Math. Proc. Camb. Phil. Soc. (2026), 180, 459-475 459
doi:10.1017/S0305004125101345
First published online 14 November 2025

Local central limit theorem for triangle counts in sparse
random graphs

BY PEDRO ARAUJO
Department of Mathematics, Faculty of Nuclear Sciences and Physical Engineering,
Czech Technical University in Prague, Trojanova 13, 120 00, Prague, Czech Republic.
e-mail: pedro.araujo@cvut.cz

AND LETICIA MATTOS
Institut fiir Informatik, Universitdit Heidelberg, Im Neuenheimer Feld 205, 69120
Heidelberg, Germany.
e-mail: mattos@uni-heidelberg.de

(Received 12 June 2024; revised 19 March 2025; accepted 20 April 2025)

Abstract

Let Xy be the number of copies of a fixed graph H in G(n,p). In 2016, Gilmer and Kopparty
conjectured that a local central limit theorem should hold for Xy as long as H is connected,
p > n~ V" and n?(1 — p) > 1, where m(H) denotes the m-density of H. Recently, Sah and
Sawhney showed that the Gilmer—Kopparty conjecture holds for constant p. In this paper,
we show that the Gilmer—Kopparty conjecture holds for triangle counts in the sparse range.
More precisely, if p € (4n~1/2,1/2), then

sup 2 _ o PX* =x)| = n_1/2+”(])p1/2,

1
xel |21

where 02 = Var(X, k3), X* = (Xk; — E(Xk;))/o and L is the support of X*. By combining our
result with the results of Rollin—Ross and Gilmer—Kopparty, this establishes the Gilmer—
Kopparty conjecture for triangle counts for n~! <« p < ¢, for any constant ¢ € (0, 1). Our
quantitative result is enough to prove that the triangle counts converge to an associated
normal distribution also in the £-distance. This is the first local central limit theorem for
subgraph counts above the so-called m;-density threshold.

2020 Mathematics Subject Classification: 05C80 (Primary);
60E10, 60F15 (Secondary)

1. Introduction

Let G(n,p) be the Erd6s—Rényi random graph on the vertex set [n] = {1, 2, ..., n}, where
each edge of K, is included independently with probability p. Our interest lies in the random
variable Xz that counts the number of copies of a fixed graph H in G(n, p). The study of sub-
graph counts goes back to the 1960s with the seminal paper of Erd6s and Rényi [6], where
they showed that the threshold for the appearance of a fixed graph H in G(n, p) is of order
n= /M - wyith m(H) := max{e(J)/v(J):J C H}. When p is at the threshold, Barbour [1]
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460 P. ARAUJO AND L. MATTOS

and, independently, Karonski and Rucinski [14] showed that P (Xy = x) is asymptotically
equal to the probability that a Poisson random variable is equal to x.

The distribution of X past the threshold is also well understood. To explain that, we write
ug = E (Xy) and Gfl := Var (Xp), and we let X}, := (Xyg — jupr)/on be the normalised
subgraph count. We say that X}, converges in distribution to a random variable X, or write

X5 “ X for short, if for every x € R we have P (X}; <x) - P (X <x) as n tends to infin-
ity. Early developments in this subject (see [14, 16]) culminated in the work of Rucinski
[20], who showed that X7; converges in distribution to the standard normal random vari-
able N(0, 1) if and only if p > n~ /") and n*(1 — p) > 1. Later, Barbour, Karoriski and
Ruciriski [2] were able to substantially improve the bounds on the error function in the cen-
tral limit theorem for Xp. In the 1990s, Janson [12] built upon the techniques used in [16] to
study central limit theorems for joint distributions of subgraph counts.

A fairly natural question which arises from the work of Rucinski [20] is whether
P (Xg = x) is asymptotically equal to the density of the normal random variable N(ug, og)
at x, for every x in the support of Xy. A positive answer for this question has been
referred to as a local central limit theorem. In 2015, R6llin and Ross [18] showed that
ifn !« p= O(n~'/2), then a local central limit theorem holds for triangle counts. Later,
this result was extended by Gilmer and Kopparty [11] for triangle counts and every con-
stant p € (0, 1). They also conjectured that a local central limit theorem should hold for Xy
for every connected graph H as long as p > n~ /" and n*(1 — p)>> 1. Our main theo-
rem below states that indeed the Gilmer—Kopparty conjecture is true for triangle counts by
establishing the first local central limit theorem above the so-called m;-density threshold —
specifically at n~1/? for triangle counts — and thus closing the gap in the results mentioned
above.

THEOREM 1-1. Let X be the number of triangles in G(n, p), with w=F (X) and o* =
Var (X), and let € € (0, 1) be any constant. If p € (4n=1/2,1/2), then

1
sup 2 g P (X’k :x) =0~ 17repl/2y, (1-1)

xel | V21

where L is the support of X*.

