Ergod. Th. & Dynam. Sys. (2008), 28, 1945-1958 (© 2008 Cambridge University Press
doi:10.1017/S0143385708000096 Printed in the United Kingdom

Module shifts and measure rigidity in linear
cellular automata

MARCUS PIVATO

Department of Mathematics, Trent University, 1600 West Bank Drive, Peterborough,
Ontario, Canada K9J 7B8
(e-mail: marcuspivato@trentu.ca)

(Received 9 July 2007 and accepted in revised form 22 January 2008)

Abstract. Suppose R is a finite commutative ring of prime characteristic, A is a finite
R-module, M := ZP x NE, and ® is an R-linear cellular automaton on AM. If W is a
®-invariant measure which is multiply o-mixing in a certain way, then we show that p
must be the Haar measure on a coset of some submodule shift of AM. Under certain
conditions, this means that ; must be the uniform Bernoulli measure on AM,

1. Introduction

Let A be a finite set. Let M :=Z” x NE be a (D + E)-dimensional lattice, for some
D, E €N, and let AM denote the set of all functions a : M—> A, which we regard as M-
indexed configurations of elements in .A. We write such a configuration as a = [am]meM,
where am € A for all m € M. Treat A as a discrete topological space; then AM is a Cantor
space—that is, it is compact, perfect, totally disconnected, and metrizable.

If ac AM and U c M, then we define ay € AY by ay = [ayluey. If m e M, then
strictly speaking, am+y € AmHU; however, it will often be convenient to ‘abuse notation’
and treat a4y as an element of AU in the obvious way. Let H C M be some finite subset,
and let ¢ : A — A be a function (called a local rule). The cellular automaton (CA)
determined by ¢ is the function & : AM 5 AM defined by ®(a)m = ¢(am4m) for all
a e AM and m € M. We refer to H as the neighbourhood of ®.

We will prove a new ‘measure rigidity’ result for linear cellular automata: if @ is a
linear CA and p is a ®-invariant measure which is multiply o -mixing in a certain way,
then .« must be the Haar measure on a coset of some submodule shift of AM. In particular,
if AM admits no proper mixing subgroup shifts (e.g. D =1 and A =7, for p prime),
then  must be the uniform measure on AM. This result is complementary to previous
rigidity results of [Sch95b, HMMUO03, Piv05, Ein05, Sab07].
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1.1. Terminology and notation. Throughout, lowercase bold-faced letters (a, b, ¢, . . .)
denote elements of AM, and Roman letters (a, b, c, . ..) are elements of A or ordinary
numbers. Lowercase sans-serif letters (. . ., m, n, p) denote elements of M, and uppercase
hollow font (U, V, W, . ..) are subsets of M. For any v € M, let ¢V : AM__ AM pe the
shift map defined by oV (a)m = amyv for all a € AM and m € M. Let CA(AM) denote the
set of cellular automata on AM; then CA(AM) is also the set of continuous transformations
of AM which commute with all shifts [Hed69, Theorem 3.4]. A subshift is a closed subset
S € AM which is invariant under all shifts. Let CA(S) := {® € CA(AM) : &(S) C S}.

If ae AM, and K c M, recall that ag := [aklkek € AR 11 S € AM is a subshift, let
Sk :={sg: seS} C AKX, If k € AK, then let (k) := {a € AM; ag = K] be the cylinder
set defined by k. The topology (and hence, the Borel sigma-algebra) of AM is generated
by the collection of all such cylinder sets for all finite K € M. Let Meas(AM) (Mex(S))]
be the set of Borel probability measures on AM (S), and let Mas(AM, ) (Mex(S, o)) be
the shift-invariant measures on AM (S). If ® € CA(S), let Miax(S, ) be the d-invariant
measures on S.

2. Linear cellular automata

Let (R, +, ) be a finite ring with unity 1%, and let (A, +, -) be a finite R-module. If
® € CA(AM), then @ is an R-linear CA (R-LCA) if the local rule ¢ : A—> A has the
form

¢ (ag) := Z ¢phap forall ag € AR (1)
heH

where ¢, € R \ {0} for each h € H. Let R-LCA (AM) be the set of all R-linear cellular
automata on AM.

Example 1. (a) If (A, +) is a finite abelian group, and AM i treated as a Cartesian
product and endowed with componentwise addition, then (AM yisa compact abelian
group. If & e CO\(AM), then @ is an endomorphic cellular automaton (ECA) if & is
also a group homomorphism of (AM| 1), Let £ be the (non-commutative) ring of all
group endomorphisms of (A, 4+). Then A is an £-module, and any ECA on A is an
E-linear CA. (In the literature, these are often just called linear cellular automata.)

(b) In particular, let m € N and let A= (Z,,, ), with addition modulo m. Then
&= (Zm, +, ) (with multiplication modulo m), so equation (1) becomes ¢ (ap) =
ZheH ¢hap mod m, where @ € [1...m) for each h € H.

