and jig = fig+1 + 1, s0 (23) gives §q > §q+1 We
therefore have q = p; for some q € [1,¢], and hence i = ,ZIp -1= IUP1+1 = —Upi+l = Wk+dj L+
Since we have

Wil > Wiad+1 > * > Wiad; +1 = —1,

and the sequence (Wx41, ..., wy) is 132-avoiding, we conclude that w™! (=i) = k +dj1+1 < wl(—i—
1), as desired.

Suppose next that q > m. Then, we have /Tq > §q+1, so Lemma 11(b) and equation (23) imply that
g’?\q > %H. We deduce that q = p; for some j, hence i + 1 = u py+l and the result follows.

According to Corollary 1, we have

_ _ pD(W) k"ReE B(w)
Cs; =R Caimy (24)
so the proposition holds for leading elements. Suppose next that w := ww is a modification of w. Then
repeated application of (8), Lemma 3(a), and the left Leibnitz rule (6) in equation (24) give

€, = RP(w) k" k+§cﬁ(w)+~f £
Aw)
It remains to check the last assertion, about the left and right descents of w.

Let R; ... R,_1 be the reduced decomposition for w from Definition 7. We will study the left action
of the successive simple transpositions in R; ... R,_1 on w. Observe that ¢~ and o* are disjoint and
o~ o* = oo ~. Moreover, the actions of the w-positive and w-negative simple transpositions on w are
similar, and we can consider them separately. Let A := {k+ 1,k +d; +1,...,k+d; + 1}.
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We begin with the w-positive simple transpositions. The action of these on w is by a finite sequence
of moves v +— v’, where v/ = s;...s;_1v for some i, j with 1 < i < j, €(v') = £(v) — j +i, and
§;...Ssj-11s a subword of some R, with j —i maximal. We call such a move an [i, j]-move at position
rif v, = j and v, =i, so that v’ is obtained from v by cyclically permuting the values i,i + 1,..., j.
Observe that we must have r € A, and subsequent [i’, j’']-moves for [i’, j'] C [i,j] are at positions
r’ € A with r < r’. This follows from the fact that the sequence (W1, ..., w,) is 132-avoiding, and
by induction on the number of moves.

Let a denote the truncated A-code of v, and &, g, = B+ g — &, the associated statistics, with
a', & =¢&,8 =g =B+ E— &’ the corresponding ones for v'. If @, = e, then we have a,. = d
ford =e+i—j,and af = o forall s # r. If &, = (£1,&2,...) and g, = (g1,82,...), then
8d+1 =1i,...,8.=j — 1, while

E =&, . éan—1,.. ., &= 1,€ei1,. )

and

g/: (glv'-',gd,gd+1 +1,-~~,ge+1’ge+l,---)
=(g1s--->8ad- I+ 1, ], 8etls- ).

Lemma 11 implies that the critical indices of v and v’ can only differ in positions d and e. Since the
simple transpositions s;, ..., s;-1 are all w-positive, we have B; + 1 = By, forall s € [d + 1,e]. If
Ba+1 < Bay1, then |ga| = |Bal is a left descent of both w and v/, by Lemma 11. We may therefore
assume that S5 + 1 = B4 for all s € [d, e], and only need to study the s € [d, e], where & > &7 ,.
If s € [d + 1, e], since the values i, . . ., j of v are cyclically permuted in v’, it follows by induction on
the number of moves that g; is a left descent of v’. Notice that we must have i > 2 in this situation. It
remains to prove that g/, = g4 =7 — 1 is a left descent of v’. But since w™l(i = 1) > k and the sequence
(Wksls . . ., Wp) is 132-avoiding, we deduce that (v/)~1(i) = r < (v/)~'(i = 1), as desired.

The above procedure shows that for any critical index 4 of v/, we must have

&p = max(i | Yisi > h) = max(i | a) > h),

while k + max(i | @] > h) is a right descent of v/, by Lemma 2. Finally, the action of the w-negative
simple transpositions on w is studied in the same way. O

Theorem 4. For any amenable element w € W, we have

€, = RPO T o) (25)

inT[X,Y).

Proof. We may assume that we are in the situation of Proposition 7, so that w = ww, with A= A(w)
and A = A(w). Suppose that j € [1,£] and let q be the least critical index of w such that q > j. Then,
wehave d; = Aj = --=Ag, ifq>m,andA; =A;p1 +1=--- =23+ (q - j), if g < m. Moreover, in
either case, we have &; = - - - = &3, and the values §;, . . ., B, are consecutive integers. As the sequence
g =0+ E — ¢ is weakly increasing, we deduce that for any r € [j,q — 1], either (i) é\r = é—‘\rﬂ and
gr = &r+1 — 1 or (i) ;?, = é?r+1 + 1 and g, = g,+1. Theorem 4 follows from this and induction on q — j,
by employing Lemmas 5(b) and 6(b) in Proposition 7. The required conditions on D (w) in these two
lemmas and the corresponding relations (7) are both easily checked. O

Remark 4. The equalities, such as (25) in this section, occur in I'[ X, Y], which is a ring with relations
coming from I'. Therefore, they are not equalities of polynomials in independent variables, in contrast
to the situation in type A. The same remark applies to the corresponding equalities in Section 6.1.
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Anderson and Fulton [2] have introduced a family of signed permutations, each determined by
an algorithm starting from an equivalence class of “triples.” These were named “theta-vexillary” and
studied further by Lambert [16]. It seems plausible that the theta-vexillary signed permutations coincide
with our amenable elements in types B and C, but we do not examine this question here.

5.2. Flagged theta polynomials

In this section, we define a family of polynomials ®,, indexed by amenable elements w € W, that
generalize Wilson’s double theta polynomials [31], [32]. For each k > 0, let “¢ := (*¢ p)pez be a family
of variables, such that ¢y = 1 and kcp =0 for p < 0, and let ¢t := (#1,12,...). The polynomial @,
represents an equivariant Schubert class in the T-equivariant cohomology ring of the symplectic partial
flag variety associated with the right flag f(w), which is defined in [25, Section 4.1]. The ¢ variables
come from the characters of the maximal torus 7, as explained in [31].

