
Combining heterogeneous temporal information:
A case study

SILVANA BADALONI
Department of Electronics and Computer Science, Via Gradenigo 6A, 35100 Padova, Italy

(Received May 2, 1998;Revised June 2, 1998;Accepted October 27, 1998!

Abstract

In this paper we present a specialized system for temporal reasoning representing possibly uncertain qualitative and
quantitative constraints relative to temporal intervals in a homogeneous framework. The underlying logic is that of
Allen, which we have extended to include quantitative temporal information. Intervals are still assumed as primitive
entities while, to represent metric information, time points are introduced only at the algorithmic level. We illustrate the
properties of the temporal representation, the algorithms used for constraint propagation, and their complexity. We
show how the system can be used to schedule manufacturing operations in a small factory.
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1. INTRODUCTION

Representing and reasoning about temporal relationships of
activities and events is an essential task in many advanced
industrial applications. Automatic systems based on logical
models that explicitly represent time seem to be successful
because they allow us to deal with activity durations, pos-
sible concurrency of activities, partial or total deadlines and,
generally, allow us to represent the dynamics governing the
environment.

Ascheduling problem can be typically represented in terms
of variables and constraints and their values. A schedule is
then represented as an assignment of values to all variables
that satisfy all the constraints. The resulting formulation of
a scheduling problem is called aconstraint satisfaction prob-
lem ~Tsang, 1993; Zweben & Fox, 1994; Dean & Kamb-
hampati, 1995!. Constraints are interpreted in a temporal
domain to develop a temporal reasoning component that is
useful across different applications, such as planning and
scheduling but also molecular biology, as Golumbic and
Shamir~1993! have shown.

Due to its good trade-off between expressiveness and ef-
ficiency, one of the most influential works as regards tem-
poral reasoning is the interval-based framework of Allen

~1983, 1984!. Intervals are assumed as primitives accord-
ing to the idea that they are the natural means of human
reference to time. Temporal knowledge is represented in
terms of qualitative relations between any two intervals~e.g.,
intervalA meetsor overlapsintervalB!. However, in many
real applications, there is also a need to represent the metric
information on intervals, for example, their duration.

Assuming time intervals as primitives, two types of tem-
poral information have to be considered:

1. qualitative information relative to the mutual position
of intervals; and

2. quantitative information relative to the duration of in-
tervals and the distances between the extremes of pairs
of intervals.

Furthermore, the available information is often uncertain
and coarse, so that it can be represented as the disjunction
of possible relationships that can hold between two inter-
vals, without specifying which of them actually holds or the
exact position in time of the intervals.

The aim of this paper is to provide a new subalgebra, In-
terval Distance Sub-Algebra~IDSA!, for combining metric
and qualitative~possibly uncertain! temporal information
relative to intervals.

The representation is restricted to pointizable subalgebra
of intervals~van Beek, 1990, 1992; Nebel & Burckert, 1995!
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as regards the qualitative relations, while the metric infor-
mation is expressed as a 4-tuple of distances between end
points of intervals. It is then combined with the qualitative
one at the algorithmic level.

We assume intervals as primitives at input0output level
and we introduce time points only to deal with metrics at
the algorithmic level; so, time points are relegated to a sec-
ondary status. This assumption is supported by our experi-
ence of applications in robotics~Badaloni et al., 1995! on
the basis of which we claim that temporal knowledge is nat-
urally associated to intervals rather than to time points.

In the first part of the paper, we describe the temporal
reasoner system based on IDSA subalgebra and we show its
properties, the algorithms used for constraint propagation
and compare it with other approaches proposed to combine
metric and qualitative temporal information~Kautz & Lad-
kin, 1991; Meiri, 1991; Becker, 1995!.

In the second part of the paper we address the problem of
scheduling a set of manufacturing operations in a small fac-
tory by using the temporal reasoning system. We believe
that many interesting robotic manufacturing processes fall
into the class represented by this simple scenario where a
set of operations has to be accomplished within a given time.

The paper is organized as follows: In Sections 2 and 3 we
introduce the temporal representation; in Section 4 we pro-
vide a formal description. The relation between qualitative
and metric relationships is briefly analyzed in Section 5 and
some properties of IDSA subalgebra are shown in Sec-
tion 6. In Section 7 we examine the algorithms used and in
Section 8 we show a practical application of a reasoning
task.

2. TEMPORAL ENTITIES

The underlying logic is Allen’s. Temporal entities are prop-
erties and occurrences such as events and processes. We
briefly recall here their definitions with some comments
~Allen, 1983, 1984; Allen & Ferguson, 1994!.

Properties represent the static aspect of the world. Aprop-
erty can be defined according to:

holds~P, I ! a ~ ∀t.in~t, I ! r holds~P, t!!,

where the temporal relationshipin is:

in 5 starts∨ during ∨ equal∨ finishes.

If a propertyP holds over an intervalI, it holds over all
subintervals ofI.

