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Abstract

We establish dimension formulae for the Witt-vector affine Springer fibers associated
to a reductive group over a mixed characteristic local field, under the assumption that
the group is essentially tamely ramified and the residue characteristic is not bad. In
addition to the discriminant valuations that show up in classical works on the usual
affine Springer fibers, our formulae also involve the Artin conductors and the Kottwitz
invariants of the relevant conjugacy classes.

1. Introduction

1.1 General motivation

The affine Springer fibers are analogues of Springer fibers for loop groups, first introduced and
studied over the field of complex numbers C by Kazhdan and Lusztig in [KL88]. Later, their
counterparts over finite fields have found applications in harmonic analysis on groups G(F ),
where F is an equal-characteristic local field, i.e. a finite extension of the field of Laurent series
Fp((t)), and G is a reductive group over F (see [GKM06, Ngô10] and, more recently, [BV21]).
The main reason behind this is that they provide a geometrization of the orbital integrals on
the Lie algebra g(F ), which are closely related to orbital integrals on the group G(F ). When
F is a mixed characteristic local field, i.e. a finite extension of the field of p-adic numbers
Qp, the orbital integrals on G(F ) are the key ingredients on one side of the Arthur–Selberg
trace formula over number fields, making them fundamental objects of investigation in the
theory of automorphic representations and the Langlands program. Therefore, it is valuable
to have geometrizations of orbital integrals over mixed characteristic local fields. Given that
the classical affine Springer fibers are subschemes of the affine Grassmannians or (partial) affine
flag varieties, the geometrizations of orbital integrals in the mixed-characteristic setting would
involve subschemes defined analogously in the Witt-vector affine Grassmannians, which have
been explored in the works of Xinwen Zhu [Zhu17] and Bhatt and Scholze [BS17]. The study
of these Witt-vector affine Springer fibers is anticipated to employ techniques from algebraic
geometry and sheaf theory, akin to the equal-characteristic scenario. In this article, we take the
initial step in this direction by establishing their fundamental geometric properties: finiteness
properties, criteria for nonemptiness, and dimension formulae.

To be more precise, we first assume that F is a finite extension of Qp with valuation ring O
and residue field k= Fq, where q is a power of p. Let G be a split reductive group over F and
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Witt-vector affine Springer fibers

let g be the Lie algebra of G. (In the main body of the article, we work under less restrictive
assumptions.) The most basic orbital integrals one encounters are those of the characteristic
function 1G(O) of the hyperspecial maximal compact subgroup G(O):

Oγ(1G(O)) :=

∫
Gγ(F )\G(F )

1G(O)(g
−1γg) dġ=

∑
g∈Gγ(F )\XG

γ (k)

1

vol(gG(O)g−1 ∩Gγ(F ), dgγ)
,

where:

– γ is an arbitrary element of G(F ) and Gγ(F ) is its centralizer in G(F );

– we choose Haar measures dg (respectively, dgγ) on G(F ) (respectively, Gγ(F )) such that
vol(G(O), dg) = 1 and let dġ= dg/dgγ be the quotient measure on Gγ(F )\G(F ); and

– XG
γ (k) := {g ∈G(F )/G(O) | g−1γg ∈G(O)}.

Here, XG
γ (k) is the set of k-points of the Witt-vector affine Springer fiber associated to γ, which

we denote by XG
γ . It is the fixed-point loci of the natural action of γ (by left multiplication) on

the Witt-vector affine Grassmannian GrG that geometrize the quotient G(F )/G(O). The sum
in the formula above might be infinite for a general element γ ∈G(F ). Nevertheless, it always
converges by a result of Deligne and Rao (see [Ran72]), and when γ is regular semisimple the
sum is finite.

