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A free boundary problem of
competition-diffusion system with
Dirichlet boundary condition

Shijie Gao and Jingjing Cai

Abstract. In this article, we investigate a free boundary problem for the Lotka-Volterra model
consisting of an invasive species with density u and a native species with density v in one dimension.
We assume that v undergoes diffusion and growth in [0, +00), and u invades into the environment
with spreading front x = h(t) satisfying free boundary condition h’(t) = —u,(t, h(t)) — « for some
decay rate «a > 0, this is caused by the bad environment at the boundary. When u is an inferior
competitor, u(t,x) and h(t) tend to 0 within a finite time, while another specie v(#, x) tends to a
stationary A(x) defined on the half-line. When u is a superior competitor, we have a trichotomy
result: spreading of u and vanishing of v (i.e., as t - +00, h(t) goes to +oo and (u,v) — (A,0));
the transition case (i.e., as t = +o0o, (4, v) = (Wa, fja), h(t) tends to a finite point); vanishing of u
and spreading of v (i.e., u(#, x) and h(t) tends to 0 within a finite time, v(#, x) converges to A(x)).
Additionally, we show that this trichotomy result depends on the initial data u(0, x).

1 Introduction

Consider the following free boundary problem:

U = Uy +u(l—u—kwv), 0<x<h(t), t>0,
Ve =Vex +v(1=v = kau), 0<x<+o0, t>0,
(L) v(£,0) =0, u(t,0) =u(t,h(t)) =0, ¢>0,
) R (t) = —uy(t, h(t)) —a, t>0,
h(0) = ho, u(0,x) =uo(x), 0< x < hy,
v(0,x) =vo(x), 0<x< oo,

where x = h(t) isamovingboundary,and (u(t, x), v(¢, x), h(t)) is to be determined.
ho, o and k; (i = 1,2) are given positive constants. The initial data v, satisfies

1.2) vo € C*([0,+00)),v0(0) = 0 and vy > 0,% 0 in [0, +0),
and u, belongs to 2 (hy) for some hy > 0, where
(13) 2 (ho) = {¢ € C*([0,ho]),$(0) = $(ho) =0, ¢ >0 in [0, ho)}.

Ecologically, u is the density of an invasive species and v is the density of a native
species density, k; is interspecific competition rate. Free boundary x = h(t) is the
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invading front of the invasive species, and it evolves according to the Stefan condition
R (t) = —uy(t, h(t)) — a. We use a > 0 to denote the decay rate caused by the bad
environment at (or, out of) the boundary such as the food, predators.

When decay rate o =0 and left boundary condition is Neumann boundary
condition, Du and Lin [6] studied the following free boundary problem

u; = diAu+ u(a; — biu - ¢v), 0<r<h(t), t>0,
ve=dyAv +v(ay — bau — c3v), 0<r<+oo, t>0,
(14) v, (£,0) =0, u,(£,0) =u(t,h(t)) =0, t>0,
) R (t) = —u.(t, h(t)), t>0,
h(0) = ho, u(0,7) =uo(r), 0<r<hg,
v(0,7) = vo(r), 0<r<oo.

They used this problem to describe the dynamical process of a new competitor  who
invades into the habitat of a native species v. The species u spreads through random
diffusion in [0, h(t)] with spreading front h(t) satisfying classical Stefan condi-
tion h'(t) = —u,(t, h(t)). They studied the long time behavior of species u and v,
and obtained spreading-vanishing dichotomy. In problem (1.1), a; = by = a; = ¢; =11,
1 = ky and b, = k;. For the value of k;, There are the following four cases (for more
details, cf. [4, 13]):

1) kie(0,1),i=12

2) 0<ky<l<kyg

(3) 0<ky<l<ky

(4) kie(l,00),i=1,2.

The case (1) is called the weak competition, in this case the competitors co-exist
in the future. The case (2) and (3) is usually called weak-strong competition case,
while (4) are known as the strong competition cases, but the asymptotic behavior of
solutions is difficult to be given clearly. In [6], they considered the case (3) and (4).

There are some other competition systems with free boundaries, such as [8, 16,
18, 19]. In [19], they researched the dynamics for a Lotka—Volterra type weak compe-
tition system with two free boundaries. Later, [8] investigated the spreading speeds
and long time behavior of two invasive species (u, v), where (u,v) satisfies

U = uye +u(l—u- k), 0<x<h(t),t>0,
(L5) Ve =Vex +v(1=v = kau), 0<x<g(t), t>0,
‘ v (£,0) =0, uy(£,0) = u(t, h(t)) =0, £>0,

(1) = —pux (8, h(1)), &'(1) = —uvs (£, 8(2))  £>0,

In [16], they investigated free boundary problems of the prey-predator model with
two species living in [0, ()], and they satisfy the condition h'(#) = —p(u,(t, x) +
pvy(t,x)) at the same boundary x = h(¢). They considered the long time behavior of
solution and criteria for spreading and vanishing.

In [18], they studied a predator-prey model with double free boundaries, two
species satisfy

ur=tyy +u(l-u+av),g(t) <x <h(t) and vi=dvy, +v(b-v—-cu),xeR,
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Figure I: The growth of the protocell model.

with free boundary conditions

() = —uux (6 h(1)), g'(t) = —pux(t, g(1)).

They proved a spreading-vanishing dichotomy. Recently, in [23], the authors inves-
tigated a nonlocal diffusion competition model with seasonal succession and free
boundaries. Yang [20] studied a competitive model by considering traveling wave
solutions. Besides these, there are also other works concerning free boundary problem
of diffusion systems (such as [10, 11, 14, 17, 21]).

If v =0, this means that there are no native species, the systems reduce to the
following diffusive problem

U = Uy +u(l-u), 0<x<h(t), t>0,
u(t,0) =u(t,h(t)) =0, t>0,

R'(t) = —u,(t, h(t)) —a, t>0,

h(0) = ho, u(0,x)=wue(x), 0<x<h.

