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LONG-TIME BEHAVIOR OF LEVY-DRIVEN
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Abstract

We investigate the long-time behavior of the Ornstein—Uhlenbeck process driven by
Lévy noise with regime switching. We provide explicit criteria on the transience and
recurrence of this process. Contrasted with the Ornstein—Uhlenbeck process driven sim-
ply by Brownian motion, whose stationary distribution must be light-tailed, both the
jumps caused by the Lévy noise and the regime switching described by a Markov chain
can derive the heavy-tailed property of the stationary distribution. The different role
played by the Lévy measure and the regime-switching process is clearly characterized.
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1. Introduction

In this work we are concerned with the existence of stationary distributions of regime-
switching processes driven by Lévy noise, and further analyze the tail behavior of these
distributions. We are motivated by the works of de Saporta and Yao [6] and Bardet et al.
[1]. It has been shown in different ways that in contrast with the classical Ornstein—Uhlenbeck
process whose stationary distribution must be light-tailed, the stationary distribution of the
Ornstein—Uhlenbeck process with regime switching may have a heavy-tailed stationary distri-
bution. Moreover, in a recent work, Hou and Shao [7] showed that the Cox—Ingersoll-Ross
(CIR) process with regime switching may have a heavy-tailed stationary distribution, which
provides a suitable modification of the classical CIR model due to its poor empirical per-
formance as shown by Brown and Dybvig [4]. Hence, from the application viewpoint, it is
important to study stochastic processes with regime switching.

The Lévy-driven Ornstein—Uhlenbeck process has a lot of applications in the study of math-
ematical finance (see, e.g., [2, 3, 5, 8, 9], amongst others). In this work we shall extend the
study of [6] and [1] to Lévy-driven Ornstein—Uhlenbeck processes with regime switching. We
shall provide explicit conditions to justify the recurrence and transience of such a process, and
determine the role played by the random change of the environment. Furthermore, given the
existence of a stationary distribution, we provide explicit conditions to justify whether it is
light- or heavy-tailed. In this part we are mainly interested in determining the different role
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played by Lévy jumps and regime switching in determining the heavy-tailed property of the
stationary distribution.
Precisely, we consider the following stochastic processes (X;, A):

dthaAtXtdt+UAtdZ[, X() ZXOGR, (11)

where (A;) is a continuous-time Markov chain on a finite state space S ={1,2,...,N},2 <
N < oo, with the transition rate matrix Q = (g;j); jes, Which is assumed to be conservative and
irreducible. Here, @ : S — R and o : § — R are measurable functions, and Z = (Z;)>0 is a
Lévy process on R given by

t t
Z; =bt + /aB; + / / ZN(dt, dz) + / ZN(dt, dz), (1.2)
0 JO<|zl<l 0

lz|>1

where b € R, a > 0, B=(B;);>0 1s a standard one-dimensional Brownian motion, N(dt, dz) is a
Poisson random measure on [0, co) x R\{0}, and N(dr, dz) is its corresponding compensated
Poisson random measure relative to the Lévy measure v, i.e. N (dt, dz) = N(dt, dz) — v(dz)dz.
Throughout, it is assumed that (A;) is independent of the Lévy process (Z;). As a Lévy measure,
v is a o -finite measure on R satisfying v({0}) = 0 and

LO (1 A 1z]?) v(dz) < co. (1.3)

Since the Markov chain (A;) is in a finite state space with a conservative and irreducible
(Q-matrix, there exists a unique stationary distribution, denoted by u = (ui);cs. Our first result
is on the recurrent property of (X;, A;).

Theorem 1.1.

(1) Assume that
/ log (1 + |z|)v(dz) < o0; (1.4)
|z|7#0

then (X;, A;) is positive recurrent ifZieS wio; < 0.
(i) Assume that
/ 121 V |z*v(dz) < oo (1.5)
|z]#0

then (X;, A;) is transient if ) ;. picti > 0.

