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In this paper we investigate the instability properties of Batchelor vortices with a large
swirl number and a fixed axial velocity deficit. In particular, it elucidates the effect
of the helicity profile on the instability of the vortices as swirling wakes. In a linear
stability analysis, a negative helicity profile destabilised a vortex with a large swirl
number; the name given to this instability is ‘helicity instability’. Note that helicity
instability is qualified for the case of axial flow with wake. In contrast, a conventional
Batchelor vortex was stable at swirl numbers above a value of circulation, which is
determined by the axial velocity deficit. The instability was related to a parameter
D proportional to the square of the inverse azimuthal vorticity thickness. Decreasing
this helicity-profile parameter increased the growth property of the vortex. Such
unstable features (helicity effects) were also studied in direct numerical simulations
of vortices subjected to small random disturbances at Mach numbers 2.5 and 5.0.
The instability based on the vorticity thickness originally grew at the outer edge of
the vortex, whereas the instability waves in a conventional Batchelor vortex originate
inside the vortex core. The simulation results support the results of the linear stability
analysis on the helicity profile when the parameter D is small. Because of the
helicity instability, the nonlinear developments yielded a large fluctuation field with
many small scales and high radial spreading rates. Even at the Mach number of 5.0,
negative helicity exerted a much greater destabilisation effect than a zero entropy
gradient. Therefore, the investigated novel effect established a reasonably powerful
instability in compressible fluids, which is favourable for supersonic mixing.
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1. Introduction

In many compressible or supersonic vortices and flows, instability is suppressed
by compressibility effects (Bogdanoff 1983; Papamoschou & Roshko 1988; Dimotakis
1991; Clemens & Mungal 1995). Lele (1994) summarised the effects of compressibility
on turbulence, and determined that naturally developing three-dimensional structures
(streamwise vortical structures) enhance the growth rate of the turbulent mixing
layer. Morkovin (1992) hypothesised that communication between vortical structures
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oriented perpendicular to the mainstream flow direction is uninhibited by the axial
component of vorticity in streamwise vortical structures. Such structures primarily
interact in the spanwise or azimuthal (non-streamwise) direction, meaning that
any mixing produced by the streamwise (axial) vorticity should not be affected
by compressibility. Thus, streamwise vortices in flows greatly benefit the mixing
process and are structures related to vortex breakdown that is the source of large
fluctuations. Indeed, at high Reynolds numbers, incompressible vortices and swirling
flows with strong circulation are highly unstable and susceptible to breakdown.
However, a fundamental understanding of vortex instability in compressible flows is
lacking. Although a large swirl-velocity component is difficult to generate in highly
supersonic flows (Wang & Sforza 1997), understanding the feature of fluctuations
generated by large swirls (i.e. strong streamwise vortices) in such flows is important
for improving supersonic mixing. From a convective instability perspective, the
present study considers the instability properties of Batchelor vortices (Batchelor
1964), whose velocity profiles are similar to those of supersonic swirling wakes (see
§2).

The stability of Batchelor vortices in incompressible flows is commonly studied by
linear stability theory. In a pioneering study, Lessen, Singh & Paillet (1974) reported
that the vortices are susceptible to inviscid instabilities for all negative azimuthal
wavenumbers during their temporal growth. Inviscid instability is strongest for swirl
numbers g < 1.5 (Duck & Foster 1980). Leibovich & Stewartson (1983) demonstrated
a sufficient condition for inviscid instability. Stewartson & Brown (1985), and later
Heaton (2007), confirmed that inviscid vortices stabilise when ¢ > 2.31. Although
weak viscous unstable modes exist at all swirl numbers (Lessen & Paillet 1974;
Khorrami 1991; Mayer & Powell 1992; Fabre & Jacquin 2004), they are much
smaller than strong inviscid modes. From a spatial growth perspective, Parras &
Fernandez-Feria (2007) considered viscous unstable modes at high swirl numbers
(g > 1.5) and large Reynolds numbers (Re > 10°). Delbende, Chomaz & Huerre
(1998) and Olendraru et al. (1999) investigated absolute and convective instabilities
in Batchelor vortices. The classical stability of an incompressible Batchelor vortex
was summarised by Green (1995) and Alekseenko, Kuibin & Okulov (2007).

Viscous instabilities and transient growths of Batchelor vortices with large g have
also been studied. Transient growth is detailed in Schmid & Henningson (2001). The
analysis of transient growth involves solution of the initial value problem for small
amplitude disturbances to a given base flow. Heaton & Peake (2006) showed that in
the inviscid state, Batchelor vortices are susceptible to algebraic and transient growth
at all swirl levels. Later, they studied transient growth in the large g regime (Heaton
& Peake 2007).

Ragab & Sreedhar (1995), Delbende & Rossi (2005), Abid (2008), Duraisamy &
Lele (2008) and Di Pierro & Abid (2011) have studied periodic temporal development
during the nonlinear evolution of incompressible Batchelor vortices in disturbances.
Abid (2008) considered nonlinear mode selection in incompressible Batchelor vortices
and showed that a hypothesis, which the linear unstable mode comes to the global
mode, is violated near the flow axis, whereas far from the vortex axis, the nonlinear
evolution favours the linear unstable mode at large swirl numbers. The spatial
development of Batchelor vortices was studied by Broadhurst & Sherwin (2008),
Mao & Sherwin (2012) and Viola, Arratia & Gallaire (2016). When perturbed
by the optimal disturbance, vortex growth vibrates under a transient-energy growth
mechanism (Mao & Sherwin 2012). In a global analysis of non-parallel flows, Heaton,
Nichols & Schmid (2009) found the correspondence between global modes and local
absolute modes. Viola et al. (2016) investigated mode selection in a non-parallel
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spatially developing Batchelor vortex subjected to forcing frequencies. They showed
that the mode selection mechanism is connected to the local stability properties of
the flow.

In contrast to incompressible flows, compressible Batchelor vortices have been
rarely investigated. Inviscid linear stability analyses by Stott & Duck (1994) and
Hiejima (2013) showed that vortex instabilities are suppressed at high Mach numbers.
Khorrami & Chang (1997) studied the linear and nonlinear evolution of small
disturbances in supersonic streamwise vortices, applying local linear stability analysis
and parabolised stability equations, respectively. They found that nonlinear effects tend
to stabilise the vortex by increasing the downstream swirl intensity. The growth of the
modes was assessed as convectively unstable. Instabilities with density variations have
been studied under incompressible conditions, but not in compressible flows. Sipp
et al. (2005), Joly, Fontane & Chassaing (2005) and Di Pierro & Abid (2012) have
considered Batchelor vortices with variable densities. The patterns of vortex evolution
in these studies differed considerably from those of a conventional Batchelor vortex.
Thereby, unstable mechanisms based on density variations have been attributed to
entropy instabilities (Hiejima 2014) such as the Rayleigh—Taylor instability.