Processes describe activities that do not have a precise
ending point~or accomplishment!. For example “I am run-
ning” is a process. Processes are recursively defined in terms
of themselves in Allen~1984!, and, as noticed by Trudel
~1993!, it is clear that their formal definition is rather con-
troversial. Galton~1990! argues that it is possible to sim-
plify the ontology by subsuming processes under properties.

As a final remark, we could say that processes have been
quite obscure objects from the beginning and rather useless
in practical applications.

Events describe some dynamic aspects of the world:

~occurs~P, I ! a ~~occurs~P, I ' ! ∧ ~ ∀t{in~t, I ' !

r ¬occur~P, t!!!!!.

If an eventP occurs over an intervalI then it does not occur
over any proper subintervals ofI. This property represents
the fact that an event isgestalt~Shoham, 1987!.

So, in our approach, temporal facts are essentially prop-
erties and events referring to intervals. We can say nothing
regarding the truth value of logical formulae that refer to
time points.

As we have already argued, time points are relegated to a
secondary status within our representation and are used ex-
clusively to express the mutual position of intervals in terms
of distances between end points. We have excluded points
from ontology because they are mainly rather problematic
~Ma & Knight, 1994; Knight & Ma, 1994!. On the other
hand, excluding points makes it impossible to deal with con-
tinuous change~Galton, 1990; Knight & Ma, 1994; Ma &
Knight, 1994!. But, in the applications of planning and sched-
uling which concern us, it is not essential to describe con-
tinuous changes. If it were the case, we would use the revised
theory of time proposed by Ma, Knight, and Petridis~1994!.

3. QUALITATIVE AND METRIC TEMPORAL
INFORMATION

The temporal reasoner deals with possibly uncertain quali-
tative and quantitative constraints relative to temporal
intervals.

Two main commitments are:

1. to blend metric information and qualitative informa-
tion in a representation based on intervals as elemen-
tary entities; and

2. to represent possibly uncertain knowledge by utiliz-
ing disjunction of durations of intervals or disjunction
of qualitative relations between intervals.

The notion of disjunction is also needed to represent mutu-
ally exclusive events. As an example, suppose that orders
of event1andevent2are exclusive. Thenevent1either fol-
lows or precedesevent2. This is a common constraint in
planning and scheduling problems. This type of constraint
cannot be expressed in point based logic~van Beek & Co-
hen, 1990!.

On the other hand, interval algebras such as Interval Al-
gebra~IA ! ~Allen, 1983! and the pointizable subalgebra of
IA ~SAC! ~van Beck & Cohen, 1990; van Beek, 1992; Nebel
& Buckert, 1995! deal only with qualitative information
while DistanceAlgebra~DA! ~Dechter, Meiri, & Pearl, 1991!
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deals exclusively with metric knowledge in a time point rep-
resentation.

Thus, we propose a new integration of qualitative and
quantitative information referring to interval-based con-
straint network.

Before we present formal definitions, in this section let
us give an example to outline the intuition. Suppose we know
that an intervalA precedes an intervalB by 5–10 min and
that the maximum duration from the beginning ofA until
the end ofB must not exceed an hour~Fig. 1!.

The qualitative relationship betweenA andB can be ex-
pressed by the relationbefore[ IA but, as for the metric
information, we have to consider the end points of intervals:

A 5 $A2,A1 %, B 5 $B2,B1 %

and their relative distances. Such distances can vary from a
lower bound to an upper bound; unknown distances can be
assumed to vary in the range~2`,1`!. In the present case,
the input knowledge can be expressed as:

Rinput 5 ~before,~2`,1`!,~0,60# ,@5,10# ,~2`,1`!!,

wherebeforedescribes in a qualitative way the mutual po-
sition of the two intervals and the four pairs of data repre-
sent the ranges of variability of the four distances~in the
order!:

D11 5 B2 2 A2

D12 5 B1 2 A2

D21 5 B2 2 A1

D22 5 B1 2 A1

with the intended meaning thatD11 is the duration of
A plus the distance betweenA and B, and so on for the
otherDij . As examples,B2 2 A1 5 @5,10# means that 5≤
B2 2 A1 ≤ 10 andB1 2 A2 5 ~0,60# means that 0,
B1 2 A2 ≤ 60.

Now, to blend the two types of information and take into
account some further information relative to the intervals’
durations~suppose thatA has a duration ranging from 1 to
5—@1,5#—andB from 10 to 50—@10,50# !, it is necessary:

• to transform the qualitative relationbeforeinto the cor-
responding metric one, that is in the 4-tuple:

~~0,1`!,~0,1`!,~0,1`!,~0,1`!!

• to perform the intersection between this 4-tuple repre-
senting the qualitative relation and the metric one;

• to consider the point-based network having the inter-
val extremes as nodes and the elements of the 4-tuple
and interval durations as arc labels; and

• to check consistency and compute the minimal net-
work in order to find the tightest constraints over the
point network.

In the example, we obtain the point-based minimal net-
work of Figure 2 and the relation becomes:

~ @6,15# ,@16,60# ,@5,10# ,@15,60# !.