Restricted to the set {0 < |z] < 1}, each of (1.4) and (1.5) can yield f0<|z‘<1 |z|v(dz) < oo,
which is stronger than the necessary condition (1.3) and seems not to be a necessary one.
Nevertheless, restricted to the set {|z| > 1}, our condition (1.4) is just condition (1.3) in [10].
In [10], Sato and Yamazato showed that this condition is a sharp condition on the integrability
of the Lévy measure v so that the associated Ornstein—Uhlenbeck process without regime
switching is positive recurrent. Later, Shiga [14] provided a recurrence criterion for this kind of
process in one dimension and discussed several symmetric multidimensional cases. References
[11] and [12] also investigated the recurrence criterion in multidimensional cases, and finally
Watanabe [15] used the Fourier analytic method to provide a general recurrence criterion for
Lévy-driven Ornstein—Uhlenbeck processes which solved Sato’s conjecture in the affirmative.
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Next, when (X;, A;) is positive recurrent, it owns a unique stationary distribution 7.
Concerning the tail behavior of 77, we establish the following result:

Theorem 1.2. Assume that (1.4) and ), s icti <0 hold, and denote by w the stationary
distribution of (X;, Ay).

(1) If there exists some iy € S such that, for any X > 0,
/ (€07 — 1)v(dz) = o0, (1.6)
lz[=1
then 7 is heavy-tailed, i.e.

Z/&‘%(dx,j):oo, for all A > 0.
jeS R

(ii) Suppose there exists a Ao > 0 such that, for eachi € S,
/ (el — 1yn(dz) < 0. (1.7)
lz1=1

If max;cs o; <0, then 7 is light-tailed. If max;cs o; > O then, for any p > k V 2,
> / xlP e (dx. ) = oo,
jesS R

which means that 1 is heavy-tailed, where k > 0 is given in (1.9) below.

For any p >0, define Q) =Q + pdiag(ai, ..., ay), where Q=(g;;) is the transition
rate matrix of (A,), and diag(wy, ..., ay) is the diagonal matrix generated by the vector
(a1, ...,ay). Let

=— max Rey, (1.8)
e v €Spec(Qp) v

where Spec(Q)) stands for the spectrum of Q). Define
k =sup{p > 0;n, > 0}. (1.9)

According to [1, Propositions 4.1, 4.2], k = o0 if r_na}Sx o; < 0; otherwise, « € (0, min{%;
i€ !
a; > 0}). Moreover, for p > «, 1, < 0, and for p € (0, k), n, > 0.

Remark 1.1. According to the characterization of the tail behavior for the Lévy-driven
Ornstein—Uhlenbeck process in Lemma 2.1 below, assertion (i) of Theorem 1.2 tells us that
if in some fixed environment the Lévy measure v makes the stationary distribution for the
Ornstein—Uhlenbeck process without switching be heavy-tailed, then the stationary distribu-
tion of the Ornstein—Uhlenbeck process with switching must be heavy-tailed regardless of the
random switching of the environment.

Assertion (ii) of Theorem 1.2 tells us that under a slightly stronger condition on v which
ensures that the Ornstein—Uhlenbeck process in every fixed environment must own a light-
tailed stationary distribution, the random switching process (A;) can change the tail behavior
of the stationary distribution of (X;, A;) according to the signal of max;cs ;.

The proofs of Theorems 1.1 and 1.2 are presented in the next section.
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2. Proofs of the main results

In this section we shall first present the argument of Theorem 1.1 on the recurrent property
of the process (X;, A;). To this end, we need to extend the Lyapunov-type criterion established
by Shao in [13] for stochastic processes driven by Brownian motion to the current situation.

Let us first introduce some notation. For each i € S, define

of i) aof 9*f(x, i)

dx 2 ox?
. af(x, i
TOFC, ) = / [f(x Foie, i~ f - o oD 10<z|<1} v(d2),

z#0

LYFC, iyx) = DYFC, i) + TOfC, D)

)

DOF(., i)(x) = (apx + boy)

for f(-, 1) € Cz(R). Then the infinitesimal generator of the process (X;, A;) is given by

Af e, i) = LOSC, D)+ Qf (x, (D)
=L @) + Y qi(fj) —fx. i), fC. D) eCHR).
JF
Following the same approach as [13, Theorems 2.1, 3.1], we can establish the following

criterion to justify the recurrence of the Lévy-driven process (X;, A;). The details are omitted.

Proposition 2.1. Let u be the stationary distribution of (A;).