Moffatt & Tsinober (1992) linked the qualitative changes in flow topology resulting
from vortex breakdown to large changes in helicity. They considered that vortex
flows can be characterised and classified by the helicity density. Moffatt (2017)
also stated that total helicity is important for turbulent thermal convection in a
strongly rotating fluid, and is invariant even in a viscous fluid. Pouquet & Mininni
(2010) showed that small-scale structures and their intermittency properties depend
on the presence or absence of helicity in rotating flows. Holm & Kerr (2007)
indicated a central role of helicity in the dynamical evolution of vortex structures; in
particular, the global helicity can change only through the dissipation of oppositely
signed helicities. In turbulent systems, energy is transferred to modes with opposite
helicity (Sahoo, Bonaccorso & Biferale 2015). These results demonstrate that vortical
topology changes rely on vortex structures of oppositely signed helicity. In previous
studies at small g (Hiejima 2015a), the profiles of a Batchelor vortex with negative
helicity were associated with a large azimuthal vorticity thickness, leading to highly
destabilized vortices in the flows. Although helicity is a major effecter of evolving
vortex structures, the effect of helicity instability at large g has not been clarified.

The present study analyses helicity-unstable effects in a Batchelor vortex with a
large swirl number. The stabilisation mechanism of inviscid modes remains largely
unknown at large swirl numbers. From a stability analysis perspective, both the linear
growth properties and the nonlinear developments are important. In classical studies of
inviscid instabilities, the linear stability analyses and direct numerical simulations of
the vortices are conducted for varying values of the helicity-profile parameter, which is
based on the azimuthal vorticity thickness. To resolve the difficult supersonic-mixing
problem, we must extract the potential instability-inducing capacity of helicity, which
has not been previously reported.

The remainder of this paper is organised as follows. In §2 the base flow in
compressible Batchelor vortices is described. In § 3 the linear stability analysis of the
Batchelor vortices with large swirls is formulated and the stability results are focused
on helicity instability. In §4 the method and computational conditions of the direct
numerical simulations are described. In §5 the results of spatial development related
to helicity instability are provided and discussed. For varying azimuthal vorticity
thickness of the base flow, this section clarifies the effects of Batchelor vortices with
a large swirl number on the helicity instability in numerical simulations. Conclusions
are presented in § 6.
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2. Compressible Batchelor vortices

Batchelor vortices (Batchelor 1964) are adopted as the base flow in stability
analyses of compressible streamwise vortices, because their velocity profiles are
compatible with those of experimental supersonic swirling wakes at high Reynolds
numbers (Cattafesta & Settles 1992; Naughton, Cattafesta & Settles 1997; Wang
& Sforza 1997; Kalkhoran, Smart & Wang 1998). The three velocity components
(radial, azimuthal and streamwise), density, pressure, temperature and entropy are
expressed in cylindrical polar coordinates (r*, 6%, x*) as u}, uy, u;, p*, p*, T* and s~,
respectively (note that dimensional quantities are superscripted with asterisks). The
axial vorticity o}, axial velocity u? and radial velocity u} are respectively given by

0 () =), e 2.1
W) =U, — AU 2.2)
ur(rv) ~0, (2.3)

where w? = denotes the maximum axial vorticity, U}, is the free stream velocity and
AU is the axial velocity deficit. Denote by C; and C, the profile constants. The
vortex radius is quantified by the swirl scale §;7 and the thickness §; of the azimuthal

vorticity, which are respectively defined as

I 1 *(00) — u*(0
gro oL e W mu O e (2.4a.b)
T[w;kf’lax \ 4 Cl ’ % 2C2
1 |

where I'* represents the total circulation of the entire distributed axial vorticity. The
free stream Mach number M., and Reynolds number Re are respectively given by
Ma=——=2—, Re='x—x% (2.5a,b)
YR T ni

Here, T% is the free stream temperature, R* is the gas constant, y is the ratio
of specific heats and 7} is the viscosity. The entropy profile s* that governs the
thermodynamic profile is denoted by
- (26)
P
where As* is the entropy variation, sj is a constant and C} represents the specific heat
at constant volume.

After normalising by the reference length §7 of a compressible Batchelor vortex, the
free stream velocity U, and the density pZ , the physical variables become

As* =5 —s;=C;, log,

p = L* u, = uj: 1,{9 = u; u, = u; p = 7]’*
p:o’ r &9 U:O’ X U;o’ p:oU;g’
R* s* r* x* U* 2.7)
T= *2T*, S=7*, r=f*, x=**, t=7zol’*
Uz, C: 5 5 5

The azimuthal velocity u, is obtained by integrating the axial vorticity (2.1), and the
axial velocity u, and radial velocity u, are respectively derived from (2.2) and (2.3):

w(r) =0, us(r) = %(1 ey, w()=1-pe P (2.8a—¢)
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Here

2
re AU G efs
= —, = x’ D= —=— s s 2.9a—

= v M7 U, C, 2(5;9) (2.9a=c)

where g and (< 1) represent the circulation (or swirl number) and the velocity
deficit, respectively. The parameter D (> 0), which is proportional to the square of
the inverse azimuthal vorticity thickness, is a major influencer of helicity instability
(Hiejima 2015a). When D is sufficiently large, the thickness §; becomes smaller and
the vortex flow comes close to the Lamb—Oseen vortex while the instability should be
close to that of the axial wake in a rotating frame. In contrast, when D is sufficiently
small, the §; becomes larger and the vortex flow comes close to a developed wake
without swirl. The features of these base flows based on the limit values of D are
useful in understanding the instabilities.

Thermodynamic profiles in a compressible Batchelor vortex are poorly understood
because their measurements are rare. The base flows can be reasonably assumed as
inviscid supersonic flows because the Reynolds numbers are sufficiently large under
supersonic conditions and stability analyses assume laminar flows. The normalised
equation of state is p= pT. In a perfect gas with simple molecules, the specific heat is
constant over a wide temperature range under Mach numbers below hypersonic flows.
The local speed of sound c is then defined as

c=[yL. (2.10)
0

The entropy gradient is described by the Crocco equation:

! ng Y %—ugwx—i—uxwg. 2.11)
y—1 dr y—14dr

Here w, and w, are the axial and azimuthal vorticities, respectively. Experiments
have shown that the stagnation temperature 7 is approximately uniform (Cattafesta
& Settles 1992). This assumption reasonably holds for the linear instability property
behind developed flows. In this study, ds/dr was derived by setting d7,/dr = 0
in (2.11). Using the radial momentum equation and the derivation of the entropy
definition in (2.6), we relate the density p to the pressure p as follows:

d 2 d 1d d
p_ e CP_P (1P 5 (2.12a,b)
dr r dr vy

Equations (2.11) and (2.12) give the density and pressure profiles in a basic inviscid
steady flow.