(c) Let k € N, and let R := F« be the unique finite field of order p* (in particular, if
k =1 then Fpk =7y, as in (b)). Let A be any finite-dimensional Fpk -vector space (e.g.
A= (]Fpk )™, for some m € N); then AM is an (infinite-dimensional) ]Fpk -vector space, and
® is an F x-LCA if and only if ® is a linear endomorphism of AM,

(d) Let A be a finite-dimensional F-vector space, and let End(A) be the (non-
commutative) ring of all Fpk—linear endomorphisms of A. Suppose that {ph}hem C
End(A) is a collection of endomorphisms which commute with one another, and let R
be the subring of End(A) generated by {¢h}hem; then R is a commutative ring, A is an
R-module, and if ® is as in equation (1), then ® is an R-LCA. <o
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Example 1(a) is ‘universal’ in the following sense: any R-module is also an abelian
group, and any R-linear CA is automatically an ECA. However, in a general ECA,
the coefficients {¢h}hemm C € do not commute, because the endomorphism ring £ is not
commutative unless A =7 /m»> as in Example 1(b). If R is commutative, then R-linear
cellular automata are much easier to analyze than general endomorphic cellular automata.

If r € R, then the characteristic of r is the smallest m € N such that m - r =0 (oritis O
if there is no such m). The characteristic of 'R is the characteristic of the unity element 15.
(For example, R = Z,, has characteristic m.) If 'R has characteristic m, then m - r = 0 for
all r € R; hence the characteristic of r divides m. We will be mainly interested in the case
where R is a commutative ring of prime characteristic, as in Examples 1(c,d).

3. Subgroup shifts and submodule shifts

Suppose (A, +) is a finite abelian group, so that (AM, +) is compact abelian. A subgroup
shift is a closed, shift-invariant subgroup G C AM (ie. G is both a subshift and a
subgroup); see [Kit87, Kit00, KS89, KS92, Sch95a]. If A is an R-module, then AM
is also an R-module under componentwise R-multiplication. An R-submodule shift is a
subgroup shift which is also an R-submodule. For example, if ® € R-LCA (AM), then
@ (AM) and ker(®) := o! {0} are submodule shifts (here 0 € AM is the constant zero
element). Also Fix[®]:={a € AM . @ (a) = a} is a submodule shift (because Fix[®] =
ker(® —Id)). If A =R = Z,,,, then every subgroup shift is a submodule shift, and vice
versa. However, in general the R-submodule shifts form a more restricted class.

To study the ergodic theory of R-linear cellular automata, it is first necessary to
characterize their invariant measures. If G C AM s a subgroup shift, then the Haar
measure of G is the unique ng € Meas(G) which is invariant under translation by all
elements of G. That is, if g€ G, and U C G is any measurable subset, and U+ g :=
{fu+g; uelU}, then nglU+ g] =ng[U]. In particular, if G = AM | then nq is just
the uniform Bernoulli measure on AM. Let ECA(G) := {® € CA(AM) ; & is an ECA
and ®(G) C G}.

PROPOSITION 2. Let (A, +) be a finite abelian group, let G € AM be a subgroup shift,
and let ® € ECA(G). Then (®(ng) = ng) < (®(G) =G).

Proof. ‘=" is because G = supp(ng). To see ‘<=, note that ®(ng) € M«s(G). Thus,
it suffices to show that ®(ng) is invariant under all G-translations. Let g € G, and let
78 : G—> G be the translation map (i.e. 78(h) := g + h). Find h € G such that ®(h) =g
(this h exists because ®(G) = G). Then 78[P (ng)] 5 d[th(ne)] 5 ®(ng), where (x) is
because 78 0 ® = ® o ", and (¥) is because 5 is the Haar measure. This holds for all
g € G. But 1 is the unique probability measure on G such that t8(ng) = ng forall g € G;

thus ®(nG) = ne- o

Some endomorphic cellular automata exhibit a great deal of measure rigidity, meaning
that the Haar measures of ®-invariant subgroup shifts are the only ®-invariant measures
satisfying certain ‘non-degeneracy’ conditions. For example, Host, Maass and Martinez
showed that, if p is prime and A=7Z,,, and ® is a nearest neighbour Z,,-LCA on
AZ_ then the only positive-entropy, o -ergodic, ®-invariant measure is the Haar measure
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on AZ—that is, the uniform Bernoulli measure [HMMO3, Theorem 12]. This result
was vastly generalized by Sablik, who showed that, if G C A% is any subgroup shift
and ® € ECA(G), then the only positive-entropy, ®-invariant measure satisfying certain
ergodicity conditions is the Haar measure on G [Sab07, Theorems 3.3 and 3.4]. (Actually,
Sablik’s result is even more general, since it allows any abelian group shift structure on
A% ) See also [Piv05] for similar results concerning endomorphic cellular automata in the
case where A” is a non-abelian group shift, as well as multiplicative cellular automata (in
the case where (A4, -) is a non-abelian group).

