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We investigate the proof structure and models of theories of classes, where classes are
‘collections’ of entities. The theories are weaker than set theories and arise from a study of
type classes in programming languages, as well as from comprehension schemata in
categories. We introduce two languages of proofs: one a simple type theory and the other
involving proof environments for storing and retrieving proofs. The relationship between
these languages is defined in terms of a normalisation result for proofs. We use this result to
define a categorical semantics for classes and establish its coherence. Finally, we show how
the formal systems relate to type classes in programming languages.

1. Introduction

The classes in the title of this paper are collections of entities. We choose this term as
more neutral than sets, as we have a precise idea of the rather primitive theory we wish
to explore, which is quite distant from a set theory. The theory focuses on the extent (or
extension, or abstraction) or, as we shall say, the comprehension of a predicate ¢, by which
we mean the class of entities of class K that satisfy ¢, a class that we write, using a fairly
standard notation, as {x : K | ¢} where x is a variable possibly occurring in formula ¢.
The formal systems we present arise from two sources. One source is the notion of
type classes in programming languages. Type classes were introduced in Wadler and Blott
(1989) and provide a systematic treatment of implicit conversion between structures using
operator overloading. Type classes have been incorporated in functional languages such
as Haskell (Hudak and Wadler 1990) and Gofer (Jones 1992). The reader need not know
of type classes to understand this paper, but should be aware that the theory we present
is a reformulation of (and extension of) the theory of type classes described in Hilken
and Rydeheard (1992). There we described a primitive functional language with type
classes and gave a semantics in category-theoretic terms. A major part of the work lay
in showing that this semantics was properly defined, needing a so-called coherence result.
The present paper attempts a reconstruction of a language of type classes as a language of
proofs of a simple logic. In this way, we extend the propositions-as-types correspondence
(see, for example, Girard et al. (1989)) to cover type classes. However, in doing so we
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deviate from standard methods of presenting logics, and the formulation here is closer to
a programming language in that it includes ‘environments’ as well as contexts.

The other source for this theory of classes is the notion of a comprehension schema
introduced into category theory in Lawvere (1970). Lawvere formulates a comprehension-
schema as an adjoint in an indexed category and shows how such schemata capture the
‘extent’ of a predicate. We describe comprehension schemata later in the paper, and use
this link to categories to provide models for the formal systems of classes.

There is a superficial resemblance between the formal systems presented in this pa-
per and set theories, especially those in Natural Deduction form as in Fitch (1952),
Prawitz (1965) and Hallnids (1988). However, what we present differs from these set the-
ories in that, in the systems in this paper, (1) there are no variables ranging over classes,
and (2) there is no membership predicate, so that in the expression {x : K | ¢}, the
proposition ¢ does not include membership. Instead of membership there are judgements
of the form I' ¢ : K, in which a term ¢ is assigned to a class K in context I'. As a result,
classes as described here are quite different from sets. For instance, we cannot formulate
paradoxes such as Russell’s paradox. Set theories in Natural Deduction form may admit
proofs of paradoxes, but these proofs fail to normalise under a proof rewriting system.
For the simpler formal systems in this paper, proof rewriting is strongly normalising.

1.1. Overview

To analyse classes, we introduce three formal systems and examine the relationship
between them. We begin with a simple system %, which deals with classes, terms classified
by classes, and formulae. The class comprehension rules are in such a form that the usual
correspondence between terms and proofs of their well-formedness cannot be obtained
directly. However, in a version of the system where terms are explicitly enriched with
some proof information, we may reconstruct a proof of the well-formedness of a term
from its syntax. For the judgements of the resulting system %P°', equality is introduced
and axiomatised. A decision procedure for this equality is given in terms of a normal
form for judgements (the ‘long fn-normal form’).

As an alternative, to cope with proofs in the original system %, another formal system,
%=, is introduced, where the extra proof components are stored, not in the terms, but in
the context, in a ‘proof environment’. It is this system that we consider to be a language
of ‘type classes’ in a way that is explained towards the end of the paper (Section 6).
The systems =" and %P°°" are then related by providing translations from derivations
and judgements of " to judgements of ¥°°'. It is shown that the two translations are
consistent with each other, and so the translation of the resulting judgement given as the
translation of its derivation is actually independent of the derivation. This in turn is used
to prove a coherence result, which can be used to define maps on derivable judgements
of 5" by induction on their derivation. These results rely on the decision procedure for
equality in @Pe".

As an application, we consider a model theory for the systems. For the first-order system
%P°", models in strict indexed categories with comprehension schemata are formalised
(based upon Lawvere (1970)), a semantics of judgements in such models is given, and
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a soundness theorem is proved (completeness holds as well). This provides a basis for a
semantics of @E", given straightforwardly using the coherence result. Finally, we show
how this relates to type classes in programming languages.

2. A formal system of classes

We begin by describing a first-order system % that incorporates a notion of comprehension.
The system is presented as a sequent calculus in a Natural Deduction style (Prawitz 1965).
It consists of terms t that are classified by what we call classes K, and we write ¢t : K.
Properties of terms are described by propositional formulae ¢, which may have free
variables for which terms may be substituted.
A note about terminology. Type theory and proof theory each come with their own
terminology, which, in the systems we present can lead to confusion. In ¢ : K, we would
normally call K the type of t. But as a type theory, ¢ itself is a type and K, which classifies
types, is often called a kind. To prevent confusion, we avoid speaking of ‘types’ and call ¢
a term and K its class.

We first describe the system and then explain why it is as it is. We begin with the
contexts and judgements of ¥. Contexts are of two forms:

Class contexts I' :=x; :Ky,...,x, : K,
Formula contexts A ::= ¢1,..., ¢,
for n > 0. In class contexts x; : Ky,...,x, : K,, the variables x; are all distinct. Empty

contexts may be omitted in judgements.
There are four forms of judgement:

F K class means that K is a well-formed class. For context I' = x; : Ky,...,x, : K,, we
write F I"class for the list of judgements + K class,...,F K, class.

'+ ¢ prop means that ¢ is a well-formed propositional formula with free variables
declared in context I'. We write I' - ¢1,..., ¢, prop to abbreviate the list of judgements
'+ ¢iprop,...,I'+ ¢, prop.

I' Ft : K means that t is a well-formed term of class K with free variables declared in T".

I'; A+ ¢ means that the formulae A entail ¢ in a context with free variables declared in
I.

As a vocabulary for %, we introduce a signature, X, of symbols and axioms (strictly
speaking we should write ¥y and will do so when required):

1 a collection of class symbols (metavariable 4 ranging over them);

2 acollection of predicate symbols, each with a given (possibly empty) class of arguments,
term of class K; (for i = 1,...,n), then Pk, k,(t1,-..,t,) is a well-formed formula;

3 a collection of symbols for forming terms, each with a result class and possibly
argument classes, thus if kk, _x,x is such a symbol with argument classes Ki,..., K,
and result class K and t; is a term of class K; (for i = 1,...,n), then we have that
k... x,—k(t1,...,t;) is a well-formed term of class K (if there are no argument classes,
we write kg : K, and kg itself is a well-formed term of class K); and finally,
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'k ¢y,..., ¢, prop
r;¢17"'7¢nl_¢j

(propAss, n>1,1<j<n)

- Kclass ---+ K, class

(class Ass, n>1,1<j<n)
x:Ky,oox, Ky Fx; K

K class F K,class

(x Form)
F K, x K;class
't Ky ThHH K, I'Ft:Ky XK, ) )
(x Intro) ———— (X Elim, j=12)
I+ <t1,t2> Ky x K, 'k n'll(l,Kz(t) ZKj
x K F ¢prop
({} Form)

F{x:K | ¢}class

FHt:K x:KF¢prop TiF ¢lt/x]

|
Fkt:{x:K|¢} (1 tre)
iy I'kt:{x:K kA
LRI iy L TEAPP )
oK TiAF lt/x]

Fig. 1. The rules of system .

4 a collection of axioms of the form I';A F ¢ for given I', A (possibly empty) and ¢.
The inference rule for axioms ensures that axioms are derivable (assertable) only when
F T class, and I' + A, ¢ prop are derivable.

For forming classes, we introduce products of classes as well as class comprehension.
At the level of propositions there are only atomic propositions constructed by applying
predicates to terms. Later, we show how to extend this system to include propositional
logic (Section 3.3). The syntax of € is therefore:

Classes K =A|K xKy|{x:K|¢}
Formulae ¢ ::= Pk, .k, (t1,...,tn)

.....