3. Linear stability analysis
3.1. Asymptotic analysis

The inviscid linear stability of Batchelor vortices is analysed in cylindrical polar
coordinates. Each flow variable is assumed to consist of its mean part (—) and a
small amplitude disturbance (~ ). These flow variables are written as

o(r,0,x,1) o(r) o, 0,x,1)
u.(r,0,x,1) u,.(r) u,(r,0,x,1)
ug(r,0,x,1) p =< tg(r) p +ug(r,0,x,1) p . (3.1
u,(r,0,x, 1) u,(r) u(r,0,x,1)
p(r,0,x,1) p(r) p(r,0,x,1)
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In terms of the normal modes, the linear disturbances are expressed as
{0, u,, ug, uy, pt ={R(r), U(r), V(r), W(r), P(r)} expli(ax + m8 — wi)], (3.2)

where m is the azimuthal wavenumber (integer), « is the axial wavenumber (real) and
® = w, +iw; (complex), where w, is the angular frequency and w; is the temporal
growth rate. The inviscid linearized disturbance equations are written as

dpP dU
P =A(r)P+B(r)U, 4 =C(r)P+D(nU, (3.3a,b)
2 2 e —
A(F) = ”i _ 7’2‘@ B =" (n ( Uo®s _ ¢2)
rc? r’g
— 34
cor="(w+™ -2, D= s (Mo —om) -1 - -
N=—|lo'+——-= 1, N==|—w,—awy | — — — —,
00 P ¢ ¢ o et r
where
_ u 2ds du, 7] du,
b=—w+m2 fau, N =-— U C5 o =M M o U 35,
r yr dr’ dr r dr

Here, ¢ is the Doppler frequency and N is the Brunt—Viisili frequency.
Introducmg a small parameter ¢ (0 < & < 1) to define the rescaled wavenumbers;
=¢em, @ = ea (Leblanc & Le Duc 2005; Di Pierro & Abid 2010) and obtaining

w >~ Aje + iy as the asymptotic solution of (3.3) at large wavenumbers (|m| > 1,

|| > 1), we can estimate the temporal growth rate x whose modes are part of a

continuum spectrum. In compressible swirling flows, Hiejima (2015b) determined the

squared growth rate x? as

X2 = x7+ X0+ X+ X (3.6)
xi =—N?, (3.7)
G=r10z (7% ) 3] (3:8)
Xm="7() ( > (—h), (3.9)
Cph L
2 2 (?) M(?i
X2 = ., (3.10)
RO
¢
where
JUg — U wy A
A=m—+au,, My=—, cy= ~ , @@.1la—c)
r c \/ 2 ( )2 , ~\ 2
o mn .
r v <r)
2
T(r) = . (3.12)
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We define the vector of velocity %; and the vector of disturbance wavenumbers .%;

as - -
U, = (”) A= (fx ) . (3.13a,b)
Ug m/r

The term II in (3.6) is expressed as the variable depending on the cross product of
the two vectors. In addition, the vorticity vector #/; is defined as

W= <w> ) (3.14)
Wy

The term III in (3.6) includes the helicity density &, given by
h=U: W, (3.15)

Moreover, w, >~ A/e denotes the angular frequency and the term IV in (3.6) is related
to A, which can be rewritten as

A=U; X, (3.16)
Furthermore, taking the derivative of A in (3.11), we derive the relation

2muy —~

=W, x K, (3.17)

where the prime denotes differentiation with respect to r. Thus, the three vectors
influence each other on stability conditions.

The terms in (3.6) describe four types of destabilizing elements in swirling wake
flows. Term I expresses the entropy gradient related to compressibility effects (Hiejima
2019). Note that when the stagnation temperature is uniform in the thermodynamic
profile, x/ can be rewritten as

Xf:—% (%:xW). (3.18)
Here, we have used (2.11), (3.5) and (3.11). Equation (3.18) indicates that when ¢ is
large, the vortex becomes stabilised because term I becomes large and negative. Term
IT includes the sources of helical-shear effects that occur in the vortex core, i.e. the
spiral instability. Term III describes the negative helicity density on the swirling wake
flows. Defining the angle between %/; and #/; as v, the instability caused by this
term (the name ‘helicity instability’) exists over m/2 < ¥ < 3/2m if the angle is
a blunt angle. Note that helicity instability is qualified for the case of axial flow
with wake. Term IV includes the phase velocity c,, and the local speed of sound ¢,
which are related to the acoustic unstable wave, and is very weak in wake-type flows.
Evidently, term I is determined only by the velocity profiles in the base flow, while
terms II, III and IV are included in the disturbance wavenumbers. The growth rate of
the asymptotic analysis is thus obtained from (3.6), but (m/a&) is unknown.
Eckhoff & Storesletten (1978) and Leblanc & Le Duc (2005) assumed that, for
some ry in compressible swirling flows,

A'(ry) =0. (3.19)
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(a) o JFM (1983) (b) ™| —o— M, =0.01
— u=10 0.6 ¢

--A- My, = 2.5

w0 Mo = 5.0

FIGURE 1. Temporal growth rates x, in (3.6) as functions of circulation g for D = 1.0:
(a) various p at M., = 0.01; O, the growth rate obtained from the formula given by
Leibovich & Stewartson (1983); (b) three Mach numbers M., at u=0.8.

From (3.19), (m/&) is obtained. In compressible cases, the two conditions (3.6)
and (3.19) are comparable to those of incompressible homogenous flows found by

Leibovich & Stewartson (1983). Therefore, xo = +/x2(ry) is uniquely determined
from the base flows alone.

Although the Lamb-Oseen vortex is always stable, the Batchelor vortex becomes
unstable depending on the axial velocity deficit in incompressible flows (Alekseenko
et al. 2007). To verify the effect of the axial velocity deficit in conventional Batchelor
vortices (D = 1.0 and M., = 0.01), the relations between the growth rate x, in (3.6)
and the swirl number g at deficit © are shown in figure 1(a). When p = 1.0, the
maximum ¢ approximated +/2, consistent with the very strong inviscid mode of the
incompressible Batchelor vortex for g < 1.5 (Heaton & Peake 2007). The growth rates
Xo were also in good agreement with that of Leibovich & Stewartson (1983). Note that
the asymptotic growth rate of Billant & Gallaire (2013) is more accurate than that
of Leibovich & Stewartson (1983) over a wider range of axial wavenumbers in the
Batchelor vortex. The growth rate and existence range of the unstable mode decreased
with decreasing deficit . The p exerted a large effect on growth rate, as evidenced by
dividing the growth rate y, for u =0.3 by that for © =1.0. To understand the effect
of the Mach number M., on the growth rate x,, we plotted the relations between
the growth rate xo and the circulation g for three Mach numbers at u = 0.8 (see
figure 1b0). Both x, and ¢ at the maximum growth rate decreased with increasing M.
For instance, the maximum growth rate was smaller at M, = 2.5 and u = 0.8 than
at Mo, = 0.01 and u = 0.8, and corresponded to that between p = 0.3 and 0.5 at
M., = 0.01. In figure 1(b), note the end point of the line at M,, = 5.0. This point
marks the limit of g because the static pressure at the vortex centre of a compressible
flow must be positive.