All of these results are for one-dimensional endomorphic cellular automata.
Einsiedler [Ein05, Corollary 2.3] has a similar rigidity result for automorphic Z”-actions
on compact abelian groups (e.g. the ZP-shift action on a subgroup shift G C AZD). This
theorem can easily be translated into equivalent rigidity results for endomorphic cellular
automata in AZD*I. Like [HMMO3] and [Sab07], Einsiedler requires both an entropy
condition and fairly strong ergodicity hypotheses.

Let R be a commutative ring of characteristic p. We will prove a measure rigidity
result for multidimensional R-linear cellular automata whose only requirement on the
measure is a limited form of multiple mixing. Our result is philosophically similar to
the rigidity results in [Sch95b] or [Sch95a, §29], but it is applicable to much larger class
of cellular automata.

Let 1 € Mas(AM; 5). For any H € N, we say AM ;o) is (o, H)-mixing if, for any
Borel measurable By, By, ..., By € AM,

H H
lim u[ (o™ (Bhﬂ =[] uiBal.
h=0 h=0

forallh#i€l0...H]

If H Cc M is a finite subset, then p is H-mixing if, for any finite subset B C M and any
H-indexed collection of B-words {bp}hem C AR with cylinder sets By, := (bn) C AM for

all h e H,

lim u[ o‘”“(Bm} =[] wBnl

Jim el [ 11
This property was introduced by [Led78], and has been studied extensively; see [KS93,
Mas04] or [Sch95a, §§27-29]. We will actually require a slightly weaker (albeit more
technical) condition. For any finite H C M and any prime p, we say that u is (p, H)-
mixing if, for any finite B C M, if {bp}hem C AE, and By, := (bn) ¢ AM are as above,
then

lim o "B ]: [Bh]. @

Jim u[ hqﬂ (Bn) Hﬂ uIBn )
For example, if |H| = H, then any (o, H)-mixing measure is H-mixing. In turn, any H-
mixing measure is clearly (p, H)-mixing. In particular, any non-trivial Bernoulli measure
in AM is (p, H)-mixing, and any mixing Markov measure in A% or AN is (p, H)-mixing.

If S € AM is a subshift, then S is ropologically (p, H)-mixing if, for any finite B C M

and H-indexed collection of B-words {bn}hem C S, with By, := (bp) as above, there is
some N € N such that, for all n > N, we have [y J_”kh(Bh) # (). For example, if ©
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is a (p, H)-mixing measure, then S = supp(w) is a topologically (p, H)-mixing subshift.
In particular, any irreducible Markov subshift of A% or AN is topologically (p, H)-mixing.

A coset shift is a subshift C which is a coset of some submodule shift S c AM.
For example, for any ¢ € A, let M e AM denote the constant configuration equal to ¢
everywhere. Then ¢™ + 8 is a coset shift. If C € AM is any subshift, and C — C :=
{c—¢'; ¢, ¢ € C}, then it is easy to see that

(C is a coset shift) <= (C — C is a submodule shift). 3)

Let ¢ € AM, and suppose C :=c + S is a coset shift. If 7¢: AM— AM is the translation
map 7¢(a) := a + ¢, then the Haar measure of C is defined then nc := t€(ng), where ng
is the Haar measure of S. (This definition is independent of the choice of ¢ € C.)

If 0 £ ¢ € R, then an R-module A is p-torsion-free if p a # O foralla € A\ {0}. We
say that ¢ is a unit if it has a multiplicative inverse in R. This means that the function
A>3 ar ga e Ais a group automorphism of (A, +). If R = Z,, (Example 1(b)), then ¢
is a unit if and only if ¢ is coprime to m. If R is a field (Example 1(c)), then every non-zero
element of R is a unit. If ¢ is a unit, then every R-module is ¢-torsion-free.

Suppose that ® has local rule (1) and ‘R has characteristic p. Forall j € N, let R ; be the

subring of R generated by {(pr’:/ }hem- This yields a descendingchain RD2R1 2Ry D - - -
of finite rings (because R is finite), so there is some J € Nsuchthat Ry =Ry =+ =
ﬂ?il Rj. Let Rp:=Ry. Forany keN, let g, := (Q hep goﬁk) — 1; this defines a
sequence {g;}7>; € R. But R is finite, so there is a non-empty set ¢ € R of elements
which appear infinitely often in {¢;}72,. We now come to our main result.

THEOREM 3. Let R be a finite commutative ring of prime characteristic p, let A be a
finite R-module, and let & € R-LCA (AM) have local rule (1), with |H| > 2.