1.2 Affine Springer fibers for the Lie algebra

A common practice in the study of the orbital integrals Oγ(1G(O)) is to relate them to analogous
integrals defined on the Lie algebras. That is to say, for each element γ ∈ g(F ), one considers
the orbital integral

Oγ(1g(O)) :=

∫
Gγ(F )\G(F )

1g(O)(ad(g)
−1γ) dġ

whose geometrization is the Witt-vector affine Springer fiber Xg
γ for the element γ in the Lie

algebra. As in the group case, its set of k-points is described by

Xg
γ (k) = {g ∈G(F )/G(O) | ad(g)−1γ ∈ g(O)}.

If one replaces the field F (respectively, its valuation ring O) in this description by the Laurent
series field k((t)) (respectively, the power-series ring k[[t]]), then we get the set of k-points of
the usual affine Springer fibers, whose basic geometric properties and dimension formulae are
established in [KL88, Bez96] (see also [Ngô10] and the generalizations to tamely ramified groups
in [OY16, Appendix]). Our first main result is concerned with the analogous statements in the
mixed-characteristic setting. Since we are interested in the geometric properties of Xg

γ , we may
and do replace F by the completion of its maximal unramified extension and assume that the
residue field k is algebraically closed.

Theorem 1.1 (Special case of Theorem 6.4). Let G be a split reductive group over F with Lie
algebra g. Let γ ∈ g(F ) be a bounded regular semisimple element (see Definition 4.6). Then, the
Witt-vector affine Springer fiber Xg

γ is represented by a finite-dimensional perfect scheme locally
perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue characteristic p
is not bad for G, then we have

dimXg
γ =

dg(γ)−Artγ
2

,
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where dg(γ) is the discriminant valuation of γ and Artγ =Art(Gγ) is the Artin conductor of the
centralizer of γ.

We refer to Definitions 4.2 and 3.11 for the numerical invariants occurring in the formulae
above. In fact, we only assume that G is essentially tamely ramified (a condition slightly more
general than tamely ramified, see Definition 2.3) and the general formulae also involve the Artin
conductor of G (which vanishes when G is split). In addition, we also study the Witt-vector
affine Springer fibers in the partial affine flag varieties. In other words, the hyperspecial maximal
bounded subgroup G(O) could be replaced by a general parahoric subgroup P⊂G(F ), with the
caveat that when P is not contained in any special parahoric subgroup, we only prove an upper
bound on the dimension in the current work. We expect that the general dimension formulae
in Theorem 6.4 should hold for any reductive group G over F and any parahoric subgroup
P⊂G(F ), with no assumption on the residue characteristic p.

The primary innovation in our first result is the introduction of the Artin conductor of
Gγ . This is not unexpected, in view of [GG99]. When the centralizer Gγ splits over a tamely
ramified extension, the Artin conductor of Gγ is simply its defect, i.e. the difference between
its absolute rank and its F -rank. In these cases, our formulae become the exact analogues of
the dimension formulae for the usual affine Springer fibers in [KL88, Bez96] (see also [Ngô10]
and generalizations in [OY16, Appendix]). However, in these references it is assumed that the
characteristic of the residue field is either 0 or does not divide the order of the Weyl group,
ensuring that the centralizers are always tamely ramified. By contrast, we only require that the
characteristic p is not bad for G and hence our results are stronger than the direct analogues of
the classical results in the equal-characteristic case. For instance, when G=GLn, we impose no
restriction on p, in contrast to the assumption p > n in the classical works. To address the possible
wild ramification phenomena in the case of small-residue characteristics, a crucial ingredient is a
result of Chai and Yu [CY01] on the base-change conductors for tori, where the Artin conductors
emerge naturally as the generalizations of the defects of tamely ramified tori. More precisely, this
result is used in Theorem 7.9 to compute the dimensions of the regular locus of the Witt-vector
affine Springer fibers.