Computation is carried out on metric information in a
point-based network; but the results obtained from compu-
tation are reconverted into an interval-based framework to
be given as output.

Then the last steps are:

• to translate the point-based network into the corre-
sponding interval-based

• to express the qualitative part of the relationship
explicitly.

In this case, the relation is:

Routput 5 ~before,@6,15# ,@16,60# ,@5,10# ,@15,60# !.

Then, at the inner level, where propagation algorithms are
applied, only metric constraints are represented, in the form
of distances between ending points of intervals. However,
at the interface level, in input and in output, this informa-
tion is split into its qualitative and quantitative components.

4. DEFINITIONS

Let us now formally defineunary andbinary constraints
relative to a temporal network, whose nodes are labelled by
temporal intervals, whose directed arcs by unary and binary
temporal constraints.

Fig. 1. Example of initial knowledge.

Fig. 2. Example of the point-based network.
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Definition. A unary constraint UCi is defined as the
disjunction of possible durations for an interval:

UCi 5 D1 ∨ D2 ∨ . . . ∨ Dn,

whereDi represents the range of values of the interval du-
ration, in the formd~L,U !, whereL [ ℜ, U [ ℜ andL ≤ U.

n

As an example, if an interval has a duration included be-
tween 5 and 10~w.r.t. a given timeline!, the unary con-
straint is expressed asd~5,10!, while if it lasts 5 then the
constraint becomesd~5,5!. The formd~5,10! is equivalent
to @5,10# throughout the text.

Definition. A binary constraint BCi between two in-
tervalsA andB is defined as a disjunction of binary rela-
tions that can hold between those intervals:

BCi 5 R1 ∨ R2 ∨ . . . ∨ Rn,

whereRi [ IDSA ~Interval Distance Sub-Algebra!, for i 5
1. .n. n

The binary relationRi betweenA andB is an ordered tu-
ple of four intervals belonging to the real axis. It defines the
mutual position of the intervalsA andB, blending together
the quantitative and qualitative temporal information in the
following way. LetA andB be two intervals and let us con-
sider their extremes:

A 5 $A2,A1 %, B 5 $B2,B1 %.

Definition. Any two intervalsA andB satisfy a binary
relationRi if the distancesD11, D12, D21, andD22 belong to
the four intervals composing the 4-tupleRi . The distances
D11, D12, D21, andD22 ~open, closed or semi-open! repre-
sent the durations of:

D11 5 B2 2 A2

D12 5 B1 2 A2

D21 5 B2 2 A1

D22 5 B1 2 A1

Because uncertainty is allowed, each distance may have a
range of variability defined by a lower and an upper bound.
It follows that Dij 5 dij ~Lij , Uij !, whereLij andUij are the
lower and the upper bounds respectively, fori, j 5 1,2; ob-
viously, if the distance is exactly known thenLij and Uij

coincide. We use the notationo~Lij ! or o~Uij ! to indicate
thatDij . Lij or Dij , Uij , respectively. n

All IDSA relationsRj in a binary constraintBCi are pair-
wise not-unitable~canonical form): if two IDSA relations
are unitable, as they are processed, they are expressed as a
single IDSA relation. This is an important step to keep the
number of disjunctions for each constraint as small as pos-
sible, so as to reduce computational effort when perform-
ing operations on the network. The time needed to propagate

information over the network, to infer new constraints, is
closely dependent on the number of relations per arc.

Definition A binary constraintBCi is in canonical form,
if it is the disjunction of IDSA relations with intersections
mutually empty, that is, if the intersection of any two rela-
tionsRj andRk composing the constraint, is empty. n

As we have previously seen, the input knowledge con-
cerning any pair of intervals can be represented as a rela-
tion Rinput:

Rinput 5 ~RQ,D11
m ,D12

m ,D21
m ,D22

m !,

where the indexm indicates metric information only.
Thus, one can specify either only the qualitative relation

RQ, or only some distances between the four end points or,
finally, RQplus some distances.

The qualitative relationRQ [ SAC, where SAC is the
pointizable subalgebra of Interval Algebra~van Beck &
Cohen, 1990; vanBeek, 1992; Nebel & Buckert, 1995!. Ob-
viously, SAC contains the 13 atomic relations of IA, and it
is composed by those relations of the interval algebra that
can be translated into a conjunction of relations of PAC~con-
tinuous point algebra! between the beginning and the end-
ing points of the intervals; for example,before∨ overlaps
is allowed, butbefore∨ after is not. To this set~SAC! be-
long the relations proposed by~Freksa, 1992!, where Allen’s
13 mutually exclusive relations are grouped to process di-
rectly coarse temporal knowledge~e.g.,precedesrepresent
before∨ meets).

To use SAC subalgebra, instead of IA, to express quali-
tative relations between intervals, means to compact the
knowledge associated with each arc, thus reducing consid-
erably the computational effort.