3.2. Helicity instability in the case of axial flow with wake

Figure 2 plots the temporal growth rate xo in (3.6) as a function D for u = 0.8 at
M., =0.01, 1.0, 2.5 and 5.0. Note that when D =0, the vortex (2.8) corresponds to
the Lamb—Oseen vortex (stable vortex). When M., =0.01, the effect of D on small ¢
is weak. As g increases, the xo divides dichotomously. Note that the vortex with large
q is stable at D = 1.0, while it becomes unstable with decreasing and increasing D.
The results are important in that the stability characteristic has not been investigated
in a conventional Batchelor vortex. Although the growth rate of the vortex with large
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FIGURE 2. Temporal growth rates x, as functions of the parameter D in the asymptotic
analysis (3.6) for various ¢ and ©=0.8: (a) M,, =0.01, (b) M, =1.0, (¢) M, =2.5 and
(d) M, =5.0.

g divides between D < 1.0 and D > 1.0 even at M, = 1.0, it decreases at D > 1.0 in
contrast to the case of M, =0.01. When M,, =2.5 and D= 1.0, the growth rate was
very small at ¢g=0.64, and was not observed at g =0.72, consistent with the results of
figure 1(b). Interestingly, when ¢ was large, the growth rate x, rose with decreasing
D and the vortices become unstable. When M., = 5.0, all x,—D curves exhibited a
similar feature, that is, the maximum growth rate x, for each g occurred at small D;
moreover, the maximum growth rates at M., =2.5 and 5.0 were quantitatively similar.
In previous works (Hiejima 2014, 2019), the Mach-number-dependent stabilisation
effect was attributed to term I in the entropy profile. However, the present result
suggests that some other factor associated with the small D explains the destabilisation
effect. Elucidating this factor would be helpful for defeating the compressible effects.

Figure 3 plots the helicity density profiled / calculated by (3.15) for various D at
g=0.64 and p=0.8. Note that the figure does not depend on the magnitude of ¢ and
the helicity density profile varies on the parameter D. According to term III in (3.9),
the vortex becomes unstable when the helicity becomes negative (i.e. # < 0) under the
axial velocity profiles without reverse flow: 0 < u < 1. Because helicity instability is
expressed as term III > 0, the degree of helicity instability increases as D reduces. In
the case of D=0.25, the helicity presented a local minimum at r = 1.85; this condition
is the most effective condition for helicity instability.

Why does a Batchelor vortex with large ¢ stabilise? The mechanism of this
phenomenon has not been clarified. As shown in figure 2, the vortices with large ¢
were excitedly destabilised by the parameter D, which is related to helicity instability
on the condition of 0 < u < 1. Previously, terms II and III in (3.6) were considered
together, but their individual analyses provide glimpses into new unstable structures
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FIGURE 3. Helicity density profiles / for various D at ¢ =0.64 and p =0.8.
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FIGURE 4. Profiles of squared temporal growth rates x7 for each term in (3.6), obtained
for a Batchelor vortex with g=1.28 and ©=0.8 at M, =0.01: (@) D=0.25, (b) D=0.50,
(¢) D=1.0 and (d) D=2.0.

in swirling wake flows. In term II, enlarging ¢ also enlarges —u, and stabilises the
vortex because XIZI o« (m/a)(u,/r) — up. In term III, enlarging D stabilises the vortex
because —h < 0.

To clarify the dominant instability property, figures 4 and 5 show the distributions of
the squared growth rate x¢ of terms I-III in (3.6) for various D. For an incompressible
vortex with ¢ =1.28 and p =0.8, the effect of D on growth rate is shown in figure 4.
In all cases, term I was almost nothing because M., =0.01. When D was small, the
helicity instability that was caused by term III was strong. When D = 1.0, the vortex
was stable and when D = 2.0, the strong unstable due to term II occurred in the
vortex core. Note that the feature is close to that of a conventional Batchelor vortex.
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FIGURE 5. Profiles of squared temporal growth rates x; for each term in (3.6), obtained
for a Batchelor vortex with ¢g=0.64 and u©=0.8 at M, =2.5: (a) D=0.125, (b) D=0.25,
(¢) D=0.50 and (d) D=1.0.

The effect of term II decreases as the Mach number increases (see figure 2). In
the vicinity of D = 1.0, the parameter D changes an instability effect from helicity
instability (term III) to spiral instability (term II). The results definitely demonstrate
the significance of separating terms II and III in (3.6). In figure 5 the parameters
were fixed as My, =2.5, ¢ =0.64 and © = 0.8 in varying D. In all cases, term I
went negative because M., =2.5. Term II made a slight contribution around r =1.5
only when D=0.25. When D was 0.125, 0.25 and 0.50, the helicity effect was large
because x; was largely contributed by term III. As seen in (3.18), the stabilisation
effect of term I was high at large ¢, but was largely surpassed by the unstable effect
of term III, as shown by xo > 0. As the parameter D decreased, the impacted area
spread in the radial direction and the growth rate in all cases was large outside the
vortex core. The extension of the instability region beyond the vortex core is likely
to be an important feature as will be describe later. When D = 1.0, term III almost
vanished. In conventional Batchelor vortices (D =1.0) with high swirl intensity ¢, the
helicity profile participates in the stabilisation. The mechanism is clearly explained
by the helicity effect (term III). Therefore, the asymptotic solution distributions in
these figures show the features of helicity instability. Further analysis will investigate
the instability caused by term III, which relates to the helicity profile. Based on the
perspective that the uniform axial velocity component U’ in (2.2) should not matter
in temporal stability, the case of axial flow with jet is described in appendix A.

3.3. Temporal and spatial growth rates

Applying linear stability theory, this subsection describes a classical convectively
unstable feature of a Batchelor vortex with large g. The eigenvalues and eigenfunctions
of the inviscid linearized disturbance equations (3.3) were solved by a shooting method.


https://doi.org/10.1017/jfm.2020.388

https://doi.org/10.1017/jfm.2020.388 Published online by Cambridge University Press

897 A37-12 1. Hiejima
(@) (b)
-——m=—
—_—m=— 8
021 | m=— ] ] :
-——m=— 6 3 - i
0.14 ¢ 3 E
@i —w, 4% E
007 ¢ | . ]
0 10 0 2 4 6 8 10
—a
(C) (d) 8
0.3 ]
6 -
—a 0.2 E e 4 //;/
0.1 ] 5 /
0 10 0 2 4 6 8 10
—a,

FIGURE 6. Growth rate (a,c) and frequency (b,d) as functions of axial wavenumber for
q=0.64, £ =08 and D =0.25 at M, = 2.5: (a,b) temporal growth and (c,d) spatial
growth.

The solution is detailed in the reference (Hiejima 2013). Increasing the parameter D
decreased the growth rate and narrowed the band (data not shown). All modes of
D =1.0 were stable owing to their small growth rates in the stability analysis. Based
on the results of figure 5, the helicity effects were investigated at D =0.25, M., =2.5,
qg=0.64 and ©u=0.8.

First, consider the temporal evolution of the vortex. Figure 6(a,b) plots the growth
rate w; and frequency w, as functions of axial wavenumber «. As the g was relatively
large, the modes of the low azimuthal wavenumbers were weak. However, the growth
rate increased with increasing m and the band of the unstable mode broadened. Part
of the phase velocities w,/a were nearly identical without depending on m. Here, it is
important to compare the present result with the asymptotic analysis (3.6). The ratio
of the maximum growth rates w;/xo=0.86 at m = —10 and the x, overestimates the
growth rate, similar to the results of Hiejima (2015b). Note that (3.17) satisfies (3.19)
when ¢ is small (spiral instability) or ry, is large (helicity instability). The present
discrepancy possibly arises through the moderate wavenumber, not be enough as an
asymptotic solution of (3.3) at large wavenumbers.