As mentioned before, a local central limit theorem for triangle counts was obtained by
Rollin and Ross [18] in the range where nl« p= O(n~'/2). This result was extended by
Gilmer and Kopparty [11] for constant p € (0, 1). Our contribution is in the range where
Cn 12 < p < 1/2, for some constant C > 0. We believe that the lower bound of p is related,
in the general setting, to the so-called m;-density. As a consequence of Theorem 1-1, we
were also able to obtain a quantitative bound on the £;-distance between the normalised
triangle count XI*(3 and the associated normal distribution in the regime p = Q(n~'/?).

THEOREM 1:2. Let X be number of triangles in G(n, p), with u =E (X) and o2 =Var X),
and let € € (0, 1) be any constant. If p € (4n~'/2,1/2), then

1/2
> =0 (—nﬁ’/z_g) . (1-2)

xeN

1 _a=w?

e 22 —PX=x)
2rwo?
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One interesting consequence of a local limit theorem concerns the phenomena called
anti-concentration. Since concentration inequalities play a crucial rdle in probabilistic com-
binatorics, it is compelling to ask how small an interval we can expect a random variable
to be in. Theorem 1-1 answers this question by showing that P (X = x) = O(c ~!) for every
x € N. We emphasise that the implied constant in the O-notation is independent of both x
and p. Thus, with high probability X is not contained in any fixed interval of length o(o).

COROLLARY 1-1. Let X be number of triangles in G(n, p), o> = Var (X) and ¢ € (0, 1) be
any constant. If n~' <« p <1 — ¢, then with high probability X is not contained in any fixed
interval of length o(o).

Local central limit theorems for general subgraph counts were established for p constant.
Berkowitz [3, 4] extended the results of Gilmer and Kopparty [11] by obtaining quantita-
tive local limit theorems for clique counts when p is constant. More precisely, they showed
that the supremum in (1-1) not only goes to zero but decays polynomially fast for clique
counts. Around the same time, Fox, Kwan and Sauermann [8, 9] showed an almost-optimal
anti-concentration result on Xy for every connected graph H. That is, they showed that if
p €(0, 1) is constant and H is a connected graph, then max,ez P (Xy =x) <oy oD This
result was strengthened by Sah and Sawhney [21], who obtained a quantitative local central
limit theorem for Xy for every connected graph H and constant p € (0, 1). Fortunately for
the authors of this paper, their techniques seem to break down at some point as p tends to 0
and new ideas were necessary to establish a local central limit theorem in the sparse range.

In the proof of Theorem 1-1, as in previous approaches [3, 4, 11, 21], we use the
Fourier inversion formula to transform our problem into estimating the difference of char-

acteristic functions of X* and of the normal distribution, i.e. |E (e”X*/ ") —e 7/ 2| for

te[—mo,mo]. For t roughly in the range [ — (p?n)'/%, (p?n)'/?], we apply the Stein’s
Method following the steps of Barbour, Karonski and Rucifiski [2]. For larger values of ¢,

we split this difference using the triangle inequality and the problem is reduced into esti-
mating |E (ei’X*> | for t € [(p?n)'/?, wo], which is the core of this paper. In this regime, we
use a decoupling trick that allows us to get rid of some dependencies among triangles and
compare |E (ei’X*/ ") | with the characteristic function of a sum of signed dilated binomials.

The rest of this paper is organised as follows. In Section 2 we prove Theorems 1-1 and 1.2
from our main technical theorems, which analyse the integral of the characteristic function
of X across distinct regions of the real line, and we give an overview of their proof; Sections

3,4 and 5 are dedicated to the proofs of these main technical theorems.

2. Proof of main results and overview

The first step in the proof of Theorem 1-1 is the following theorem, which is a con-
sequence of a result of Barbour, Karoniski and Rucinski [2, lemma 1] and the so-called
Stein’s method [19, theorem 3-1]. See Section 4 for a proof. For convenience, we denote by
Nx) =1/ V2 e/ 2) the density of the standard normal random variable N(0, 1).

THEOREM 2-1. Let X be the number of triangles in G(n, p), with u=E (X) and o> =
Var (X), and let K = K(n) > 2. If p € (n"'/2,1/2) we have
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o
. * _ itx* —K K )
)scgg|/\/(x) o-P(X _x)|§2k/|E<e )|a’t+2e +0(np1/2 ,

where L is the support of X*.

o
In order to bound [ |E (e”X*> |dt, we split the integral into two parts and use our fol-
K

lowing two theorems, which are the main technical results of our paper. Theorem 2.2 and
Theorem 2-3 shall be proven in Sections 5 and 6, respectively.