For any integers p and r, define

p
k r
Z ¢p-ihj(=

Jj=0

Given integer sequences k, a, and p, let “cf, = “1¢h) ©2¢? ... and let any raising operator R act in the
usual way, by R “¢f, := “ci .

If w € W, is amenable with left flag f(w) and right flag g(w), then the flagged double theta
polynomial ©,, (¢ |t) is defined by

0, (c|1) := RP™) f(w)cg((x;. (26)

The flagged single theta polynomial is given by ©,,(¢) := ©,,(¢|0). If w is a leading element, then
(26) can be written in the “factorial” form

0,, (c|7) = RPW 1w f((::))

When w is a k-Grassmannian element, the above formulas specialize to the double theta polynomial
®,(c|?) found in [31]; here, A is the k-strict partition corresponding to w. Moreover, the single theta
polynomial ®,(¢) agrees with that of [7].

5.3. Symplectic degeneracy loci

Let E — X be a vector bundle of rank 2n on a smooth complex algebraic variety X. Assume that £
is a symplectic bundle, so that E is equipped with an everywhere nondegenerate skew-symmetric form
E®E — C. Let w € W, be amenable of shape A, and let f and g be the left and right flags of w,
respectively. Consider two complete flags of subbundles of £

OcE c---CEy,=F and OCcFyCc---CF,=F

with rank E, = rank F, = r for each r, while E,;,s = E;-_, and F,,4s = F;-  for0 < s < n.
There is a group monomorphism ¢ : W, < S, with image

(W) ={w@ € So, | w; + Wopy1-i =2n+1, foralli}.

The map ¢ is determined by setting, for each w = (wy,...,w,) € Wyand 1 <i < n,

(w) n+1-w,41—; if w,41—; 1s unbarred,
w); = _ )
' n+wpy—; otherwise.
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Define the degeneracy locus X,, C X as the locus of x € X such that

dim(E,(x) NFy(x)) 2#{i<r|{(w);>2n—-s} forl <r<n,1<s<2n
We assume that X,, has pure codimension £(w) in X, and give a formula for the class [X,,] in
H2€(w) (x)

Theorem 5. For any amenable element w € W,,, we have
[X4] = 0y (E = Epf = Freg) = RP™Y) c(E = Epg = Fuag) @7)

in the cohomology ring H* (¥).

Asin [31, Equation (7)], the Chern polynomial in (27) is interpreted as the image of the polynomial
RPMW)¢, under the Z-linear map which sends the noncommutative monomial ¢, = €4,€q, ... tO
[1; ca;(E = En—f; — Fuug;), for every integer sequence a. Theorem 5 is proved by applying the type C
geometrization map of [13, Section 10] to both sides of (25), following [25, Section 4.2].

6. Amenable elements: Type D theory
6.1. Definitions and main theorem

Let w be an element in Wy, with A-code y and shape A = u + v, with £ = £(1) and m = £(u). Choose
k > 1, and assume that w is increasing up to k. If k = 1, this condition is vacuous, while if & > 1, it
means that |w;| < wy < --- < wg. Eventually, £ will be set equal to the primary index of w.

List the entries w41, . . ., Wy, in increasing order:

Up < - <tpy <0<y <00 < Up_g,
where m’ € {m, m + 1}. Define a sequence S(w) by
BWw) =+ 1,...,up + Lttty Un—k)
and the denominator set D(w) by
D(w) ={(,j)|1<i<j<n—kand u; +u; <0}.

As in Section 5.1, the notation suppresses the dependence of S(w) and D(w) on k.

Definition 10. Suppose that w € W, has code y = y(w) and k > 1. The k-truncated A-code *y =
ky(w) is defined by “y(w) := (Yk+1, Y42, - - - » ¥n)- If k is the primary index of w, then we call %y (w)
the truncated A-code of w. Let ¢ = £(w) be the partition whose parts satisfy &; := #{i | yx+; > j} for
each j > 1.

We let v(w) be the unique k-Grassmannian element obtained by reordering the entries w1, ..., w,
to be increasing. For example, if w := (5, 4,7,5,8,3.1, 6) and k := 3, thenv(w) = (E, 4,7,8,6,3,1, 5).
The map w — v(w) is a type-preserving bijection from the set of elements in W, increasing up to k with
a given k-truncated A-code C onto the set of k-Grassmannian elements in W,,, such that 8(v(w)) = B(w)

and

n

n—k
L) =Lw) = Y Ci=Ew) = Y Yia-
J=1

i=k+1
Lemma 12. Let w and W be elements in W, increasing up to k > 1 and with the same k-truncated A-

code C, such that £(w) = £(w) + 1. Suppose that v(w) = s;v(w) for some simple reflection s;. Then,
w = s;w.
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Proof. We have seven possible cases for i and v(w): (a) i=0and v(w) = (l -+);(b)i =0 and
viw) = (- ) (©)i=o0andv(w) = (2-- )(d)l>landv(w)—(--~i~--z+l )
(e)izlandv(w) (- z+1---i~~-),(f)lzlandv(w) (G---i+1---);and (g) i > 1 and
viw)=(---i+1---i---). In the first five cases, it is clear that w = s;w. In case (f) (respectively, (g)),
the i (respectively, i + 1) must be among the first k entries of v(w), which coincide with the first & entries
of w, while i + 1 (respectively, ) lies among the last n — k entries of w. Hence, we again deduce that
w=S;w. [m}

IfR:=[[i; R ’is any raising operator and d > 0, denote by supp,(R) the set of all indices i and
Jj such that n;; > Oandj <d.