Terms Li=x ‘ kKl ..... KWHK(tly"'ytn) ‘ <[1:t2> | TCII(I,KZ(I) | Tclz(l,Kz(t)'

Remarks. We explain why system % is as it is. First, it is a type system without dependent
types. Equivalently, it is a simple first-order system corresponding to the basic structure
of an indexed category. This determines the forms of judgement, in particular, it excludes
the judgement form I';A F ¢ : K, where well-formedness of term ¢t may depend upon the
variables in A. The rules for comprehension in Figure 1 require comment. These rules are
an obvious choice for a restricted form of class comprehension, yet their structure is fairly
intricate. Notice that the form of the Elim1 rule means that terms can belong to more than
one class. In type theory, there are good reasons for avoiding this multiple classification of
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FIclass T'Ht:Ky -+ T'kt,:K,
F Aclass (n=0)
I'= Pk, k,(t1,...,t,) prop
FIclass I'Ht:Ky -+ I'kt,:K, FKclass
(n=0)

I ki, okt t) K
For an axiom x; : Kyq,..., Xy : Ky @1,..., 00 F ¢, (my,n > 0), in Z, we have rule:

FIclass T'Ht:Ky -+ T'kHt, K,
T'EA ¢prop T5AE Gilti/Xts--stm/Xm] =0 Tib dulti/Xts ooy tm/Xm]

F>A - d)[tl/xl’- ceo [m/xm]

Fig. 2. The X rules of %.

terms, whereas, for classes viewed as sets and for functional programming, it is a natural
requirement. The well-formedness of formula ¢ is necessary in the Intro rule, as the only
other occurrence of ¢ is a substitution instance of it. Strictly speaking, the Intro rule
should be viewed as schematic over the well-formedness condition, that is, for each ¢
such that x : K - ¢ prop there is an Intro rule without the well-formedness condition. In
presenting formal systems, this distinction is not usually drawn so that well-formedness
conditions become hypotheses of rules. However, in a categorical treatment (Section 5)
this distinction becomes clear. This explains the absence of an elimination rule to produce
the conclusion x : K F ¢ prop. In the expression {x : K | ¢}, x is bound and there are no
other free variables in ¢. More generally, we may wish to consider a higher-order class
structure in which classes are parameterised. This would extend the present notion of type
classes in programming, and, when we come to consider models, necessitate a further level
of indexing of categories. Logical systems which include parameterised comprehension
forms have been investigated by Hallnds (Hallnds 1988) amongst others. The additional
formula context A in the second elimination rule makes weakening admissible in the
system.

Example 2.1. Here is a simple example of derivations in 4. We show that we may derive
z :{x 1 A| Pa(x)} from z : {y : {x : A | Pa(x)} | P4(y)}. We give two derivations of this
result. The derivations differ in substance in a way that we make precise in the next
section.

Let ' be the context z : {y : {x : A | P4(x)} | P4(y)}. The following is a derivation tree of
z :{x 1 A| P4(x)} from T
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© D
Thz:{y:{x:A|Pa)} | Pa(y)} F Aclass 5
Fkz:{x:A|Py(x)} FAclass x:AFx:A4 l"}—z:{y:{xt;‘lll’A(X)}\PA(y)}
Tkz:4 x : A F Py(x)prop Tk Pa(z)
I'kz:{x:A4]|P4(x)}
where the missing derivation D is
I'Ft:{x:K|¢}
Elim1
't:K i )
't:{x:K F{x :A] P4(x)}class
{ | ¢} (1) Elim1) { | Pa(x)}
I'Ht:K yii{x:tA|Pax)}Fy i {x:A4]|Pa(x)}
F{x :A4]| P4(x)}class yii{x:A|Psx)Fy: A

y i {x 1 A| Pa(x)} - Pa(y) prop
F{y :{x 1A | Pa(x)} | Pa(y)}class
Chz:{y:{x:A[Pax)} | Pa(y)}

The following is a simpler derivation of the same result.

D
Chz:{y:{x:A[Psx)} | Pa(y)}
I'kz:{x:A]|Ps(x)}

where D is as above. The key to the difference between these two derivations lies in the
two occurrences of P4 in the context, each of which may be used to construct the result
(see Section 3.2.1 for an explanation of this).

The remainder of the paper is devoted to an analysis of system %, beginning with
languages for the derivations in €, followed by models for these languages, and, finally,
we relate them to languages with type classes.

3. A calculus of proofs (I)

We begin the analysis of system % by examining the structure of its derivations. In doing
so, not only do we provide proof-theoretic results, but also we set up machinery for
defining semantics later (Section 5).

Our starting point is fairly standard: we introduce a language ¥°®" of derivations in .
This language is a type theory whose judgements are in bijective correspondence to the
derivations in %. In this type theory, we view class comprehension as a form of strong
sum type.

For each inference rule in 4, we introduce a form of expression building proofs of
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the conclusion of the rule from proofs of the hypotheses. Here are some of the points
involved:

1 Some of the rules in ¥ already encode their proofs. This applies to all formation rules
for classes and most for propositional formulae. However, there are no expressions for
derivations of propositional consequence I'; A F ¢. To remedy this, we follow standard
procedure and include variables in the context A and terms o coding the proofs. In
this case, proofs are constructed from axioms for which we introduce axiom symbols
(ranged over by a).

2 The class comprehension rules require special treatment. The introduction rule,

I'tt:K x:KkF¢prop T ¢[t/x]
I'ker:{x:K]|¢}

does not record in its conclusion the proofs of the second and third hypotheses. We,
therefore, modify the language of terms to incorporate the additional proofs. That is,
we replace term ¢ in the conclusion of the above rule with a term [¢, «](x.x)y, Where o
is a proof of I';F ¢[t/x]. The subscript (x : K)¢ captures the content of the second
hypothesis of the rule. In this expression x may occur freely in ¢ but is bound in
the overall expression. The two elimination rules correspond to extracting the two
components of this term using projections v! and v2. This is, therefore, a class indexed
sum of propositional formulae yielding, not a formula, but a class.

The syntax of @P°" is:

Classes K =A|K xK; |{x:K|¢}
Formulae ¢ ::= Pk, .k, (t1,-.-,ts)

Terms t =X ki, koKt ta) | (t1,t2) | 7T11<1,1<2(t) \ 7T12<1,K2(t)
| [t e ekrg | Vi (1)
Proofs O =0 | AR, Koot (El s B3 Oty e, 0) | V(ZX;K)¢(f)-

The contexts I' are as before. The formula contexts A now include variables v ranging
over proofs, so are of the form vy : ¢1,...v, : ¢, with the v’s distinct. The only form of
judgement to change is that for propositional entailment, which becomes I';A F o : ¢
and means that proof o establishes that A entails ¢ in a context with free (term) variables
declared in I" and free propositional variables in A.

The inference rules (Figures 3 and 4) are unchanged from those of € except those for
propositional consequence and those for class comprehension.

Example 3.1. As an example, we give an expression in °°" for the two derivations in 4 in
Example 2.1 in which, from z : {y : {x : A | P4(x)} | Pa(y)}, we derived z : {x : A | P4(x)}.
Corresponding to the first derivation is the rather unwieldy expression:

r l_ [v(lxjA)PA(x)(V;(Z))> Vf(z)](XiA)PA(X) : {x :A | PA(X)}y

where T is z : {y : {x : A | Pa(x)} | Pa(v(\.p,(¥))} and the subscript y is (y : {x :
A | PA(x)})PA(v(l'\,: Ap,(¥))- This directly encodes the Intro and Elim structure of the
original derivation. For example, it ends with a {}-Intro of a term built from a judgement
T Evlonp,(v(2)) A, a judgement x : A - P4(x) prop and a proof of satisfaction v}(z).
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'k ¢y,..., ¢, prop
| TR I P 3 R T )

(propAss, n>1,1<j<n)
J

- Kclass ---+ K, class

(class Ass, n>1,1<j<n)
x:Ky,oox, Ky Fx; K

K class F K,class

(x Form)
F K, x K;class
't Ky ThHH K, I'Ft:Ky XK, ) )
(x Intro) ———— (X Elim, j=12)
I+ <t1,t2> Ky x K, 'k nf(l,Kz(t) ZKj
x K F ¢prop
({} Form)

F{x:K | ¢}class

I'Ft:K x:KF¢prop T;ka:¢[t/x]

({} Intro)
Ik [t’a](XZK)¢ : {X K | (b}
I'kt: 'K I'kt: 'K I'FA
t:{x:K|¢} (6 Elim) t:{x:K|¢} prop () Etim2)
T E i) : K

AR V(zx:K)qﬁ(t) : ¢["(lx:1<)¢(f)/x]

Fig. 3. The rules of system #P°'.

FIclass I'¢;:K; (j=1,...,n)
F Aclass (n=0)
rl_PKI ,,,,, Kn([b-“a[n)prop
FIclass FKclass T'¢;:K; (j=1,...,n)
(n=0)

FIclass T't¢:K; (i=1,...,m)
A ¢prop Ti;AFa;:¢;[i/X] (j=1,...,n)

—— (m,n > 0)
DSAE Ak, ki /50, i1l /51 (L oo T3 01 o) 2 [E/X]

where [/X] is [t1/X1,...,tm/Xm] and the following is an axiom:

X KX K01 0ty aKl,...,Km;¢1,...,¢,,—>¢(xla---sxm;Uh-"a vn) 1 P

Fig. 4. The X rules of @Per.
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TFal (o) K, = Tre:K, (j=12)
'k <”ll<1,1<2(t)>“12<1,1<2(t)> K1 xK, = TFt:KixK;
rr V(lx:K),ﬁ([f, dlxkyg) K = TFHt:K
DAF v plbodakip) s = TiAFa:y
CE s OvGks Ol 1 {x K[ ¢} = Trt:{x:K|[¢}

Fig. 5. The equations of system @P°".

The second derivation of z : {x : 4 | P4(x)} from z : {y : {x : A | P4(x)} | Pa(y)} corre-
sponds to the simple judgement:

TCEvi(z): {x A Py(x)},

where I'" and y are as above.