THEOREM 2-2. Let n€N, y €(0,1/8) and p € (4n=1/2,1/2). For every (2*'p*n)!/>t7 <
t < 0/2'% we have

IE (e™/7) | <exp (— 7).
THEOREM 2.3. Letne N and p € (n='/?,1/2). For every /2% <t < mo we have
IE (e™/7) | <exp (= Q(/n)).
Now we are ready to prove Theorem 1-1.

Proof of Theorem 1-1. As mentioned before, a local central limit theorem for triangle
counts was obtained by Réllin and Ross [18] in the range where n~! <« p = O(n~'/?) and
extended by Gilmer and Kopparty [11] for constant p € (0, 1). Thus, it suffices to show
Theorem 1-1 for p € (4n~1/2,1/2).

Let y €(0,1/8) and set K := (log n)g(pzn)%ﬂ’. It follows from Theorem 2-2 and
Theorem 2-3 that

/210

/ IE (e"”‘*) \dr < / IE (e"fx*) \d + o exp (— Q7))
K K
0,/210
< f " di + exp (— Q)
K
< exp (— Q(logn)®). @1

As e K < exp (— (log n)®) for all sufficiently large n, it follows from Theorem 2.1 combined
with (2-1) that

¥ (02nm) 3+
sup | N0 — - P (X" =) | < exp(— R(logm)®) 4 0 | L& &
xel np?

< n*%+2yp%+2y'

Now we are ready to prove Theorem 1-2.
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Proof of Theorem 1-2. Let L be the support of X*=(X—pu)/o, y €(0,1) and
M = (log n)®. We first change variables and split the sum into two parts:

1 _Gmp? 1 1 2
e 22 —PX=x)|=— e ¥ . P(X*=x
% V2mo? 0; 21 ( )
LS W px =0+ T YD s
o xel xel o
[x|<M |x|>M
<OMn~ T p1ty oM L P (1X*| > M) . 2:2)

In the last inequality, in the first term we used Theorem 1-1 and that the sum has O(o M)
terms.

We now would like to apply Kim—Vu’s inequality [15] to bound P (|X*| > M) (see
Theorem 3A in [13] or Theorem 3-3 below). Let x, denote the indicator function of the
event that e € E(G(n, p)). We can write X as

X= Z XeXfXg,

ef.g

where the sum is over all edges e, f, g € E(K},;) which form a triangle. Foraset A C {x,:e €
E(K,)}, note that the partial derivative d4(X) is a non-zero polynomial if and only if A C
{xe, x7, xg}, for some edges e, f, g which form a triangle. By writing e =uv, f =vw and
g = wu, we obtain

8)Cg X) = Z XuwXyw, axe,xf(X) =X,y and axe,x_f,xg X)=1.
w

As 93(X) = X, it follows from the definition of [; in (3-1) that Eg(X) = 0(n3p3) and E1(X) =
O(np?). As the variance o2 of X is of the same order as the expected number of K, when p >
n~1/2, we have o2 = ®@(n*p>). This implies that Eo(X)E(X) = O(c%), and hence it follows
from Kim—Vu’s inequality that

iy (|X —EX)|> (log n)8o) < ¢~ U(ogn?), 23)

By combining (2-2) and (2-3), we conclude that the left-hand side of (2-2) is at most
O 2+ p1t7),

2-1. Proof overview

Our strategy relies on relating the characteristic function of X to that of a sum of inde-
pendent, weighted Bernoulli random variables. Therefore, in order to reach higher values
of #, we must relate X to a sum of Bernoulli random variables with progressively smaller
weights.

This motivates the introduction of what we call the a-function. Let G° and G' be two
independent copies of G(n, p). For and edge e and i € {0, 1} we write x’, = 1, and for a set
of edges A, we write xi‘ = (xf?)ee 4. Let m = m(n) be a positive integer and let P; U P, U P3 be
a partition of [n] with |P| = |(n — m)/2], |P2| = [(n — m)/2] and |P3| = m. For simplicity,
wesetA={uv:uePi,vePr},Bi={uv:ueP;veP3}forie{l,2} and B=B; UB>. We
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omit the dependencies of these sets on the partition, as they are clear from context. Finally,
for uv € A define

Qyy = Z (xgw - xliw) (xew - xllw)'

weP3

That is, oy is a sum of &1 terms over the common neighbours of f in GYAG', the symmetric
difference between G and G'. Note that the expression xJ,, — x} assigns value +1 to edges

in G°\ G' and —1 to edges in G' \ G°. Now, define

o= Z O[ij(c).

feA

In Lemma 5-1 we use a decoupling trick to show that
|E (eitX/o’) |4 < ]EX%I |Ex2(€ita/a)|.