Definition 11. Let w € W, be of shape A = u+v, with € = £(1) and m = €(u). Let @ = (ay, ..., ar) be
a composition such that @11 = A;u41, if type(w) > 0, and v = (vy, ..., ve) be an integer vector such
that v,,,+1 € {0, 1}. For any integer vector p, define

av = a) U P2V L,
o Co1" " Cps

where, for eachi > 1,

~ 1)ie® (X _Y) ifvi=a—pi <0,
iU . a/,cpl {( )8 ,( )8 ( ) v =aq; —p; < (28)

o 0 otherwise.
Let R be any raising operator appearing in the expansion of the power series R ) and set p := RA. If
type(w) = 0, then define

aAu —_ azv . a1 Rul ap—v[
R % ="¢c, =""¢, . Cor

where, for eachi > 1,
o “'cp ifi € supp,,(R),
© | @cy otherwise.
If type(w) > 0 and R involves any factors R;; withi = m + 1 or j = m + 1, then define

azv ._ QIR “Um Um+tl 4 VUm+]l Am+2 ~Um+2 flf ve
Rx ey ="e, ... ey Dot pme2 "+ Cpe-

If R has no such factors, then define

oy o T bl el el typen) = 1
@iyl amepm "mﬂbv;”:ll @ms2em | @eptif type(w) =2
PropOSItlon 8. Suppose that w € W, is an element with primary index k such that (wi,...,wg) =
(1 2,...,k), wirj < Oforl < j < n—k, and the truncated A-code ky(w) is a partition. Then we
have
_ nk-n pD(w) 4 v(w)~(1-n2-n,...~k)
D, =2"R7™) x Wc/l(w) . (29)
Proof. The proof of (29) is by descending induction on £(w). One knows from [29, Section 4.4] that
(29) is true for the longest element w(()k’") =(1,2,...,k,—k —1,...,—n), which has shape (n + k —
., 2k) + 6,_x—1 of type 0.

Suppose that w # w(()k’") satisfies the conditions of the proposition, and the shape of w equals

(n+k-1,...,2k) + p(w) (of type 0). Then, p C 6,—x-1 and p # §,-—-1. Let r > 1 be the largest
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integer such that p; =n —k —ifori € [1,r],and let j := p,41 + 1 < n—k —r — 1. Then, ws,; is of
length £(w) +1 and satisfies the same conditions, v(wsk4+;) = V(W) + €441, and A(Wsi4j) = A(W) +€r1.
Using Proposition 1(a), for any integer sequence @ = (a1, .. ., ,), we have

By induction, we deduce that

Dy 6lf+j (DWskﬂ‘) 2t nalfﬂ (R *D(WSI\H)A(I oy _k))

/I(Wslw-])
_ 2k n R *u(w)’\(l n,...,—k)
A(w) ’
proving the proposition. o

Let w € We have shape A = u + v and « be any integer sequence. We say that « is compatible with
wifk, = v, for p € [1,m], and K141 = V1 Whenever type(w) > 0.

Proposition 9. Fix an integer k > 1. Suppose that w and w are elements in W, increasing up to k
with the same k-truncated A-code C, such that £(w) = £(w) + 1 and s;v(w) = v(w) for some simple
reflection s;. Assume that we have

— 2-C(u(w) RD(w) 4 kGBOW)
D, = 27 (W) RPOW) gt

in T’[X,Y], for some integer sequence k compatible with w. Moreover, if i € {O,1} and |wy| > 2,
assume that Ky, = Km+1. Then, k is compatible with w, and we have

Dy = 27/ RD) 1B

inT’[X,Y].
Proof. Set

—C(u(w D(w K w
so we know that ®,, = F),,. As equation (11) gives al.y Dy = Dy, it will suffice to show that al.y F,, = F5.
The proof of this will follow the argument of [28, Proposition 5], and correct it by including case (h)
below, which was missing there.

Let = p(w), v = v(w), A := Aw) = p+v, @ = pu(w), v = v(W), 1 := A(W) = G +7,
B =p(w), and g = f(w). Using Lemma 4, we distinguish eight possible cases for w. In each case, we
have A C A, so that /l = Ap — 1 for some p > 1 and /l = A; for all j # p. Moreover, we must have
type(w) + type(w) # 3.

First, we consider the four cases with i > 1:

(@ v(w) =(--i+1---i---). In this case, D(w) = D(w), while clearly u = . We deduce that
Vp =vp =1, whilev; = v; for all j # p. We must show that 8, = i, and hence ,Ep =i+ 1, while
B =Ej forall j # p.

Note that if w, =i+ 1, thenr € [1,k]. Since w; > w, forall j € [r, k], and the sequence S(w) is
strictly increasing, we deduce that 8, = i exactly when g =y, (w). We have y,(w) =y, (w)-1=g—-1,
while y;(w) = y;(w) for j # r. It follows that v, = v, — 1, while 7; = v; for all j # g. In other words,
g = p, as desired.

Finally, observe that (i) if i = 1, then p = m + 1, type(w) > 0, and type(w) = 0 and (ii) if i > 2, then
p > m and type(w) = type(w), while p > m + 1 if type(w) > 0. It follows that « is compat1ble with w.

() v(w) = (---i---i+1---). In this case w'(i) € [1,k], D(w) = D(W), v = 7, Bp = —i,
,Ep =—i+1,and §; = B]- forall j # p.
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(c)v(w)=(i---i+1---).Inthis case w; =1, type(w) = 2ifi > 2, D(w) = D(W), v = 7, Bp =—i,
,Ep =—i+1,and §; —BJ forall j # p.

(d)v(w)=(---i+1---i---). We distinguish two subcases here:

Case (d1): wi # i+ 1. Then, v = 7, Bp = —i, ,EP =—i+1=8,+1,and D(w) = D(w) U {(p,q)},
where v(W)gsp = i+1and V(W)k+q = i. It follows that 8, =i andﬁq =i+1=p,+1,while §; = Ej
forall j ¢ {p,q}.