1.3 Affine Springer fibers for the group

Our second main result is about the Witt-vector affine Springer fibers XG
γ defined for the group

G itself. We study more generally the fixed-point locus1 XG
P,γ of a regular semisimple element

γ ∈G(F ) on the Witt-vector affine partial flag variety G(F )/P, where P⊂G(F ) is any parahoric
subgroup. Its set of k-points is

XG
P,γ(k) = {g ∈G(F )/P | g−1γg ∈ P̃},

where P̃ is the normalizer of P in G(F ). We show that XG
P,γ is nonempty only if γ is bounded

mod center in G(F ) (see Theorem 6.9). In the special case where γ lies in a parahoric subgroup
of G(F ) (or, equivalently, if the Kottwitz invariant of γ vanishes), we can replace the condition in
the description of XG

P,γ(k) by the more familiar condition g−1γg ∈P. The generality considered
here is necessary in the study of the geometrizations of orbital integrals of general functions in
the parahoric Hecke algebras, see [He25]. The main novelty in this generality is that, compared
with the Lie algebra case, the dimension formula for XG

P,γ will also involve the Kottwitz invariant
κG(γ). For instance, when G=GLn, then κG(γ) is the valuation of the determinant of γ.

1More precisely, this is the fixed-point locus of γ only if G is semisimple or if the Kottwitz invariant of γ vanishes.
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Now, we state our second main result. After replacing F by the completion of its maximal
unramified extension, we may and do assume that the residue field k is algebraically closed.
Then, the group G is automatically quasi-split.

Theorem 1.2 (Special case of Theorem 6.10). Let G be a tamely ramified reductive group
over F . For any bounded (see § 3.3) regular semisimple element γ ∈G(F )rs and any parahoric
subgroup P⊂G(F ), the Witt-vector affine Springer fiber XG

P,γ is a finite-dimensional perfect
scheme locally perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue
characteristic p is not bad for G and that P is contained in a special parahoric subgroup of
G(F ), then we have

dimXG
P,γ =

1
2(dG(γ) + def(κG(γ)) +Art(G)−Artγ),

where:

– dG(γ) is the discriminant valuation of γ (see Definition 3.1);

– Artγ =Art(Gγ) is the Artin conductor of the centralizer of γ and Art(G) is the Artin
conductor of the group G (see Definition 3.11); and

– def(κG(γ)) is the defect of the Kottwitz invariant κG(γ) (see Definition 3.2).

Furthermore, if P= I is an Iwahori subgroup, then XG
I,γ is equi-dimensional.

We expect the dimension formulae above to be valid for any reductive group G over F and
any parahoric subgroup P⊂G(F ), with no assumption on the residue characteristic p. On the
other hand, we do not know if the equi-dimensionality property is true for general parahoric
subgroups.

Let us briefly explain our strategy. For elements γ that are strongly topologically unipotent in
the sense of Definition 3.5, we can identifyXG

P,γ with aWitt-vector affine Springer fiber for the Lie
algebra using a quasi-logarithmic map (cf. [KV06]) and deduce the dimension formulae from the
Lie algebra case. In general, we use the topological Jordan decomposition (cf. [Spi08, Kaz84])
and a geometric version of the Harish-Chandra descent argument in [BV21] to reduce to the
case of topologically unipotent elements. However, there is the remaining case of topologically
unipotent but not strongly topologically unipotent elements. Under our assumption that the
group G is (essentially) tamely ramified and the residue characteristic p is not bad, this case
occurs only when the adjoint group has a PGLn factor and p divides n. This remaining case is
treated separately in § 8.3 by a more involved argument.

1.4 Related works in the literature

In the equal-characteristic setting, there has been a vast amount of literature on various aspects
of affine Springer fibers and their generalizations. In the Lie algebra case, our general strategy
follows the works [KL88, Bez96, OY16], with reformulations in [Ngô10] using Chevalley quotients
and regular centralizers. In the group case, we follow the strategy of [BV21] to reduce to the Lie
algebra case. In particular, our methods are purely local.