The input relation is translated into an IDSA relation ac-
cording to the canonical form definition. Of course, to iden-
tify an IDSA relation, the 4-tuple of distances must be
consistent. To check the consistency of a single IDSA rela-
tion, the system follows these steps:

1. the four distances composing the 4-tuple are repre-
sented over a network whose nodes are points~the ex-
tremes of the intervals! and whose arcs are labelled by
the distances specified in the tuple, thus obtaining a
Distance Algebra network. If this network is consis-
tent, the tuple is consistent, too, and it represents an
IDSA relation between two intervals;

2. a minimal network algorithm~Mackworth, 1992! is
then applied to this point-based network to compute
the tightest constraints over the point network: a new
4-tuple is obtained, which is equivalent to the initial
one~i.e., represents the same set of solutions for the
point network!.

This corresponds to determine the canonical form of a bi-
nary relation: let us say, the minimal 4-tuple.
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The results obtained by applying the constraint propaga-
tion algorithms are presented in output utilizing the same
input format, that is, specifying explicitly the qualitative re-
lation RQ and the four distances that compose the quanti-
tative relation between intervals. Note that the qualitative
relation may be redundant, but it is convenient, for many
practical purposes, to render it explicit. In this way, there is
an input0output convenience: at the user level temporal
knowledge is expressed in the same way.

The fact of considering intervals at the user level and time
points at the computational one is indeed close to the repre-
sentation presented in IxTeT~Ghallab & Laruelle, 1996!.
However, we consider intervals as primitives and the formal-
ism IDSA has been defined to blend metric information rel-
ative to intervalswithqualitative informationhomogeneously.

5. THE RELATIONSHIP BETWEEN RQ AND
THE METRIC ONE

Let us analyze the relationship between the qualitative com-
ponentRQand the metric component, let us call itRM, in a
relationRi between two intervalsA andB. What we want to
show is thatRQcan be expressed as a quantitative relation
RM ~4-tuple of four distances between the end-ponits of the
two intervals!, and, vice-versa, everyRM relation identifies
a RQ relation.

Qualitative r quantitative

Each relation belonging to SAC~RQ [ SAC! is com-
pletely specified by means of PAC relations~,,≤,.,≥,5!
and can therefore be represented in the DA algebra by a set
of distances between the end points of the two intervalsA
andB. Hence, there is a mapping between each SAC rela-
tion and a 4-tuple of distances, which is a quantitative re-
lation RM belonging to IDSA.

Quantitative r qualitative

The four distances composing a 4-tuple can be trans-
formed into qualitative constraints between points accord-
ing to the Table 1~the symbol ? represents the universal
relation!.

The conjunction of these qualitative relations between the
end points of the intervalsA andB identifies a relation be-
longing to the SAC.

We can conclude that it is always possible to pass from
an interval-based representation to a point-based represen-
tation without loss of information.

6. PROPERTIES OF IDSA

As previously explained, a relation of IDSA is a tuple of
four distances between the extremes of two intervals:

Ri 5 ~D11,D12,D21,D22!,

whereDij 5 dij ~Lij ,Uij !, for i, j 5 1,2.

A tuple is inconsistent when it implies a null or negative
duration for the constrained intervals. For example, the tuple:

~d11~5,10!,d12~3,4!,d21~2`,1`!,d22~2`,1`!!

is inconsistent.
The empty relation,e, is represented by the set of all the

inconsistent tuples.
The universal relation is given by:

F 5 ~d~2`,1`!,d~2`,1`!,d~2`,1`!,d~2`,1`!!.

The identity relation is:

I 5 ~d11~0,0!,d12~o~0!,1`!,d21~2`,o~0!!,d22~0,0!!,

whereo~0! means that the extreme is open.
In general, the union of two IDSA relations is not an IDSA

relation. Hence, IDSA is a subalgebra, not an algebra, be-
cause it is closed under operations of intersection and com-
position, contains the empty relation, the universal relation,
and the identity relation, but it is not closed under union.

7. POSSIBLE QUERIES

7.1. Consistency

A temporal network is consistent if there is a consistent la-
belling, that is, if at least one singleton labelling exists that
satisfies all the constraints. A singleton labelling is obtained
by considering only one relation for each binary constraint
and only one duration for each interval. It is consistent if
there is a possible assignment of the position of the inter-
vals onto the time line, such that all the constraints forming
the labelling are satisfied.

For each singleton labelling, the network can be trans-
lated into a network over time points~extremes of inter-
vals!, that is, an STP~Simple Temporal Constraint Problem!
~Dechter et al., 1991!. The network is consistent if and only
if a consistent STP exists. Checking consistency requires an

Table 1. Relation between quantitative and qualitative
constraint

Quantitative
constraint
~DA!

Intermediary
quantitative
constraint

Qualitative
constraint

~PAC!

@a,b# ~0,1`! ,
~0,b# ~0,1`! ,
@0,b# @0,1`! ≤
@2a,b# ~2`,1`! ?
@2a,2b# ~2`,0! .
@2a,0! ~2`,0! .
@2a,0# ~2`,0# ≥
@0,0# @0,0# 5
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algorithm complexityO~n3!, wheren is the number of nodes
in the STP~path-consistency! ~Tsang, 1993, van Beek &
Manchak, 1996!.