(1) Suppose that there exist constants ro > 0, B; € R, i € S, and a positive function V(x) such
that _
LOVx) <BV(x),  Ixl=r. €S,

satisfying Y ;s ifi < 0. Then (X;, A;) is exponentially ergodic if limy|— o V(x) = 00,
and is transient if limpy— o0 V(x) = 0.

(ii) Suppose that there exist constants ro > 0, B; € R, i € S, and two positive functions h, g €
CZ(R) such that, for eachi € S,

LY(x) < Big(x), x| > ro, 2.1
and o
L l
im 5% _o lim 289 g
|x|—o00 h(x) [xl-o0  g(x)

Assume that

Z wifi < 0.

ieS

Then (X;, A;) given by (1.1) and (1.2) is positive recurrent if lim|y|— o h(x) = 00, and is
transient if limy|—, o0 h(x) = 0.

Remark 2.1. In Proposition 2.1 we state that (X;, A,) is positive recurrent when ) ;s i <
0 and limjy_ oo A(x) =00, which is a little stronger than the result presented in [13,
Theorem 3.1]. However, the argument in [13] is sufficient for this statement according to the
Foster—Lyapunov criterion.
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Proof of Theorem 1.1. First, let us prove the positive recurrence of (X;, A;) in the situation
Y ies Micti < 0 by part (ii) of Proposition 2.1. Consider the auxiliary functions

h(x) = log (1 4 2%) =22
x)=1o x°), X) = ——.
g § 1+x2
It is easy to check that lim h(x) =ococ and lim &&/nx) =0.
[x[—00 |x|— 00
Now we verify that limy— oo % = 0. Note that
DDg(x) 2 2bo; aol.z(l —3x%)

B 0 : 2.2
s 142 aitd) T Rarer 0 sk 22

For the jumping component, we have

TV 1
g(x) g(x)

<1+ 1) / EI LI
— J— v
2 7&0(1 T+ Gatonp) ©

x(l n x2) / Az <1v(dz).

Due to condition (1.4), it is obvious that

\X}‘—Enoo x(] x2) / (1 A Jz))v(dz) =

(g(x +02) — g(x) — 0328’ ()10 < |7 <1}(2))v(d2)

Because
‘ 272 4 2oixz B ‘ (0iz 4+ x)* — x2 -1
A+ +x+022)| |L+DA+Ex+022)|
and
oizzz + 207xz a?zz + 20xz 29
2 2 —= 2 — Gi =+ |OiZ|9
(1 4+ x7)(1 4+ (x+ 0i2)*) (1 +x%)

we obtain that
0212 + 20ixz

‘ (1 +x3)(1 + (x + 0i2)?)

Invoking condition (1.4), the dominated convergence theorem yields that

i <1+ )/ Oy =g
1m v =
2o LI+ + o)

5 TDg(x)
m — =
|x|—00 g(x)

<min{1, o; 272 + |ojz|}

Hence,

Combining with (2.2), this further implies that

L%
lim =
|x|]— 00 g(x)
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Next, we shall show that for any ¢ satisfying — ) ;.5 ti; > & > 0, there exists a constant
ro > 0 such that, for every i € S,

LOn(x) < (i +)g(x)  as |x| = rp. (2.3)

So, by taking B; = «; + ¢ in (2.1), Prqposition 2.1 yields that (X;, A;) is positive recurrent.
Indeed, for the diffusion part of LO/h we have
4 a2 1—x?
ao:
CA )

boi  ac?|l —?|
<o+ + ——7 Jg). 2.4)

; 2x
D(z)h(x) = (a;x + boy) T2

X 2x2(1 + x2)
Due to the finiteness of the number of states in S, it is clear that there exists r; > O such that

bo; aai2|1 —x* e

LTI 8 forall x>, i€ S. 25
v T it Sy foralthdEn.d (23)

For the jump part of L®#, direct calculation leads to

0) 2 2 20ix
7 h(x)=/ [log (1 + (x + 0:2) — log (1 +2)]v(dz) — / 2 v(d2).
0<|z|<1

7#0 1+ x?
Since
log (1 2 _log (1440 <log (14 205 z
og (1 4+ (x+0i2)7) — log (1 +x7) < log +1+x2+m|m~z|