Secondly, consider the spatial evolution of the vortex. Setting o = o, + i¢;
(complex), where «, is the axial wavenumber, —q; is the spatial growth rate and
w is the angular frequency (real) in (3.2); the spatial growth rate was obtained by
solving (3.3). Figure 6(c,d) plots the growth rate —¢; and frequency w as functions of
the axial wavenumber «,. Although the features are similar to those of the temporal
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FIGURE 7. Comparisons of temporal growths and the spatial growth modes for various
azimuthal wavenumbers, obtained by the Gaster transformation in (3.20): (a) growth rate
versus frequency and (b) frequency versus axial wavenumber.

cases in figure 6(a,b), the profiles for m = —1 and —2 differ near the maximum
growth rate. At the low wavenumbers, because the growth rates were small, crossing
modes might occur in spatial growth.

Thirdly, to better understand the linear unstable property of vortices with helicity
instability, we compared their temporal and spatial evolutions. If the local base flows
are equal in both growth processes, the group velocity ¢, of the spatial growth
nearly matches that of the temporal growth. The following relation, called the Gaster
transformation (Gaster 1968), then holds:

(A‘) _ a)l’ _ da)
—Cll- Y Cg

Cq do

(3.20a—d)

0¥ =w,, (xﬁ” =,

Here the spatial growth property (superscripted by s) is transformed from the temporal
growth property. Figure 7 plots the growth rate versus frequency and the frequency
versus axial wavenumber for various azimuthal wavenumbers. The symbols represent
the eigenvalues of the spatial growth transformed from those of temporal growth
by (3.20), and the curves are the spatial growth properties. The spatial growth ones
were consistent with their transformed values except at some low wavenumbers. This
result suggests that the initial spatial growth stage can be understood by obtaining
the disturbance features of Batchelor vortices during temporal growth.

To investigate the disturbance structure associated with helicity instability at g =
0.64, n=0.8 and M, =2.5, the eigenfunction profiles of the disturbance for m = —4
are plotted in figure 8. When D =0.125 and 0.25, the base flows caused a competition
among the velocity disturbances U, V and W at the outer edge of the vortex (r ~
1.8). The radial velocity disturbance U was very much larger at D =0.125 than in the
conventional Batchelor vortex where the amplitude of the axial velocity disturbance
is the largest (Delbende & Rossi 2005), strongly promoting spreading in the radial
direction. When D =0.50, although the velocity disturbances also existed at the outer
edge of the vortex, the density disturbance was large and repressed the disturbance
growth (Hiejima 2019). Accordingly, terms I and III exerted opposing effects on the
growth property at D = 0.50. The phase profiles at D < 0.25 and D = 0.50 clearly
differ in figure 8, and the phase change within 1.5 < r < 3.5 depends on the helicity
instability effect.
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FIGURE 8. Eigenfunction profiles of the disturbance for m=—4, ¢=0.64 and u=0.8 at
My, =2.5. Shown are the amplitudes (a—c) and phases (d—f) at (a,d) D=0.125, (b,e) D=
0.25 and (c,f) D=0.50.

4. Direct numerical simulations
4.1. Governing equations

From a natural transition perspective, the helicity effect on the spatial evolution
of Batchelor vortices subjected to small random noise is investigated using three-
dimensional numerical simulations. Note that the simulated velocities and pressure
were normalised by using the free stream sonic velocity ¢ (= /vy R*T%) rather
than U . The normalised governing equations were the three-dimensional, unsteady,
compressible Navier—Stokes equations in general coordinates &; (i = 1-3), which are

given as

8 an aI?vi
(2 OF , (4.1)
ar \ J A& 0&;

P pU; [ 0 ]

ou; o U; + p(J=19&:/9x) T (J710;/0x)

Q= |pw|, F;=|pwU+pJ~a&/ox) |, F,= |l ™'0&/0x)]
pus pusU; + p(J~19E;/0x3) T3 (J 7108 /0xc)
e (e +p)U; Bi(J10E;/0x)

J71 . 8x1 <8)C2 8X3 axz 3)63) + axl (8x2 8x3 8)62 3x3>
08 \05 08 05 05 95 \ 05308, 05 083
ax, (8x2 0x;  0xy 8x3)

95 \ 95 06 05 05

0&;
U, = (Jlaé’E ) e, Pi=wTi +qi,

Xk

where @ is a vector of conservative variables, and F; and F,; contain the convective
and viscous fluxes, respectively. The Jacobian J transforms the coordinate system from
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the physical space to the computational space, J~'9&;/0x, are the derivatives of the
coordinate conversion, i.e. the metrics, and U; are the velocity components at the
grid interface. The thermodynamics relation, the normalised equation of state and the
transport coefficients are given as

S + ! =pT
e_y—l 2pukuk, p=pl,
- n(@) (du 0w %3% (4.2)
Y Rey, ij ox; 3 l]axk ’ '
y () oT
gi= (43)

B (y =1 Rey Pr dx;’

where e is the total energy, t; is the viscous stress tensor, g; is the conductive heat flux
and u; are the velocity components in Cartesian coordinates. The Reynolds number
based on the sonic velocity is defined as Rey = (p% i, 83)/n%, (=Re/My), and the
Prandtl number Pr is 0.72. The viscosity n(T) is calculated from Sutherland’s law, i.e.

149
T+’

where ¥ =110.4/(yT%) is normalised by the free stream temperature.

() =T (4.4)

4.2. Numerical methods and computational conditions

To investigate the helicity instability effects of Batchelor vortices, the small
disturbances that evolve in supersonic flows must be simulated with sufficient accuracy.
The convective flux was evaluated by a flux-splitting technique called the AUSMDV
scheme (Wada & Liou 1994) and the weighted compact nonlinear scheme (Deng
& Zhang 2000). The primitive variables at the grid interfaces were interpolated to
ninth-order accuracy (Nonomura & Fujii 2013). Note that strong discontinuities such
as shockwaves were absent in this system. The viscous flux terms were calculated
to eighth-order accuracy by a central difference method. The temporal integration
adopted a four-step, fourth-order accuracy scheme (Jameson, Schmidt & Turkel
1981).