The problem of checking the consistency of an IDSA net-
work is an NP-hard problem: in the worst case it is neces-
sary to check the consistency of all singleton labellings, to
conclude that the network is inconsistent. Ife is the number
of edges on the graph, andk is the maximum number of
IDSA relations per arc,ke is the maximum number of single-
ton labellings to be checked. For each singleton labelling, a
path-consistency algorithm is applied, so that the complex-
ity of the whole problem, in the worst case, isO~n3ke!. Ob-
viously, the lower the number of relations per arc, the lower
the number of singleton labellingske. Thus, we can under-
stand the reason why it is important to maintain the knowl-
edge as “compact” as possible, that is to represent a binary
constraint by means of a small number of disjunctive rela-
tions, as previously mentioned.

7.2. Finding a solution

The problem of finding a solution for a given network can
be dealt with in different ways. One can consider a “solu-
tion” as a consistent singleton labelling, for example. But
even within a singleton labelling there is some uncertain
information: if we say that an interval can assume only one
possible duration selected from a disjunction of durations,
we must remember that this duration itself is affected by
uncertainty, because it is expressed asd~L, U !, which means
that the interval duration can vary fromL to U. Then, as a
possible solution of a network, we intend the set of exact
values that the extremes of intervals can assume. We refer
to a given time line, which is defined as a particular interval
called I0, such that all intervals of the network are con-
tained withinI0. If we assign the value zero to the starting
point of I0, when a singleton labelling is fixed, a range of
variability for each extreme of each interval can be found,
and a precise value belonging to this range can be imposed
for each point. Thus, finding a solution of a given network
means to assign to each extreme of each interval a precise
value within the time line, in such a way that all temporal
constraints are satisfied: in other words, finding a scenario
consistent with the temporal information.

7.3. Minimal network

The minimal network is a network equivalent to the initial
one, but having the tightest temporal constraints~i.e., all
inconsistent relations have been eliminated!. The algorithm
used is:

1. search for all consistent singleton labellings;
2. for each singleton labelling:

~a! translate it into an STP, whose nodes represent the
interval extremes and whose arcs are labelled with
the range of variability of the distances between
nodes;

~b! apply path consistency over the STP to obtain its
minimal network;

~c! translate the time points network into the equiva-
lent interval network; and

3. the minimal network is obtained as the union of all
these networks.

The algorithm complexity is stillO~n3ke!. The time com-
plexity is equivalent to the ones defined for the worst case
of the problems of checking consistency and finding a so-
lution seen above. In this case, all singleton labellings must
be examined to find the minimal network. Thus, the time
needed is always greater than that needed to check consis-
tency or find a solution. All of the algorithms above have
been implemented by using the CLP~R! language~Jaffar &
Lassez, 1987, Jaffar et al., 1992!.

8. OTHER APPROACHES

Comparing IDSA representation with IA algebra with re-
gard to their expressive power, we can easily see that an
IDSA network is as expressive as an IA network, if its use is
limited to represent only qualitative information.

Comparing IDSA with DA, we can say that, if each point
is viewed as an extreme of an interval, all relations that
can be expressed within a TCSP can also be expressed
within an IDSA network, while the contrary is not true be-
cause in a TCSP metric relations between intervals cannot
be represented.

We can therefore conclude that an IDSA network has a
greater expressive power than IA and DA representations.

Other approaches to temporal representation and reason-
ing allow us to represent explicitly metric information and
to combine it with the qualitative information. In Kautz and
Ladkin ~1991!, the information is represented in two sepa-
rate networks: the first with qualitative information, whose
nodes represent intervals, and the second with metric infor-
mation, whose nodes represent ending and starting points
of intervals. Maintaining information in this way is quite
expensive as it is necessary to propagate the constraints im-
posed by one network on the other one in an iterative way.
The algorithm terminates inO~~n2~m1 n3!! time, wheren
is the number of intervals in the network resulting from the
union of the two networks andm is the time required to
compute the minimal network of the qualitative network
~which is itself a NP-complete problem!. Within this frame-
work it is possible to represent single time points, that is,
time points that are not the extremes of an interval. This is
not allowed in our representation. Apart from this, our rep-
resentation has a greater expressive power than Kautz and
Ladkin’s. The sublanguageLa ~only qualitative! can be rep-
resented in an IDSA network, because all IA relations can
be expressed in our formalism. Moreover, simple metric con-
straints between end points can surely be represented in an
IDSA network, because distances between end points can
be specified within an IDSA relation. The contrary is not
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true: an IDSA network cannot be translated into Kautz and
Ladkin’s formalism because in their formalism a disjunc-
tion of metric relations between intervals cannot be repre-
sented, neither can a disjunction of metric relations between
a pair of points be represented. Only one singleton labelling
of an IDSA network can be expressed within this formal-
ism, because it is equivalent to an STP~thus, only the sub-
languageLm is sufficient, in this case!.