(@)  Suppose that ¢n is a unit for some h € H. If C is a topologically (p, H)-mixing,
®-invariant subshift of AM then C is a coset shift of some Ro-submodule shift S.

(b) If there exist ¢ € Fo and some finite B C M such that AB /Sp is p-torsion-free (e.g.
if ¢ is a unit), and C is as in (a), then actually C = S.

(c) Suppose ¢y is a unit for every h e H. If u is a (®, o)-invariant, (p, H)-mixing
measure on AM, then w is the Haar measure of a ®-invariant coset shift C of some
Re-submodule shift S.

If the hypothesis of (b) holds, then w is the Haar measure on S.

Example 4. Let M:=7Z x N, let R=A:=Z;, and let B :={(—1, 0); (0, 0); (0, 1);
(1,00} Gie. 22%);then S:=f{ae AM; 3, g apim =0, ¥ m e Mj} is a submodule shift.

CLAIM 1. Let H :={(0, 0); (0, 1); (1, 0)} (i.e. °°°). Then S and ns are (2, H)-mixing.

ocee

Proof. One way to see this is to apply the transformation [N x Z> (n, z) — (z +n,n) €
Z x N] to [Sch95a, Example 28.10(2) on p. 278]. Another way is to note that S is the
set of all spacetime diagrams of the one-dimensional linear CA W : AZ 5 AZ defined by
W :=0"" 40"+ o!. This yields a bijection WY : AZ—§ (where WN(a) € AZN is just
the W-spacetime diagram of a € AZL). Tt follows that ns = N [n], where 7 is the uniform
Bernoulli measure on AZ,
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Equation (5) says that 92 =62 450 4 62 Thus, for any B C M, if k is
large enough, then for all {bp}hem C Sp, there is a unique b’ € Sg such that (b)) N
_k _ok ok k
a0 (b1,0) N o @7 (b.1y) = (b.0) NP (b1,0) N (W). Thus,

_0k _k

nsl(bo.0)) N’ 2 ’0)(b(1 0) No©®=2 )(bo.1))]

= nslb.0) N a2V b(1 0) N0 b))
=ns(bo,0) - ns(bc1,0)) - ns(b’),

where () is because 7ng = whN [n], and n is a (one-dimensional) Bernoulli measure.
¢ [Claim 1]

Let & : AM— AM pe the LCA with local rule ¢ (ag) = Y hem an (.. gp =1 for all
h € H). Then ®(S) =S, so ®(ns) = ns, by Proposition 2. However, g, = |H| — 1 =
2=0 (mod 2) for all k € N, so the ‘torsion-free’ condition of Theorem 3(b) is never
satisfied; thus, non-trivial ®-invariant coset shifts might exist. Indeed, let ¢ € AM pe
the ‘checkerboard’ configuration defined by ¢, , := (m +n) mod 2, for all (m, n) € M
then ¢ ¢ S, and C := ¢ + S is a non-trivial coset shift of S (see Lemma 10). Furthermore,
d(c)=c,s0 P(C) =

CrAaM 2. C and nc are (2, H)-mixing.

Proof. To see this, let B C M and let {bn}hem C Cp; then for all h € H, there exists
sh€Sp with bp = < + s Thus, (bp) =c+ (spn); thus, o=2N(bp) =0"2N{c} +
o—2h (sh) 5S¢ +o~ (sh>, where (%) is because azkh(c) = c because ¢ is a checkerboard.
Thus,

nc[ﬂa_ﬂh(bhq = [C+ ﬂa "(sh }—ns[ﬂd 2h(Sh)}

heH heH heH

—— [ nstsn) =[] ncle+ sn)1=]] ncibr).

heH heH heH
as desired. Here, () is because ng is (2, H)-mixing by Claim 1. ¢ [Claim 2]

Thus, C is a (2, H)-mixing, ®-invariant coset shift, as in Theorem 3(a), while nc is a
(2, H))-mixing, ®-invariant measure, as in Theorem 3(c). o

COROLLARY 5. Let A=R:=17Z,,, where p is prime. Let M:= ZP x NE, and let
d e Z/p—LCA(.AM) have a neighbourhood of cardinality H > 2. Let i € Mes( AM: @, o)
be (o, H)-mixing. Suppose that either

(i) D+E=1; or (i) h(u,0)>0 (and D+ E >1).
Then w is the uniform Bernoulli measure on AM,
Proof. Every non-zero element of the field Z,, is a unit, so we can use Theorem 3(c).