<log (1 + loiz| + 072%) < 2 log (1 + |0z,
we obtain from condition (1.4) and the dominated convergence theorem that

lim JPh(x)=0.

|x|]—00
Noting that g(x) > 1 for |x| > 1, there exists r» > 1 such that, for any |x| > r»,
. €
TOh(x) < 2800 (2.6)

Consequently, (2.3) follows from (2.4), (2.5), and (2.6) by taking ro = max{ry, r2}.
Second, we go on to prove the transience of (X;, A,) in the case Zie s mie; > 0. To this end,
we consider the function

V)= ——
W)= 2
for some fixed 0 < § < 1, and prove the desired result according to part (i) of Proposition 2.1.
We have,
2 2
G AR X 5 3x” =346
D ! V(_x) = ( Z(X,H—xz 2b0'l s +x2 + ao; (8 +x2)2 V(.x), (27)
and clearly
2 2
x X 3xc =46
lim —20; — 2bo; P = Da;
wose T2 TR T g T
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For the jump part of L)V we have

; — (x+0i2)° oix
(@) — _
J V(X) - ( /Z;é() S+ ()C + UzZ)Z ( ) (S +x /0<|z|<1zv(dZ)> V(X) (28)

Moreover,
/ X2 — (x4 0i2)? o(d )_f — (x+0i2)? .
=0 8+ (x+ 0i2)? lzj>1 6 +(x+ 0iz)?

/ = (x+0i2)? W)
0<lz|<1 8+(x+015)2
=11 + .

To estimate the term /;, since 0 < § < 1 we have

X2 — x+ o’iz)2 2|xoiz| aizzz
S+ @x+0i2)? | T 8+ (x+ 0i2)? B
(x +02)? 0?z?
T8+ (x+02)? f)
1 o?
<42
=5 + 3 5,

and 1 + is an integrable function with respect to 1|;>1v(dz) by condition (1.5). Then, the
domlnated convergence theorem leads to

_ 2
Jim f ’M (d2)= 2.9)
[x[—>00 Jiz|>1 0+ (x+oiz)
To estimate the term />, let us consider
2 .
u(x)::L2 forO<|z| <1,
§+ (x+ 0iz)

and direct calculation leads to
20,28 — 20iz2x% + 2(0i2)°
6+ (x +0i2)?)?

u'(x) =

Hence, there exists r; > 0 such that, for |x| > ry, #/(x) > 0 if 0;z2 <0 and /(x) <0 if 0,z > 0,
which means that |u(x)| is monotone when |x| > r|. Noting that limy—, o |u(x)| =0, we have

2r10iz —2r0iz
sup |u(x)| = sup |u(x)| = max { , (2.10)
Ix|>r1 x|=r1 8+ (ri 4+ 0i2)?" 8+ (0iz — r1)?
Since
x? — (x4 0,2)° < 1) + 2z2
§+(x+4o0i2)? |~ )
it follows from (2.10), condition (1.5), and the dominated convergence theorem that
2 _ 2
lim / Yoo gy =, @.11)
=00 Jo<|z<1 8 + (x + 0i2)
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Invoking (2.7), (2.9), (2.11), and condition (1.4), by (2.8), for any ¢ in (0, Zies i) there
exists ro > r; > 0 such that

LOV(x) =DDV(x) + TOV(x) < (—20; + ) V(x), x| > ro.

According to Proposition 2.1 (X;, A;) is transient, which completes the proof. U

Next, we proceed to investigate the tail property of the stationary distribution 7 (dx, i) of
(Xy, Ay). Before this, we present a lemma on the tail property of the stationary distribution of
a Lévy-driven Ornstein—Uhlenbeck process without regime switching, which tells us how the
jumping component impacts the tail behavior of its stationary distribution.

Consider the process

dY[:aYtdt‘i‘O'dZ[, YO:yOER, (212)

where o <0, o € R, and (Z;);>0 is still given by (1.2) satisfying condition (1.4). Then the
process (Y;) is positive recurrent (cf. Theorem 1.1 or [10, Theorem 4.1]), and its stationary
distribution is denoted by 7.

Lemma 2.1. Assume condition (1.4) holds. Consider the process (Y;) given by (2.12) and its
stationary distribution 7.