We complete the description of °°" by introducing a relationship of equality between
judgements. This equality allows us to:

1 link derivations and judgements in systems of classes in such a way that we can define
maps on derivable judgements by defining maps on derivations, in particular defining
semantics of systems of classes, and

2 examine the notion of ‘essentially distinct’ derivations and count them.

Results of this form are called ‘coherence’ results and have been extensively studied in
category theory (see Mac Lane (1982), for example) and in proof theory (see Curien (1990)
and Curien and Ghelli (1990), for example).

The appropriate equality (Figure 5) arises as a description of equivalence of proofs
under ‘inversion principles’ (Prawitz 1965). It includes both the usual f-rules, where an
introduction is followed by an elimination, and #-rules, where an elimination is followed
by an introduction. Equality is at the level of judgements rather than at the level of
constituents of judgements (such as terms). This is forced by the dependency between
the syntax of classes, propositional formulae, terms and proofs, so that an equality on
syntax of one of these induces equality on the others. The equations for the symbols in
the signature X (Figure 6) assert that if a symbol occurs in £ with a given ‘type’, then it
also occurs at any equal ‘type’. The equational theory is generated from the equations in
Figures 5 and 6 using the rules of symmetry and transitivity, together with the rules of
congruence, i.e., the rules of ¥°°" adapted for equations. For example, the class formation
rule for equations is:

F K class = F K’class x:KF¢prop = x:K'+ ¢ prop

F{x:K|¢}class =  {x :K'| ¢} class
As in A-calculus, it is possible (though rather unintuitive) to present the system entirely
in terms of equations. Derivability of judgement J is then the derivability of J = J.
We give, in the next two propositions, some standard properties of formal systems as
they apply to €P°". The first deals with the four forms of substitution in €°°".
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F Aclass = F Aclass

FTclass =FT'class Tkt :K; =T'F¢:K; (j=1,...,n)

(n=0)
I'F Pyt ta)prop = I'F Py g (... 1,) prop
FTclass =F1I'class F Kclass = F K'class
'kt :K;, =T"Ft. K, (j=1,...,
2 LYY ") (n>0)
Ukkg, kpok(tt,..nty) 1K =T "kK;,“.,K,;aK’(t/uu-,t/n) 'K’
FIclass =FTI'class T'+t:K; = T"Ft:K! (i=1,...,m)
I'tAprop = I'"+ A prop
T;AFo;:¢i[t/%] = TGN Fof [0 % i=1,...,
o; : ¢;lt/X] o s/ n) (m.n > 0)

r; A+ aK1.,---,Km;¢1[Z/i],---,d)n[?/’)C]”l/’[?/ﬂ([1’ RS L SPRTN CX,,) : (f)[t/}] =
A Fag,

------

/ Syl ANV POVE
Koy 7 3Ll 5101731 (ot O, 0) 2 @[]

where [t/%] is [t1/X1,-..,tm/Xn], and the following is an axiom:

Fig. 6. The X equations of #P°".

Proposition 3.1.

1 Ifx; :Ky,...,x, :K,F¢ppropand T ¢, : Ky --- T't, : K, are derivable in @°°",
then sois '+ ¢[t1/xq,...,t,/X,] prop,

2 Ifxy:Ky,...,xp :Ky,Ft:Kand T+t :K; --- T F1t, : K, are derivable in @°°",
then so is ' F t[ty/x1,...,ta/x] 1 K,

3 Ifx;:Ky,...,xp :Ky;AFoa:¢pand Tty : Ky --- T F1t, : K, are derivable in @P°',
then so is T; Aty /x,...,ty/Xn] B olt1/X1,-- s tu/Xn] * Olt1/ X1, -5 tn/Xnl,

4 IfTo1 :dy,ecvy o pand T;A oy 2y -+ T;AF a, @ ¢y, are derivable in
@Pe", then so is T'; A - afoy /vq, ..., 0,/0,] : @.

Proposition 3.2.

1 Well-formedness. f Tt : K = I" ¢ : K' in °°, then  'class = F I"class
and F K class = F K’class in °°", and likewise for the components of other forms
of judgement.

2 Substitution. If x; : Ky,...,x, : Ky, Ft : K = x3 : Kj,...,x, : K, Ft : K' and
Ckt:K; =T'Ft;:Kjforj=1,...,nin %P°" . then

T Etlt/x1,. .o ty/x0] K = T F 6] /x1,...,t,/x4] 1K'

in P, and likewise for the other forms of substitution.

3 Generation. If - {x : K | ¢}class = F {x : K'| ¢'}class, then - Kclass = I
K’'class and x : K F ¢prop = x : K' + ¢ prop in 4°°, and likewise for other
judgements.
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4 Replacement. If T' - ¢ prop is derivable and - I'class = F I’class in %°°", then
there is a ¢’ such that I F ¢’ prop is derivable and T" - ¢pprop = I’ ¢ prop.
Analogous results hold for the other forms of judgement.

Proof. Each case of Proposition 3.1 is established by structural induction on the first
judgement. For Proposition 3.2, parts (1), (2) and (3) are established by induction on
the derivation of equality, and (4) is by structural induction on the judgement and the
derivation of equality. U

3.1. Solving a word problem for €°°"

This section contains the analysis on which much of the remainder of the paper relies. We
solve a ‘word problem’ for P by presenting a decision procedure for equality in @P°",
a procedure that, given two derivable judgements J; and J, in €P°", will decide whether
or not they are equal under the equations of €P°". The link between decision procedures
and ‘coherence’ results is well known (see, for example, Curien and Ghelli (1990) and
Curien (1990)) and will be illustrated later in the paper (Section 4).

The decision procedure operates by converting expressions to a ‘canonical form’ so
that expressions are equal in %P°" iff their canonical forms are syntactically identical.
Because of the presence of both - and 5-rules, canonical forms cannot be computed by
rewriting terms to a normal form under a simple rewrite system. A more delicate notion
of canonical form is necessary in which the class of a term has a role as well as the form
of the term itself. The definition of canonical form that we give is an adaptation of the
‘long fn’ normal forms of A-calculus (see Huet (1976) and Jay (1991)).

We first define the appropriate notion of canonical form and then describe a procedure
for converting judgements into this form. For judgements I' - t : K canonical forms
are n-expanded versions of t according to the form of class K. In the remaining cases,
canonical forms are fi-reduced (hence we introduce reduced forms), except at predicate,
term and axiom symbols, when further y-expansion is necessary.

Definition 3.1. We define when a well-formed judgement is canonical.

— I' Ft : K is canonical when I" and K are reduced and t : K is canonical, as defined
below,

— F K class is canonical when K is reduced,

— TI'F ¢ prop is canonical when I' and ¢ are reduced,

— I';AF o : ¢prop is canonical when I', A, « and ¢ are all reduced.

Here ¢ : K is defined to be canonical by structural induction on K as follows:

— (t1,15) : K1 x K, is canonical when t; : K; are canonical,

— [t,alxk)p @ {x : K | ¢} is canonical when ¢ : K is canonical and o, K and ¢ are
reduced

— t : A is canonical when ¢ is reduced (where A is a class symbol in X).

We define when an expression is reduced as follows:

— variable x is reduced,
— (t1,t5) is reduced when t; and t, are reduced,
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— 7T1<,,1<2(f) is reduced when ¢ is reduced and not of the form (ry, ),

— [t, ] (x:k)¢ is reduced when T, ¢, K and ¢ are reduced,

— Vi) (t) is reduced when ¢ is not of form [t',o/], and T, ¢, K, and ¢ are reduced,

— kk,,.k,—k(t1,...,ts) is reduced when ¢; : K; (j = 1,...,n) is canonical and K is reduced,
— class A is reduced,

— K x K, is reduced when K; and K, are reduced,

— {x :K | ¢} is reduced when K and ¢ are reduced,

— Px,..x,(ti,...,t,;) is reduced when t; : K; through to t, : K, are canonical,
— variable v is reduced,
— K, Kpibrondnod (Lt 01, ..., 00,) s Teduced when t; : K through to t, : K, are

canonical and the ¢’s and o«’s are reduced,
— v(zxz,(w(t) is reduced when K, ¢ and t are reduced and ¢ is not of the form [t',a],.

Proposition 3.3.

1 Canonical forms are equal in @°°" iff they are syntactically identical,

2 For each derivable judgement J of %°°" there is a (derivable) canonical form C(J)
with C(J) = J and such that J; = J, in °°" iff C(J;) = C(J,), where = is syntactic
equality.

Proof. We use induction on the derivation of equality to prove (1). Suppose the
derivation is one of the generating equations. It cannot be a f-rule, since then the
judgements would not be in canonical form. If it is a product or comprehension #-rule,
the components are canonical, so we use structural induction. If the derivation of equality
is via inference rules, we use the induction hypothesis immediately for Intro-rules and
further structural induction for Elim-rules.