We also mention the generalizations of a group version of affine Springer fibers from [Bou15,
BC18, Chi22] (in which they are called ‘Kottwitz–Viehmann’ varieties) and [He25] (in which
they are called ‘affine Lusztig varieties’). These are geometric incarnations of orbital integrals
for general functions in the parahoric Hecke algebras, whereas the group version of the (Witt-
vector) affine Springer fibers we study in this article mostly correspond to the unit elements. Note,
however, that in the works [BC18, Chi22], global methods involving Hitchin-type moduli spaces
play an important role in the proof of the dimension formulae. These methods (currently) do not
generalize to the mixed-characteristic setting. In [He25], the dimension formulae for general affine
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Lusztig varieties are reduced to the case that we study here. The reduction methods of [He25]
are purely local and work uniformly in both equal and mixed-characteristic settings. Thus, after
combining [He25] and the results in the current article, we could obtain the mixed-characteristic
counterparts of the results in [Bou15, BC18, Chi22].

1.5 Organization of the article

The first three sections, §§ 2–4, are preparations for the proof of the main results. Section 2
contains a review of some standard facts on reductive groups over local fields. In § 3, we discuss
numerical invariants of regular semisimple conjugacy classes in reductive groups: the defect of
Kottwitz invariants, the topological Jordan decompositions, a result of Chai–Yu and its implica-
tion on the Artin conductors (Corollary 3.13) that is a crucial ingredient of our work. In § 4, we
discuss some results on conjugacy classes in the Lie algebras: Chevalley quotients and univer-
sal regular centralizers, topological Jordan decompositions for Lie algebras and quasi-logarithm
maps.

In § 5, we study a class of generalized affine Springer fibers, establish their basic finiteness
properties (Theorem 5.4) and discuss their relations to orbital integrals in § 5.3. In § 6, we
state our two main results on the dimension formulae of affine Springer fibers: the group case
(Theorem 6.10) and the Lie algebra case (Theorem 6.4).

In the remaining sections, §§ 7 and 8, we prove our main results. We first establish the
dimension formulae for the Lie algebras in § 7 and then deduce from this the dimension formulae
for the groups in § 8.

1.6 Notation and conventions

For a group scheme G over a base scheme S, we let ZG denote its center, G◦ denote its fiberwise
identity component, and π0(G) =G/G◦ denote its group scheme of connected components. The
derived (respectively, adjoint) group of G is denoted by Gder (respectively, Gad). We use Lie(G)
to denote the Lie algebra of G, understood either as an OS-module or as an S-scheme (it should
be clear from the context which point of view we take). A reductive group scheme is always
assumed to be fiberwise connected. If G is reductive, then Gder is semisimple and its simply
connected cover is denoted by Gsc. Then, there are canonical homomorphisms

Gsc→Gder→G→Gad =G/ZG.

For an element γ ∈G(S′) for some S-scheme S′, we let Gγ be the centralizer of γ, which is a
group scheme over S′.

For a scheme X (respectively, Y ) over S on which G acts on the right (respectively, left), we
let X ×G Y be the stack quotient of X × Y by the anti-diagonal right G action: g ∈G acts by
(x, y) �→ (xg, g−1y).

We work with perfect (ind-)schemes/algebraic spaces and a standard reference is [Zhu17,
Appendix A]. For the reader’s convenience, we recall the following notion that is frequently used
throughout the article.

Definition 1.3. Let k be a perfect field of characteristic p > 0. A perfect scheme X over k is
said to be locally perfectly of finite type if it has an open cover {Ui} such that each Ui is the
perfection of a finite-type affine scheme over k. A perfect scheme over k is said to be perfectly of
finite type if it is locally perfectly of finite type and quasi-compact.

For a reductive group G over a field F , with a maximal torus T ⊂G, let T sc be the pre-
image of T in Gsc; the algebraic fundamental group of G (in the sense of Borovoi) is defined
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by π1(G) :=X∗(T )/X∗(T sc) (see [KP23, § 11.3]). It is an abelian group with an action of the
absolute Galois group of F , and is independent of the choice of T .