(1.6)

Such a similar problem is studied in [3] with decay rate « > 0. It is more difficult for
the solution to spread than the case a = 0. Since h’(t) > 0 only if u, (¢, h(t)) < —a.
They obtained a different vanishing and a transition case. Also, [1, 2, 5] studied such
problems with « > 0 representing the decay rate caused by the bad environment at the
boundary, such as food, predators and so on. Moreover, such a boundary condition
are often used in the growth of protocell (cf. [9, 22]), in the process of diffusion
and polymerization of building materials, there is a disintegration (denoted by «)
produced by many factors, such as aging. So the boundary condition satisfies

_ Ju

"= o,

where V;, is the velocity in the direction #, see Figure 1. In one-dimensional space,
this condition is our condition used in the problem (1.1). Such a boundary condition
is also used the tumour model.

In this article, we will consider the spreading of two species u and v. There is new
species u invading into an environment where a native competitor v already exists
on the whole space, see Figure 2. The survival interval of the species v is [0, +o0],
while the survival interval of u is [0, h(¢)]. Since u is moving depending the food,
the density of u and other factors, so the survival boundary of u, i.e., h(t) is often
depending on time ¢, there are three situations for the limits of h(t), i.e., 0, +o0 or a
finite number, see Figure 3.

The situations of spreading of these two species u and v are complicated, we only
consider two cases for interspecific competition rate: 0 < ky <1< kjand 0 < ky <1< ky;
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Free boundary h(t)

Figure 2: The spreading of two species u and v.

= Spreading (h(t)— o)
= = = Vanishing (h(t)~0)
.......... Transition (h(t)~L_)

~~o

Figure 3: The limits of free boundary h(t).

Usually, there is a decay rate at the boundary, we will analysis such decay rate « how
to affect the spreading of two species. Besides, we will show that the initial data of u
plays an crucial role in the asymptotic behavior of two species.

From [2, 16, 18], the problem (1.1) has a unique solution (u, v, k), with v(t,x) €
CU+P)21P ([0, +00) x [0, +00)), u(t,x) e CAPI24p ([0, T] x [0, h(t)]), h(t) e
C*r/2([0, T]), where p € (0,1), T € (0, +00]. In the following, we show that in some
cases T < +oo and for other cases T = +00, this depends on the initial data. However,
as in the proof of [3], the limit h := lim,_,r h(t) € [0, +oo] exists. In particular, we
also write At as hoo when T = +o00.

In this article, we have the following two main results.

Main result 1 (Theorem 3.2) When 0 < ky <1< ky, we have the following results for

the spreading of (u,v):

(1.7) T < +o0, }Ln% h(t) =0, 1er%x€£%)((t)] u(t,x)=0

and

(1.8) tlim v(t,x) = A(x) locally uniformly for x € [0, +00),
—>+00
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Free Boundary Position Species u Dynamics Species v Evolution
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Figure 4: Numerical simulations of (u, v, h) are shown, from left to right, they are: the shrinking
of free boundary h(t) when u vanishes, vanishing of u, the spreading of v.

where A(x) satisfies

" _ —
(L9) {A +A(1-A) =0, x>0,

A(0) =0, A(+00) =1.

Remark 1.1  To explain the results of main results 1(i.e., Theorem 3.2), we give the
numerical results by taking k; = 2, k» = 0.3 « = 0.2 and hy = 2, see Figure 4.

Main result 2 (Theorem 4.1) When0 <k, <1<kyand0< a < ay:= \/3/3 we have,
the solution (u,v, h) is either in

Case (1): spreading of u and vanishing of v: T = +o0, lim;_4e u(t,-) = A(-) and
lim;_, 400 v(,-) = 0 uniformly in any bounded subset of [0, +00);
or

Case (11): vanishing of u and spreading of v: (1.7) and (1.8) hold;
or

Case (I11): in the transition case: hoo = Lo, u(t, ) = wq(+) locally uniformly in (0, heo)
and v(t,-) = n4(+) locally uniformly in (0, +00), where (Wq, 14> Ly ) is the solution of

-w'=w(l-w-k#), 0<x<+oo,
-n"=n(1-n-kyw), 0<x<+oo,
w(0) =w(Ly) =0, —w'(Ly) = a,
w(x) >0 forx e (0,L,),

w(x) =0 forx > Ly,

1(0) =0,5(+00) =1.

(1.10)
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Moreover, for the initial data uy = 0¢ with ¢ € 27 (hy), we prove that there is a
critical data ¢* such that Case (I) holds when ¢ > ¢*, Case (II) holds when ¢ < ¢*,
and Case (III) holds when o = ¢*.

Remark1.2 The existence of the solution (wg, 4, Ly ) is given in Lemma 2.7. When
@ > oy, there is no compactly solution.

We organized this article as follows. In Section 2, we give the general existence
and uniqueness results, and the comparison principle. In Sections 3 and 4, we study
the long time behavior of solutions when 0 < k; < k; and 0 < k; < k; respectively. In
Section 5, we give some sufficient conditions for spreading, vanishing and transition,
and complete the proof main results.

2 Preliminary results

In this section, we first prove a local existence and uniqueness result for the problem
(1.1). Consider the following general free boundary problem

Ur = ey + f(u,v), 0<x<h(t), t>0,
ve=vex + g(u,v), 0<x <400, t>0,
1) v(t,0) =0, u(t,0) =u(t,h(t)) =0, ¢>0,
‘ R (t) = —u,(t, h(1t)) — a, t>0,
h(0) = ho, u(0,x) =up(x), 0 < x < hy,
v(0,x) =vo(x), 0<x< oo,

where f(0,v) = g(u,0) =0 for any u,v € R, uy belongs to 2 (hy) and v, satisfies
(1.2).

Theorem 2.1  Assume that f and g are locally Lipschitz continuous in R2. For any
p €(0,1), ug € 2 (ho) and vy satisfies (1.2), there exists T > 0 such that problem (2.1)
admits a unique bounded solution defined on [0, T) with T € [0, +o0 ] and

(2.2) (u,v, h) € CHP/ZLP (DY 5 U+P)/21+e (DY C1P/2 ([0, T)),
moreovert,

Hu“c(Hp)/z»Hp(DT) + HVHc(HP)/LHP(D;’) + HhHCHP/Z:HP([O,T]) <G,

where Dy = {(t,x) e R*:t€[0,T], x€[0,h(t)]}, DF ={(t,x) eR?*:te[0,T],
x €[0,+00)}, C and T only depend on ho, p, |uol| c2([o,h,1)> |Vl c2(j0,00)) and the
local Lipschitz coefficients of f, g.