Vaguely speaking, the £1 signs from « come from replacing the square of the absolute
value of a complex number by the product of itself with its conjugate. We aim to show that
a constant proportion of the edges f € A attain a typical value of . Even though oy has
expectation 0, we show that with high probability many f € A satisfy |oy| = O(pm!/?) as
long as pm!/? is a large enough constant. By conditioning on these events, we show inside
the proof of Theorem 2.2 that

|Exg (€"/7)| < exp (—Q(lzm/pznz)) )

For this to be integrable with respect to ¢, m has to be slightly larger than p*n?/r*. We
emphasise that m, which is the size of the part P3, can be any parameter between 1 and n
and is allowed to be a function of ¢. On the other hand, we also ask that tar /20 <1/2, as
argued before, or equivalently that r = O(o/m'/?). By decreasing the order of magnitude of
m from n to 1/p? we are then able to show in Theorem 2-2 that

IE (eitX/a) | <exp ( _ t@)“))

for all (p?>n)'/?*Y <t <06/2'0 forany y > 0.

We are only left with the case t = ®(o). To be able to reach the value of 7 up to wo we still
use the « function, but we must create a situation where the typical value of |ay| is 1. We then
explore the role of a single vertex, i.e. the case where P3 = {v}. In this case, « is just a signed
sum over the edges in N(v, GMAN(v, GY). Since this set has roughly pn vertices, each of
the ©((pn)?) pairs inside of it are candidates for having its lety| = 1. Therefore, o becomes a
sum of roughly (pn)?> Bernoulli random variables with &1 weights. We use that in the proof
of Theorem 2-3 to show that

|E (") | < exp (— Q(v/n)),

for all o/ 212 < t < 75, which finishes the sketch of proof of Theorem 2-3.
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3. Toolbox

In this section, we state the probabilistic tools used in the proof of our main theorem. The
first one gives us a bound on the characteristic function of Binomial random variables. For
a proof, see Lemma 1 in [11]. Below, ||x| denotes the distance from x to the nearest integer.

LEMMA 3-1. Letp €[0,1], ne Nandt e R. If B is a p-Bernoulli random variable, then

, t 12
E ()| <1-8p1 —p)- | |-
2

The next lemma states the well-known Chernoff’s inequality. For a proof, see [10, theorem
23.6].

LEMMA 3.2 (Chernoff’s inequality). Let Y be a binomial random variable. For every t > 0,
we have

P (Y —E(Y)|> 1) <2e " /CEOHD),

Let P be a random polynomial in terms of the indicators {l.cc : e € K,;}. For a set A C
([g]), let 04 P be the partial derivative of P with respect to the variables in A. When A =0/,
we simply set d4P = P. Forj € {0, 1,...,deg(P)}, define

E;(P) := max E (94P) . 31
|Al>j

The theorem of Kim and Vu [15] for random polynomials of degree three can be stated as
follows (see [13, theorem 3A]).

THEOREM 3-3 (Kim—Vu’s inequality). Let P be a random polynomial of degree d whose
variables belong to the set {1.cG : e € K,,}. For every r > 1, we have

P <|P —E(P) | = car (Bo(P)E,(P)) "/ 2) < e rHd=Dlog (3)

Our last ingredient is the Paley—Zygmund inequality [17], which gives an lower bound for
the probability that a random variable is greater than a constant proportion of its expectation.

THEOREM 3-4 (Paley—Zygmund inequality). Let 6 € (0, 1) and S > 0 be a random variable
with finite variance. Then,

CLE®)
P(S>0E(S))>(1-0) (D) (SZ) .
4. Stein’s method

In this section we combine some results surrounding the so-called Stein’s Method [19] in
the particular case of triangle counts in G(n, p) and use it to prove Theorem 2-1. We define
W:= {h:R— R:|h(x) — h(y)| < |x —y| Vx,y € R} to be the set of 1-Lipschitz functions.
For random variables X, Y we define

dw(X,Y):= sup [E(h(X) — h(Y))|
heWw

and call it the Wasserstein metric.
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LEMMA 4-1 [19, theorem 3-1]. Let F={f:R—>R:|[f|,|f"| <2, || </2/n} If X is a

random variable and N is the standard normal distribution, then

dyw(X, N) s;u]g IE(XfC0 —£/00)] -

Barbour, Karonski and Rucinski [2] proved a quantitative central limit theorem for sub-
graph counts in G(n, p) using the Stein’s Method. In one of their intermediate results, they
give an upper bound on the right-hand side of the inequality given by Lemma 4-1, which we
state below.

LEMMA 4-2 [2, lemma 1]. Let X be the number of triangles in G(n, p). Ifn_% <p=<1/2
then for every bounded function f : R — R with bounded first and second derivatives we
have

* * /vy | — B
[E(XCf(X) —f(X9)| =0 (np_m> ,
where B = sup,. |f” (x)|.