In the main body of the article, we work over a mixed-characteristic discrete-valued field F
with valuation ring O and residue field k. We use normal math italic fonts (e.g. G) for groups
defined over F , calligraphic fonts (e.g. G) for their integral models over O, and sans-serif fonts
(e.g. G) for their special fiber over the residue field k. When our groups are twisted forms of
split groups, we often use blackboard bold font (e.g. G) for the corresponding split form. We
use boldface fonts (e.g. P, I) for open bounded (mod center) subgroups of G(F ); these mainly
include parahoric subgroups, their pro-unipotent radicals, and their normalizers. The Lie algebra
of a group (e.g. G) is usually denoted by the corresponding Gothic font (e.g. g).

2. Reductive groups over local fields

2.1 Local fields and extensions

Fix a prime number p > 0. Let k be a perfect field of characteristic p and fix an algebraic closure
k̄ of k. Let F be a complete discrete-valued field of characteristic 0 with valuation ring O and
residue field k. Fix a uniformizer � ∈O. Let val : F →Z∪ {∞} be the normalized valuation on
F with val(�) = 1. Fix a (separable) algebraic closure F of F . For each positive integer m, let
μm be the group of mth roots of unity in F . The valuation val on F extends uniquely to F , and
the associated p-adic absolute value on F is defined by |x| := p−val(x) for any x∈ F . Let O⊂ F
be the valuation ring, which is also the integral closure of O in O. Let F ur be the maximal
unramified extension of F in F . Let F̆ be the completion of F ur and let Ŏ ⊂ F̆ be its valuation
ring. Let Γ :=Gal(F/F ) be the absolute Galois group of F and let Γ1 =Gal(F/F ur) be the
inertia subgroup, which is canonically isomorphic to the absolute Galois group of F̆ .

For any perfect k-algebra R, we let W (R) be its ring of p-typical Witt vectors. Let O0 =W (k)
and let F0 =W (k)[1/p] be the fraction field of O0. Then, F is a finite totally ramified extension
of F0. Let WO(R) :=W (R)⊗W (k)O be the ring of O-ramified Witt vectors. In particular, we

have Ŏ=WO(k̄). There is a unique group homomorphism

[·] :R×→WO(R)×

that lifts the identity map modulo �. When R= k̄, the image [k̄×]⊂ Ŏ is called the set of
Teichmüller representatives of k̄×.

In the remainder of the article, except in § 5.3, we assume that k= k̄ so that F = F̆ , O= Ŏ.

2.2 Quasi-split groups and parahoric subgroups

Let G be a connected reductive group over F . Since F is complete and the residue field k is
algebraically closed, G is automatically quasi-split by Steinberg’s theorem. We fix a pinning of
G as follows. Let F ′/F be the minimal Galois extension such that G becomes split over F ′. Let
G be the split connected reductive group scheme over Z with Lie algebra g := Lie(G), together
with an isomorphism GF ′ ∼=GF ′ . Fix a pinning (T,B, (xα)α∈Δ) of G defined over Z, consisting
of a split maximal torus T and a Borel subgroup B containing T and for each simple root α∈Δ,
a collection of Z-basis vectors xα ∈ gα(Z) in the root space gα ⊂ g. Let t be the Lie algebra
of T, viewed either as a Z-module or a scheme. Let G :=Gk (respectively, T :=Tk, B :=Bk) be
the base change of G (respectively, T,B) to k. In the following, we often simplify notation and
still use G, T, etc. to denote their base change to other rings. We hope this will not cause any
confusion since, in each case, it will be clear from the context what are the base rings.

The group Out(G) of outer automorphisms of G can be identified with the subgroup of the
automorphism group scheme Aut(G) that stabilizes this pinning. The group G is the twisted
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form of G associated to a homomorphism

ρG : Gal(F ′/F )→Out(G).

We also get a Borel subgroup B and a maximal torus T of G, both defined over F . Let t
(respectively, b) be the Lie algebra of T (respectively, B).