Theorem 2.2 Under the assumptions of Theorem 2.1, if we assume further that there
exists a constant L > O such that f (u,v) < L(u +v) and g(u,v) < L(u +v) foru,v > 0,
then the unique solution v(t, x) obtained in Theorem 2.1 can be extended uniquely to
all t >0, and if0i<rt1<fT h(t) > 0, then the solution can be extended to a bigger interval

(0, T.) with T, > T.
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Remark 2.3 We only consider the long time behavior of bounded solutions, so
conditions in Theorem 2.2 is used to exclude the possibility that (u,v) blows up in
finite time. Of course, the problem (1.1) satisfies conditions in Theorem 2.2. Recall
that we introduce « > 0 in the free boundary condition. The property h’(¢) > 0 in
case a = 0 (as shown in [3]) is no longer necessarily to be true. On the contrary, in
some cases, the domain [0, h(¢)] may shrink, even, to a point.

By Theorems 2.1 and 2.2, we have the following estimates.

Theorem 2.4  Problem (1.1) admits a unique and uniformly bounded solution (u, v, h)
satisfying (2.2). And the solution v(t,x) can be extended to all t >0 and u(t,x) is
defined on [0, T) with T € (0, +oc]. Moreover, there exist constants My and M, such
that

0<u(t,x) <M forte[0,T), 0<x<h(t),
0<v(t,x) <M, forte[0,+00), 0< x < +oo0.

And, there exists a constant M3 such that

—a<h'(t) <M; forte(0,T).

Proof From Theorems 2.1 and 2.2, the problem (1.1) admits a unique solution
(u,v, h) satisfying (2.2), and v(t, x) is defined for all ¢ > 0, u(#, x) can be extended
to t € [0,+0c0) aslong as h(t) > 0 for ¢ > 0.

It follows from the comparison principle that u(¢,x) < a(t) for ¢t € (0, T) and
x € [0, h(t)], where

-1
1
u(t) = e'(et—1+ )
o]l

which is the solution of the problem

{Z‘ _a(l-), t>0,
u(0) = [uo] -

(2.3)

Thus we have
u(t,x) <M :=supu(t), t>0.
Since v(t, x) satisfies

vi—vee 2v(1=v), >0, 0<x<+o0,
v(0,x) =vo(x) >0, 0<x<+oo.

We have v(t,x) < Mj := max{|[vo[ (g +c0) L}-
Using the strong maximum principle to the equation of u we obtain

u(t,x)>0 for t€(0,T), 0<x < h(t),

and v(t,x) >0 fort >0, 0 < x < oo.
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Additionally, to estimate the boundness of h(t), we construct the function
(2.4) U(t,x) == My[2M(h(t) - x) = M*(h(t) - x)?]
defined on
Q:={(t,x):0<t<T,max{h(t) - M',0} <x < h(t)},

where

M om max ] £V a? + 2, A uoll cr((—hy,ho) ‘
2 3G,

By a direct calculation, 0 < U < M, in Q. The definitions of U and M imply that
U -Un-UQ1-0)2C(2M* -2Ma-1) 20 in Q.
Additionally, when h(t) > M7},

U(t,h(t)) =u(t,h(t)) =0, te(0,T),
{uo(x) < G(O,x), X € [h() - M_l,h()] n [—ho,ho],
U(t,h(t) = M™) = My > u(t,h(t) - M),
and

U(t,0) >0 =u(t,0).

Hence, it derives from the comparison principle that u(t,x) < U(t,x) in Q.
Therefore,

W (t) = —ux(t,h(t)) —a < Ug(t,h(t)) —a = 2M;M — o := M3 -
For given a pair of functions u := (u,v) and u := (u,v), denote
[0, u] = {u:= (u,v) € [C([0, T] x [0, +00))]*: (,¥) < (u,v) < (@, ¥)}.
For (u1,v1) < (uz,v2), we mean u; < u, and vy < v,.

We next give the comparison principle for general case which includes the
problem (1.1). Thatis f(u,v) = u(1-u - kiv) and g(u,v) =v(1—v - kyu).

Lemma 2.5 (The Comparison Principle). Let (f,g) be quasimonotone nonin-

creasing and Lipschitz continuous in [u,u], with f(0,v) = g(u,0) = 0. Assume that
T € [0,+00), b, h € C'([0, T]),

ueC(ZH)n (2 with =} = {(t,x) e R? : £ € (0, T], x € (0, h(t))},
e C(22)nCH(2) with 2% = {(t,x) e R?: t € (0, T], x € (0, h(t))},

v, 7€ (L= nC)([0, T] x [0,00)) n C**((0, T] x [0, +00)),
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and u,u,v,v >0, h(0) >0, such that

U — ey 2 f(W, V), 0<t<T, 0<x<h(t),

u,—u,, < f(uv), 0<t<T,0<x<h(t),

Vi—Vex 2 g(u, V), 0<t<T,0<x<+00,

V=V <8(U,v), 0<t<T,0<x<+00,

u(t,0) =v(£,0) =0, u(t,x) =0, 0<t<T, h(t)<x < +oo,
(2.5) u(t,0)=v(£,0) =0, u(t,x) =0, 0<t<T, h(t) <x<+oo,

W (t) <-u (th(t)) -« 0<t<T,

7 () > -t (t h(t) - a, 0<t<T,

h(0) < ho < h(0),

uy(x) <up(x) <up(x), 0 < x < hy,

vo(x) <vo(x) <Vo(x), 0<x < +oo.

Let (u,v,h) be the unique bounded solution of (2.1) with initial data (ug,v).
Then h(t) < h(t)) <h(t) in (0, T], u(t,x) <u(t,x) <u(t,x) for (t,x) € (0, T] x
[0, h(t)) and v(t,x) <v(t,x) <V(t, x) for (t,x) € (0, T] x [0, +00).