Let us just briefly explain how to derive our Lemma 4-2 from the results in [2]. By
combining Lemma 1 in [2] with the upper bound on ¢ for triangle counts given by their equa-
tion (3.10), we obtain the following result. For every n 12 < p <1/2 and every bounded
function f : R — R with bounded first and second derivatives, we have

B 3.3
[E(XCFOC) — £/ (X)) =0< “P ) @1)
oy
where B =sup, |f"(x)|, o2 = Var (X) and ¥ = min{n"®p*® : H C K3, e(H) > 1}. Recall
that X* denotes the random variable (X — E (X) )/o. It is not hard to check that if n_% <
5
p<1/2, then ¥ =On?p) and ¢ = O(n?p2), and hence the right-hand side of (4-1) is

O(B/(np'/?)).
We are now ready to prove Theorem 2-1.

Proof of Theorem 2-1. We start with the well-known Fourier inversion formula for X*
(for a proof, see [7, page 511]), which is

o

1 : -
P(X*=y)= - e K (e”X ) dt
—Tno

for every y in the support of X*. It is well known that

1 (o¢]
Nx)=— / e~ ie™ /2y,
2
—0oQ
This can be seen by using that the characteristic function of the standard normal random

variable N(0, 1) is e P2 ([5, example 3-3-5]) together with the Fourier inversion formula
for variables with integrable characteristic function over R ([5, theorem 3-3-14]).
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Now we start the analysis on the main quantity of interest:
o )
IN@ -0 P(X*=x)| < / IE (%) — e~ P11 +2 / e Pdr. (42
—no o
We now split the first term on the right-hand side of (4-2) according to the values of K.

. . . ; 2
For |t| > K we use the triangle inequality and the fact that |E (e”X*) | and e=*"/2 are even
functions to obtain

To K 00
IN@) —o P (X =) | szf IE (e”X*) Idt—l—/ IE <e”X*) —e’2/2|dz+2/e’2/2dt.
K —-K K

(4-3)
For the third term on the right-hand side of the equation above we have
o0 (0]
—K2)2
/ e /241 < / Lo trg =€ <e X (4-4)
K K
K K

for all K > 2. ,
The characteristic function of the normal distribution is given by E (ei’N ) =e /2 By

using this and splitting E (ei’x *> and E (ei’N ) into its real and imaginary parts, we can bound
the second term on the right-hand side of (4-3) by

K K K
[ IE (eifx*)—e—f2/2|dz5 / |E(cos(tX*) — cos(tN))|dt + / |E(sin(£X*) — sin(tN))|dt.
K —-K —K

As the cosine and sine functions are 1-Lipschitz, for every r € R we have
|E (h(:X*) — h(iN)) | < dyy(1X*, tN)

for both 4 = cos and /& = sin. Moreover, as cosine and sine have second derivatives bounded
by 1, we can combine Lemmas 4-1 and 4-2 to obtain

K
X\ _ —12/2 g K )
/|E (%) e |dt_0<np1/2). 45)

Combining the bounds obtained in (4-4) and (4-5) into (4-3) we conclude our proof.

5. The decoupling trick in the regime (p°n)'\/?>Tv <t <o /210

In this section, we prove Theorem 2-2. Our approach is to first bound }E [ei’X/ ”]| by
relating it to the characteristic function of certain weighted Bernoulli random variables, and
then applying Lemma 3-1. Since we expect a constant proportion of the edges in G(n, p)
to participate in ®(np?) triangles, one might initially hope that by revealing some edges of
G(n, p), we could bound |]E [ei’X/ "]| via the characteristic function of a random variable

of the form ijl CileieGinp)}s where the coefficients C; are of order @(np2 /o). However,
this method yields a satisfactory bound only for |f| < o/(np?). To address this limitation, we
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introduce a decoupling trick that connects the triangle count to a finite sum of “signed tri-
angles”. After revealing some of the variables, we are left with a sum of weighted Bernoulli
random variables with small coefficients.

5-1. The o function

We start with some notation. Let G° and G' be two independent copies of G(n, p) with
vertex set [n]. For i € {0, 1} and a set A C ([gj), denote by x;‘ the vector (1,.5i :e €A) and

by xg’l the concatenation of the vectors xg and x}‘. For a 0-1 random vector y, we write E, to
denote the expectation operator with respect to y. If y equals x%"]) or XE["])’ we omit y from
2 2

the expectation operator. Finally, for a 0-1 vector x indexed by ([g]), we denote

X(x)= Z XeXfXg,
ef.g
where the summation runs over all triples e, f, g € ([g]) that form a triangle.