Let B(G) be the (reduced) Bruhat–Tits building and let B̃(G) be the extended Bruhat–Tits
building of G(F ). By definition, B(G) is also the Bruhat–Tits building of Gad(F ) or Gsc(F ). By
Bruhat–Tits theory (cf. [KP23] for a modern reference), to each point x∈ B̃(G) in the extended
building is associated a sequence of open bounded (mod center) subgroups of G(F ):

Px+ ⊂Px ⊂P†
x ⊂ P̃x,

where Px is the parahoric subgroup, Px+ is the pro-unipotent radical of Px, P
†
x is the stabilizer

of x in G(F ), and P̃x is the normalizer of Px in G(F ) (which coincides with the stabilizer in G(F )
of the image of x in the reduced building B(G), see [KP23, § 4.3]). We omit the subscript ‘x’ when
it does not play any role and simply write P+,P,P†, P̃ instead. For example, if G=GLn and
P=G(O) is the hyperspecial parahoric subgroup, then we have G(O)+ =ker(G(O)→G(k)),
P† =P, and P̃=PZG(F ). We note that the group P† is bounded, while P̃ is only bounded mod
center but not bounded in general.

For each parahoric subgroup P⊂G(F ), we let GP (respectively, G†P) be the smooth group

scheme overO with generic fiberG and group ofO-points GP(O) =P (respectively, G†P(O) =P†).
Let GP (respectively, G†

P) be the reductive quotient of the special fiber of GP (respectively, G†P).
Then, GP is the fiberwise identity component of G†P and GP is the identity component of G†

P.

2.3 Restriction of scalars and fixed-point loci

We explicitly construct some parahoric group schemes by restriction of scalars and taking fixed
points under finite group actions. Here we review the related facts, following [BLR90] and [Edi92].

Let S′→ S be a morphism of schemes. For any scheme X ′ over S′, recall that the restriction
of scalars of X ′ along S′→ S, denoted ResS′/SX

′, is the functor that sends any S-scheme T to
the set

(ResS′/SX
′)(T ) :=HomS′(T ×S S′, X ′).

When S =SpecA and S′ =SpecA′ are affine schemes, we also write ResA′/AX
′ instead of

ResS′/SX
′.

Lemma 2.1. Let A′ be a finite, locally free A-algebra and let X ′ be an affine scheme
over SpecA′. Then, we have the following.

(i) The restriction of scalars ResA′/AX
′ is represented by an affine scheme.

(ii) If X ′ is smooth over SpecA′, then ResA′/AX
′ is smooth over SpecA.

Proof.

(i) From the definition, we see that the formation of ResA′/AX
′ is Zariski local on the base

Spec(A). Therefore, to show that ResA′/AX
′ is affine, we may assume (after localization

on A) that A′ is a finite free A-algebra by [Sta23, Tag01S8]. Then, we proceed as in the
proof of [BLR90, § 7.6, Theorem 4] to see that ResA′/AX

′ is represented by an affine scheme
over A.

(ii) This follows from [Edi92, Lemma 2.2].
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The following result is a special case of [Edi92, Proposition 3.4]. For the reader’s convenience,
we provide a more straightforward proof in the current setting.

Lemma 2.2. Let S be a scheme and Σ be a finite étale group scheme over S. Let X be an affine
S-scheme with an action of Σ. Assume that the order of Σ is invertible over S and that X is
smooth over S, then the fixed-point subscheme XΣ is smooth over S.

Proof. Replacing S by an étale cover, we may assume that Σ is a finite constant group scheme
of order |Σ| ∈ O×

S . We write X =Spec(A) and let J ⊂A be the ideal generated by {a− σ(a) |
a∈A, σ ∈Σ}. Then, we have XΣ =Spec(A/J). Let R be an OS-algebra and I ⊂R an ideal such
that I2 = 0. Suppose we are given a homomorphism of OS-algebras f̄ :A/J→R/I corresponding
to a morphism Spec(R/I)→XΣ. By the infinitesimal lifting criterion, to prove smoothness of
XΣ =Spec(A/J), it suffices to find a homomorphism A/J→R lifting f̄ .