The purpose of the simulations was to prove that the stability of Batchelor vortices
with large ¢ is linked to helicity effects, as demonstrated in the stability analysis in
§3. The physical domain was a rectangular box with sides L, =300, L, =40 and
L, =40 at resolutions of N, =901, N, =281 and N, = 281, respectively. The grid
spacing was uniform in the x direction. To capture the helicity effect by which the
evolution spreads in the radial direction, the grid spacing in the y and z directions was
uniform over a space that extended symmetrically from the vortex axis to six times
the radius of the vortex core. Beyond this region, the grid splayed out at irregular
intervals. Note that the vortex core radius was close to the radial distance of the
maximum azimuthal velocity. The inflows, introduced from the left boundary in the x
direction, were fixed Batchelor vortices with added random disturbances (white noise).
The amplitude of the random noise was 3 % of the mainstream flow amplitude. The
nonlinear evolutions of the Batchelor vortex with large ¢ were numerically simulated
from a natural transition perspective under two conditions: My, =2.5 (¢=0.64, u =
0.8) and M., =5.0 (¢=0.36, ©x=0.8). The Reynolds number Rey was fixed at 9000,
and the helicity parameter D was varied as 0.125, 0.25, 0.50 and 1.0. The outflow
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FIGURE 9. Evolutions of Batchelor vortices (M, =2.5, ¢ =0.64, u =0.8) under random
disturbance, showing the cross-sections of the helicity density contours along the vortex

axis: (a) D=1.0, (b) D=0.5, (¢) D=0.25 and (d) D = 0.125. Positive and negative
helicities are rendered in black and white, respectively.

condition at x=L, was extrapolated to the zeroth order. To simulate an isolated vortex
without a contaminated centre, symmetry conditions were imposed on the boundary
surfaces composing the x—y and x—z planes because the mirror effect of the symmetry
boundary condition was diminished at L, = L, = 40. This numerical approach was
validated in the appendix of reference (Hiejima 2019).

5. Nonlinear developments of Batchelor vortices
5.1. Effect of helicity instability

This subsection describes the nonlinear evolutions of Batchelor vortices associated
with helicity instability. Helicity contours provide useful information about the
transition processes of vortices. The spatial developments of a Batchelor vortex with
large g are revealed in figures 9 and 10, which show the helicity density contours
in the x—z cross-sections along the vortex axis at My, =2.5 (¢g=0.64, u =0.8) and
My =5.0 (g =0.36, u = 0.8), respectively. Evidently, helicity has a great effect on
vortex structure (Moffatt & Tsinober 1992).

In the M,, = 2.5 case with D = 1.0, weak instability developed inside the vortex
core and along the outer edge of the vortex, but the system was stabilised downstream.
Note that a conventional Batchelor vortex with D = 1.0 is exposed to disturbances
that grow near the vortex centre (Delbende & Rossi 2005). When D reduced to
0.50, spiral fluctuations developed inside the vortex core, followed by a fluctuation
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FIGURE 10. Evolutions of Batchelor vortices (M, =5.0, ¢ =0.36, © =0.8) under random
disturbance, showing the cross-sections of the helicity density contours along the vortex
axis: (@) D=1.0, (b)) D=0.5, (¢c) D=0.25 and (d) D = 0.125. Positive and negative
helicities are rendered in black and white, respectively.

growth near the negative helicity region (see figure 3). Observing the pronounced
internal growth in conventional Batchelor vortices and the external growth induced
by helicity effects in the evolution is a valuable outcome of this approach. At
D = 0.25, fluctuations developed at the interface between the positive and negative
helicity profiles. In the initial development stage, these fluctuations consisted of high
wavenumber modes (higher than those obtained from ¢ = 0.16 (Hiejima 2015a)). In
addition, many small-scale developments (such as incompressible evolutions) occurred
downstream. At D = 0.125, the structure was dominated by small scales on the
outer edge of the vortex, and the considerable radial spreading of the fluctuation
suggested a growth beyond evolutions due to entropy instability (Hiejima 2019). This
demonstrates a tremendous development as a natural transition in supersonic flows.
Thus, the observed vortex evolutions for different values of the parameter D were
consistent with the helicity instability features determined in the stability analysis
(§3.2).

Let us discuss the case of M, = 5.0. In contrast to the case of M, = 2.5, no
disturbance growth was seeded from the vortex core, and each vortex was disrupted
by helicity instability. At D =1.0, the vortex flow was stable with some fluctuations
(white regions) at the outer vortex. However, this feature differed from that of
asymptotic analysis at high wavenumbers in figure 2(d). At D=0.50, clear disturbance
growths were induced by the helicity profile. In the early development stage, spiral
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structures appeared as a wrinkled rim in the cross-sections (see also figure 12).
Although the evolution was dominated by helicity instability, the radial spreading
fluctuation was weak. At D = 0.25, the small fluctuations generated from the outer
edge of the vortex did not extend to the neighbourhood of the vortex axis, and the
spreading rate was weaker than at D =0.25 in the M, =2.5 case. This case showed
the earliest transition, consistent with the result in figure 3. When D was further
reduced to 0.125, small downstream scales appeared despite the high M., = 5.0.
Jacquin & Pantano (2002) showed that turbulence produced within the Batchelor
vortex core must overcome the dispersion buffer adjacent to the vortex core before
the turbulent fluctuations can reach the vortex periphery. The D-dependent helicity
instability originally grew at the outer edge of the vortex, suggesting that helicity
instability might overcome the rotational stabilization in conventional Batchelor
vortices with large g.

5.2. Evolution of circulation profiles and vortical structures

This subsection investigates the difference between helicity instability and the
centrifugal instability associated with conventional Batchelor vortices. A centrifugal
instability derived by Rayleigh (1917) develops on the circulation profiles of rotational
flows (Drazin & Reid 1981). This instability arises when the mean circulation reduces
in the radial direction (Uberoi 1979) owing to circulation overshoot (Govindaraju &
Saffman 1971) in a turbulent line vortex. Figure 11 shows the mean circulation
profiles I'/M,, for various D at M., = 2.5 and 5.0. The circulation profiles were
more affected by D than by the Mach number effect. At D =1.0, the vortices were
stable throughout the spatial evolution. When D reduced to 0.50, weak circulation
overshoots indicating centrifugal instability appeared near the vortex core. At D=0.25
and 0.125, the circulation overshoot appeared at the outer side of the vortex core,
where fluctuations resulted from the helicity profiles. Note that these fluctuations
ranged over the regions of phase change (0 < r < 4) in figure 8. In conventional
Batchelor vortices, the circulation overshoot decreases with increasing g because
the outward spread of fluctuations is suppressed, thereby enhancing the rotational
stabilisation (Jacquin & Pantano 2002; Delbende & Rossi 2005). However, despite
the large g, moderate circulation overshoots that characterise small g (Hiejima 2015a)
appear at a point distant from the core. These profiles also differ from the circulation
profile of the isentropic vortex at ¢ =0.16, which strengthens the centrifugal instability
(Hiejima 2014). It follows that the features of helicity instability differ from those of
centrifugal instability.

As described in § 5.1, the spatial evolutions of the vortices at M., = 5.0 and large
D apparently differed from those of the linear stability analysis. Figure 12 shows the
isosurfaces of the second invariant of the velocity gradient tensor Q (= —0.01), which
are useful for quantitatively visualising the vortical structures, at M, = 5.0, g =0.36,
u=0.8, and four values of D. The Q is calculated by

Q=1(-S;S;+ RyR; + P, (5.1)

1 /0u; Ou; 1 /ou; OJu; 0
Si=5 (s tor ), Ri=g(ao—on), P=2=,
2 \0x; Ox; 2 \0x; Ox; 0y

whereS;; and R; are the strain rates and vorticity tensors, respectively, which
respectively contain the symmetric and asymmetric components of the velocity
gradient tensor du;/dx; and P is the divergence of the velocity vectors (Jeong &
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FIGURE 11. Mean circulation profiles T'/M: (a,c.e,g) My=25, g=0.64, 1 =0.8 and
(b,d,f,h) My, =5.0, g=0.36, «=0.8, and (a,b) D=1.0, (c,d) D=0.50, (e,f) D=0.25,
(g,h) D=0.125.