Let m =m(n) be a positive integer. We say that a partition [n] =P; U Py U P3 with
|P1| = (n —m)/2], |P2| =[(n—m)/2] and |P3|=m is an m-endowed partition of [n].
For simplicity, we set A={uv:ue€ P1,ve Py}, Bi={uv:ue P;,ve P3} for i € {1,2} and
B = B U B>. We omit the dependencies of these sets on the partition, as they are clear from
context. Finally, for uv € A define

Quy 2= Z (x(u)w - lem) (xew - xxlzw) G-
weP3
and
o= Z ozijg. (5-2)
feA

We emphasise that o does not depend on x}‘.

The next lemma uses o to bound |E (e”x/ c’) | and is essentially a corollary of Lemma
6 in [4]. We include the proof here for completeness. The idea of using two independent
copies of G(n, p) to bound |E (ei’X/ ") | was introduced by Gilmer and Kopparty [11] and it
has been used since then in local central limit theorems for subgraph counts (see [4, 21]).
This is what we refer to as a decoupling trick. Our innovation is to apply this technique by
bounding |E (e”X/ “) | in terms of & and by varying m from 1/p? to n/2, thereby covering a
wider range and dealing with the technical aspects of the sparse regime of G(n, p).

LEMMA 5-1. Let m<n be two positive integers and Py U Py U P3 be an m-endowed
partition of [n]. For every t € R and p = p(n) € (0, 1), we have

£ ()] <E g

Exg(eil‘o(/a) .

As « does not depend on x}‘, both sides of the inequality in the lemma above are fixed
quantities and not functions of any random variables.
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Proof of Lemma 5-1. By the Cauchy—Schwartz inequality, we have

|]E ( eitX(xO)/cr)

2 I
<Ey [Ey X7, (5-3)
B? 1
Now, observe that we can write

2
=]Exgl ( eti(xO)/a> 'Exg < e—ti(xO)/a>
1

itX (00 xS ) /o —itX(0 x} /o
= ]Exo (e BB . Ex1 e BB
By By

: 0 0 0 1
“E. (en(X(xBj. ,xBl)fX(thl. ,xBl))/J) ’ (5-4)

']Exgl ( eitX(xO)/o)

where we denote B{ := (['21]) \ Bj. In the second equality above, we used that xgl and x1191

independent and identically distributed (i.i.d). In the third equality, we used that xgl and x1191
are i.i.d. combined with the fact that xgc does not depend on neither xgl nor x}h . To simplify
1

notation, let 8 := X(xg(i.,xgl) — X(xgﬁ-,xllgl). By combining (5-3) and (5-4), we obtain

‘E ( XG0 /0)

2 .
<Eu Eo1(e"P/°
— xgi xgll (6 )
— itB/o .
Ex%,ll Engi (e ). (5-5)

By representing 8 as a sum of monomials, one can see that the monomials corresponding
to triangles without edges in B; are eliminated. Moreover, each triangle of the form uvw
with v € Py, u € P> and w € P3 gives a contribution of X9 X0 (x(v)w — xiw) to 8. By simplicity,

uv’-yw
let C = (Zl) UB; U (f;). Thus, we can write

0,1 0.0 0 1
'3 ZP(XC ) + Z xuvxuw(wi _wi)’ (5-6)
vePq,
ueP;,
weP3

where P is some polynomial.
By applying the Cauchy—Schwartz inequality in (5-5), we obtain

‘E (eitX(xO)/o> 4 <Eoi [Eo (£"P/7) 2
By | VB
) 2
=g [, )
Define B as the polynomial B with the vector x%z replaced by x}gz. Thus, we have
2 .
‘Exgz (€PI)| =Eg €77 By (7 =E g1 ("), (5-8)
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Similarly as before, the difference g — B eliminates all monomials which do not depend
on Bj. In particular, P(x%l) completely disappears. From (5-6) we obtain that

p— B = Z xgv(x(u)w - xziw) (xgw - xxlzw) = (5-9)
vePy,

uEPz,
weP3

Note that @ only uses randomness from xg’ll, x%zl and xg. As B=B; UBy and A C B{ N B,
by combining (5-7), (5-8) and (5-9) we obtain

4
<EoEo
- X X

C C
B|  B{NBS

‘E ( eitX(xO)/a)

ita /o ita /o
Exg,zl (e )< Ex%,l |Exg (e ).
This completes our proof.

5-2. On the typical values of o

Throughout this subsection, all probabilities will be with respect to xg and xllg, where we
recall that B={vw :v € P1 U P, and w € P3}. Let us start by calculating E (agv) for an edge
uv € A. To simplify notation, we denote f = uv and for j € P3 we write

X = (xgj - x,llj (x(v)J - xij) and af = Z X;.