Remark2.6 If ain(2.5); isreplaced by some > &, or/and « in (2.5)g is replaced by
some y < «, the conclusions of Lemma 2.5 are also true. We call (u,v) (resp. (u,v))
is the upper solution (resp. lower solution).

Lemma 2.7 Assume0 <k <1<kyand0<a<ag:= \/§/3, the problem (1.10) has a
solution (W, o, La).-

Proof By the phase plane analysis (cf. [2]), there exists L}, for any L > L], the
problem

-w'=w(l-w), 0<x<lL,
(26) {w(o) —w(L)=0
has a unique compactly supported solution, denoted by wgl) , and —wsl)(L) >0,

—w® (L) < &g := —=w._(0), where wo, is the solution of

27) {—w”:w(l—w), 0<x < +oo,

w(0) =0, w(+o0) =1.

Actually, from [1, Theorem 2.5], we have w’_(0) = \/3/3, for any « € (0, ), there
is a I, such that the problem (2.6) has a solution with —w’(l,) = a. And there is no
compactly solution when a > ay.

Also, there exists L}, for any L > L}, the problem

(2.8) {m’=WO—w—hL 0<x<L,

w(0) = w(L) =0,
has a unique compactly supported solution, denoted by wc(z). Denote the solution of

-7 =7(1-7), 0<x < 400,
e it e,
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as (). By the standard upper and lower solutions method, there is L, for > Lj the
problem

-w'=w(l-w-ky), x>0,
-n"=n(1-n-kyw), x>0,

w(0) =w(l)=#%(0)=0, w(x) >0, 0<x <1,
w(x)=0,x>1

(2.10)

has at least one positive solution, denoted by (w;, #7;) and
w? (x) <wi(x) < wgl)(x), 0<y(x)<q(x), 0<x<lI.

Moreover, w;(0) >0 —w;(I) > 0,and wj(l) - Oas ] — Lg.
For any small € > 0, (w;, 17;) also satisfies

-w'=w(l-w-ky), 0<x<lI,
-n"=n(0-n-kyw), 0<x<I,

w(0) =w(l)=7n(0)=0, w(x) >0, 0<x <1,
w(x)=0,x21, n(l) <1+e.

.11)

Letting | — +o0, then (w;,7;) > (We,0), where w is the solution of (2.7), and
WL, (0) = 3/5.

For any «a € (0, ap ), there is I = L, such that the problem (2.10) has a solution
satisfying —w'(Ly) = a. Denote such solution as (wg, 74, Ly ), that is, the solution
of the problem (1.10). [

3 Invasion of an inferior competitor

In this section, we consider the situation that 0 < k; <1 < k;, namely u is an inferior
competitor. In this case, we analyze the asymptotic behavior of (#,v) and show that
the inferior invader vanishes at last while the superior species always survives the
invasion.

Lemma 3.1 Let (u,v, h) be a solution of the problem (L.1). (u, h) is defined on [0, T)
with T € (0, +00]. If lim, 7 h(t) =0, then T < +oc0 and

lim max u(t,x)=0.
t—T 0<x<h(t)

Proof From Theorem 2.4, we have u(t,x)<M; for all xe€[0,h(t)] and
t€[0,T]. Using the upper solution U(t,x) constructed in Theorem 2.4. Note
that lim, 5 h(t) = 0, then there exists T; < T such that h(t) - M~ <0 for t > Tj.
Therefore u(t,x) < U(t,x) for t > Ty and x € [0, h(t)]. Thus we have

U(t,x) < C[2Mh(t) - M*h*(£)] > 0 ast > T.
From this and u(t, x) < U(t, x), we have

(3.1) Hu(t,')HLm([O’h(t)]) -0 ast—> T.
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We now prove that T < +00 and limt_)+Th(t) 0. For e, < ;97, by (3.1), there

exists 0 < T, < T such that and h(t) — M~ < 0 and u(t, x) < ¢,. The function
Us(t,x) = e, [2M(h(t) — x) = M*(h(t) = x)*], x € [0, h(t)]

is also an upper solution for u(t, x ). Therefore u(t, h(t)) < U,(t, x) for x € [0, h(t)]
and t > T,. Hence we have

(1, h(2)) <~ (T2) (. h(t)) = 2Me, < g
Hence h'(t) = —u,(t, h(t)) — a < —%, this means that h(t) - 0ast — T< % |
Theorem 3.2 Let (u,v, h) be the solution of (1.1), (u,h) defined on [0, T) with

T €[0,+00], if 0 < ky <1< ky and vy # 0, then u vanishes:

T < +0o, lim max u(t,x)=0, hmh(t) 0,
t>T xe[0,h ()]

and v spreads:
tli{fn v(t,x) = A(x) locally uniformly for x € [0, +00),
where A(x) satisfies (1.9).
Proof We assume T = +oco. From Theorem 2.4, we have u(t,x) < u(t) for t >0
and x € [0, h(t)]. Since lim;_,, o %(¢) =1, we deduce that

limsup u(t, x) < 1 uniformly for x € [0, 00).

t—+oo

Furthermore, consider the parabolic problem

O - Opy = D(1- D), t>0, x>0,
(3.2) @(t,0) =0, t>0,
@(0,x) = up(x), x> 0.

Letting t - +00 we have
(3.3) @(t,-) - A() in C*[0, +o0],
where A(+) satisfies (1.9). From the problem (1.1), we get that
U = tpy +u(l—u—kv) <wuyy +u(l-u), and u(t,0) = 0,u(t, h(t)) = 0.

So @(t,x) is upper solution of u(t,x). Hence u(t,x) < @(t,x) for t>0 and
x € [0, h(t)]. Combining this and (3.3), we deduce

lim sup u(t, x) < A(x) uniformly for x € [0, +00).

t—+o0

Similarly, we have

(3.4) limsupv(t,x) < A(x) < 1uniformly for x € [0, +00).

t—+oo
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Therefore for any small ¢ < k% -1, there exist #; > 0 such that u(t,x) <1+ ¢ for
t > t1,x € [0, 00). Then v satisfies

Ve —Vax 2V(1—ky —kyer —v), £>1,0< x< +oo,
(3.5) v(£,0) =0, t> 1,
v(t,x) >0, 0<x<+oo.