(1) If; for some Ly > 0,
/ (€M% — 1)u(dz) < oo, (2.13)
lz[>1

then fR e*W 7 (dx) < oo, which means that 7 is light-tailed.
@1i) If, for any » >0,
/ (€% — 1)v(dz) = oo, (2.14)
lzI=1
then, for any 1. >0, [p eM 7 (dx) = oo, which means that T is heavy-tailed.
Proof. (1) The characteristic function of the Lévy process (Z;) given by (1.2) is
Ee"Z)=e7®W,  ueR, 1>0,

where 7 is the imaginary unit, and ® is given by the Lévy—Khintchine representation

1 )
d(u) = Eauz —ibu+ [ (1 —e" +uzlop<1)v(dz). (2.15)
z#0

The stationary distribution 77 of (¥;) has the characteristic function

g(z) =exp (/OO —<I>(e°”crz)dt>. (2.16)
0

This yields
oo
/ 0% 7 (dx) = 77 (—iAg) = exp (/ —@(—ikoae‘”)dt). (2.17)
R 0
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Due to (2.15),
o o0 1
[ —CD(—fkooeat)dt:/ (zakgazem’ —i—b)»oae‘“)dt
0 0

o0
+/ (exp (zhooe’) — 1 — 2o e o< <1)v(dz)dr
0 Jz#0
=1 +D. (2.18)

As o < 0, it is clear that
akéaz biogo
I =— - — < 0.
da o

Performing the variable substitution u = €%, we get

1 ! 1 oo
- / / L earaou 1>v(dz)du+L( / zlo<z|<1v<dz>)
o Jo JztoU o 740

1 oo
<—— / (€M% — Dv(dz) + L(/ zl<)<z|<1V(dz)>,
o Jz£0 o 7740

where we used the fact that the function f(x):=(e“* —1)/x is increasing for any c # 0.
Combining these estimates on /1, I> with (2.17), (2.18), by (1.4) and (2.13), we finally obtain
that

/ M7 (dx) < oo.
R

Similarly, we can show that fR e_}‘oxﬁ(dx) < 00. Noting that el < eroX 4 e=20Y e obtain
that

/ e* M7 (dx) < co.
R

(i1) Replacing A with any positive constant A in (2.17) and (2.18), we still have that

since o < 0. However, in the current case,

IR Ao
L =—— / / —(eZ)‘Gu — Dv(dz)du + — </ zlo<|z|<1v(dz)).
o Jo 7#0 u o 7#0

By conditions (1.4) and (2.14), there exists some C > 0 such that

1
f —(€?" — Nu(dg) < c/ lz]v(dz) < oo,
0 0<|z|<1

<|z]<1 U

and

/ l(em” — v(dz) = oo, u#0.
|

Z|=1U

Asa consequence,

1 AOU
/ L9 ~ hu(ds) = oo,

#0 U
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which implies I, = oo and
/ e 7 (dx) = oo.
R

The arbitrariness of the positive constant A implies that 7 is heavy-tailed, which completes
the proof of this lemma. O

Proof of Theorem 1.2.
(i) We prove this assertion by contradiction. Assume that there exists a 6o > 0 such that

> /R 2ol (dx, j) < o0. (2.19)
jeS

Applying Itd’s formula, we obtain that

! 8
E(e%Xr) — E(e%X0)=E / Soed0Xs— (aAS_XS_ +bop,_ + ?le\y_)ds
0 ,

'
+2E / / %0Xs— (%0902 _ 1)y(dz)ds
0 Jlz|=1

t
+ E/ / eB()XJvf (e‘SOUA.v—Z —1- 800’AS72)V(dZ)dS
0 JO<|z]l<1

=L+ 5L+ (2.20)

If we take the initial distribution of (X, Ag) to be the stationary distribution 7, then for every
t > 0 the distribution of (X;, A;) remains as 7, which implies immediately that the left-hand
side of (2.20) equals 0. From } ;. s Jg ¥ (dx, j) < oo and the finiteness of the number of
states in S, it is easy to see that