Hussain 1995). As seen in figure 12, the parameter D clearly affected the evolution.
At D =1.0, the vortex was completely stable, but at D =0.50, weak spiral structures
appeared after the transition with little outward extension in the radial direction.
When D was reduced to 0.25 and 0.125, the vortical structures largely differed from
those at D = 0.50 because strong fluctuation growths were induced by the helicity
instability. In the early stage of the evolutions, random disturbances generated spiral
structures with a high wavenumber due to the large g. At D = 0.125, the outward
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FIGURE 12. Isosurfaces of the second invariant of the velocity gradient tensor Q at M, =
5.0, g=0.36 and ©=0.8: (@) D=1.0, (b) D=0.50, (¢) D=0.25 and (d) D=0.125.

spreading was considerably enlarged and the downstream scales were much smaller
than in the case of D = 0.25 (see also figure 10c,d). The eddy generation (in terms
of number of eddies) was vastly superior to that of isentropic-vortex effects under
uniform stagnation-temperature conditions at M., = 5.0 (Hiejima 2019). Therefore,
these evolution results at small D demonstrate the great effect of helicity instability
(term III in (3.6)).

5.3. Unstable modes selected by random disturbance

From a transition perspective, it is important to understand how modes evolve
from random disturbances. This subsection focuses on the growth modes during the
vortex development and, hence, elucidates the specific property of Batchelor vortices
associated with helicity instability. As shown in figure 6, the axial wavenumber «,
increases with azimuthal wavenumber m, implying that the discrimination of the
modes in swirling flows is m rather than «,. Thus, the mode decomposition of m was
investigated in the spatially developing flows. The flow fluctuations were decomposed
by taking the Fourier transform of m,

1 [ .
ﬁm@,x,r,t):/ D(x, r, t,0)e™ do, (5.2)
27[ 0

where @ (x, r, #) represents a physical variable. For the axial vorticity @ (x, r, ) = w,,
the amplitude of the axial vorticity fluctuation 2, is determined as

|2, = |Fn(wx, x, 1, D] (5.3)

Figures 13 and 14 show the amplitude profiles of the axial vorticity fluctuations
calculated by (5.3) for eight azimuthal wavenumbers at M., =2.5 (¢ =0.64, £ =0.8)
and M, =5.0 (¢ =0.36, £ =0.8). In the M, =2.5 case with D =0.125 at x = 30,
some high azimuthal wavenumbers competed around r=2. When D =0.25 at x =50,
the peak value of the most unstable mode (m = —6) coincided with the extremum of
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FIGURE 13. Amplitude profiles of the axial vorticity fluctuations obtained in the mode
analysis for various azimuthal wavenumbers at M, = 2.5, ¢ = 0.64 and pu = 0.8:
(a) D=0.125, x=30; (b) D=0.25, x=50; (¢) D=0.50, x=065; (d) D=0.125, x=100;
(e) D=0.25, x=100; and (f) D=0.50, x=100.
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FIGURE 14. Amplitude profiles of the axial vorticity fluctuations obtained in the mode
analysis for various azimuthal wavenumbers at M, = 5.0, ¢ = 0.36 and p = 0.8:
(a) D=0.125, x=50; (b) D=0.25, x=35; (¢) D=0.50, x=50; (d) D=0.125, x=100;
(e) D=0.25, x=100; and (f) D=0.50, x=100.

the negative helicity profile in figure 3. These two cases robustly express the feature
of helicity instability. In contrast, when D = 0.50 at x = 65, the fluctuation growth
appeared inside the vortex core (r < 1; see figure 9b). In addition, the linear unstable
mode (exponential growth) was suppressed because low azimuthal wavenumbers
dominated in this case; growth of the m = —1 mode, which is strongly related
to vortex breakdown (Qadri, Mistry & Juniper 2013), was observed. Abid (2008)
suggested that transient growth can trigger nonlinearities near the vortex axis.
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Thus, this development is not caused by the helicity instability found in §3. In
the cases of D = 0.125 and 0.25 at x = 100, fluctuations spread to approximately
four times the vortex core. In Batchelor vortices, a large fluctuation on the outer
edge of the vortex is necessary to restrain a stabilising mechanism with large ¢
(Jacquin & Pantano 2002). Helicity instability satisfies this necessary condition.
Note that the fluctuation amplitude at x = 100 in these figures is attributed to
the changing mean flow in the downstream (see figure 11). Regardless of D, the
amplitude profiles at M, =5.0 display the helicity instability feature, namely, several
high-azimuthal-wavenumbers grow at the highly sensitive point (negative helicity
region) at which the helicity profiles develop instabilities, as shown in the top panels
of figure 14. Moreover, the outward spreading was weak at D = 0.50 (figure 14f).
These results accorded with the helicity contours in figure 10. However, for all
values of D, the magnitudes of these fluctuations were smaller than for M., =2.5 at
x = 100. Even though helicity instability is observed, the results suggest that there
are compressibility effects due to the Mach number in spatial evolutions.

As discussed above, the mode decompositions (except those of figure 13c,f) were
characterised by high azimuthal wavenumbers caused by the large g and the helicity
profiles. Although vortex breakdown is characterised by a low-wavenumber mode, no
supersonic vortex breakdown (i.e. disappearances of the vortex axes (Hiejima 2017))
appeared in figures 9 and 10. Note that the two cases considered here do not satisfy
the onset condition (Hiejima 2018) because of ¢/u =0.8 at M, =2.5 and g/ =0.45
at M, =5.0. Therefore, the present results also support the previous results of vortex
breakdown in supersonic flows.

Figures 13 and 14 reveal a predominance of high azimuthal wavenumbers near the
minimum of the helicity profiles during the early evolution stage under random noise.
Mode selection mechanisms are connected to the local stability properties of flows
(Viola et al. 2016). Understanding how the growth property is governed by natural
selection is essential for elucidating the instability phenomena. The maximum growth
rate is related to the fluctuations in kinetic energy K, obtained by integrating the
square of the velocity fluctuation i,

“ 1
k- / L i da, (5.4)
42

3 >

where the ‘— and ‘A’ symbols denote the mean and fluctuating components,
respectively, and A is the cross-sectional area in a plane perpendicular to the axial
flow at some x. The velocity fluctuation i, is approximated by

iy ~ Ce™ ™", (5.5)

Note that C depends on y and z in the cross-sectional area. Substituting (5.5) into
(5.4), K is given by

K ~e ™ F(A), (5.6)

where F(A) is found by integrating (5.4) at the given x. Taking the logarithm of both
sides of (5.6) gives

1og, K ~ —a;x + § log, [F(A)]. (5.7)

Differentiating (5.7) and neglecting the last term, we finally obtain

1d .
Ea(loge K) ~ —a;. (5.8)
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FIGURE 15. Streamwise variations in kinetic energy fluctuations (0.5 log, K) obtained
from direct numerical simulations at various D and (a) M, =2.5, ¢g=0.64, ©«=0.8 and
b) M, =5.0, ¢ =0.36, £ =0.8. The black (D =0.125) and yellow (D = 0.25) straight
lines represent the spatial growth rates —o; listed in table 1.