Let v, be the unique solution of

(V*)t_(v*)xx:V*(l_kz_kzc‘h—v*), t>1,0<x <400,
(v+)(£,0) =0, t>t,
(vi)(t, x) = v(t, x), 0<x < +00.

By the comparison principle, we have v(t,x) > v.(t,x) for all £>1# and x > 0.
From [7], we obtain lim¢_, e v+ (t,-) = 7.(-) uniformly in any bounded subset of
[0, 00), where ¥, satisfies

Varr + V(1= ky — kpe1 = 7.) =0, forx >0,
17*(0) = 0, 17*(+00) =1- kz - k281,
V.(x) >0, forx>O0.

Therefore, for any large L > 0, there exists ¢, > t; such that

V(%)

(3.6) v(t,x) 2v.(t,x) 2 fort>1t;, 0<x<L.

2
Then (u, v) satisfies
U = tygy +u(l—u— k), 0<x<h(t), t>1tr,
37 Ve =vVex +v(1—v — kou), 0<x <400, t>t,
(3.7) v(£,0) = 0, u(£,0) = u(t, k(1)) =0, >t
u(tx) <1+ e, v(tx) > 29 0<x<Lt>t.

Since u = 0 for ¢ > ¢, x > h(t), no matter whether or not h(t) < L, we always have
u<aandv>vin[fy,00) x [0, L], where (&1, v) satisfies

Uy =tyx +u(l—u— k), O<x<L,t>t,
v, =V tv(l-v k), 0<x<L,t>tg,

B8 1\ y(1,0)=0, @(£,0) = a(t,h(1)) =0, >,
i‘(t:x):1+€1>2(t>x)=#, 0<x<L,x=L,ort=tr.

The system (3.8) is quasimonotone nonincreasing, which generates a monotone
dynamical system with respect to the order

(u1,v1) < ¢(u2,v2) if and only if uy < up and vy > v,.

Obviously, the initial value (1+ ¢, %*) is also an upper solution. By the theory
of monotone dynamical systems (cf. [15]), we have lim; e %1(t,x) = iy (x) and
lim,, o v(t, x) = ¥; (x) uniformly in [0, L], where (i, v) satisfies
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Asymptotic behavior of solutions of lotka—volterra equations 13

—(I;LL)xx=12L(1—L-lL—k12L), 0<x<1L,
_(KL)xx:KL(l_KL_kZEL)> 0<x<IL,
1 (0) =v,(0) =0,

(L) =1+ e, (L) = =8,

(3.9)

and (#11,v;) <¢(1+&, "7 .

Assume 0 < L; < L, by comparing the boundary conditions and initial condition
in (3.8) with L replaced by L; (i = 1,2), we have iy, (x) > #ir,(x) and v} (x) <v (x)
for x € [0, L,].

Let L — +oo, then (i1,(x),v; (x)) = (#ico(x), v, (x)), which satisfies

(oo ) xx = oo (1= oo — k1v,), %20,
“(Voo)xx = Voo (1= v, —kauy), x20,
oo (0) = v, (0) =0,

ﬁoo(x)£1+£1,yoo(x)2@, x 2 0.

Next we show that ti,, =0and v = A(x). Let (Z(¢,x), W(t, x)) be the solution

of the problem

Zi—Zun = Z(1- Z -t W), £>0,x>0,
10 W= Wer = W(-W-kyZ),  t>0,x>0,
(3.10) 7(1,0) = W(£,0) = 0, £50,

Z(0,x) =1+¢&, W(0,x) = f’*g—x), x> 0.

From [12], we have (Z, W) — (0, A) as £ — oo uniformly in [0, o0). By the compar-
ison principle, we get that i (x) < Z(t,x) and v__(x) > W(t,x) for ¢ > 0, which
gives that il (x) = 0. Combining this with (3.4) we have v__ = A.

Thus we have limsupu(t,-) <0 and litm}nfv(t,-) > A(+) uniformly in [0,L],

t—+o00 —reo
which implies that tginw u(t,-) =0and tginoo v(t,-) = A(-) uniformly in any bounded
subset of [0, +00).

However, by the proof of Lemma 3.1, U, is also an upper solution, we can prove
that h(t) — 0 as t - T for some T < +oo. This contradicts our assumption T = +co.
Hence there must be T < +00, combining this and Theorem 2.2 we have h(t) — 0 as
t — T. Additionally, by Lemma 3.1 we have lim;_, 7 maX.[o,n(¢)] #(t, x) = 0. [ ]

4 Invasion of a superior competitor

In this section, we are devoted to the case that u is a superior competitor, that is
0 < k; <1< k,, we will have a trichotomy result (see Main result 2 in the introduction).
Theorem 4.1 Assume 0 < a < ? Let (u, v, h) be the unique solution of the problem
(L1), (u, h) defined on [0, T) with T € (0, +oo]. Then the solution is either in Case (I)

or Case (II) or Case (III) in the Main results 2 (see them in the introduction).

We prove Theorem 4.1 by several lemmas (see the following Lemmas 4.2-4.4). In
the rest of this section, we always assume that (u, v, k) is the unique solution of (1.1)
with ug € 2" (ho) and vy satisfies (1.2).
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Lemma 4.2 If heo = +00, then lim;, 100 u(t,-) = A(*) and lim;_ 100 v(t,-) = 0 uni-
formly in any bounded subset of [0, +00), where A(-) satisfies (1.9).