Case (d2): w; = i+ 1 and we have w™! (i) > k. In this case type(w) = 2, D(w) = D(w), while
clearly u = u. We deduce that v, = v, — 1, while v; = v; for all j # p. We must show that 8, =i, and
hence ﬁp =i+1,while g; = ,Ej for all j # p. Indeed, observe that v(w) = v(«(w)), and «(w); =i+ 1,
the argument used in case (a) applies; this is true even when i = 1.

Next, we consider the four cases where i = 0.

(e) v(w) = (1---2---). In this case type(w) = 0, D(w) = D(W), v = 7, Bp=-1, andﬁp =1.We
also have §8; = B] for all j # p.

) viw) = 2-- -+). In this case type(w) = 2, D(w) = D(w), and u = u. We deduce that
Vp=vp—1, wh11e vi=vj;forall j # p. We must show that 8, = 0, and hence ﬁp =2, while ,8] B
forall j # p. Indeed we have t(v(w)) = (2-- -+), so the analysis in case (a) applies.

(g)viw) = (- -+), with |wy| > 2. In thls case, type(w) and type(w) are both positive, v = 7,

and D(w) = D(w) U {(p p+ 1)}, where v(W)isp = 2 and V(W)ktp+1 = 1, and thus p = O(u) = m. It
follows that 8, = —1, Bp+1 = 0, Ep =1, :Ep+1 =2,and §; = Ej forall j ¢ {p,p + 1}. We also have
An=k+&n+ 1,/lm+1_= k+&ne1 =Am — 1.

(h) v(w) = (2---1---). In this case, type(w) = 1, D(w) = D(w), and u = u. We deduce that
Up =vp—1,whilev; = v; forall j # p. We must show that 8, = 0, so that Ep =2,and §8; = ,Ej for
all j # p. This is proved as in case (f).

To simplify the notation, set ¢, := ¥c¥ and ¢ ¥ := “c¥, for any integer sequences « and v. We now
distinguish the following cases.

Case 1. type(w) = type(w) =0

Note that we have |w(| = |w;| = 1, and hence i > 2 and £(u) = ¢(). We must be in one among
cases (a), (b), or (d1) above. In cases (a) or (b), it follows from Propositions 1 and 2 and the left Leibnitz
rule that for any integer sequence « = (a1, ..., ar), we have

aly Eg(w) A(,Bl ~~~~ ,Bpfl) (a (’\Bp) A(,Bpﬂ ~~~~~ ﬁ[’) +sy(c p) 6 (A(,Bpﬂ ~~~~ ,B(’)))

(a’] aaaaa Ap-1 ) (apﬂ aaaaa ar) (a[)+] ----- ar)
_ =Brsesfp-1) (E‘ﬁp"’l ~(Bp+15----8¢) +0) A(ﬁ] ~~~~~ Bptl.fe) _ ng@
(ay,..., ap-1) ap—1 " (ap+it,...» ay) (al ,,,,, ap—1,..., ar) P

Since A — €, = A, it follows that if R is any raising operator, then

¥ ~B(w)\ _ qy (=B(w) —ﬁ(W) _ ~B (W)
0; (R*C/l )—Q- (cf;ﬂ ) Chgr, = Rxet™.
As RPOW) = RP(W) e deduce that

9 (Fy) =270 5> (RD<w> * Z:f(W)) _ 2l RDW) g§<m - P

In case (d1), for any integer sequence a = (ay, . . ., @¢), we compute that
5> P _ By ~(Blseees=lseensisennsBe)
L @ (Ql ----- ap,..., Qg s.-es (Y(’)
= B it it Br) (Bt it ) _ SBW) | B (W)
(ap,..., ap—1,..., ag,..., ay) (ap,..., ap,..., ag-1,..., ay) a—€p Ca- €

This follows from the left Leibnitz rule, as in the proof of Proposition 1(b). Since i > 2, we must have
q > €(u). Hence, if R is any raising operator, then g ¢ supp,,(RR ), where m = {(u). As A — €, = 4,
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we deduce that

o (R*Aﬁ(W)) =0 (Eﬁ(ﬂw)) cﬁ(ﬂwl Cﬁ(ﬂwl - R*AB(W) +RR, *Aﬁw)
Since RP™) + RPOIR . = RP™) it follows that 8] F,, = Fy.

Case 2. type(w) = 0 and type(w) > 0.

In this case, we have |wi| = 1 and [w;| > 1, s0i € {O, 1}. We must be in one of cases (b), (c), or (e)
above, hence D(w) = D(w). We also have (p,p + 1) ¢ D(w), {(p) = €(m) + 1, B, = =1, 8, = 0 if
i=1,and B, =1ifi=0.

Observe that for any integer sequence @ = (ay, . . ., @¢), we have

6yAﬁ(W) A(Bl ----- Bp l) (ay(c A(ﬁpﬂ ----- Bf) +Sy(c )a)’(’*(ﬁpﬂ ----- Bf)))

C
(ar,...,ap_1) ap (‘l Hlseees ) (@ps1seems @)

E(,Bl ’’’’’ Bp l) ( a/p) A(,Bpﬂ ,,,,, ,8[)

(ar,..., ap- 1) i (ﬂ/p+l ----- ar)’

We now compute using Propositions | and 2(a) that

(’E‘l):{z(r 2 1) ifg#r+1

2f ifg=r+1.

Propositions 1(a) and 2 give

P (rA_l) 3 {2 (’ai{_l) ifg#r+1
AR APy ifg=r+l.

Note that the choice of f; in these equations is specified by formula (28). The rest is straightforward
from the definitions, arguing as in Case 1.

Case 3. type(w) > 0 and type(w) =0

We have |wi| > 1 and |w;| =1, s0i € {O, 1}, and we are in one of cases (a), (d2), (f), or (h) above,
hence D(w) = D(w).