S
E|:66°XS_ <|OlASXS—| +1boa, |+ aTOUI%S)} -

and hence the term I} < co. Condition (1.4) ensures that there exists a constant C > 0 such
that, for every j € S,

f ez — 1 — 8pojz|v(dz) < C[ |z|v(dz) < oo.
0<|z]<1

0<|z]<1

Then, again using (2.19), we have I3 < co. Nevertheless, the term I, is equal to co. Indeed,
when A;_ =iy, it follows from condition (1.6) that

/II | (e2078s=% — u(dz) = 0.
zl=

As an irreducible Markov chain, (A;) arrives at the state iy with a positive probability, so I, =
oo. Therefore, we get a contradiction that the left-hand side of (2.20) equals 0, but the right-
hand side of (2.20) equals co. Consequently, 7 cannot be light-tailed in the current situation.
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(i1) First, we show that 7 is light-tailed under the conditions (1.7) and max;cs «; < 0. For
8 € (0, Ap), similar to (2.20), Itd’s formula yields that

E(efslxr\) _ E(e5|X0|)

t as?
=E /0 |:535Xs—|sgn(xs—)(0[AsX5_ +boa, )+ = ea|xs_|0[2\5} ds
t
+ ZE/ / (e8|Xs—+UAS—Z‘ _ ea‘Xs’l)v(dz)ds
0 Jiz|=1

'
+ E/ / (65\Xs7+<mrz| — Xl Se‘slxﬁ|sgn(XS_)0As_z)v(dz)ds
0 JO<|z|<1
=:J1 +J2 +J3, (2.21)

where sgn(x) denotes the sign function of x.
Since max;cs «; < 0, for any ¢ > 0 there exists M > 0 such that

ap, | Xs—| +sgnXs_)bop, < —c+ Me 8%,

Therefore,

t
Ji < / E(3M — c8e®Xs=1yds. (2.22)
0

For J;, we have

!
J < E/ e‘leS‘l[/ (e‘s‘”/‘sfz‘ — 1)v(dz)]ds
0 |z|>1

t
<Ki(5) / E[e®Ps-1ds, (2.23)
0
where

K (8) = max f €%l — 1)1(dz) < 00
ieS lz1>1

due to (1.7) and § < Ag. Moreover,

1 — <1 —= #l2l _ Dv(dz) = o, d o0
51[1’(1) 61m o1 (e )U( Z) o1 *|Z|U( Z) < s

where 0, 1= max;es |ojl.
For J3, we have

t
J35E/ / e o-l(elonl — 1 4 5lo, zlv(do)ds
0 JO<|z|<1

t
<K>(5) / E(e’¥-1yds, (2.24)
0
where

K>(8) = max / (@197 — 1 4 8]672))v(dz) < oo,
i€S O<|z|<1

due to (1.4). Furthermore,

. Ky(5)
lim < 204 |z|v(dz) < 0.
5—0 & 0<|z]<1
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Inserting (2.22), (2.23), and (2.24) into (2.21), we obtain
d
SEED < Mb + K3,

with K3(8) = K1(8) + K»>(8) — ¢4. By the arbitrariness of ¢, we can take § > 0 sufficiently small
and ¢ > 0 large enough so that K3(8) < 0. Applying Gronwall’s inequality, we obtain

t
(M) < E(edPoleKs®0) 1 a5 / NIOTEEN
0

The negativeness of K3(§) implies that

sup E(e?®) < 00 (2.25)

>0

if E(e®X0l) < 0o. In particular, we take (Xo, Ag) starting from some fixed point (xg, i), and the
positive recurrence of (X;, A;) yields that the distribution of (X;, A;) weakly converges to its
stationary distribution . Together with the estimate (2.25), we finally get

Z / Wl (dx, j) < lim inf Ee®X) < sup B(e?™) < o0,
jes R =00 >0

which is the desired conclusion.
Second, we proceed to show that m is heavy-tailed under conditions (1.7) and
max;es «; > 0. For p > 2 Vv k, thanks to It6’s formula,
1X: 17 — 1Xol?

ap(p —1)

t
= /0 (plXxlf"lsgn(Xs)(an_Xx+boAx_)+ 5

oR, X5 |1’—2) ds

' 1

+ / (X5 +0n, 2l = [Xo— P = pon, zsgn(Xe )Xo [P~ o<y <pv(d2)ds
0 Jz#0

t t
+ /p\/EGA.c_Sgn(Xs—)lxs— |p_1st +/ (1Xs— + GAS_Z|p — | X— |p)N(dS, dz).
0 0J2z7#0