Proof From the proof of Theorem 3.2, we have

(4.1) limsupu(t,x) < A(x) <1, limsupv(t,x) <A(x)<1
t—+o00 t—+oo
uniformly for x € [0, +00), where A(x) satisfies (1.9). Therefore, for any small positive

& < 1;:‘1, there exists ¢, > 0 such that v(¢,x) <1+ ¢, for t > t,x € [0, +00).
On the other hand, since ho, = +o0, for any large [ > m, /ﬁ, there exists
—K1—kKi1&2

t; > t, such that h(t) > I for t > ¢;. Then u satisfies

ur— ey 2u(l-u-ki(l+¢)), 0<x<h(t), t>t,
(4.2) u(t,0) =u(t,h(t)) =0, t>t,
R'(t) = —u,(t, h(t)) — a, t> 1.

Consider the following problem,

u,—u, =u(l-u-k(l+e)), 0<x<I, t>0,
(4.3) u(t,0) =u(t,1)=0, t>0,
u(t;,x) <u(t, x), 0<x<I.

Denote its solution by u; (¢, x), it follows from the comparison principle that u (¢, x) >

uy(t,x) for all t > t; and x € [0,1]. Thus u(t,x) > M for x € [0,1] and ¢ > ;.
Moreover,

uj(t,x) N Uy (x)
2

liminfu(¢,x) > lim
t—+oo t—+o00 2

where %, (x) is the nonegative solution of

-q"=q(1-q-k(+¢&)), 0<x<lI,
(44) {qm) _q() =o.

By the phase plane analysis (cf. [2]), as | - +00, 7 (x) tends to A(x) locally uniformly
in [0, +00). Additionally, (u, v) satisfies

U —tyy =u(l—u-kwv), O0<x<I, t>t,

Vt_Vxx:V(l—V—kzu), 0<X<l,l’>tl,
(45) u(t,0) = v(£,0) = 0, £>0,

u(t,x) > w v(t,x) <A(x), 0<x<I, t>1.
Of course

U —tyy =u(l—u- k), 0<x<l1/2,t>1,

V= Vex = V(1= v = kau), 0<x<l1/2, t>1t,
(4.6) u(t,0) = v(t,0) = 0, t>0,

u(t, x) > W v(t,x) <A(x), 0<x<I/2, t>t.
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As in the proof of Theorem 3.2, from the theory of monotone dynamical systems that
litm infu(t,x) > u,(x)
—+o00
and

limsupv(t,x) <v;(x)

t—+o0
in [0, 1/2], where (u,,7,) satisfies
_Egl :El(l_ﬂl —kv)), 0<x<l1/2,

v =vi(1-v; - ki), 0<x<l/2,
u;(0) =v;(0) =0,

u,(1/2) = 2UR 5, (12) =1+ ¢,

(4.7)

Letting | — +o00, we have (1, V) = (U, Voo ), Where (1, Vo) satisfies

U = U (1=t —kiVeo), 0<x< +00,

Voo = Voo (1= Voo — kat,,), 0<x<+o0,
(48) 1, (0) = 7o (0) = 0,

Uy, (+00) ZIEEIOO %T(l), Voo(x) <A, 0<x<+o00.

By the global dynamical behavior of the ODE system (cf. [12]), there hold
u (x)=A(x) and Ve(x)=0. Therefore, liminf,,,ccu(t,x)>A(x) and
limsup,_ . v(t,x) < 0. By this and (4.1), we get
tlim u(t,-)=A(-) and tlim v(t,+) = 0locally uniformly in [0, +c0). ®
—+00 —+00
By Lemma 3.1 and Theorem 3.2, we have the following results.

Lemma 4.3  Let (u,v, h) be a solution of (11). If lim,_ 7 h(t) = 0, then T < +o00 and

lim max u(t,x)=0,
t—00 0<x<h(t)

tlim v(t,x) = A(x) locally uniformly for x € [0, +00),
—+ 00
where A(x) satisfies (1.9).

Lemma 4.4  Assume that 0 < a < ag, Let (u,v, h) be a solution of (1.1). If 0 < heo <
+00, then heo = Ly and (u,v) = (Wq, 1), where (Wy, 4, Ly ) satisfies (1.10).

Proof By Theorem 2.1, for any sequence {t,}, there exists subsequence t,; such
that u(t,;,-) = wo(-) and v(t,,-) = 10(-) as t,, — +oo, where (wy, 170 satisfies

—W(,)’:Wo(l—WO—k]I’](]), 0<x < +o0,

—1’]6’27’]0(1—170—](214/0), 0<x< +o0,
(4.9) wo(0) =wo(heo) =0,

wo(x) >0 forx € (0, he),

w(x) =0when x > hoo.
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For y € (0,1), by passing to a subsequence,

(4.10)
JIEEO Hu(znp ) - WO(')HCHV([O,}I(ZY,].)]) - 0and ]ll,r{.lo HV(Z’W ) - ’10(.)Hcl+y([0,h(fnj)]) - 0.

Therefore,
W (t,) = =tx(tn h(ty,)) — & = —wy(heo) = > 0.

On the other hand, since ho, € (0, +00) and h(t) is Holder continuous when h(t) > 0.
So h'(t) > 0 as t - +oo, this implies that —w{(he ) = a. By uniqueness of the
solution for the problem (4.9), we derive that (wy, 79) is nothing but (w,, ,) and
hoo = L. ™

Lemma4.5 Supposethata > ap = é, (u,v, h) is a solution of the problem (1.1), with

(u, h) defined on some maximal existence interval [0, T) and v defined on [0, +co),
then

T < +o0, lim h(t)=0, lim max u(t,x)=0,
t>+T taTxe[O»h(t)]

and

tli{fn v(t,) = A(+) locally uniformly in [0, +00).

Proof Consider the following ODE problem,

"+¢{1-0) =0, —00<x<0,
(411) ¢(0) =0, {(-0) =1,
{(x) >0 forx<0.

By the Hopf lemma, {’(0) < 0. Also -{'(0) = %
We extend { to [0, +o0) by assuming

{(x)={'(0)x for x > 0.