Since X =SpecA is smooth over S, there exists an OS-algebra homomorphism f :A→R
making the following diagram commutative.

A
f

��

��

R

��

A/J
f̄

�� R/I

In particular, we have f(J)⊂ I, so for any σ ∈Σ, there exists a map iσ :A→ I such that
f(σ(a)) = f(a) + iσ(a) for all a∈A. For each σ ∈Σ, from the identity f(σ(ab)) = f(σ(a))f(σ(b))
for any a, b∈A, we get that

iσ(ab) = f(b)iσ(a) + f(a)iσ(b).

Define an OS-linear map f̃ :A→R by

f̃(a) =
1

|Σ|
∑
σ∈Σ

f(σ(a)).

By the previous identity and the fact that I2 = 0, we get that for any a, b∈A,

f̃(ab) = f(ab) +
1

|Σ|
∑
σ∈Σ

iσ(ab)

= f(a)f(b) +
1

|Σ|f(b)
∑
σ∈Σ

iσ(a) +
1

|Σ|f(a)
∑
σ∈Σ

iσ(b)

=

(
f(a) +

1

|Σ|
∑
σ∈Σ

iσ(a)

)(
f(b) +

1

|Σ|
∑
σ∈Σ

iσ(b)

)

= f̃(a)f̃(b).

Thus, f̃ is an algebra homomorphism and by definition it factors through an OS-algebra
homomorphism A/J→R that lifts f̄ .

2.4 Special integral model for tamely ramified groups

Let F be as in § 2.1 and assume that its residue field k is algebraically closed. Let G be a
connected reductive group over F as in § 2.2. In this subsection, we assume moreover that the
splitting extension F ′/F of G is tamely ramified of degree e� 1, p � e. We construct G together
with a special integral model G0 and an Iwahori subgroup I⊂G(F ) explicitly.
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Let O′ be the valuation ring of F ′ and choose a uniformizer �′ ∈O′ such that �= (�′)e is
a uniformizer of O. Then, we have a canonical isomorphism Gal(F ′/F )∼= μe, where μe is the
group of eth roots of unit in F .

Let G†0 := (ResO′/OG)μe , where μe acts simultaneously on O′ and G (through ρG). Let G0 be

the fiberwise identity component of G†0. Similarly, we let T be the fiberwise identity component

of (ResO′/OT)μe . By Lemmas 2.1 and 2.2, the group schemes G0, G†0, T are affine and smooth
over O. The special fiber of G0 is G0 :=Gμe,◦, the identity component of the fixed-point loci of
the ρG(μe) action on G. Let A :=Tμe,◦ be the special fiber of T . Then, G0 is a reductive group
over k and A is a maximal torus of G0.

Let P†
0 := G

†
0(O) and P0 := G0(O). Then, P0 is a special parahoric subgroup of G(F ) cor-

responding to a special point that we denote by ‘0’ in the Bruhat–Tits building B(G). By

construction, there is a natural reduction map Red0 : G†0→G whose image is Gμe . It restricts to
a surjective homomorphism (that we denote by the same symbol)

Red0 : G0→G0. (2.1)

Let I⊂G0(O) be the inverse image of B(k)∩G0(k) under Red0. Then I is an Iwahori subgroup
of G(F ) which corresponds to an alcove in B(G) whose closure contains the special point 0.

In the following, for simplicity, we often denote the special O-model G0 also by G and denote
g=Lie(G0) so that we can write P0 =G(O), Lie(P0) = g(O), etc. If G is split, then F ′ = F ,

G0 = G†0 =G=G, and P0 =P†
0 =G(O) is a hyperspecial parahoric subgroup of G(F ).

Our main theorems are valid under a condition that is slightly more general than being
tamely ramified. We formulate it as follows.

Definition 2.3. A reductive group G over F is essentially tamely ramified if its adjoint group
Gad is a product of Weil restrictions of tamely ramified groups over finite extensions of F .