Case (i) is because (Z, p)Z and (Z, p)N have no proper infinite subgroup shifts (because if
S was such a subgroup shift, then {a € Z,,, ; [a, 0] € S(0,1}} would be a proper non-trivial

subgroup of Z,,, which is impossible). Case (ii) is because (Z, ,,)ZDXNE has no proper
subgroup shifts of non-zero entropy [Sch95a, first paragraph of §25, p. 228]. a
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Theorem 3(c) is somewhat similar to [Sch95b] or [Sch95a, Corollary 29.5, p. 289],
which characterizes the o -invariant measures of a subgroup shift G C AM. However,
Schmidt requires G to be ‘almost minimal’ (i.e. to have no infinite o -invariant subgroups),
whereas we do not.

To prove Theorem 3, we use tools from number theory and harmonic analysis. If
M :=ZP x N, then any R-linear CA on AM can be written as a “Laurent polynomial
of shifts’ with R-coefficients. That is, if ® has local rule (1), then for any a € AM,

®(a) := Z ©h oh(a) (where we add configurations componentwise). 4@
heH
We indicate this by writing ‘® = F(o)’, where F € R[xftl, cee, xﬁl; Y1, ..., YE] is the
(D + E)-variable Laurent polynomial defined as follows:
. e hy hp M hg
F(xt, ..., XD, Y1, -, YE) = Z onxtoxpy e

If F and G are two such polynomials, and ® = F (o) while I' = G(c), then ® o
I'=(F-G)(o), where F-G is the product of F and G in the polynomial ring
R[xlil, e, x%lg Y1, ..., yel. In particular, this means that ®' = F’(o) for all r € N.
Thus, iterating an R-LCA is equivalent to computing the powers of a polynomial. If R
is commutative, we can do this with the binomial theorem, and if R has characteristic p,
then we can compute the binomial coefficients modulo p. In particular, if p is prime, and
® has polynomial representation (4), then for any k € N,

k kook
P = Z ol oPh. (5)
heH
LEMMA 6. Let R be a finite ring generated by a set ry, . . ., rg, at least one of which is a
unit. Let A be an R-module and let S € AM be a subshift containing 0. The following are

equivalent.

(@) Sis an R-submodule shift.
(b)  For any finite B C M, Sp is an R-submodule of A®.
(c) Forany finite B C M and any sy, . .., sy € Sg, we have Zle rnSn € Sp.

Proof. Clearly (a) < (b) = (¢). To see that (¢) = (b), let R be the set of N-linear
combinations of products of N{rh}ff:l. Then (c) implies that ﬁSB C Sg (because 0 € S).
Thus it suffices to show that R = R.

Every element of R is a Z-linear combination of products of {rh}le; hence we need
only show that —1 € R. Some ry 1s a unit, and R is finite, so there exists n € N with
lr=r} € R. But R has characteristic ¢ < 00,80 —lp =(c—1lr € R. O

Proof of Theorem 3(a). Let CC AM be a topologically (p, H)-mixing, ®-invariant
subshift. Let S:=C — C; then according to (3) it suffices to show that S is an Re-

k
submodule shift. Now, S is a subshift, 0 € S, and for all k € N, some element of {goﬁ them
18 a unit, so we can use Lemma 6.
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Let B C M be finite. Now, S is (p, H)-mixing (because C is), so there exists N € N
such that, for any k > N, and any H-indexed collection {bn}hcm € S, there exists s € S
with

SB4pth = bn  for all h e H. 6)

k
Make k large enough that R¢ is generated by {(pﬁ7 them- Let {bh}hem € Sp be arbitrary,
and find s € S satisfying equation (6). Then

k k k k k
p — r° _p*h _ p — p
¥ (s)p ® E ¢, oF () = E Ph SB4pth E @ bn.
heH heH heH

((%) is by equation (5) and () is by equation (6).) But [<I>pk(s)]13 € Sp, because
P (S) €S, because ©(C) € C. This verifies (¢) in Lemma 6, for any finite B C M and
{bh}hem < Sp- O

LEMMA 7. Let R, A, ®, and Fo be as in Theorem 3, and let S C AM be a submodule
shift. If C is any (p, H)-mixing, ®-invariant coset shift of S, then ¢ C C S forall ¢ € Fop.

Proof. Let ¢ € Fg and let a € C. To show that p a € S, it suffices to show, for any finite
B C M, that p ag € Sp.

There exist arbitrarily large k € N with ¢, = @. Butif k is large enough, then there exists
c € C with Cpkh1B = AB for all h € H (because C is (p, H)-mixing). Thus, o (©op =

O hem (pr’:k) ap, by equation (5). Thus, @, ag = ®” (¢)p — cg. But ®” (¢)p — cp =
(dﬂ’k (¢) — o) € Sp because o (¢)—c (% CcC-C 5 S, where (%) is because P (C) CC,
and () is by (3). O