JEP3

Note that E (XJ) =0and Xj, Xj are independent whenever j # j'. Moreover, ij =1X;l, as X;
can only take values in {—1, 0, 1}. Then, we have

E (a}) - XP: E (Xf) =P (X;e{l,—1}) - m=4p*(1 — p)’m.
JEL3

The value of oz/% is closely related to the number of common neighbours of a pair of ver-

tices in G(n, p). As we allow p to be of order n~!/2, it is not true that with high probability we

have oz]% = O(p’>m) for every f € A. However we are able to show that as long as m = Q(p~?)
with very high probability we have ozfz = O(p?>m) for a constant proportion of edges in A.

LEMMA 5-2. Let n,m e N and p = p(n) € (0, 1) be such that p_2(1 —p)_2 <m<n/2. Let
P1 U Py U P3 be an m-endowed partition of [n] and A’ C A be the set of pairs f such that

are (271 (o). 2 (o))

With probability at least 1 — exp ( — Q(n)) we have |A'| > |A]/2”.

Proof. We start by providing a lower bound for the probability that oe]? >E (a?) /2. We
have

E (a}) :,2 E (Xf) =P (X;e{l,—1}) - m=4p*(1 — p)’m.
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By the Payley—Zigmund inequality (c.f. Theorem 3-2), we have

E(e)) (B ()" wta el

20 )T am(ef)  E(«)

As the random variables (X));cp, are independent and E (XJZ) =E (X;‘) = 4p2(1 — p)z,
the fourth moment of ay is given by

E(af)=6 > E(X)+> E(x})

i,je(’?) JEP3

- 6(’3) ® (x7))? +mE (x})

< 48p*(1 — py*m? + 4p*(1 — p)*m < 2°p*(1 — py*m?.

P a} > (5-10)

In the last inequality, we used that p?>(1 — p)>m > 1. By plugging this into (5-10), we obtain

E (012)
N

P|a?>
o = ) =

(5-11)

Recall the definition of A’ provided in the statement. By Markov’s inequality we have
P (ocf2 >2°FK (a})) <273, We combine it with (5-11) to get that

E(afz-)
B(fed)=P| =~ =af <2E(f) | 22727 =2 (12

Recall that A = {uv:u € Py,v € Py}, where |P{|=|(n—m)/2] and |Pz| = [(n — m)/2].
Let M{,M>,...,Mp, be |Py| disjoint matchings of size |P;| in A. For each i e [|P{]],
define Z; = ZfeM,- Treary. Observe that for each i € [|P1]] the collection (1irea))renm; is
composed by independent random variables. Then, by Chernoff’s inequality (c.f. Lemma
3.2), we have

P(Z <E(Z)/2) <exp(—27E (Z)) <exp(—2""n)

for all i € [|P1|] and n sufficiently large. The last inequality follows from (5-12) combined
with |P1| > (n —m)/4 > n/8. As E (Z;) > 277|P1], it follows that

A1 >Z + -+ Zp, = 270|P |2

with probability at least 1 — nexp ( — 2~ '3n). This proves our lemma.
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5-3. Putting pieces together

We now finalise the argument by seeing « as a sum of independent Bernoullis with weight
O(y/p*m), after revealing the edges in B.

Proof of Theorem 2-2. Let p € (4n~1/2,1/2) and m be any integer such that 4/p*> <m <
n/2. By Lemma 5-1, we have

itX/ 4 ito ]
IE (¢"/7) | §]Ex%1|]Exg(e’“")|. (5-13)

Define
/ / Vp m
A =A(xg’1):= {feA:oge( 3 24,/ )}

As the set A’ only depends on the outcome x%l, we have

I]Exg (etta/0)| — |EXX\A/EX2/ (ezta/a)| < ]Exg\A/ |Exg/ (elta/a)l

itjo- Yy otfx?
=K, (e fe ) . (5-14)
A/

In the last equality, we used that o = Zfe " aijg and that the random variables (ng)feA are
independent, with coefficients (af)res not depending on x4. By Lemma 3-1, it follows that

5]_[<1—8p(1— )

feA’
As ay < 24./p?m for every f € A, we have |tay/(2mo)| =tay/(2mo) whenever 0 <1 <
wo/(2%/p?m). As p < 1/2, it follows that

. 0
it/o- Z/ arx;
Eole /<
ot

itfo- Y afx}) pt2a2
E ( jea ) < _ f
0, \¢ = eXp Z 7252
feA
- 4n2o2

for every 0 <t <mo/ (24\/ p?m). In the last inequality, we used that af > pzm/4 for every
f € A’. By combining (5-14) and (5-15), we obtain

2 2
; t'p°m|A’| 'm
“Exl?‘ (elta/0)| < exp (—W) < exXp (—m) + 1{|A’\<2*13n2} (516)

for every 0 <t<mo/(2*/p*m). In the last inequality, we used that o> <n*p> for p >
4n=1/2,
As 4n~1/2 <p<1/2, we have E (a}%) € (pzm, 4p2m). Moreover, as 4/p2 <m<n/2,

Lemma 5-2 implies that the set A’ has size at least |A’| > 277 |A| > 271312 with probability
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at least 1 — exp ( — Q(n)). By combining with (5-13) with (5-16), it follows that
*m

itX/o\ 14 _
B (e77) | fexp( 219,22

) +exp (— Q(n)) 5-17)
for every 0 <t < o /(2*\/p>m).