We also have 8, € {0,1}, ,Ep = 2, and £(u) = £(u). Recall that ’E‘q‘ = "cy whenever g < r,

~ = 1
rpl —r.1 _r rpl —r.1 _r ros _Tr.s r :
by, ="c, ="by,"b, ="c, ="by,and "a, ="c; - 5 Ca- We deduce the calculations

As in the previous cases, it follows that (9l.y F,, = F5.

Case 4. type(w) = type(w) > 0.

We have |wi| > 1 and [w;| > 1. Ifi > 2, then we must be in one of cases (a), (b), (c), or (d1) above,
and the result is proved by arguing as in Case 1. It remains to study (i) case (d1) with v(w) = (- - - 21---)
and i = 1 or (i) case (g) with v(w) = (---21---) and i = 0. In both of these subcases, we have
p=m,t(p) =t(u)+1,D(w) =DW)U{(mm+1)}, Bu(w) = -1, B,y =2,and B; = j; for all
j & {m,m + 1}. In subcase (i), we have B,,,+1 = | and Em = 0, while in subcase (ii), we have B,,,+1 = 0
and Em = 1. Finally, we have A,, = k + 1 + &, and 4,11 = k + &1 = A — 1, since the assumption
Vm = Um+1 implies that &, = &;41.

The rest of the argument now follows the proof of [28, Proposition 5], by studying the effect of
the raising operators R in the expansion of RP") which involve only basic operators R; j with i €
{m,m+ 1} or j € {m,m + 1}. We first assume that A has length m + 1, let r := 2,41 = 4,,, — 1, and use
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[28, Proposition 3] and the key relations
flra2 Y07 (ralyral ) = A2 Y1 (ral, el ) =0
j=1 j=1

inI’[X, Y], which are easily deduced from the relations (10), as in [28]. Finally, if £(1) > m+1, similar
arguments show that the contribution of all the residual terms in that appear with a negative sign in [28,
Proposition 3] vanishes. O

Definition 12. An element w € W, is called proper if (i) [w1| < 2 or (ii) |w1| > 2 and w; = 2 implies
Jj > 2> Wi-1.

Lemma 13. Fix an integer k > 1. We say that an element ofﬁf,, is valid if w is increasing up to k, has
k-truncated A-code a partition C, and is proper. Let w(C) be the longest valid element in Wy, which
has type 0. If w is valid and w # w(C), then there exists a valid w € W, such that €(w) = £(w) + 1 and
v(w) = s;v(w) for some i € Np.

Proof. We distinguish the following cases for w.

Case 1: |wy| = 1. Let w be any element with the same truncated A-code C such that £(w) = £(w) + 1
and v(w) = s;v(w) for some i € Np. R

Case2: [wy| =2.Ifw=(2---1---), thenletw := sgw, while if w = (2---1---), then let w := s;Ww.

Case3: [wy| > 2. If w; = 2,then j > 2and w;_; < 2. Since the A-code C'is a partition, the sequence
(Wk+1, - - -» Wy) is 132-avoiding. We deduce that if w; = T, theni < j. If w = (-- T2 ), then let
w=s;w, whileifw=(---1---2---), then let w := sgw.

In all three cases, the element w satisfies the required conditions. O

Corollary 2. Suppose that w € W, is increasing up to k > 1, proper, and the k-truncated A-code *y is
a partition. Let k" * + £(w) = (k + &1, ...,k + &,_x). Then, we have

_ n-k —~
D,y =2 £(u(w)) pD(W)  k +§(W)Cf((v:”)). (31)

Proof. Ifw = (T, 2, ko Wiat, .., wy) With wi,; < O forall j € [1,n — k], then (31) follows from
Proposition 8. In this case, v(w) = (T, 2,...,k,—n,...,—k—1) is the longest k-Grassmannian element
in W,,. We deduce the result in the general case from Proposition 9 and Lemma 13, using the fact that
the k-Grassmannian elements of W,, form an ideal for the left weak Bruhat order. Indeed, the hypotheses
required in Proposition 9 are satisfied, as long as w and w are proper. The key point is to show that if
i € {O, 1} and |w| > 2, then &,, = &,,+1, which implies that v,,, = 1,41, and hence «;;, = kj;41. For if
not, then &,, > &,,41, so there exists a j > k such that y; = m. As Ky is a partition, (Wg41, ..., w,) is
a 132-avoiding sequence. It follows that w; = T, and furthermore j = 2,0or j > 2and w;_; > w;. We
conclude that w; = 2 and W is not proper, completing the proof. O

Notice that if w (respectively, w) is increasing up to k£ > 1 and proper (respectively, not proper) with
truncated A-code equal to a fixed partition C, such that £(w) = £(w) + 1 and s;v(w) = v(w), theni = O
or i = 1. Moreover, referring to equation (30), in this situation, we can have ®,, = F), for an integer
sequence « compatible with w but Dy # F3r, as Corollary 2 and the following example show, with
k=1,w=(3,1,2),andw = (3,2, 1).

Example 8. Let n := 3 and w := (3,2,1). Then, type(w) = 1, A =v =(2,1),{ =2, u=0,m =0,
k=1,B(w)=(1,2), D(w) = 0, and w is not proper. We have '¢j = 1, while
*by = by +2c1 hy(=Y) + hy(=Y)

- % (C2 + clef(X)) re2(X)+ (61 + e%(X)) R (=Y) + h(-Y),
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IC% =c| + el(X) + h%(—Y),

1
%aj = 5 (C3 +e2e(X) + cleg(X)) +2c3 h(=Y) + 2 BL(=Y) +2c hh(-Y)

1 1 1
= e+e (Eeﬁ(X) + h%(—Y)) +c (Eeg(X) +e (X)h (=Y) + h(-Y)
+e3(X)h (=Y) + e} (X)hy(=Y) + hy(=Y).