For (2), we describe a procedure C to convert judgements to canonical form. For judge-
ments I' -t : K we 5-expand ¢ according to the form of K and then, when no further
expansion is possible, we f-reduce the result using conversion R. This is the content of
the following definition.
CTFt:K)y=R(I)FC(t:K)
where C(t : K) is defined by structural induction on K as follows:
C(t : Ky x Ka) = (f{,15) : K| x K} where ¢, : K}, = C(n},, (1) : K;)
C(t: {x : K | $}) = [t, ROE k(O] yre) © {x RK) | R()}
where ¢ : K" = C(v(;.x)5(1) - K)
C(t:A)=R() : A.
On other forms of judgement, C is defined directly in terms of R:
C(F K class) = F R(K)class
C(I' = ¢ prop) = R(I') - R(¢) prop
C(I'; Ao ¢p) =R(I);R(A) F R(a) : R(¢).
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The conversion R is defined on terms by:

R(x) = x

R({t1,12)) = (R tl R(t2)) ,

R(nk, k,(t)) = let t' = R(t) in if ¢' = (t1,12) then ¢; else Tk ) rk,)(t)

R([t, dx:x)p) = [R(1), R()](x:RK)R($)

R(vx)g(t)) = let ¢ =R(t) in if ¢ = [t",0"], then ¢ else v/, g )mp)(t)

R(kk,..k,—k(t15. .. tn)) = kKr ,,,,, K —RK)(t}, ..., t,) where z;. :K]’. = C(t; : K;).
Here = is syntactic identity used in pattern matching. On other expressions, R is defined
simply in terms of their structure, except again using n-expansion when symbols of X are
encountered and f-reduction for the projection v?:

R(4) =

R(K; x K») = R(K1) X R(K>)

R({x : K | ¢}) = {x : R(K) | R(¢)}

R(Pk,,.k,(t1,- -, tn)) = Px:_k;(t),...,1,) where ¢} : Ki = C(t; : K;)

Rv)=v

AR(K ), R(K ) :R(D 1) R()—R() (11’ Sty R(a), ... R(ay)
where ¢ : K} = C(t; : K;)
ROE.k)p(0) = let ¢ =R(1) in if ¢’ = [t",0"], then o else v piyrep(¢)

Despite the interplay of #-expansion and ff-reduction, the termination of this on derivable
judgements is not difficult to establish. The f-reduction is that of projections for products
and comprehension, so it does not involve substitution (as it does in A-calculus). f3-
reduction by itself therefore terminates. For uniformity, let us change notation and write
C(e, ®) for R(e), and view the above as a rewriting system. We order C(e, T') as the lexical
product of the following orders:

1 C(e,T)<C(e, T') when T is a (strict) subterm of T’, or T = e (and T’ does not),

2 C(e,T) < C(e/, T') when e is a f-reduced form of ¢/,

3 C(e,T) < C(¢/, T') when e and ¢’ are the same except that some occurrences of C in
the term structure of ¢’ are lower in the term structure of e or are absent.

To handle the duplication arising in the rule for C(t : K; x K3), for example, we make the
termination order  the multiset order of the above lexical product. Then C is well-founded
and, for each of the above rules, RHS — LHS.

Now, to complete the proof, we have C(J) = J in P, since conversion steps arise from
the equations of @P°". That C(J) is canonical is by construction (by induction on the
termination order). Finally, if J; = J,, then C(J;) = J; = J, = C(J,) and thus (using (1))
C(J1) = C(J). L]

Remark. The canonical forms described here are canonical for both the product and
comprehension structure. There is a looser notion of canonical form, which is canonical for
the comprehension structure alone. A {}-canonical form is defined as above (including the
n-expansion at product type) but n{(th(t) is defined to be reduced simply when ¢ is reduced.

The conversion to canonical form is likewise modified: R(n{(th(t)) = né(Kl)’R(KZ)(R(t)).
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Then judgements are equal in P°" iff their {}-canonical forms are equal in &(x), where
&(x) is the equational theory generated by the § and n rules for products:
rl_nI](1,K2(<t19t2)) IKJ' = Fl—tj IKJ- ]21,2
U E (g g, (0,77, (D) 1Ky xKy = Tht:K xKs.

3.2. Relating € and €°°"

Because of the way that the system %" is set up, (1) each derivable judgement determines
its unique derivation, and (2) derivations in 4 and judgements in %°°" are notational
variants: there is a map D from judgements in %°°" to derivations in % and an inverse
D™.
On judgements, there is a map J taking derivable judgements in ¥°®" to judgements in
% that ‘drops proof information’:
J(F K class) = - K class
J(T' ¢ prop) =T I ¢ prop
JICFt:K)=TFt:K
JIO;AFa:¢9)=T;AF ¢
where v i ¢pr,..., 00 Py = P1a.... Py
where e is defined on classes, propositional formulae and terms by:

X=x

[[, a](x:K)d) =1

Vi )p () =t

(ti,t2) = (t1, 12)

T s (1) = 7 ()

kiy,..k,—k (s tn) = kgr = g (t1,... . 1n)
A=A

K1 X Kz = E X E
x:K|[¢}={x:K|¢}

Pk (s t) = P (1. o)

.....

These maps interact properly: a derivation D in % is a derivation of J(D™(D)) (proved
by simple structural induction on D), and hence, for judgement J in #°°", D(J) is a
derivation of J(J) in %, and thus, for all derivable J in °°", J(J) is derivable.

If we introduce an equational theory of judgements in %, we can further establish: for
derivations D; and D, in &, if D=(D{) = D=(D) in %°®", then J(D~(D;)) = J(D~(D3)) in
%. Here the equational theory of  is that generated from the f# and # rules for product
classes: )

Ik ﬂﬁth(@utz)) K; = T'Ft:K; (j=12)
'k <TCII<1>K2(I), 7I12<1,K2(t)> Ky X K> = TIFt:K{xK,.

3.2.1. Coherence: counting derivations This section is an aside from the main development
of the paper and may be omitted by the reader. We describe the relationship between
equality in 4P°" and the derivations in %, giving a ‘coherence’ result that allows us to
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count the number of distinct derivations of a judgement in 4. We give a brief outline of
results, motivating them with examples.

The example to bear in mind here is the two derivations of the same judgement given
in Example 2.1. They differ because the predicate symbols on the right-hand side of the
turnstile are derived from different occurrences in the context. To capture this, we follow
the standard treatment of such coherence results (see Mac Lane (1982)) and introduce an
appropriate notion of a graph that links occurrences of symbols.

For simplicity, we begin with a much reduced form of system %. We drop product
classes, and, amongst the symbols in X, admit only class symbols A and predicate symbols

For each class expression in this reduced system, we extract the tree of its predicate
symbols as follows:

[{x3 : {x2 : {x1 t A | Pa(x1)} | Qix, :A|PA(xl)}(X2)} | Ry, :A\P,1(X1)}(x3)}“
= [Pjaps Quixia | Paten)} s Rigxria | Paceny)]
= [P[]’ Q[PHAH]’ R[P\AH]]
= [Py, Q) Repy)]-

We are interested in which trees correspond to well-formed classes. Such trees have
the property that, at each node, the predicate symbols of the children of the node are a
selection (including repetition) of those predicate symbols that occur as siblings to the
left of the node. Thus, in the above example, the P4 that occurs as a child of R occurs
also to the left of R at the same level as R in the tree. In general, child nodes may
occur several times to the left of the node, in which case each choice corresponds to a
distinct derivation. We thus label occurrences of predicate symbols with their ‘justifying’
occurrence. In the above example, the P4 that occurs as a child of R is labelled with 1 to
indicate that it derives from the first sibling of R.

Definition 3.2. A graph (for this reduced system) is a tree of predicate symbols, each
predicate symbol P not at the root being labelled with a natural number n such that, if
(P,n) is a child of a node, then P occurs as the n-th sibling of the node (from left to
right) and this sibling is to the left of the node. Moreover, for each predicate symbol P,
the subtrees at all occurrences of P are identical.

The last condition says that predicate symbols come with fixed classes of argument.
From a tree that supports a graph structure, we may construct a unique (to within
a-conversion and choice of class symbols) well-formed class expression: the tree T =
[P},.P,,..., P} ] giving the class

T = {2 o {xn AT PLGa)} | P (x2)} o) | PIE ()

For a judgement J = x; : Kj,...,x, : K, F xj : K,(1 < j < n) to be well formed (i.e.,
derivable) the predicate symbols in K must be drawn from those in K; in exactly the
same way that predicate symbols are linked in a graph. Thus if we introduce a special
predicate symbol @ to stand from the turnstile, then a graph for J is a graph on the tree
{xj : Kj | ®x(x))}].

That such a graph exists for derivable judgements, is a consequence of the following.

Proposition 3.4. For this reduced form of system %, there is a bijective correspondence
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between graphs for a derivable judgement J in 4 and {}-canonical forms C such that
J(C)=J.

Note that this says that the number of distinct derivations of judgement J in %
(equational classes of judgements J' in €°°" such that D(J') = J) is the number of graphs
for J.

The construction of a canonical form proceeds by structural induction on judgement J
in 4. Conversely, the construction of a graph from a canonical form proceeds by structural
induction on the canonical form. We illustrate here the exact correspondence between
graphs and canonical forms. In Example 2.1, the first derivation of

z:{y t{x 1A Pa(x)} | Pa)} bz o {x 1 A | Pa(x)} *)

in € corresponds to the canonical form:
T [ienpao (v () v (@) xapy < {x A | Pa(x)} (1)

where T'is z : {y : {x : A | Pa(x)} | PA(V(lx:A)PA(x)(y))} and the subscript y is (y : {x :
A | PACONPAOYcypy0(0))-

The other derivation of (*) is not in canonical form (it ends with a projection but is of
comprehension class), but equals the following canonical form:

'+ [V(IX;A)PA(X)(V; (2)), V(ZX;A)PA(X)(V;(Z))](x:A)PA(x) T{x T A | Pa(x)). (2)
The two graphs corresponding to these canonical forms are, for (1)

[Py, P, Ppg 2]
and for (2),

[P, P, @ypyanl,

which differ only in the index of the third occurrence of P indicating that of the two
previous occurrences is the justifying occurrence.