In Meiri ~1991!, only one network with two kinds of nodes
is used: one representing intervals, the other temporal points.
Constraints between intervals consist of Allen’s disjunctive
qualitative relations, while constraints between points con-
sist of the set~ , , 5 , . ! of qualitative relations or metric
relations~ranges of variability of the temporal distances!.
Meiri also defines qualitative relations~before, starts, dur-
ing, finishes, after)between a point and an interval. This
approach allows the direct representation of qualitative and
metric information, but it forces us to consider three nodes
for each interval in the network: one representing the inter-
val, and two representing its extremes.

Our representation can be considered hybrid in a differ-
ent way: at the inner level, where propagation algorithms
are applied, only metric constraints are represented, in the
form of distances between ending points of intervals. How-
ever, at the interface level, both in input and output, this
information is split into the qualitative and metric forms.
This is because it may be useful for the user, in input, to
represent only the partial knowledge about temporal rela-
tions at hand~e.g., that something is before something else!
and, in output, to easily interpret and use the qualitative con-
straints between intervals. In this way, the expressiveness
of the system is kept homogeneous.

The complexity for the consistency check and for the com-
putation of minimal network is exactly the same for our for-
malism and Meiri’s approach~NP-hard!; in fact, in both
cases, the network is decomposed into singleton labellings,
which are transformed into an STP. It is worth noting, how-
ever, that in our framework the number of singleton label-
lings to be examined is always less than or equal to the
number of singleton labellings of a Meiri’s network: in-
deed, each IDSA relation~the disjunction of IDSA rela-
tions forms a constraint on an IDSA network! may represent
the union of two or more relations that are expressed as a
disjunction on a Meiri network. IDSA constraints are
maintained in a form such that IDSA relations are pairwise
non-unitable. For example, given the constraint between in-
tervalsP andQ:

before∨ during ∨ overlaps∨ meets∨ starts

in a Meiri network, it generates five singleton labelling~one
for each basic relation!. It is translated into our formalism
as the single SAC relationsb~survivedby), which generates
only one singleton labelling. This feature is very important
because the computation time depends greatly on the num-
ber of labellings to examine. Within each labelling, the com-
putation time~to check consistency and calculate the minimal
network! is polynomial.

In Badaloni et al.~1996!, where a reduced version of the
present work was published, we showed how a typical tem-
poral problem proposed by Meiri can be solved using our
approach.

A study proposed by Becker~1995! deals with a hybrid
formalism to treat both qualitative and quantitative tempo-
ral and nontemporal constraints. The aim is to combine
Allen’s and Rit’s formalisms~Rit, 1986! and nets of arbi-
trary constraints. It seems to us that because events in Allen’s
and Rit’s approaches are quite heterogenous entities from
an ontological point of view, their unification in a frame-
work might be problematic. Instead, in our formalism, we
extend the Allen temporal logic only by including, let us
say, a measure over intervals. We preserve the ontology con-
cerning the temporally qualified facts~i.e., properties, events,
and processes!. Moreover, bearing in mind that an SOPO
~events are defined as sets of possible occurrences! consists
of six components, stating a minimal~2! and a maximal
~1! value for start~S!, duration~D! and finish ~F! ~Rit,
1986!, and that this information has to be integrated with
other information of a different type~qualitative, nontem-
poral! ~Becker, 1995!, the propagation algorithm complex-
ity seems to increase rapidly. However, a detailed analysis
of complexity is lacking in~Becker, 1995!.

9. SCHEDULING OF MANUFACTURING
OPERATIONS

Let us now consider an example regarding the scheduling
of manufacturing operations to show how a typical indus-
trial scenario can be dealt with by our temporal reasoner
based on IDSA subalgebra. We believe that many interest-
ing robotic manufacturing processes fall into the class rep-
resented by this simple scenario where a set of operations
has to be accomplished within a given time. For the mo-
ment, we do not address the problem of resources allocation.

Each operation will have a specific processing time and,
with respect to other operations, will have one or more of
the following characteristics:

1. it must precede certain other operations;

2. it is independent of certain operations;

3. it is concurrent with some operations; and

4. it is synchronized with external events.

This problem can be regarded as a particular instance of the
~so-called! generalized job shop scheduling~Chu & Ngai,
1993! where different operations in a job can be processed
in parallel and different jobs have different release times
and deadlines.

In a small factory there is a production line to make plas-
tic lids for car batteries. The main operations are the injec-
tion moulding by means of a machine, the control of the
quality of the product, and the packaging of the final prod-
uct. After the moulding operation, carried out by the ma-
chine, a first robot, R1, takes the lid from the machine and
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controls its quality; a second robot, R2, prepares a packing
and packages the lid. This second robot, moreover, has to
fit two lead bushings into the machine before the beginning
of the subsequent moulding~to produce another lid!. As the
durations of the various operations are not homogeneous,
machines and robots have some idle time.