One checks using the table of [13, Section 13] that

(1= Rip) x BDELD =21 162 2201162 4 D,
Now consider w’ := «(w) = (3,2,1). Then, type(w’) =2, A =v=(2,1),£=2, u=0,m=0,k = 1,
Bw’) =(0,2), D(w’) =0, and w’ is not proper. We have

1 1
2,0 _2 270 _2 2
b =2by = 5 (c2+c1e}(0)) + 300, B = = 3 (e + c1e} (X)),

1 1
= 3= 3 (o readradw).

Using the table of [13, Section 13], we observe that

21’\(02) 2012 2012
(1_R12)*( ) Con = by as cp # %SZT

Notice that we also have 259 "¢} —2a$ 'c§ # D)7

Definition 13. Let £ > 1 be the primary index of w € W,,, and list the entries w1, . . ., wy in increasing
order:

UG < <Upy <0< uppy < < Up_g,

where m’ € {m,m + 1}. We say that a simple transposition s; for i > 2 is w-negative (respectively,
w-positive) if {i,i + 1} is a subset of {—uj,...,—u,} (respectively, of {upys1,...,un—x}). Let o~
(respectively, o) be the longest subword of s, ...sy (respectively, of s ...s,-1) consisting of w-
negative (respectively, w-positive) simple transpositions. A modification of w € W,, is an element ww,
where w € S, is such that £(ww) = €(w) — £{(w), and w has a reduced decomposition of the form
R1 ... R,_» where each R; is a (possibly empty) subword of oo™ and all simple reflections in R, are
also contained in R, for each p < n —2.

Definition 14. Suppose that w € W, has primary index k > 1 and A-code y. We say that w is leading
if w is proper and (yYg+1, Yk+2,- - -»>¥n) 18 a partition. We say that w is amenable if w is a modification
of a leading element.

Remark 5. The proper element w € W, of type 0 or 1 is leading if and only if the A-code of the

extended sequence (0, w1, ws, ..., w,) is unimodal. Indeed, if type(w) = 0 and w; = 1, then this is

ensured since there is more than one negative entry in w. If type(w) = 2, then w is leading if and

only if it is proper and the A-code of the extended sequence (0, w{,w},...,wy;) is unimodal, where
= u(w).

In the following, we will assume that w has primary index k > 1 and the partition £ is specified as
in Definition 10. Let ¢ := (vk,...,v1), ¢ :=¢’, € := £(2), and m := £(u). We then have

A=¢p+&+p (32)

and Ay > > A > Ay =0+ 2> g
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Definition 15. Say that q € [1,{] is a critical index if Bgs1 > Bq + 1, or (Bg, Bg+1) = (1,2), or if
Aq > Ag+1+1 (respectively, 44 > Aq4+1) and g < m (respectively, g > m). Define two sequences f = f(w)
and g = g(w) of length ¢ as follows. For 1 < j < ¢, set

fj =k +max(i | ye+i = )
and let

gj =fa+Bq— &k,
where q is the least critical index such that q > j. We call § the right flag of w, and g the left flag of w.

We will show that for any amenable element w, f is a weakly decreasing sequence, which consists
of right descents of w, unless f; = 1 and w; < —|w>|, when {; is a right descent of ¢(w). Moreover, g
is a weakly increasing sequence, whose absolute values consist of left descents of w, unless g; = 0 and
w= (-~-T~--2~--),org]~ =landw=(---1---2---).

Lemma 14. (a) If Bs+1 > Bs + 1 and (Bs, Bs+1) # (0,2), then |Bs| is a left descent of w.

(b) If' s < m, then ¢p5 = k. If s > m and By = Bs + 1, then ¢y = Pgy1.

©)IfBs=00rBs=1,thens =m+1, type(w) > 0, and ¢p,,1 = k. If Bs = 0, then O is a left descent
of w, unless w = (---1---2---). If Bs = 1, then 1 is a left descent of w, unless w = (-+-1---2---).

Proof. Leti :=|Bs|, and suppose that 1 < s < m. If 8511 > Bs+1 # 1, theni > 1 is a left descent of w.
Indeed, if wi = —i, then 7 is a left descent of w, while if w; # —i, then w™' (i) > 0O and w™' (i + 1) < 0,
so this is clear. If type(w) # 2, then w; > —1 for all j € [1, k], and hence y; > m for all j € [1,k],
and so ¢ = k.

Next, suppose that s > m. If B4 > By + 1 # 1, then we have w™!(i +1) < Oorw; =i+ 1 for
some j € [1, k]. In either case, it is clear that i is a left descent of w. Assume that B, = B, + 1, so that
Bs =us > 1.1f¢s > ¢gp1, there mustexist j € [1, k] suchthaty; = s, thatis, #{r > k |w, < |w;|} = .
We deduce that

{wr | r>kand w, <|w;l} ={ur,...,us},

which is a contradiction, since uy < |w;| = ug1 = us +1 < |wjl|, for any j € [1, k]. This completes
the proof of (a) and (b) except in the case 85 = 0, which is dealt with below.

If B = 0 or B = 1, then clearly s = m + 1 and type(w) > 0. We have yy; > m + 1 forall j € [1,k],
and hence ¢,,41 = k. If By = 0, then since w41 = 1 we see that O is a left descent of w, unless
w=(-1:2--1). Finally, if By = 1, then since w41 = 1, it is clear that 1 is a left descent of w,

unlessw = (+--1---2--). -
Proposition 10. Suppose that w € W, is leading with primary index k > 1, let 1 := A(W), and
E = £(W). Let w = wi be a modification of W, and set y = y(w), 1 = A(w), f 1= (w), and

& = &(w). Then, the sequence B+ A — A is weakly increasing, and

D,, = 27 C(HW) RD(W) k”*hégﬂﬁ((vvvv)ﬂf—f = 2 (RO RDOW) y K&,

If g € [1,{] is a critical index of w, then k+g?q is a right descent of w, unless k+g1 =landw; < —|wsy|,
when k + &, is a right descent of «(w). The absolute value of gq = Bq + &g — &q Is a left descent of
w, unless g¢ = O and w = (---1---2---), 0r gg = landw = (---1---2---). Moreover, we have

&g = max(i | yisi = ).