The link between canonical forms and graphs lies in the projections v that indicate
which occurrences of predicate symbols are being used. In more detail, each occurrence
of v! under a v> moves the justifying occurrence to the left one place. Thus no v! means
that the justifying occurrence is immediately to the left of the node, one occurrence means
that the justifying occurrence is two places to the left of the node, etc. This observation
can be turned into a description of a bijective correspondence.

To extend this result to include products, we consider multiple graphs with shared
substructure, and Proposition 3.4 is modified so that J(C) is not identical to J but is equal
in the equational theory of products &(x). Term constructor symbols and axioms each set
up a correspondence between predicate symbols, which fixes part of the graph structure.
We then count only graphs varying over this fixed substructure. A full account of this
would be out of place here but will appear elsewhere.
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F I'class 'k ¢yprop T F ¢,prop

— (T Form) (A Form)

' T prop 'k ¢1 A ¢paprop
'+ Aprop
—— (T Intro)
AR« T

F;A}*O{li(bl F,A}’az(bz F;Al—oc:(bl/\(bz ) )
(A Intro) ; (A Elim, j=1,2)
A (o, 00) @ 1 A ¢ ARy 4 (0) 0 ¢y

Fig. 7. The rules for T and A.

3.3. Propositional logic

We now explain how to extend the above formal systems to include propositional logic.
We introduce logical constants, inference rules and an equality on proofs of propositions
based on f§- and 5-rules. The key idea is that we do not change the decision procedure
to accommodate these new equations. Thus the procedure yields canonical forms that are
no longer unique for each equational class, but are unique only to the equational theory
of propositional proofs. A decision procedure for this equational theory, which may well
be available, would then provide a full decision procedure. However, this is not what is
required for coherence: it introduces too fine a distinction. Perhaps we labour the point
here, but such structural independence properties (‘extensibility’ and ‘modularity’ results)
are important in the incremental design of programming languages.

To illustrate these ideas, we choose a fairly minimal propositional logic containing only
constants T (true) and A (conjunction). We add the standard inference rules for T and A
(Figure 7) to 4P°" to define €°°'(T, A).

The 8- and n-rules for T and A are:

AT = THAE=:T
F;Al—nél’(bz((al,aﬁ) g = TiAFoaji¢; j=1,2
DA (mf 4 (0),75 4, (@) :p1 A gy = TiAFo:¢iAdn

We add these equations to those of #P°" for the equational theory of €P¢"(T,A). We
denote the equational theory generated from the above equations alone by &(T,A). We
use essentially the same definition of canonical form, only including the clauses:

T is reduced, and ¢ A ¢, is reduced when ¢; and ¢, are reduced,
* s reduced,

(o1, 02) is reduced when o; and o, are reduced,

nélm(a) is reduced when ¢y, ¢, and o are reduced.

Then Proposition 3.3 becomes:
Proposition 3.5.
1 Canonical forms are equal in €°°"(T, A) iff they are equal in &(T, A),
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2 For each derivable judgement J in %°°®'(T,A) there is a canonical form C(J) with
C(J) = J in ¥°°'(T, A) and such that J; = J, in €°°"(T, A) iff C(J;) = C(J>) in &(T, A).
The conversion to canonical form C is defined as previously but incorporating the above
notion of reduced form for the new expressions. Notice that there is no n-expansion for
expressions of type T or ¢y A ¢ps.

Following this example, other logical constants such as > (implication), V (or) and L
(false), as well as quantification, may be added. Implication introduces a A-calculus of
proofs Av : ¢.o. We may also consider adding recursion to this system. Of course, we will
need to modify the notion of model to cope with these additional constructs. For o, v, L
and quantification, the relevant categorical structure is well known (see Lawvere (1970),
for example).

4. A calculus of proofs (II)

We now present an alternative language, which we call 4", of derivations in the system
of classes . In the previous system %P°', the judgements are judgements of % modified
by the addition of sufficient proof information to enable us to reconstruct a unique
derivation. This additional proof information resides in the expressions of the modified
language. As an alternative, we keep the language as close as possible to €, and store the
required proof information not in the expressions but in the context, in what we call proof
environments. This is a rather radical departure from a logical viewpoint but is a very
natural idea for programming languages. Indeed, it is this system ¥E" that is a ‘language
of type classes’, and a major purpose of the paper is to analyse type classes by reference
to the underlying logical system % (see Section 6).
Let us begin by looking again at the introduction rule for class comprehension in :

I'tt:K x:KkF¢prop T ¢[t/x]
I'kr:{x:K|d¢}

What is missing from the conclusion is the proof o of satisfaction I';F ¢[t/x]. Instead of
modifying the term ¢ to include «, we extend the context to include proofs of satisfaction,
together with a means of accessing the correct proof for any assertion that a term belongs
to a class.

This idea is familiar from programming where we bind names to expressions for later
use. Sequences of named expressions are called environments (sometimes definitions, stores,
states or bindings). For example, in a A-calculus we might have an environment

x=3,f=(x rintx+1).

We call the defined constants x and f operators (a terminology reflecting their use in type
classes). In this environment, we may form judgements such as

x=3f=Ux:intx+1)Ff3)=x+1

Environments differ from contexts that declare variables. In the above, x and f are not
variables standing for hypothetical values that may be substituted with actual terms.
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However, we may substitute like for like, so that x may be replaced with 3 in f(3) =
x + 1. Neither are environments general equational theories: We need access to unique
occurrences of the operators. This uniqueness does not forbid some re-use of operators.
For example,

flint] = (Ax :int.x + 1), f[bool] = (Ax : bool.not(x))

F (if f[bool](true) then f[int](0) else f[int](1)) =2
or, with implicit typing,

flint] = (Ax :int.x + 1), f[bool] = (Ax : bool.not(x))

F (if f(true) then f(0) else f(1)) = 2.
In the latter case, we can disambiguate the operator f at each occurrence using the type
information.

We now apply these ideas to the description of proofs. We first introduce proof
environments, ®. A proof environment is a sequence of entries of the form o[t] = o where
0 is an operator (simply a name), t a term and o a proof of a propositional formula
¢[t/x]. Thus, o is the proof that ¢ satisfies ¢. It is this proof that is required for the Intro
rule for class comprehension, and it may be accessed in a proof environment by operator
o. This proof o has no free proof variables (there is no formula context A in the third
hypothesis in the Intro rule).

Previously, for a term to belong to a class we wrote

t:{x:K| ¢}

This will no longer suffice. We modify the assertion so that we can access the proof
of satisfaction ¢[t/x] in a given proof environment. Just as the formula ¢ ranges over
possible terms ¢ in the class, so does the proof of satisfaction. We thus write,

t:{x:K|o:¢}

where o is an operator, and the proof of satisfaction is found as o[t] in a given environment.
The syntax of this formal system, which we call 5", is as follows:

Classes K:=A|K xK; |{x:K|o:¢}

Formulae ¢ ::= Pk, .k, (t1,-.-,ts)

Terms ti= x| kip koot ta) | {t1,02) | Tk g (0) | TR g (0)
Proofs O =0 | ARy Kibrbn—d (El s B 01y, 0) | O[E].

,,,,,,,,,,

The contexts I' are as before. The formula contexts A again include variables v ranging
over proofs, so are of the form vy : ¢1,...v, : ¢,. Proof environments @ are sequences of
entries of the form o[t] = «. What is meant by the unique occurrence of entries o[t] in a
context I';®? We must ensure that there is a unique occurrence of entries in ® but, in
addition, we must take account of entries in I'. For instance, in x : {y : K | 0 : ¢} there is
an implied presence of o[x]. We thus define: o[t] occurs in I"; ® according to the structure
of t and I'"; ® as follows.

o[t] occurs in o[t] = a,
o[x] occurs in x : {y : K | 0 : ¢},

https://doi.org/10.1017/50960129596002125 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129596002125

B. P. Hilken and D. E. Rydeheard 114

o[x] occurs in x : {y : K | o' : ¢} with 0 # ¢/, if 0[x] occurs in x : K, and finally,

o[n{%bkz(x)] occurs in x : K; x K if o[y] occurs in y : K;, where y is a new variable (j = 1,2).

Neither terms ¢ nor proofs of satisfaction o in o[t] = o contain free proof variables v,
hence it makes sense to order the contexts and environments as I'; ®; A. Thus the forms
of judgement, modified from those of °°", are:

F K class means that K is a well-formed class,

I';O F ¢ prop means that ¢ is a well-formed propositional formula with free variables
declared in context I', and operators defined in the proof environment ®,

I';® F ¢t : K means that t is a well-formed term of class K with free variables declared in
I', and operators defined in the proof environment ®,

I';0;AF o : ¢ means that  is a proof that A entails ¢ in a context with free variables
declared in I', and operators defined in the proof environment ©.