Define &g := maXg<yx<p, 4o(x). Choose a sufficiently small ¢; > 0, then there exists
d > 0 such that

u(l-u)—(u+e)(l-u—-¢e3)>0esforl—ez3<u<land0<e;< e,
Define

k= max ('(&) <0,

{<l-¢;3

vi= (=0'(0) - a)eg' <0,
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Construct an upper soltuion U(t,x)={(x—x*+&(t)) +q(t), for t>0 and
0 < x < h(t), where

¥ = IE/I(;I: + _;120) +nhg > 2hg, neN, g(t):=qoe™,
T . * ‘1( ) o— _M
()= =80+ s E0) == a0

Now we show that (U, h) is an upper solution of the problem (1.1) in ¥ := {(t,x) :
0<x<h(t), 0<t<T}. Forl-e;<{<1wehave

Ui-Uy ~U(1-U-kv) 22U, - U, ~U(1-U) 2 q'(t) + q(t) = 0.

For the case —q(t) < { <1-e5. When x* — &(t) < x < h(t), {(x) = {'(0)x, we
have ("’ = 0 and { < 0. Hence, when —q(t) < { < 1- &3, we have

U;-Uy-U(1-U)2¢Ek-Mg=0.

Additionally, we deduce from the definitions of M and v that

7 ( )qo_vqo-—uo) &= T (t7(1) - a.

¢'(0)
The definition of U implies U(¢, h(t)) = 0, while the definitions of x* and gy mean
U(0,x) > ug(x) for x € [=hy, ho]. Therefore, by the comparison principle, u(¢t,x) <
U(t,x) in X and h(t) < h(t) for t € (0, T). So h(t) is bounded, thereby Ao, < +o00
or h(t) converges to 0 within a finite time. If the former holds, from Lemma 4.4,
u converges to wy, this is impossible since there is no such solution when « > f

Hence lim, ,5h(t) =0 and T < +o0. Also, from Lemma 4.3, u(t,x) — 0 as t —» T
and lim;_, o0 v(£, x) = A(x). |

5 Sufficient conditions and the proof of Main result 2

5.1 Sufficient conditions

In this section, we give some sufficient conditions for spreading or vanishing of
u(t, x).

Theorem 5.1 Let hy > 0, then the following properties holds:

(1) Choose < aand ug(x) < wp(x) for x € [0, ho] c [0, Lg], vo(x) > ng(x), where
(wg,np» Lg) is the solution of (1.10) with « replaced by f3. Then Case (II) in the
Main result 2 (see the introduction) happens, that is, u vanishes and v spreads.

(2) Choosey > a and ug(x) > wy(x) for x € [0, L, ] c [0, ko], vo(x) < 1, (x), where
(wy»ny) is the solution of (1.10) with « replaced by y. Then Case (I) in the Main
result 2 happens, that is, u spreads and v vanishes.

Proof (1) Note that < &, ug(x) < wg(x) and vo(x) > #7(x), by Lemma 2.5 and
Remark 2.6, we have u(t,x) <wg(x) for x € [0,h(t)] and t>0. Thus we have
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0 < hoo < Lg or lim,_,57h(t) =0 for some T < +oo. If the former case is true, by
Lemma 4.4, u(t, x) will converge to w,(x) and h(t) tends to L. This is impossible
since we have proved that h., < Lg (note that Lg < L,). So the later holds, combining
this and Lemma 4.3 we deuce that u vanishes and lim;_, ;o v(#,x) = A(x) locally
uniformly in [0, +00).

(2) Since y>a, up(x)>wy(x) and vo(x)<#n,(x), by Lemma 2.5 and
Remark 2.6, we have u(t,x) > wy(x) for t >0 and x € [0, h(t)], v(t,x) <1, (x).
S0 hoo < +00 Or ho, = +00. The former is also impossible sine L, > L, and there is
no compactly supported solution satisfying the free boundary condition. So only
he = +00 happens. It derives from Lemma 4.2 that lim, o, u(t,x) = A(x) and
limy_, 400 v(t,x) = 0. ]

5.2 The completion of proof of the Main result 2

By Lemmas 4.2-4.4, we have Case (I), Case (II), and Case (III). To prove Main result 2,
we only need to prove the sharp result ( see the following Theorem 5.2).

Theorem 5.2 Let (u,v, h) be the solution of the problem (1.1) with uy = g ¢ for some
¢ € 2 (ho), 0 >0, denote u(t,x) as u(t, x; o). Then there exists
0" =0"(ho, ¢) :=sup{o : u(t,x;0¢) vanishes for g € (0,d0]} € (0, +o0]

such that

(1) Ifo < a*, Case (II) happens.
(2) Ifo = a*, the transition case happens.
(3) Ifo>a*, Case (I) happens.

Proof (1) The case 0 < 0 < ¢, by the definition of 6* and Lemma 2.5, we get that
vanishing happens for u. By this and Lemma 4.3, we deduce that Case (II) happens
when0 <o <o”.

(2) The case 0 = ¢*. In this case, we cannot have Case (II), for otherwise we have,
for some large ty > 0,

u(to,x) <wp(x), x € [0,h(to)] c [0,Lg].
and
v(to,x) 2 ng(x) forx € [0, +00).

Due to the continuous dependence of the solution on the initial values, we can find
a ¢ > 0 sufficiently small such that the solution (u,, v, h.) of (1.1) with initial data
(0" + )¢ satisfies

ue(to,x) <wg(x), x € [0,h(ty)] c [0,Lg]
and

ve(to,x) 2 np(x) forx € [0, +00).
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Hence, we can apply Theorem 5.1 that vanishing happens for (u., h. ), a contradiction
to the definition of ¢*. Thus at ¢ = ¢, u cannot vanish. So Case (II) is impossible.

We next prove that spreading of u cannot happen when ¢ = ¢*. Otherwise, for
large to > 0, there holds

(5.1)  h(to) > Ly, u(to,-) >wy(-) in [0,L,], and v(ty,x) <#,(x)forx >0,

where (w,, 7, Ly) is given in Theorem 5.1 (2). Also, we may choose a small & such
that the solution (u®,v*, h®) of (1.10) with ug = (¢ — €)¢ also satisfies (5.1). From
Lemma 2.5, we have, for all t > 0,

ut(to +t,x) >wy(x) in (0,L,) c [0,h°(t)] andv®(to +t,x) < n,(x) for x > 0.