Proof of Theorem 3(b). We argue by contradiction. If AR /Sp is @-torsion-free, then
AP’ /Sp, is also g-torsion-free, for any B’ D B. If C#S, and B is large enough, then
Cp is a non-trivial coset of the submodule Sg in AB: thus, Cp is non-trivial as an element
of the quotient module A /Sg. But Lemma 7 implies that Cp C Sg, so @ annihilates C
in AB /SB, so AB /Sp has non-trivial g-torsion, which is a contradiction. By contradiction,
C=S. a

Let T:={c e C; |c| =1} be the unit circle group. If (G, +) is a compact abelian
group (e.g. G := AM where (A, +) is a finite abelian group), then a character on G
is a continuous group homomorphism y : (G, +)— (T, -). Let G denote the group of
characters of G. If u € M«s(G), then w is uniquely identified by its Fourier coefficients

lx] :=/ xdu forall x € G.
G

For example, if ng is the Haar measure on G, and 1 € G is the trivial character, then it is
easy to verify the following lemma.

LEMMA 8. ng is the unique Borel measure on G such that 1g[1] = 1 and g[x] = 0 for
all other x € G. a

More generally, we have the following result.
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LEMMA 9. Let (G, +) be a compact abelian group, and let i € Mes(G). Then
(1 = ns for some closed subgroup S € G) <= (¥ x € G, either fi[x] =0 or i[x] = 1).

Proof. ‘=" Suppose that u =ng. If x € 6, then x s € S. Thus, Lemma 8 implies that

A ~ 1 if x . =1s,
mlxl=nulxgl= I s

0 otherwise.

‘<t If yeG and Aly]l=1, then supp(u) Cker(y). If S:={ker(y); y €
G u[y] =1}, then S is a closed subgroup of G, and supp(u) €S. We claim u = ng.
If x e S then y = Yls for some y € G (this follows from the Pontryagin duality theorem;
[Wal82, see, for example, fact (6), §0.7, p. 13]). If x # 1g, then S ¢ ker(y), so u[y]# 1,
so [y ] = 0 (by hypothesis), so 7t[x] = 0. Thus, Lemma 8 implies that u = 7s. O

Let (A, +) be a finite abelian group, so that (AM| 4) is compact abelian. For any
X € AM there is a unique finite subset B C M and unique non-trivial xp € AforallbeB
such that

x@ =[] xx(a) forailae A" (7
beB

We say that x is based on B. If { Xh}heH - ZM is an H-indexed collection of characters
based on B, and p is (p, H)-mixing, then equations (2) and (7) together imply that

Jim u[]’[x 00 P“] [T ax™. ®)

heH heH

Proof of Theorem 3(c). If C =supp(u), then Theorem 3(a) says that C is an R¢-coset
shift—that is, C =c¢ + S, where S is an Rg-submodule shift. Let v :=77¢(u); then
supp(v) =8. To show that u = nc, we must show that v =ng; we will do this with
Lemma 9. For any x € AM, note that

iixll = Ix (@ -Vixl=1x©@I-Pixll = Pix]l- ©)

(Here, (%) is because . = 7¢(v) and x is a homomorphism, while () is because x[c] € T.)

Now, let x € AM and suppose that D[ x] # 1; we must show that D[x] = 0. Let k be large
k

enough that R is generated by {<pf: Jhem- Let I' be the multiplicative group generated by

k
{(pf]7 them (which are units, by hypothesis).

CLAIM 1. T C Ro.

k
Proof. By definition, R¢ contains all products of positive powers of {<pr’: Jhem; we must

k
show that it contains the negative powers as well. For all h € H, the unit (pﬁ has
finite multiplicative order, because R¢ is finite; thus, there is some n € N such that

k k
((p{]7 y = ((pr[: )" € Re. Thus, R¢ contains all products of integer powers (positive or

k
negative) of {(p{]) }hem; hence, I' C Ro. ¢ [Claim 1]
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If y €T, then x oy € AM (it is a composition of two homomorphisms). Define

M :=max [V[x o y]l. (10)
yell

Thus, [V[x]] < M. We will show that M = 0.
CLAIM2. M < 1.

Proof. The proof is by contradiction. I' is finite, so if M = 1, then there is some y € '
such that [D[x o y]| = 1. Let t :==D[x o y]; then t € T, and supp(v) C (x o )~ '{r}. But
0 € supp(v) (because supp(v) =S is a submodule), so t = 1; hence V[x o y] = 1. Thus,
v[ker(x o y)] =1, hence S C ker(x o y), hence y(S) C ker(x).

Now y‘l eI’ CRg (by Claim 1), and S is an Rg-module (by Theorem 3(a)), so
y‘l (S)CS,s0SCy(S) (% ker(x), where (x) is by the previous paragraph. But then
V[x] =1, which contradicts the definition of x.