Proof. Suppose that the truncated A-code of w is
=t
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for some parts p; > p, > --- > p, > 0,andweletd; :=ny +---+n; for j € [1,¢]. Then, we have
f — (dtpt’d[p—ril_pt’ . ,d{)l_pz)
and it follows that

Wi+l = Upi+15 Wktdi+1 = Upr+1s -+ -5 Wkd,_1+1 = Up,+1

and w; < wj, forall j ¢ {k,k+di,...,k+d,}. Recall that 1 is a right descent of w if and only if
w1 > wp, and O is a right descent of w if and only if w; < —w,. Hence, if the primary index & equals
1, then k is not a right descent of w if and only if and w; < —[w5|, in which case type(w) = 2 and k is
a right descent of ¢(w). We deduce that the set of components of k"% + f coincides with the set of all
positive right descents of w, or of t(w) if w1 < —|ws|.

If g € [1,{] is a critical index, we have shown that k + a is a right descent of w, except in the case
when k + g-‘; =1 and w; < —|w3|, when k +% is a right descent of «(w). We claim that i := |gq| = |Bq]
is a left descent of w, unless i = O and w = (---1---2---),0ri = land w = (---1---2---).
By Lemma 14, we may assume that 8 # 0 and Sq41 = B4 + 1.

We first prove that g # m. Indeed, B8,,+1 = B+ 1 implies that 8,,, = —1 and B,,+1 = 0, so in particular
liw1| > 2. Since w is proper and *¥ is a partition, it follows that there is no j > 1 such that yx.; = m.
This implies that &,, = &,+1, and since ¢y, = ¢+ = k by Lemma 14(b), we deduce that 2,,, = 4,41 +1,
which contradicts the fact that q is a critical index.

Suppose that ¢ < m and let iz := u(w). Then, we have /lq > /lq+1 +1and fiq = fig+1 + 1, 50 (32) gives
fq > §q+1 We therefore have g = p; for some q € [1,¢], and hence i = ,up 1= ,upj+1 = —Up4l =
—Wk+d,,1+1 Since we have

Wil > Wiad+1 > * 0 > Wiad; 1 = —1,

and the sequence (W41, . .., w,) is 132-avoiding, we conclude that w™! (=) = k+dj_1+1< wl(=i—
1), as desired. L
Suppose next that @ > m. Then, we have 44 > A4+1, so Lemma 14(b) and equation (32) imply that

£ > é?+1- We deduce that g = p; for some j, hence i + 1 = u,,.,1 and the claim follows.
q q j pj
According to Corollary 2, we have

Dy =2" C(u(W)) pD(W) k"~ "+-§'~B(W)

A(w)’

(33)

so the proposition holds for leading elements. Suppose next that w := ww is a modification of w. Then
repeated application of (11), Propositions 1(a) and 2(a), and the left Leibnitz rule in equation (33) give

_ —L(u(w) pD(w) | k" k+EP(w)+E-¢
By =270 RT Caw) :

It remains to check the last assertion, about the left and right descents of w. This is done exactly as in
the proof of Proposition 7. O

Theorem 6. For any amenable element w € Weo, we have

D, = 270 RPOV 4 TG0 (34)

inT'[X,Y).

Proof. We may assume that we are in the situation of Proposition 10, so that w = wiv, with 4 = A()
and A = A(w). Suppose that j € [1,£] and let q be the least critical index of w such that q > j. Then,
wehave d; = A, = - =Ag, ifq>m,andA; =A;  +1=--- =23+ (q—j), if g < m. Moreover, in
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either case, we have £; = --- = &, and the values §;, . . ., B, are consecutive integers. As the sequence
g =8+ E — & is weakly increasing, we deduce that for any r € [j,q — 1], either (i) g?, = _Em and
gr = gre1 — Lor (ii) & = &4 + 1 and g, = g,41. Equation (34) follows from this and induction on
q — j, by using Lemmas 7(b) and 8(b) in Proposition 10. The required conditions on D (w) in these two
lemmas and the corresponding relations (7) and (10) are all easily checked. O

6.2. Flagged eta polynomials

In this section, we define a family of polynomials H,, indexed by amenable elements w € W, that
generalize the double eta polynomials of [28]. As in Section 5.2, the polynomial H,, represents an
equivariant Schubert class in the T-equivariant cohomology ring of the even orthogonal partial flag
variety associated with the right flag f(w).

For every k > 1, let b := (kbk,kbl,kbz,. ) and *¢ := (%¢c1,%cy, .. .) be families of commuting
variables, set ¥by = K¢y = 1 and b, = ¥¢,, = 0 for each p < 0, and let t := (1,12, .. .). These variables
are related by the equations

kb,, ifp <k,
¢p =150 + 50, ifp =k,
2(*b,)  ifp>k.

k

For any p,r € Z and for s € {0, 1}, define the polynomials *¢/, and *a$, by

P P
Z"cpjh’ —t) and kaj,:: ( )+ch,,] G

Jj=0 Jj=1

Moreover, define

k
kpy = kbk+2kck jI5(=0) and KBy = *Br + ) Koy hi(-).
Jj=1 Jj=1

For any integer sequences «, p, k with x; > 1 for each i, let

KTP . KITP1 K2 TP2

Co Co “Chn ..
where, for eachi > 1,
(2("'b D)= )ea i (=1) if p; = k; —a; < 0and i is odd,
Ki

KRl =Rl + 4 (2(%b,,) — M )€ K,( —t) ifp; =k —a; < 0andiiseven,

0 otherwise.