Let § € (0,2/5) be a constant. The next step is to ensure that the right-hand side of (5-17)
1
decays ‘fast’ if (p>n)7= <t < o/28. With this in mind, for each integer m € (4/p?, n/2) we

define the interval
1
I 219p2n2 2-3 o
" m " 28pm1/2

and set [ = U,,I,,, where the union is over m € (4/p%,n/2) NN. As (a + p)V/* < «!/* 4 gl/4
for every «, g > 0, it follows from (5-17) that for every ¢ € I we have

IE (¢"™/7) | <exp (—1°) + exp ( — Q(n)).

Now, we claim that ((221 pzn)ﬁ, o/ 210) C I. First, note that the right-hand endpoint of

I14/,271 1s greater than o/ 210 and the left-hand endpoint of /|,/2; is smaller than (221p2n)2178.

As the extreme values of I, are decreasing in m, it suffices to show that I, N I,;,1 # @ for
every m € (4/p*,n/2 — 1) N N. This is equivalent to

219p2n2 ﬁ o
< - 5-18
( m ) = Bpm+ D172 G-18)

By simplicity, let y > 0 be such that 1/2+y =2 —8)~'. As m > 1, it follows that (m +
D2 /ml/2+y <2172 Moreover, as o > 2~%n*p3, (5-18) holds if 2227197 < (np)3~2¥, which
is true for all y € (0, 1) and sufficiently large n. As § € (0,2/5) implies y € (0, 1/8) and
8 > 2y, we conclude that

”E (eitX/U) | < exp (_tzy)
for every 1 € ((2*'p*n)/>7, 5/219).

6. The role of a single vertex in the regime 0 /2" <t <mo

Here we prove Theorem 2-3, which covers the last regime where ¢ has the same order
of o. Recall the definition of oy and « given in (5-1) and (5-2), respectively. Here we still
use the « function as a tool for bounding |E (ei’X/ ") |, but we consider the case where P3
consists of a single vertex. As in Section 5-2, we start by proving an analogue of Lemma
5-2. Recall that for an m-partition Py U Py U P3 of [n], we set A ={uv:u € P1,v € P3}.

LEMMA 6-1. Let n€e N, Py UPyUP3 be an I-endowed partition of [n] and p=p(n) €
(0,1/2). Let A’ C A be the set of pairs f such that |ag| = 1. We have |A’| > (pn)?/2* with
probability at least 1 — exp ( — pn/2%).

Proof. Let us set P3 = {w}. For an edge f = uv € A we have

of = (XBW - xliw) (xew - X\EW)'
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In words, |of| =1 if and only if u# and v are in the symmetric difference of Ngo(w) and
Ngi(w), denoted by Ngo(W)ANgi (w). Under the probabilities distributions of G and G,
we have that [Ngo(W)ANgi (w)| has distribution Bin(n — 1, 2p(1 — p)). Thus, by Chernoff’s
inequality (c.f. Lemma 3-2) we obtain

P (INgoW)ANGI W) < p(1 — p)n) < exp (= p(1 — p)n/2*) < exp (= pn/2%).

We conclude that the set A’ of pairs f = uv such that |a¢| = 1 has size at least

| > pn/2 2(pn)2
2 24

with probability at least 1 — exp ( — pn/2%), as desired.
Now we are ready to prove Theorem 2-3.

Proof of Theorem 2-3. The proof follows in the same fashion as in the proof of Theorem
2.2. Let P{ UP, U P3 be an 1-partition of [n]. Let A’ C A be the set of pairs f such that
lor| = 1. Recall that A" only depends on x%l. By combining Lemma 3-1 with Lemma 5-1,

we have

As t<mo and || =1 for f €A, we have |tay/2mo)|l =tar/2no). As p<1/2, we

obtain
2147
itX /o prjA|
|E (e”x/ ) |4 < ]Exg,l (exp <—m . 6-1)

By Lemma 6-1, we have |A’| > (pn)?/2* with probability at least 1 — exp ( — pn/2%). As
(o + B4 < al/* + B1/4 for every o, > 0and p > n~1/2 it follows from (6-1) that

o s . .
[E (") 1! < o1 By (e"/*) < E 01 [y (/)]

f
2

<Eor | ]] (1 —8p(1 —

€A’

_ P
IE (e"™/7) | <exp (_W) +exp (—pn/2°)

<exp (—Q(/n) .
which completes the proof.
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