What we want to show is how the use of the temporal
reasoner, which can manage the real temporal constraints
among operations, leads to an effective reduction of idle
times.

The operations of the two robots to produce a lid are the
following:

1. R1 takes the lid from the machine, when it is ready;
for this operation the robot has to synchronize with an
external event, that is the end of the machine mould-
ing. This operation takes a time varying from 5 to
10 s. The machine takes from 60 to 70 s to execute the
moulding.

2. R2 fits the lead bushings into the machine before the
beginning of the subsequent moulding. This operation
immediately follows the first one, and takes from 5 to
10 s.

3. R2 prepares a packing, which requires from 15 to
25 s.

4. R1 controls the quality of the lid at least 20 s after
operation~1! to let the lid cool down. This control takes
from 25 to 30 s.

5. R2 packages the lid in 10–20 s. Of course, this oper-
ation has to be executed after operations~3! and~4!.

Each robot can perform only one task at a time. We define
a reference time line; we suppose that the machine starts
working at the beginning of the time line.

The problem we address is to find a possible solution for
the production of one lid, satisfying a given deadline, which,
for example, might be 120 s.

All the available knowledge can be represented by a tem-
poral network, as shown in Figure 3. Each node represents
the interval during which a task is performed~for the sake
of simplicity, the interval has the same name as the task as-
sociated with it!. Each interval has a duration which can
vary between a lower and an upper bound~in the form@L,U #
or dij ~L,U !!, except for the time line and for the interval
lid ready that starts as soon as the lid is packed~rela-
tion m5 meetswith the intervalpackage ! and lasts indef-
initely.As an example, the information that the intervaltake
lid has a duration from 5 to 10 s is represented by the pair
@5,10# composed by the bounds of the range of variability
of the interval.

The deadline we have set is represented by the con-
straint:

@ini,d11~0,120!#

between the time line and the interval during which the cover
is ready. This constraint states that:

• the intervallid ready is contained within the time
line by means of the relationini, which is the inverse
of the relation:

in 5 starts∨ during ∨ finishes∨ equal

• the distance between its starting point and the starting
point of the time line varies from 0 to 120.

The operations of fitting the bushings and preparing the
packing cannot occur simultaneously because they are both
executed by the second robot. Thus, between the correspond-
ing intervals a constraintprecedes∨ succeeds~ pr ∨ sd in
the figure! must hold: one interval must precede or succeed
the other, and no other relation can hold between the two.

The relationm5 meetsbetween the intervalsfit bush-
ings and take lid translates the information that the
operation of fitting must immediately follow that of grasp-
ing. To represent the fact that the machine starts working at
the beginning of the time line, a relationstarts~s in the fig-
ure! is specified between the intervalmoulding and the
time line.

Once we have described the initial knowledge in terms of
temporal entities, temporal constraints and deadlines to be
satisfied, the temporal reasoner can solve a variety of que-
ries such as checking consistency, finding a solution, and
computing the minimal network.

Let us now apply the algorithm to find a solution as de-
fined in Section 7.2. The system computes two possible so-
lutions as two sets of assignment of values to all variables
that satisfy all the constraints. The network has two consis-

Fig. 3. The initial temporal network.
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tent labellings. In the first case~shown in Fig. 4!, the inter-
val fit bushings precedes the intervalprepare
packing , while, in the second one~shown in Fig. 5!, the
interval fit bushings succeeds the intervalprepare
packing . In the first solution, intervals have the follow-
ing extremes~each intervalA is considered as$A2,A1% ,
whereA2 andA1 are the exact values of extremes relative
to the intervalI0!:

take lid 5 $60, 65%

fit bushings 5 $65, 75%

prepare packing 5 $75, 90%

control 5 $80, 95%

package 5 $95, 105%

lid ready 5 $105,1`%

moulding 5 $0, 60%

In the second case a possible solution is:

take lid 5 $60, 65%

fit bushings 5 $65, 75%

prepare packing 5 $0, 15%

control 5 $80, 95%

package 5 $95, 105%

lid ready 5 $105,1`%

moulding 5 $0, 60%

We can see that the task of preparing the packing can be
accomplished in parallel with that of quality control and with

that of moulding. These are two possible schedules of the
operations computed by the temporal reasoning system.

We can also observe that the idle time between the grasp-
ing operation and the quality control for letting the lid cool
down is utilized in both cases to perform a different
operation.

We can also note that, in the second scenario, the mould-
ing operation is processed in parallel with the packing pre-
paring operation.

The minimal network computed by the system can be rep-
resented by a table with an entry for each node~Table 2!.
The minimal network is a complete graph, so that we know
the feasible relationships between any pair of intervals. For
example, we can infer that intervalfit bushings must
always~that is, in each solution! precedecontrol , while
initially the relationship between these two intervals was
unknown.