In the inference rules for ¥¥", we avoid introducing well-formedness condition for
contexts I';®. Instead, we ensure that whenever an item in ® is exhibited, the well-
formedness of its constituents is ensured. A general assumption rule, involving a well-
formed I';®, is replaced by rules of exchange, weakening and a special assumption rule.
These structural rules (Figure 8) are routine — they are included here for completeness
of the description. The remainder of the rules (Figure 9) are those of %P (modified to
include proof environments) except those for comprehension where the operators o give
access to proofs of satisfaction and the first elimination rule reverts to an analogue of
that in %. The rules for the symbols in X are those of #°°" except that proof environments
occur in the contexts.

Example 4.1. Let us look at a derivation in this system to see how proof environments
work. We present a derivation of a judgement that corresponds to the first derivation in
% in Example 2.1. Let I" be the context

z:i{y t{x 1A o1 1 Pa(x)} | 02 1 Pa(y)}.

We show that from I' we may derive z : {x : 4 | 0 : P4(x)} in a proof environment
that includes the definition o[z] = o0;[z] (there is a derivation of the same result using

olz] = o1[z]).

. D
Dibz:o{y:{x:A]o01 :Ps(x)} |0y : Pa(y)}
Tibz:{x 4]0y :P4s(x)} F Aclass
I'iFz: A Aclass x :A;Fx A
Tiolzl =03zl Fz: 4 X : A;F P4(x)prop : D’

To[z] = 02[.2] Fo[z] : P4(z)

Tiolzl =0zl Fz:{x:A|0:Pa(x)}

where derivation D is:
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I';®F ¢prop I''Ort:K I;0;AFo:¢
(Exchange;) —— (Exchange,) ———
'K

_ (Exchange;)
I';®F ¢prop IekFt:

IO Ao ¢
where, in each case, ® is a permutation of ©.

I';0F¢' prop T';0Ft:K T;0:a:¢
I';0,0[t] =at ¢ prop

(Weakening;)

0kt :K' T';OFt:K T';0:Fa:¢
(Weakening,)

I';0,0[f]=ak+1t:K'
IO;ARY i) T;0Ft:K T;0;Fa:¢

(Weakenings)
I;0,0[t] =a;A o ¢

IiorFt:K TI';0;Fa:¢
I';0,0[t] =a;Fo0lt] : ¢

(® Ass)

where, in the four rules above, o[t] does not occur in I'; ®.

Fig. 8. The proof environment rules of system @&,

F Aclass
FAclass x : A;Fx: A

- Aclass x @ A;F Py(x)prop

Aclass x : A;Fx : A4 F{x:A4]|o1 : Ps(x)}class

x : A;F Py(x)prop yi{x iAoy 1 Pax)}sky i{x Aoy Pa(x)}

F{x:A4]|o1 : Ps(x)}class yi{x:A|oy :P4(x)};ky: A

yi{x Ao : Pa(x)};F Pa(y)prop

F{y:{x:A4|01 :Ps(x)} |0y : Ps(y)}class

Tz :{y:{x:A4]01:Pa(x)} |0y : Pa(y)}
and D’ is:

© D . D
Cibz:o{y:{x:A4]o01 :Ps(x)} |03 : Pa(y)} Tibz:{y:{x:A]o1 : Pa(x)} |03 : Pa(y)}
Tibz:{x:A]01:Ps(x)} I';5k0s[z] : Palz)

iz A To0lz] = 0pz];t 02[z] : Pa(z)

[ o[z] = 0y[z] - oz] = Pa(2)
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I;0F ¢ prop---T';0+F ¢,prop
F;G);UI 5(/517-”,17;1 :(ﬁnl_vj ¢j

(propAss, n>1,1<j<n)

- Kclass ---+ K, class

(class Ass, n>1,1<j<n)
X1t Ky,oonx, 1Ky xj 0K

- K;class F K,class

(x Form)
F K; x K;class
'Okt Ky T;0FHG K, IOkt K XK, _
(x Intro) ; (x Elim, j=1,2)
I;0F (t,5) : Ki x K, [0 F mg g, (1) 1 K

x :K;kF ¢ prop

({} Form, where o does not appear in K or ¢.)
F{x:K|o:¢}class

IOkt K x:K;F¢prop T';0;F o[t] : ¢[t/x]

|
[0kt {x:K|o:¢} (i} tntro)
IOkt {x:K : I''OFt:{x:K : I;0FA
t:{x:Klo:¢} () Elim) t:i{x:K|o:¢} PFOP({} Elim2)
ekt K [;0;AFo[t] : ¢[t/x]

Fig. 9. The proposition and class rules of system %",

4.1. Relating the formal systems

We now consider the relationship between the system of proof environments =" and that
of explicit proofs #°°'. In what sense is the formal system of proof environments ¢=" a
description of derivations in ¢? It may be imagined that we can reconstruct a derivation
(a judgement in 6P°") from a judgement in ¥E" by simply replacing operators with the
proofs to which they are associated in the environment. Each derivable judgement in
@E" has sufficient proofs in the proof environment for such a reconstruction, but how
these proofs are to be assembled into an actual proof is not uniquely determined by the
judgement.

In this section, we give a construction of judgements in P from judgements in GE".
This construction K is defined on derivable judgements in 4" and yields canonical
judgements in €P°" (as defined in Section 3.1). To show that the construction is defined on
derivable judgements we introduce a further correspondence, E, this time from derivations
in 5" to judgements in ¥°°". The canonical nature of the results of the first correspon-
dence allows us to show that the two correspondences ‘cohere’ in a way we make precise
below.

We define the map K from judgements in €™ to judgements in 4°°". The key idea is
as follows: for judgements I';® ¢ : {x : K | 0 : ¢}, we construct a judgement in %P°"
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whose term is of the form [¢', o] (x:x¢ Where o is derived from a proof named as o[t] in
the context I'; ®. The definition closely follows that of the conversion to canonical form
(Section 3.1). Note that o[t] may be defined in ® or, in the case where ¢ is a variable y,
may occur in an item y : {x : K | 0 : ¢} in the context I'. The map K is a partial function:
there may not be sufficient information in a judgement of 45" to construct a judgement
in %P°', in particular, a look-up via an operator may fail. We will show that K is defined
on derivable judgements.

Definition 4.1. On judgements of the form I';® F ¢t : K, the translation K is defined by:
K(T:© Ft: Ky x Ky) =T+ (t,,15) : K| x K}
where I' 1 : K/ = K(I'; © & 1} ¢ () : K})
KE;0Ft:{x:K|o:¢})=T"F[,o]lxk)y : {x :K'| ¢}
where It . K'=K({I;0 ¢t :K)
and x : K’ + ¢' prop = K(x : K;F ¢ prop)
and I;F o ¢ = K(I;0;F oft] : ¢[t/x])
KT;0kFt:4A)=ST;0F¢t:A)
where S(I';® ¢ : K) is defined by:
SIT;0Fx:K)=K([I)F x :KK)
S(F,@ F <t1,t2> Ky X K2) =I"F <t/1,t,2> IK{ X Ké
where I" = ¢} : K; = S(I'; © k1 : Kj)
S(I;0 kg &, (1) : Kj) =
1fS(F,®|—t 1 Ky XKQ)EF’I— <t1,l’2> ZK{ XKé
then I'" - ¢; 1 K else I' - n{q’Ké(t’) K
where I"Ht' : K| x K =S(I';® F t : K; x K»)
where I" F ¢ 1 K = K(I'; © F ¢ : Kj)
and FI",K'class = K(- T, K class).
On other forms of judgement, K is defined componentwise, as follows:
K(F- Aclass) = Aclass
K(F K x K;class) = - K| x Kj class
where I K’ class = K(i- K class)
K {x:K|o:¢}class)=F {x : K'| ¢} class
where x : K’ F ¢/ prop = K(x : K;F ¢ prop)
KO & Pk, .k, (t1,....ta) prop) = I = Pgr ki (t),....t,) prop
where I =) 1 K = K([;0 ¢ 1K)
and +I"class = K(- I' class)
KT;0;AFv:p)=T";AFov:¢
where I - A/, ¢’ prop = K(I'; © F A, ¢ prop)
K(F;@;A F AK |, Koo ¢"H¢,(t1,...,tm;oq,...,ocn) : (Z))
=I";A+ AK K i) d,/nﬂj)/(t’l,...,t;n;oc’l,...,oc;,) : gf),
where I =) 1 K = K([;0 ¢ 1K)
and I'";A' oc} : qS;- =KI;0;AF a5 : ¢))
and I = A/, ¢’ prop = K(I'; O + A, ¢ prop).
Judgements of the form I';®;A F o[t] : ¢ are a special case, for which the conversion K
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is defined by induction on the form of the contexts. This describes how hypothetical and
stored proofs are retrieved, and follows the above definition of an occurrence of o[t] in
I';0.
KT ;01,0[t] =0,05;AF0[t] : ¢) =K(I;01,0[t] =0,@2;AF o 2 )
KTL,x:{y:Klo:¢},I2;0;AF0[x]:¢)=T" A"+ v(zyzK,)q,(x) : ¢’[v(1y:,<,)¢,(x)/y]
where I"Fx :{y :K'| ¢} =ST,x:{y :K|o:¢}LT2;0Fx:{y:K|o:¢})
and I" - A'prop =K(I',x : {y : K |0 : ¢},2;0 F Aprop)
KTLx:{y:K|o :¢},T2;0;AF o[x] : ¢p) =
KTLx:{y:K|0 :¢}z :K,I2;0;AF0[z] : ¢)
K[, x 1 Ky x K3, T2;0;A Folng, ., (x)] : §) =
KT, x 1 Ky x Ky, z : Kj,I2;0;A Fo[z] : ¢).
Here z is a new variable and o # o’. We show below that K is defined on derivable
judgements in €&,

Finally, we introduce a correspondence E between derivations in " and judgements
in @Per.