My q 12 D m —;

25 064 0.8 0.125 -5 0.25044
25 064 08 025 —6 0.22286
50 036 08 0125 -6 0.26221
50 036 08 025 —6 0.28083

TABLE 1. Maximum spatial growth rates —o; obtained from linear stability analysis
in §3.3.

Figure 15 plots the simulated streamwise variations in the kinetic energy fluctuations
(0.5 log, k) at various D in the M., =2.5 and M., = 5.0 cases. For comparison, the
spatial growth rates —q; listed in table 1, which are obtained from linear stability
analysis in § 3.3, are also plotted as straight lines. Note that the fluctuation magnitude
is plotted on the logarithmic scale. In the M., =2.5 case, the initial energy evolution
at D=0.125 and 0.25 was dominated by linear unstable modes. However, at D =0.50
and 1.0, the energy fluctuations demonstrated the features of nonlinear growth through
different transitions. Abid (2008) attributed the discrepancy between the nonlinear
evolution and the linear unstable modes to transient growth. As nonlinear effects
were negligible at low initial energy, transient growth can be expected in the large
energy case (¢ = 0.64). In the M., = 5.0 case with D =0.125 and 0.25, the linear
growth regions were short-lived and the spatial growth rates in the linear stability
analysis coincided with the simulation results. At D = 0.50, the linear growth rate
was comparable to that at D = 0.125 and 0.25 (figure 2b), but the most unstable
mode in the linear stability analysis was not contributed to by random noise in the
flow (see figure 14c¢,f). In this case, the helicity instability occurred at the outer side
of the vortex core, but was subdued. At D = 1.0, the growth was slow and weak.
Consequently, under the D < 0.25 conditions with a relatively large growth rate, the
evolution raised the linear disturbances.
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6. Concluding remarks

The stabilisation mechanism of inviscid modes in compressible Batchelor vortices
with a large swirl number has been studied from a different angle. In general swirling
wakes, the growth rate equation was divisible into four terms describing different
instability properties in asymptotic analysis of linear stability theory (Hiejima 2015b).
Although helicity instability that manifests as negative helicity profiles was found,
the instability at large swirl numbers has not been clarified. This paper investigated
the feature of helicity instability and the transition process to large-g compressible
Batchelor vortices in detail. The investigation was performed by linear stability
analysis and direct numerical simulations.

The present study confirmed that the helicity instability destabilises Batchelor
vortices with a large swirl number ¢, which has not been previously reported. In the
asymptotic analysis, increasing the azimuthal vorticity thickness (i.e. decreasing D)
enhanced the helicity instability at the outer edge of the vortex. The same feature
was observed in the temporal and spatial growth rates of linear stability analysis.
At large ¢ and D = 1.0, the helicity profile exerted a stabilising effect. This finding
explains why conventional Batchelor vortices with large swirl numbers remain stable.
To clarify their response to small random disturbances in linear and nonlinear states,
spatially developing Batchelor vortices were numerically simulated at Mach numbers
2.5 and 5.0. The nonlinear simulations reconfirmed the effect of helicity instability.
At small D, the nonlinear developments yielded a large fluctuation field with many
small scales and high radial spreading rates in the supersonic flows. The instability
was characterised by large fluctuations growing in the negative helicity region. This
result crucially explains the retained fluctuation and can potentially destroy the
compressibility effects. At high Mach numbers, the destabilisation effect of negative
helicity is far superior to that of entropy gradient (Hiejima 2019) under uniform
stagnation-temperature conditions.

For incompressible cases, the study of Viola et al. (2016), where forcing frequencies
were used, is of great value in understanding of transition. However, the transition
of compressible Batchelor vortices remains to be elucidated. How the unstable mode
is selected and developed under small random noise is important for understanding
natural transitions in vortex evolutions. When D was small, the transition process
was dominated by linear unstable modes (exponential growth). In contrast, when D
was large (even though the linear growth rates were large at M, = 5.0), transient
growths occurred as the nonlinearity effects were raised. This result might reflect
the sensitivity of incompressible Batchelor vortices to transient growth under inviscid
conditions (Heaton & Peake 2006). The nature and amplitude of the noise needs
further consideration in this research framework.
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Appendix A. The case of axial flow with jet

The Batchelor vortex is originally a wake type for the axial velocity profile (0 <
1w < Uy). In terms of the generality of stabilities, this appendix deals with the case
of axial flow with jet because temporal stability should not be affected by a Galilean
change of reference frame in the incompressible framework. Let us consider U, added
an axial constant velocity to the base flow in (2.8):

Uy (r) = Uso — pe ™" (A1)

Figure 16 shows the helicity density and the distributions of the squared growth rate
xé of terms I-III in (3.6) for Uy, = —1.0 and 1.0 in (A 1). The helicity profiles are
significantly changed by the addition of an axial constant velocity to the base flow.
However, as seen from the black lines in figure 16(b,e,c,f), the addition does not affect
the stability; particularly, when D < 1.0, the instability is dominant in the outer side
of the vortex core and when D > 1.0, the instability occurs in the core. For the jet
type at Uy, = —1.0, the sign of helicity is not related to the result of each term and
the effect of separating terms II and III is not large because a sufficient condition for
instability of swirling jets is satisfied if term II plus term III is positive (Hiejima
2015b). In contrast, for the wake type at U, = 1.0, the negative helicity profile is
surely connected to the instability due to term III at D < 1.0 and the growth rate is
associated with the instability due to term II at D > 1.0. Therefore, the separation
between terms II and III in the present Batchelor vortex (2.8) is valuable for the
classification of instability under a wake condition without reverse flow: 0 < u < U,,.

(b) - Term I (© = TermI ||
= 0.15 R - Term 11 0.3 A Term I
% g 0.10 \\\ ; ;l('grm 11 02 l'l ; ')l;grm 111
SE 005 0.1 \
35 0 /\ 0 \
el ; 4
8.5 —005 / -0.1 \/ﬁ
285 0 1 2 3 4 5 0 1 2 3 4 5
175}
<
(e) i o =
g 0075 | T 04 |7 Tom
9 0.050 : - Tsrm I - TSrm I
28 — 02/ ¢ s
% = 0025 /\
o~ 0 oy
SE ] N
E«iﬁ —0.025 —02 AN
3 5,0 0 1 2 3 4 5 0 1 2 3 4 5
r é r r
FIGURE 16. (Top row) Jet-type flow at U,, = —1.0 and (bottom row) wake-type flow

at U, = 1.0: (a,d) helicity density profiles; (b,e) D =0.25 and (c,f) D =2.0 profiles of
squared temporal growth rates x; for each term in (3.6), obtained for a Batchelor vortex
with ¢=0.64 and ©=0.8 at M, =0.01.
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