Hence 5.1 (2) implies that spreading happens for (1, h®). But it is a contradiction to
the definition of 0*. Hence when o = ¢*, there is only the transition case.

(3) The case 0 > ¢*. We only need to prove that the transition case cannot happen
when o > 0*. Let (uy, v+, h,) be the solution of the problem (1.1) with initial data
ug = 0* ¢, and (uy, vy, hy ) be the solution of the problem (1.1) with initial data ug = o¢p
and vy is the same one as in the case 0 = ¢*. Suppose that the transition case also
happens for (u1, vy, hy). Then

(5.2) he(t) > L, and h(t) > L,yast— +oo.

By the comparison principle we have, for all ¢ > 0,
hy(t) < hi(t), ue(t,x) <ug(t,x) forx € (0,h.(8)];  va(t,x) 2w (t,x) for x > 0.

For some ty > 0, there is small &; > 0 such that

ha(t) + e < hi(t), u.(to,x —€1) <up(to,x) in [e, hi(to) + &1].
Thus we have, for all £ > 0,
u(t+to,x—¢e) <up(t+to,x) in e, he(t+t)]
and
he(t+1to) +e <h(t+tg).

Combining this and (5.2), letting t - +o0, we have L, + ¢ < L,. This contradiction
implies that the transition case is impossible when ¢ > 0. So only Case (I) happens.
| |

References

[1] J. Cai, Asymptotic behavior of solutions of Fisher-KPP equation with free boundary conditions.
Nonlinear Anal. 16(2014), 170-177.

[2] J. Caiand H. Gu, Asymptotic behavior of solutions of free boundary problems for Fisher-KPP
equation. J. Dyn. Differ. Equ. 33(2021), 913-940.

[3] J. Cai, B. Lou, and M. Zhou, Asymptotic behavior of solutions of a reaction diffusion equation with
free boundary conditions. ]. Dyn. Differ. Equ. 26(2014), 1007-1028.

[4] P.de Mottoni, Qualitative analysis for some quasilinear parabolic systems. Inst. Math. Polish Acad.
Sci. Zam. 190(1979), 11-79.

[5] N.Ding, J. Caiand L. Xu, A free boundary problem with nonlinear advection and Dirichlet
boundary condition. Nonlinear Anal. 69(2023), 103719.

https://doi.org/10.4153/50008439525100829 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525100829

20

(6]
[7]
(8]
[9]
[10]
[11]
[12]

[13]
[14]

[15]
[16]

[17]
(18]
[19]
[20]
[21]
[22]

[23]

S. Gao and J. Cai

Y. Duand Z. G. Lin, The diffusive competition model with a free boundary: Invasion of a superior or
inferior competitor. Discrete Contin. Dyn. Syst. 10(2014), 3105-3132.

Y. Du and L. Ma, Logistic type equations on RN by a squeezing method involving boundary blow-up
solutions. J. London Math. Soc. 64(2001), 107-124.

Y. Duand C. H. Wu, Spreading with two speeds and mass segregation in a diffusive competition
system with free boundaries. Calc. Var. Partial. Differ. Equ. 57(2018), no. 52, 1-36.

A. Friedman and B. Hu, A Stefan problem for a protocell model. SIAM J. Math. Anal. 30(1999),
912-926.

H. A. Haomin, S. Y. Liu, and M. X. Wang, A free boundary problem of the diffusive competition
model with different habitats. ]. Dyn. Differ. Equ. 34(2022), 2531-2548.

L. Li and M. X. Wang, Dynamics of an epidemic model with nonlocal diffusion and a free boundary.
J. Math. Biol. 86 (2023), no. 2, 1-25.

Y. Morita and K. Tachibana, An entire solution to the Lotka-Volterra competition-diffusion
equations. SIAM J. Math. Anal. 40(2009), 2217-2240.

C. V. Pao, Nonliear parabolic and elliptic equations. Plenum Press, New York, 1992.

Y. C. Qi, L. Su, and M. X. Wang, Population dynamics of two competing species in an advective
heterogeneous two-patch environment. Discrete. Contin. Dyn. Syst. Ser. B. 29(2024), 2549-2581.

H. L. Smith, Monotone dynamical systems. American Mathematical Society, Providence, RI, 1995.
M. X. Wang, On some free boundary problems of the prey-predator model. J. Differ. Eqn. 256(2014),
3365-3394.

M. X. Wang and S. Yao, The dynamics of an eco-epidemiological prey-predator model with infectious
diseases in prey. Commun. Nonlinear. Sci. Numer. Simul. 132(2024), 10792.

M. X. Wang and J. E. Zhao, A free boundary problem for the predator-prey model with double free
boundaries. ]. Dyn. Differ. Equ. 29(2017), 957-979.

C. H. Wu, The minimal habitat size for spreading in a weak competition system with two free
boundaries. ]. Differ. Equ., 259(2015), 873-897.

J. Yang, Asymptotic behavior of solutions for competitive models with a free boundary. Discrete
Contin. Dyn. 35(2015), 3253-3276.

M. A. Zaw and M. X. Wang, Dynamics of Holling-type II prey-predator system with a protection
zone for prey. Appl. Anal. 101(2022), 1833-1847.

H. Zhang, C. Qu, and B. Hu, Bifurcation for a free boundary problem modeling a protocell.
Nonlinear Anal. 70(2009), 2779-2795.

Q. Y. Zhang and M. X. Wang, A nonlocal diffusion competition model with seasonal succession and

free boundaries. Commum. Nonlinear Sci. Numer. Simul. 122(2023), 107263.

School of Mathematics and Physics, Shanghai University of Electric Power, Shanghai 200090, China
e-mail:  ¢jjing1983@163.com

https://doi.org/10.4153/50008439525100829 Published online by Cambridge University Press


mailto:cjjing1983@163.com
https://doi.org/10.4153/S0008439525100829

	1 Introduction
	2 Preliminary results
	3 Invasion of an inferior competitor
	4 Invasion of a superior competitor
	5 Sufficient conditions and the proof of Main result 2
	5.1 Sufficient conditions
	5.2 The completion of proof of the Main result 2