Given the initial distribution y of (Xp, Ao), let FA = o{A;0<s < oo}and

G, =ElIX 7", 1=0, (2.26)

where the superscript y in G,J,/(t) emphasizes the initial distribution y. By virtue of the
independence of (A,) and (Z,), taking conditional expectation with respect to .#* yields that
dGy (1)

dr

=pay,_ Gy (1) + 1),
where I(t) = I1(t) 4+ I>(t) with

ap(p — 1oy _
2

h(n) = E[ (Xi-+on, 2l = XV = pon,_zsgn(Xio) X" Lo <)(d2) | ng].
zF#

I(1) :=pboa, Elsgn(X,)|X,— "~ '|.7 ] + Gl_,0),
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For 0 > 0, ¢ > 0, and 0 < r < p, by Holder’s inequality and the elementary inequality

Qxi <ex—+cy, x>0, with CQ=(6/0)P%,

we have .
0GY (1) < QG;’(t)?’ < eGg,’ (1) + co. (2.27)

Therefore, for any ¢ > 0 there exists a constant C; > 0 independent of ¢ such that

ap(p — 1)03 G

O] < poulblG)_ (1) + ==-——G]_

L0 =5GL0+C. (2.28)
To estimate the term I>(¢), we note that the mean value theorem implies that
x4+ 2P — |xP = p(¥|x + 2] + (1 — Nz)P~ (x4 2] — x]), x,zeR
for some ¥ € [0, 1] depending on x, z, and, further,

—1 -l
llx+zl” — [xIP] < pmax{lx + 2”7, [z]" }z

<pmax{2P2(|xlP " + 2P, 2Pzl (2.29)

Also, conditions (1.4) and (1.7) imply that, for every n> 1, fz £0 |z|"v(dz) < oco. Finally,
invoking (2.27) and (2.29), we obtain that there exists some C; > 0, independent of 7, such
that e

(1] < EG;,’(I) + Cs. (2.30)

Inserting the estimates (2.28), (2.30) into (2.26), we get

dG) (1)

G
m > (pan,. — )G, — M,

where M = C; + C, > 0. Then,
t t t
G};(t) > G},’(O) exp / (pap, —e)ds —M/ exp { / (pan, — s)dr}ds
0 0 s

t t
zG};(O)exp /O(poc,\s_—s)ds —M/O exp {(priréilsg(ai—a)(t—s)}ds

t
= Gg (0) exp /0 (pop, —e)ds
M

W(GXP{(”%@‘“”W} —1). 2.31)

We shall prove statement (i) by contradiction. Assume that ;s [ |x/P7(dx, i) < oco.
Now let us take y in (2.26) to be the stationary distribution 7 of (X;, A;), so for every t > 0
the distribution of (X;, A;) is also 7. Since (A;) is an irreducible Markov chain in a finite state
space, denote by w its stationary distribution on S. Then, for every i € S, u; > 0. Moreover,
it holds that u; = 7 (R, i), which can be seen by the weak convergence of the semigroup of
(X, Ay) to w and the semigroup of (A;) to . Consequently, we have

min/ |x|P 7 (dx, i) > 0.
ieS Jr
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Taking expectation on both sides of (2.31), we obtain

> [ wPr =B
R

ieS
t
> <min/ |x|P 7 (dx, i))E(exp { / (pan,_ + 8)ds}>
ieS Jr 0

s ar s P (@ maxai ey} 1)

ch(min f Ix|P7 (dx, i))e(”’f’*s)t
ieS Jr

W(exp {(pl};ag(oei—i-e)t}—l), (232)

where ¢, is a positive constant, 1, < 0 is defined by (1.8), and in the last step we have used [1,
Proposition 4.1]. Choosing ¢ > 0 such that 1, +¢& < 0, and letting  — oo in (2.32), the left-
hand side is finite but the right-hand side goes to co, which is a contradiction. Therefore, the
pth moment of 7 is infinite, and hence 7 is heavy-tailed, completing the proof. (]
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