Definition 4.2. Define E by structural induction on the derivations in ", Most of the
rules for €E" are those of ¥°°" modified with proof environments, and the definition of E is
immediate for these rules. Only the rules for proof environments and class comprehension
need special attention. We define E on these rules as follows. For the assumption rule for
proof environments,

D, D,
I'ekrt:K I';0;Fa:¢
I';0,0[t] =a;Fo[t] : ¢
where o[t] does not occur in context I';®, and D; and D, are derivations of I';® ¢ : K
and I'; ®;F o : ¢, respectively, the corresponding judgement in °°" for this derivation is
simply E(D>).
For the class introduction rule:

D1 D2 D3
r;ekF:t:K x :K;F ¢ prop ;05 0[t] - ¢[t/x
IOkt {x:K|o:¢}

the corresponding judgement in %P°" is

] ({} Intro)

I'E o lwknyy {x K| ¢},

where I+t : K' = E(Dy), x : K' + ¢’ prop = E(D,) and I'"";- o' : ¢" = E(D3).
Similarly, for the two elimination rules,

D
r;okFt:{x:K :
x:Klo:¢} ({} Elim1)
Ikt K
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D1 D2
ekt {x:K|o:¢} I';®F Aprop

I;0;AFo[t] : ¢[t/x]
the corresponding judgements in P°" are, for the first rule:

({} Elim2)

I E vy () 1K,
where I Ft' : {x : K' | ¢'} = E(Dy), and for the second rule:
T A kg (1) £ ¢/ Dby (1)/x],
where It : {x : K' | ¢'} = E(D;) and I" F A’ prop = E(D;).
The following proposition describes the requisite properties of the conversions K from
judgements and E from derivations.

Proposition 4.1. If derivation D establishes judgement J in ¢&", then judgement K(J)
is defined and C(E(D)) = K(J) (syntactically identical), where C is the conversion to
canonical form (Section 3.1).

Proof. Note that the proposition says that K(J) is in canonical form and is equal to
E(J) in the equational theory of %Pe'.
The proof proceeds by structural induction on the derivation D. The key ideas can be illus-
trated with an example. Suppose that D concludes with an Elim1-rule for comprehension,
so that D looks like:

D
[0kt {x:K|o:¢}
Ikt K

where Dy is a derivation of ;O ¢ : {x : K |0 : ¢}.
By the definition of E,

E(D) = F, [ V(l.\‘:K/)gb’(t/) :K/,
where I+t : {x : K' | ¢} = E(Dy).
The induction hypothesis gives that K(I'; @ ¢ : {x : K | 0 : ¢}) is defined and identical
to C(E(Dy)). By the definition of K, this is

1"// '_ [t//, a”](sz”)d)” : {x :K// | ¢//}
where I 1" : K" =K(';0 F ¢ : K)
and x : K';F ¢" prop = K(x : K ;- ¢ prop)
and T”;F o : ¢° prop = K(I'; @;F o[t] : ¢[t/x]).

But C(E(D;)) = E(D;) in %P°". The rules for equality now give that
r/ '_ v(lx:K’)([)’(t/) N K/ = l—w l_ V(lx:K/r)¢r/([t//, a//](X:KH)qSH) . K”-

The right-hand side is equal in °°" to I - ¢’ : K", which is K(I';® + ¢ : K). Moreover,
by Definition 3.1 (the definition of canonical form), I’ - ¢” : K” is canonical, because
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I [t o x:kmgr : {x : K" | ¢"}. Hence,
C(EMD)=KT;0Ft:K),

as required. ]

We are now in a position to give a general coherence result for 5"V, We phrase this in
the form of a principle for the well-definedness of functions on #E".

Corollary 4.1. If x is a map from derivations in ¥E", which factors as
E

%Der

A/

where E : Der(45") — #P°" is defined in Definition 4.2 above, and p’ respects equality
(that is, J; = J, in 6°°" implies u'(J;) = W/(J>) in S), then the map u is independent of
derivation in the sense that, if D; and D, are both derivations of judgement J in GE",
then u(D1) = u(D>) in S. In fact, u(D) = 1/(K(J)), where K is the map from judgements in
@E" to those in ¥P°" defined above.

Proof. Let derivation D establish judgement J in ¥E". Now, by Proposition 4.1, E(D) =
K(J) in P, so W/ (E(D)) = W/ (K(J)) in S (as i’ respects equality). Thus u(D) = p/'(K(J)) in
S. Ll

We now use this method for defining maps to give a semantics of the system " via
a semantics of @Pe".

Der(%E™

5. Models

We begin by defining categorical models for the system %P°'. There is a standard in-
terpretation of first-order logics in indexed categories and fibrations (see, for example,
Pitts (1987) or Jacobs (1990)), where terms denote arrows in the base category and proofs
(or entailment relations) denote arrows in the fibres. We extend this to include class
comprehension using comprehension schemata in indexed categories. Here we present a
simple form of the semantics using strict indexed categories (i.e., functors p : C°® — Cat).
It is possible to remove the strictness requirement so that the indexed category is functo-
rial only up to isomorphism (as in Lawvere (1970)), or consider comprehension schemata
in fibrations as in Jacobs (1990; 1991). The language #°°" may be interpreted in these
models, some of the equations being interpreted as isomorphisms.

5.1. Indexed categories and comprehension

A strict indexed category is a functor p : €C°® — Cat. For indexed category p : C°P — Cat,
C is the base category and p(K) the fibre over K. For arrow s in the base, we write s* for
the functor p(s) when p is understood. The composition of arrows in categories is written
as ‘;’ in diagrammatic order.
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We introduce a simple form of comprehension schema.

Definition 5.1. Let p : C°° — Cat be an indexed category such that each fibre p(K) has a

terminal object Tk preserved under the functors s*. A comprehension schema in p consists
of

1 for each object L of € a functor taking objects y in p(L) to objects {L | y} in € and
taking arrows o : p — ' to arrows {L | o} : {L | w} — {L | y'}. For each L and v
there is an arrow yr,, : {L | p} — L such that {L | a};yr,y =Ly

2 for each s : K — L, a natural bijection between arrows

o:Tg — s*(p)

in the fibre p(K) and arrows h : K — {L | y} such that the following commutes:
h

K {L]w}

S\ /) Ly
L

In brief, a comprehension schema is a functor {L | _} : p(L) — C/L for each object L of
€ and a natural family of bijections,

p(K)(Tk,s () = (C/L)(s, {L | w}),

where C/L is the slice category over L.

Comprehension schemata in an indexed category are unique to within an isomorphism.
For examples and properties of comprehension schemata see Lawvere (1970).

An arrow o : Tg — s*(p) in the fibre p(K), where s : K — L, induces, under the
bijection, an arrow K — {L |y}, which we denote by 0,(s,«), so that 6,,(s,a);y., = s. In
the other direction, the image under the bijection of an arrow h : K — {L | p}, such that
s = h;yLy, is denoted @L,w(h) : Tx — s*y. Naturality of the bijection in s : K — L is the
following equation:

h;0,(s,00) = 0y(h;s,h o). (2)
Naturality in v is the following, for any o : v — v’ in p(L):
Op(s. B)s AL o} = Op(s, B35 (a)). A3)
The corresponding equations for 0 are

OLy(h;g) = h(OLy(2) (4)
0Ly (g {L|a}) OLy(g);s e, (5)

which are equivalent to (1) and (2) given that 0 and 0 are inverse.
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5.2. A semantics of €°°"

Models for the interpretation € are to be strict indexed categories with a comprehension
schema, and finite products in the base category and in the fibres, those in the fibres being
strictly preserved by the functors s*. The terminal object in the base is denoted 1 with
terminal arrows 1g : K — 1, and the binary product in the base is x. In each fibre
p(K), the terminal object is denoted Tx with terminal arrows T, : ¢y — Tk, and binary
product is denoted by A. In the base category and in the fibres, product pairing is (, )
and projections are TC{Q.Kz (j=12).

For a signature X, a X-structure in such an indexed category p consists of an interpre-
tation for each symbol in X. In detail,

1 each class symbol 4 denotes an object [[A] in the base category,

2 each predicate symbol Pk, g, denotes an object [P] in the fibre p([K] x - - - x [K,]),

3 each term constructor kg, g,k denotes an arrow [k] : [Ki] x -+ x [K,] — [K]
and, finally,

4 each axiom

Livr 2 @reeestn D n B Ak, Koiprapuord (X1s ooy X301,y Un) 2 D
denotes an arrow [[a]] : [[" F ¢y prop] A--- A+ ¢, prop] — [+ ¢ prop] in the
fibre p([K1] X -+ X [K;u]l), where I' = x1 : Kq,...,x : K.

The semantics [J] of judgement J is then defined by structural induction as follows.
The semantics of judgement - K class is an object [[K] of ¥ defined as

[A] = [A4]
[K: x K>]] = [Kq] x [K:]
[{x :K | ¢}] = {[K] | [x : K - ¢ prop]}.

The semantics of a context x; : Ky,...,x, : K, is given by
|IX1 2K1,...,Xn IK,,]] = [[K1:[| X X [[Kn]]

Judgements of the form I' F ¢ prop are interpreted as objects in the fibre over [[I'] as
follows:

.....