Note that in the table some qualitative relations belong-
ing to SAC are not elementary relations of the Interval Al-
gebra. These are:disi, which stands for the disjunctiondi ∨
si, difi, which is the disjunctiondi ∨ fi, ppnli is the disjunc-
tion bi ∨ mi ∨ oi ∨ fi andlpnni the disjunctionsi ∨ oi ∨ mi ∨
bi ∨ e ∨ s ∨ d ∨ f.

We can conclude that, even with initial conditions of un-
certain and inaccurate knowledge, the system manages to
work out an optimal ordering for the operations considered,
taking into account all the deadlines, partial and total.

10. CONCLUSION

In this article, we have presented a general frame for rep-
resenting qualitative and quantitative constraints relative to

Fig. 4. First schedule.

Fig. 5. Second schedule.
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temporal intervals. Temporal knowledge is represented in a
temporal network where nodes are associated with intervals
and arcs are labelled by binary constraints referring to in-
tervals. To specify quantitative information, we refer, on the

algorithmic level, to the extremes of intervals, that is, to
time points.

We have shown that our representation, by blending to-
gether the two types of information homogeneously, has an

Table 2. The minimal network

Int. Take lid Fit bush Packing Control Package Lid ready Mould

time line di, di, disi, di, di, difi, si,
d~60, 75!, d~65, 80!, d~0,65!, d~80,95!, d~95,110!, d~105,120!, d~0,0!,
d~65,80!, d~75,95!, d~15,80!, d~95,110!, d~105,120!, d~o~105!,300!, d~60,70!,
d~2240,2225!, d~2235,2220!, d~2300,2235!, d~2220,205!, d~2195,2180!, d~2195,2180!, d~2300,2300!,
d~2235,2220! d~2225,2205! d~2285,2220! d~2205,2190! d~2195,2180! d~2195,0! d~2240,2230!

difi,
d~75, 285!,
d~90, 300!,
d~2225,215!,
d~2210, 0!

take lid m, ppnli, b, b, b, sd,
d~5,10!, d~275,25!, d~20,35!, d~35,50!, d~45,60!, d~275,260!,
d~15,25!, d~260,10!, d~35,50!, d~45,60!, d~o~45!,240!, d~215,0!,
d~0,0!, d~280,215!, d~15,30!, d~30,45!, d~40,55!, d~280,265!,
d~10,15! d~265,0! d~30,45! d~40,55! d~o~40!,235! d~220,25!

b,
d~15, 225!,
d~30, 240!,
d~10, 220!,
d~25, 235!

fit bush sd, pr, b, b, bi,
d~280,215!, d~15,30!, d~30,45!, d~40,55!, d~280,265!,
d~265,0!, d~30,45!, d~40,55!, d~o~40!,235!, d~220,25!,
d~295,225!, d~0,20!, d~15,35!, d~25,45!, d~295,275!,
d~280,210! d~15,35! d~25,45! d~o~25!,225! d~235,215!
pr,
d~10,220!
d~25,235!, d~0,
210!, d~15,225!

packing b, b, b, lpnni
d~30,95!, d~55,120!, d~o~55!,300!, d~25,70!,
d~15,80!, d~30,95!, d~40,105!, d~280,215!
d~30,95! d~40,105! d~o~40!,285! d~220,55!
nr, nr, nr, bi,
d~2205,20!, d~2190,35!, d~2180,45!, d~2285,275!,
d~2190,35!, d~2180,45!, d~o~2180!,225!, d~2225,215!,
d~2220,5!, d~2205,20!, d~2195,30!, d~2300,290!,
d~2205,20! d~2190,30! d~o~2195!,210! d~2240,230!

control pr, b, bi,
d~15,30!, d~25,40!, d~295,280!,
d~25,40!, d~o~25!,220!, d~235,220!,
d~0,15!, d~10,25!, d~2110,295!,
d~10,25!, d~o~0!,205!, d~250,235!

package m, bi,
d~10,20!, d~2110,295!,
d~o~10!,205!, d~250,235!,
d~0,0!, d~2120,2105!,
d~o~0!,195!, d~260,245!

lid ready bi,
d~2120,2105!,
d~260,245!,
d~2300,o~2105!!,
d~2240,o~245!!
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expressive power that is greater than both Interval Algebra
and Distance Algebra representations.

On the contrary, the complexity seems to be lower than
that of Meiri’s representation~Meiri, 1991! because the num-
ber of singleton labellings to be examined in our frame-
work is always less than or equal to the number of singleton
labellings of a Meiri network.

Another important feature of this representation is that
temporal information is kept as compact as possible, that is,
the number of disjunctions for each constraint is as small as
possible, so as to reduce computational effort. This is par-
ticularly important when utilizing the reasoning system in
planning and scheduling problems where knowledge is un-
certain and the notion of disjunction is needed to represent
alternatives and0or mutual exclusions.

We have applied the system to solve a scheduling prob-
lem in a manufacturing scenario where a set of operations
have to be accomplished within a given time. We have shown
how the temporal reasoning system can provide a schedule
of manufacturing operations by managing any type of real
temporal constraints, qualitative and quantitative.
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