By contradiction, we must have M < 1. ¢ [Claim 2]

By replacing x with x o y for some y € I' if necessary, we can assume without loss
of generality that [V[x]| = M. Then |t[x]| = M also, by equation (9). Thus it suffices to
evaluate 71[x]. But if ® has polynomial representation (4), then, for any k € N,

~ k k
A= [ xdus [ xa@Pws [ geer a
AM AM AM

_ (r*h) _(pth) _ (') _(pth)
BAM“(Z% o dp = AM]_[(xowh oo”M) au

heH heH
—~ kh k
:M[mep;” oo P h)]. (11)
heH
(Here, (a) is because u is ®-invariant; (b) is a change of variables; (c) is by equation (5);
and (h) is because x is a homomorphism.) Thus,

k k
a1 = tim | [Txoe " oo®™ <timsup []axow! ™. (2
Wi~ heH O k=00 hel

where (x) is by equation (8), because p is (p, H)-mixing and T" is finite. Thus,
—~ . ~ kh .
M=7lx]l <limsup [] [Zlxog? "< lim [ M=m".
12 k—oo  pefy () k=00 pom
(Here, (x) is by equations (9) and (10).) But H > 2, and Claim 2 says M < 1. Thus,
M =0. Thus, [V[x]/=0.
This holds for any x € AM with V[x] # 1, so Lemma 9 says v = g; hence . = nc. O

4. Constructing coset shifts

To enumerate all (p, H)-mixing, $-invariant measures, Theorem 3(c) says it suffices to
enumerate all (p, H)-mixing, ®-invariant coset shifts. But if S ¢ AM is a submodule
shift, not every coset of S is a coset shift. Indeed, let ¢ € AM, and for all m e M, let
b™ := 0™ (¢) — c. Then it is easy to check that

(the coset ¢ + S is a subshift) &= (b™ & S for all m € M). (13)
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We call B := {b™} e the coboundary of ¢. More generally, an AM_yalyed cocycle is any
M-indexed collection {b™}mens S AM such that ™" = ¢"(b™) + b", for all n, m € M.

LEMMA 10.

(@) Ifce AM then its coboundary B is a cocycle.

(b) cis entirely determined by co and B, because cqn = co + b(r)”, forallm € M.

(¢) Let B:={b"}nem C S be any cocycle, and let co € A be arbitrary. Define ¢ :=
[em]mem according to part (b). Then B is the coboundary of ¢,

Proof. (a) is straightforward. (b) is because cm = (6™ (¢))o = (¢ +b™)g =co + b
For (¢), let m,n e M. Then [0™(¢) — ¢ln = cmin — cn = (co + b)) — (co + b)) =
b(r)n+n — b =®™" —bN) 5 a"(b™) = by, where () is the cocycle property. This
holds for all n € M, so 0™(¢) — ¢ =b™. This holds for all m € M, so B is the coboundary
of c. O

Lemma 10 and (13) imply that, to construct a coset shift of S, it suffices to construct
an S-valued cocycle. In particular, if a € A such that «™ € S, then we can get one S-
valued cocycle by defining b™ := (m + - - - + mD)aM, forallm= (my, ..., mp) e M;
in Lemma 10(c) in this case, cm =co + (m1 + - - - + mp)a for all m € M. For example,
if S is as in Example 4, then IMeS. In this case, b™™ =0M if m + n is even, and
b — 1M if yy + 5 is odd. If co := 0, and we define ¢ as in Lemma 10(b), then we get
precisely the ‘checkerboard’ configuration of Example 4; thus C = ¢ + S is a non-trivial
coset shift, as previously claimed.

5. Extension to rings of squarefree characteristic

We say m € N is squarefree if m has prime factorization m = p1ps --- pj, where
P1, ..., py are distinct primes. If R has non-prime characteristic, then equation (5) is
no longer true. However, the next result allows us to reduce squarefree-characteristic LCA
to the previous case of prime-characteristic LCA.

PROPOSITION 11. Let R be a commutative ring with characteristic m = pilpgz s py,
where p1, ..., py are distinct primes. For all je[l...J], let q;:= m/pj.’, and let

Zj:={reR; qjr=0}.

(@) Zjisanideal of R, and the quotient ring R j := R /1; has characteristic p;j.

(b) R is isomorphic to the direct product R:= RIDORrD--- DRy, via the map R >
T (rl, P2 eﬁ, where for all j €[1...J], we define ri=(r +1I))e€
Rj.

(¢c) Let A be any R-module. Forall j €[1...J], let

Bi:=T;A:={ia; ieljand ac A}

(a submodule), and let A; := A/B; be the quotient module. Then A= A=A @

- @Ay, via the map Asaw (a',...,a’) e A where for all je[l...J],
we define al = (a+Bj)eA j. Furthermore, ﬁ acts on .2( componentwise; that
is, for any 7:(r1,...,rj)e7€ and Ez(al,...,a])e.z, we have ¥-a =
(rlal,...,rjaj).
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Proof. (a) is straightforward. (b) follows from the Chinese remainder theorem for
rings [DF91, Theorem 17, p. 268, §10.3] and the following claim. O

CLamM 1. ) ZiNZpN---NI;={0}. (i) Forany j#k Z;,+ZIr=TR.