[T & kk,.. k,—k(t1,---stn) K] = ([T F¢; : KqD,..., [T ¢, 0 Ko Tk

[[F = <If},l‘2> 1 Ky XKQ]] = <[[F 1 ZK]]],IIr ) ZKz]])

[T F gk, () Kl =[CFt: K x Kz]];ﬂ:f[Kl]]’[[Kzl]

ICF [t alxkyg : {x K| @} = Opekrgpropp(IT F £ 2 KT, [T 5 o 2 ¢p[t/x]1T)
[T k)o@ KT = [T Ft: {x : K | $}1: VK] Lxk-gpropl-

A context I';v; @ ¢1,...,v, 1 ¢, is interpreted as an object [I' F ¢ prop] A--- A [+
¢, prop] in the fibre over [I']. Finally, a judgement I';A F o : ¢ is interpreted as an
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arrow from [[I"; A] to [I" - ¢ prop] in the fibre over [T'] defined as follows.

[[F;Ul : ¢1,...,Un : d)l‘l l_ Uj : d)]]] = TEJ@[]"F(]‘)Iprop]]7AA,’|Il"F¢nprop]] X
[[F;Al_aKl ..... K,,,;d)l ..... ¢,l~>¢)(t1>'"7[111;0(19"'9“”) ¢]] = <ﬂ1,...,ﬁn>;(<51,...,sm>'[[Cl]])
where s; = [I" F¢; : K]l
and ﬁi = [[ryA Fo: (l’)i[[l/xla---stm/xm]]]
[T; A Fvik)(0) - dLt/XIT = Tpraaps Ok pekr-gpropp (LT F £ 2 {x 2 K | $}1).

Proposition 5.1.

1 IfJ is a derivable judgement in %°°', then [J] is defined in all =- structures,
2 IfJ; = J,is an equational judgement in the equational theory of €', then [J] = [J:]
in all X-structures.

Proof. Part (1) is by structural induction on the derivation. Part (2) follows from the
fact that the generating equations (1) and (2) hold in X-structures, and the following
substitution lemmas hold:

[T F olti/x1,...,ta/xn] prop]l =
(IC 1ty KD, [Tt KqD)*Ixq : Kyq,. .., x, 2 Ky F ¢ prop]]
0T Ftlty/x1,...,ta/xs] : K] =
(IC 1ty KD, IRt s KD xy i Ky, x, Ky B2 K]
[T Al /X1, t/xa] Foalti/xi, .. te/Xa] @ @lt1/X1,. .., ta/Xs] Prop]l =
<|IF Fty ZK]]],...,lIF Fty ZK]]]>*|IX1 Ky, ..., x, ZK,,;A o ¢]]
IIF;A - O([OC1/U1,...,O(,,/U,1]¢]] =
(IT;AF o sl [T A o 2 i])s [T501 2 tsenn 00 2 2 @ propl] O

This semantics is also complete — we may construct a classifying model p : C°* — Cat
from the syntax of ¥P°" in a standard way, as long as we add a terminal class 1 and
associated rules (or change the syntax for classes to be {I" | ¢} or even {I" | A}). Objects
in € are constructed from derivable judgements - K class under P -equality. Arrows
from F I'class to F K class are derivable judgements I' - ¢t : K under %P®"-equality.
Objects in the fibre over - I' class are constructed from derivable judgements I' - ¢ prop
under %P® -equality. Arrows in the fibre from I' - Aprop to I' - ¢ prop are derivable
judgements I'; A F o : ¢ under %P° -equality. The results in Propositions 3.1 and 3.2 ensure
that this is well defined. Class comprehension in %P°" defines a comprehension schema in
this indexed category.

5.3. A semantics of €E"

After this rather lengthy exposition, we are now in a position to give a semantics of GE".
To do so, we use the relationship of ¥°°" to ¥, the coherence result for defining maps
from %", and the above semantics of ¥P". Define the semantics of a derivation D of a
judgement J in 45" to be [E(D)]. The soundness of the semantics (Proposition 5.1) and
the coherence result (Corollary 4.1) establish that [[E(D)] is independent of the choice of
derivation D, and in fact [E(D)] = [[K(J)].

An equational theory for the language %" has no role in the development. We
could, however, formulate such an equational theory — it would be useful, for example
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when comparing an operational semantics of 45" with this denotational semantics. The
equational theory could include - and #-rules as well as the equations in the proof
environments. Soundness for these equations follows from the soundness of the semantics
of €P°" and the treatment of proof environments in ¢,

One of the starting points for this paper was an attempt to give a semantics for
languages of type classes in terms of comprehension schemata in categories. Any such
attempt requires us to formalise a language of type classes and a coherence result to
show that the semantics is properly defined. In Hilken and Rydeheard (1992), we defined
a semantics directly, starting with a language with unusual features, which were difficult
to justify except by comparison with existing languages. The coherence was established
through rewriting categorical expressions. Whilst coherence results are often treated
categorically, in this case the proof looked opaque. Here, the treatment is more elaborate:
we introduce an underlying logical system % and an intermediate language of derivations
@Pe". This enables us to give some justification for the form of the language of type classes
and provides a medium, ¥P®', in which to state and prove coherence using more familiar
normalisation methods.

6. Type classes

We now show how the above analysis applies to languages with type classes, in particular
we show that @& is itself such a language. To do so, a shift of perspective is needed:
what we have previously called propositions are to be interpreted as types; proofs of
propositions are now terms; classes are indeed type classes (or products of them); and
what we previously called terms are now type schemata. For reference, this is set out in
the following table:

Logical systems Functional languages

o Proofs of propositions  Terms (programs)

¢ Propositional formulae Types

K  Classes Kinds - (products of) type classes
t Terms Type schemata

For this correspondence to make sense, we consider systems with a distinguished class
Q (to be thought of as the class of all types), and a bijective rule between judgements
't :Q and judgements I' + ¢ : prop, or, indeed, drop judgements of the form
I' F ¢ : prop altogether as in Hilken and Rydeheard (1992). This follows the standard
treatment of programming languages as first-order systems and so called ‘hyperdoctrine
models’ (see Pitts (1987), for example).

Following this interpretation, 45" is a language of type classes with the same basic type
structure as introduced in Wadler and Blott (1989) and implemented in Haskell (Hudak
and Wadler 1990) and Gofer (Jones 1992). To illustrate this, we revisit the running
example of the paper (Example 2.1), and give a corresponding fragment of Haskell.
Recall (Example 4.1) that we gave a derivation in 45" of the judgement:
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2:{yi{x Al or Pa(0)} |02 s Pa)}solz) = oa[z] bz {x t A |02 Pa(x).

Corresponding to this judgement (setting A = Q and P4(x) = x) is the Haskell program:

class Cl1 x where ol :: x
class (C1 y) => (C2 y) where 02 :: y
class C x where o :: X

instance (C2 z) => (C z) where o = 02.

The alternative judgement, with the environment o[z] = o0;[z], is the same program
with the last line replaced by

instance (C2 z) => (C z) where o = ol.

The syntax differs from that in a formal system. In the program, we incrementally
build classes in terms of previous classes, naming the class built at each stage. Thus
C1 corresponds to the class {x : A | o1 : P4(x)}. The class C2, which is built from
C1, corresponds to {y : {x : K | o1 : P4(x)} | 02 : P4(y)}, and C corresponds to
{x : A | 0 : P4(x)}. The instance declaration in the program shows how any type z of
class C2 may be considered to be of class C by defining the operator o in terms of o1l.
This correspond to the above judgement in €.

In Jones (1992), there is a detailed analysis of functional languages with type classes.
A proof is given of the correctness of a compiler — a translation from a language with
implicit ‘evidence’ to one with explicit ‘evidence’. A coherence result is required and, to
this end, an equational theory of judgements is introduced with both f- and n-rules. The
analysis is, in overall structure, that of the relationship between " and %°°" in this
paper, although details differ. Jones (1992) is somewhat more general, especially in the
treatment of parametric polymorphism, but lacks the underlying logical systems of this
paper.

Other related work includes Curien and Ghelli (1990), which examines coherence for
languages with explicit subtyping; Bailey (1996), which introduces implicit type conver-
sions into the type system LEGO; and Nipkow and Snelting (1990), which deals with the
overloading mechanism in type classes using order-sorted algebra.

7. Conclusions

This has been a fairly lengthly exercise in understanding a feature of programming
languages from a logical viewpoint. The treatment revolved around an underlying logical
system % and a correspondence between its derivations and programs in a (prototype)
programming language. Because the language has a form of polymorphism in which types
may belong to more than one class, this correspondence involves a ‘coherence’ result.
There is clearly more to do using this approach. The language ¥ is rather rudimentary
as a programming language. It has neither function abstraction nor recursion (but see
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Section 3.3). Although it has type variables, it lacks ML-style polymorphism and V type
quantification. To introduce this polymorphism requires a modified definition of the well-
formedness of proof environments as described in Jones (1992). Other extensions include
adding classifications of type constructors, as in Jones (1996). This involves a lambda
calculus of types — in the categorical treatment, a cartesian closed base category.

Other interesting avenues to explore include linear versions of classes, and, more
speculatively, languages of records and variants, and features of object-oriented languages,
viewed from this proof-theoretic perspective.
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