If w € W, is amenable with left flag f(w) and right flag g(w), the flagged double eta polynomial
H,,(c|t) is defined by

Hyp(c 1) := 27000 RPOV) y F00gan), (35)

where the action % of the raising operator expression RP (") is as in Definition 11. The flugged single
eta polynomial is given by H,, (¢) := H,,(c|0). If w is a leading element, then (35) can be written in
the “factorial” form

H,, (c|t) = 27¢w) pDw) f(w)’c*/lﬁ((W)).
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When w is a k-Grassmannian element, the above formulas specialize to the double eta polynomial
H)(c|t) found in [28]; here, A is the typed k-strict partition corresponding to w. Moreover, the single
eta polynomial H,(¢) agrees with that introduced in [6] (see also [26], [27]).

6.3. Orthogonal degeneracy loci

6.3.1. Odd orthogonal loci

Let E — X be a vector bundle of rank 2n + 1 on a smooth complex algebraic variety X. Assume that
E is an orthogonal bundle, that is, £ is equipped with an everywhere nondegenerate symmetric form
E®E — C.Letw € W, be amenable of shape A, and let f and g be the left and right flags of w,
respectively. Consider two complete flags of subbundles of £

OcEic---CEyyy1=F and OCFiCc---CFh,q=F

with rankE, = rankF, = r for each r, while E,.4s = E;, | and Fyyg = F,

mil_g for 1 <5 <n.
There is a group monomorphism ¢’ : W,, < S,,,,1 with image

(W) ={@ € Sons1 | @i + @opsa—; =2n+2, foralli}.

The map ¢’ is determined by setting, for eachw = (wy,...,w,) € Wyand 1 <i < n,
O(w) = n+1—wye—; if wyy—; is unbarred,
"7l n+1+w,s-; otherwise.

Define the degeneracy locus X,, C X as the locus of x € X such that
dim(E,(x) NFs(x)) 2#{i<r| ¢ (w)>2n+1-s}forl <r<n,1<s<2n.

As in the symplectic case, we assume that X,, has pure codimension ¢(w) in X, and give a formula for
the class [%,,] in H2OV) (%).

Theorem 7. For any amenable element w € Wy, we have

[%,,] =27CWO) @, (E = Encj — Futiag)
_ 2,,5(#(w)) RD(W) C,I(E — En—f - Fn+1+g)

in the cohomology ring H* (¥).

Theorem 7 is derived from equation (25) in the same way as Theorem 5, using the type B
geometrization map of [13, Section 10]; compare with [27, Section 6.3.1].

6.3.2. Even orthogonal loci

Let E — X be an orthogonal vector bundle of rank 2n on a smooth complex algebraic variety X.
Let w € W, be an amenable element of shape A, and let § and g be the left and right flags of w,
respectively. Two maximal isotropic subbundles L and L’ of E are said to be in the same family if
rank(L N L") = n (mod 2). Consider two complete flags of subbundles of £

0OCE C--CEy=E and OCFC---CFy,=E

with rankE, = rankF, = r for each r, while E,.s = E;-_ and F,, = F;- for 0 < s < n. We assume
that E,, is in the same family as F,,, if n is even, and in the opposite family, if # is odd.

We have a group monomorphism ¢ : W < S, defined by restricting the map ¢ of Section 5.3 to
W Let wq denote the longest element of Wn, and define the degeneracy locus X,, C X as the closure
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of the locus of x € X such that
dim(E,(x) N Fy(x)) =#{i <r|(wowwp); >2n—s} forl <r<n-1,1<s<2n
with the reduced scheme structure. Assume further that X,, has pure codimension ¢(w) in X, and

consider its conomology class [X,,] in H* ™) (¥).

Theorem 8. For any amenable element w € VT/n, we have
[X4] = Hy (E = Ey g = Frag) = 277600 RPOYD S Gy (E = By — Fuuvg) (36)

in the cohomology ring H* (¥).
The Chern polynomial in (36) is defined by employing the substitutions

cp(E-Eq - Fy) ifp<r,
"bp 11 :
ECP(E —E,r—F,) ifp>r,

1
"b, —> E(Cr(E —-En - F,)+c¢.(Eyn—En)),

—~ 1
"by — E(cr(E —Epy —Fy) —cr(Ep — En-r))

in equation (35), for any integer p and r > 1. The proof of Theorem 8 is obtained by applying
the type D geometrization map of [13, Section 10] to equation (34), and using the computations in
[27, Section 7.4].

A. Counterexamples to statements in [2]

The following two examples exhibit errors in the proofs—in all types except type A—and in the main
type D result of [2]. We use the notation in [2].

Example A.1. We show that Lemma A.1(i) of [2] is incorrect. Set p = (0,1,0), 4 = (2,1,1), k
m = 2, and n = £ = 3. The assumptions are that ¢(2) = ¢(3), ¢’(2) = ¢(2)(1 + by), so that c}(Z) =
c;j(2) + bic;j-1(2) for eachj, and ¢’ (i) = c(i) fori =1, 3.

We compute that R~ = (1 + Rj2)™'(1 = R12)(1 = R13)(1 — R»3) and hence

0% (¢) = ca(1)e1 (2)e1(2) = 2¢3(1er (2) + e3(1)er (2) = ea(1)ea(2)
while
0% (c") = c2(1)(c1(2) + b1)e1(2) = 2¢3(1)er (2) + e3(1)(e1(2) + b1) = e2(1)(c2(2) + bici (2).
It follows that
0¥ (¢") -0 (c) = bies(1) # 0.

One can show similarly that Lemma A.1(ii) and Lemma A.2 of [2] are also wrong.

Example A.2. We show that Theorem 4 of [2] is false. Consider the type D triple 7 = (k,p,q) =
((1,2), (2, 1), (0,-2)), which corresponds to the Weyl group element (3,2, 1) € W5 (or to the element
(3,2, 1), depending on the type convention). We have p = (0,0) and A = (2, 1), while{ =2 and r = 1,
SO 'R'(p,r,f) =1- R12 and

HA T (e(1),¢(2)) = (1= Riz) (c(1ae(2n) = e2(1)er(2) = e3(Deo(2).

The computations of Example 8 show that 2 [Q;] # Hﬁ((:)) (c(1),c(2)).
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