Proof. 1) Ifr e ﬂ;zl Zjthengjr=0forall je[l...J]. Butged(qr,...,q5)=1,s0
Bezout’s identity yields zi, ..., z; € Z such that 27:1 zjqj=1. Butthenr=1.r=
J J ’
ijl qu.,'i’:Zj:l ZJOZO ~
(i1) Z; + Zy is an ideal, so it suffices to show that Z; + 7, contains 1. Let Z,, be
the subrlng of R generated by 1R; then Zm is isomorphic to Z '/m. It is easy to check
that Z NZ;= ’Z and Z NIy = pk Zm But then 15 € pj’Zm —I—pk Zm, because
le p;’ Lym + pk Z/m by Bezout’s identity, because gcd(pj , pk ¥y =1 (because pj and
pr are distinct primes). ¢ [Claim 1]

(c) follows from Claim 1 and the Chinese remainder theorem for modules [DF91,
Ex. 16-17, p. 333, §10.3]. a

Example 12. Suppose A =R :=Z,,;,, where m = py --- p;j. Then forall j e[l...J],
we have I; = p;Z;y in Proposition 11(a), so Aj=R;=Z/m/(pjZim) =Zsp; in
Proposition 11(b,c) which is the classic Chinese remainder theorem.

Let A= @j:l A; as in Proposition 11(c). Define W : AM @/J.:l AIJM[ by

W (lamImenn) = ([amIment, [amIments - - - » [amImenn) (14)
where, for any a € A, we write a = (al, ...,a’) as in Proposition 11(c). Then W is
a o -commuting, homeomorphic R-module isomorphism. If u € Mes(AM), then for all
jell...J], let u; be the projection of W(u) to .AIJW; we say that u is a joining of
Uiy ..., iy. (See [dIR06] or [Rud90, Ch. 6] for more about joinings.)

PROPOSITION 13. Let R be a commutative ring of squarefree characteristic, let A be an
R-module, and write A = 6911':1 Aj as in Proposition 11(c). Let ® € R-LCA (AM) have
neighbourhood H and coefficients {¢n}nem, all of which are units. If i € Man( AM; @, 0)
is H-mixing, then ( is a joining of measures 1, . . ., b, where foreach j € [1...J], u;
is the Haar measure of some ® j-invariant 'R j-coset shift of AIJ\\./H.

Proof. For all h € H, write ¢, = (gorl], R gpr{ ) as in Proposition 11(b). Then gprj; is a
unit in R; for each je[l...J]. Forall je[l...J], let ®;€ Rj—LCA(AIjW) have
local rule ¢(aI{H) = heH goéaé, for any a]ﬁ € .AIJHI. If W is as in equation (14), then
Proposition 11(c) implies that W is a topological conjugacy from (AM @) to the direct
product (Allw, D) x--- X% (AI}\/H, ®;). Forall je[l...J],let u; be the projection of
W(p) to AJM; then p; € Dﬁms(AJM; ®;, o) and is H-mixing; hence, Theorem 3(c) implies
that u ; is the Haar measure for some R j-coset shift of AIJW_ O

COROLLARY 14. Let A =17Z,,,, where m = py - - - p; is squarefree. Let M := 7P x NE,

and let ® EZ/m-LCA(.AM) have a neighbourhood of cardinality H >2. Let €
M AM; @, 0) be (o, H)-mixing, and suppose that either:

https://doi.org/10.1017/50143385708000096 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000096

Module shifts and measure rigidity in LCA 1957

(i) D+E=1; or (i) h(n,o) > logy(m) —logy(min{py, ..., ps}).

Then w is a joining of the uniform Bernoulli measures on Allw, R AIE/H, where Aj :=7; ),
foreach jel[l...J].

Proof. Case (i) follows immediately from Proposition 13 and case (i) of Corollary 5.
Case (ii): Foreachi €[1... J], let u; be as in Proposition 13. Then

J J
hGu) = h(w) = Y h(uj)=h(w) = Y logy(p;) = h(u) —logy(m) + logy (pi)
(%) i;ﬁj:l () l‘#j:l

> log,(m) — logz(min{pj}]]:]) — log, (m) + log, (p;i) > 0.
©)

Here, () is because h(u) < Z{':l h(u ), while () is because for each j €[1...J] we
have h(u;) < htop(Ale[) =log, |A;| =log,(p;). Next, (}) is because m = p; - - - p;, and
(¢) is by the hypothesis of case (ii).

Thus, case (ii) of Corollary 5 implies that p; is the uniform Bernoulli measure on .A%W.
This holds for alli € [1. .. J]; the result follows. O
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