2.5 Conditions on the residue characteristic

We review some standard conditions on the residue characteristic p of F determined by a
reductive group.

First, let us recall the notion of bad primes and torsion primes for a root system, following
[SS70, Chapter I, § 4].

Definition 2.4. A prime number p is bad (respectively, torsion) for a root system Σ if ZΣ/ZΣ1

(respectively, ZΣ∨/ZΣ∨
1 ) has nontrivial p-torsion for some closed subsystem Σ1 ⊂Σ. Here, Σ∨

(respectively, Σ∨
1 ) is the dual root system of Σ (respectively, Σ1).

A prime number p is bad (respectively, torsion) for a reductive group or a reductive Lie algebra
over a field if it is bad (respectively, torsion) for its (absolute) root system. A prime number p
is good for a root system (or reductive group, or reductive Lie algebra) if it is not bad for it.

The bad primes for an irreducible root system Σ are listed according to the types of Σ as
follows.

– Type An: none.

– Type Bn(n� 2),Cn(n� 3),Dn(n� 4): p= 2.

– Type E6,E7,F4,G2: p= 2, 3.

– Type E8: p= 2, 3, 5.

The torsion primes for an irreducible root system Σ are listed according to the types of Σ as
follows.
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– Type An,Cn(n� 2): none.

– Type Bn(n� 3),Dn(n� 4),G2: p= 2.

– Type E6,E7, F4: p= 2, 3.

– Type E8: p= 2, 3, 5.

A prime number p is bad (respectively, torsion) for a general root system if it is so for some
of its simple factors. We observe from the list above that the torsion primes for a root system
are also bad primes (but not vice versa). Moreover, any bad prime of a root system divides the
order of its Weyl group by [SS70, I.4.10].

Sometimes, we need conditions on p that depend not only on the root system but also the
root datum of a reductive group. Let R= (X,Σ, X∨,Σ∨) be a root datum consisting of a pair of
finite free Z-modules X,X∨ dual to each other, and a subset Σ⊂X (respectively, Σ∨ ⊂X∨) of
roots (respectively, coroots). Let Rsc := (Xsc,Σ, (Xsc)∨,Σ∨) be the associated simply connected
root datum in which (Xsc)∨ =ZΣ∨ is the lattice generated by the coroots of R. The root datums
R and Rsc have the same underlying root system Σ.

Definition 2.5. A prime number p is torsion for the root datum R= (X,Σ, X∨,Σ∨) ifX∨/ZΣ∨
1

has nontrivial p-torsion for some closed subsystem Σ1 ⊂Σ.

Note that

|(X∨/ZΣ∨
1 )tor|= |(ZΣ∨/ZΣ∨

1 )tor| · |(X∨/ZΣ∨)tor|.
The prime divisors of the first factor |(ZΣ∨/ZΣ∨

1 )tor| (when Σ1 runs through all possible closed
subsystems Σ) are precisely the torsion primes of the underlying root system Σ. The second
factor above has several equivalent interpretations. Let Rder := (Xder,Σ, (Xder)∨,Σ∨) be the
‘derived’ root datum of R, where Xder := Im(X→Xsc) and (Xder)∨ :=X∨ ∩QΣ∨ (intersection
inside X∨ ⊗Z Q) is the saturation of ZΣ∨ in X∨. Then, we have

|(X∨/ZΣ∨)tor|= |(Xder)∨/(Xsc)∨|= |Xsc/Xder|= |coker(X→Xsc)|.
In particular, p is torsion for R if either:

– p is torsion for the underlying root system of R; or
– p divides the order of the cokernel of the natural homomorphism X→Xsc.

So, our definition of torsion primes for a root datum is the same as the definition in [Dem73,
§ 5], by their Proposition 6 (see also [BČ22, § 4.1.12]).

If R is the root datum of a split reductive group G, then Rder (respectively, Rsc) is the
root datum of the derived group Gder (respectively, its simply connected cover Gsc). The finite
abelian groups coker(X→Xsc) and ker(Gsc→G) are dual to each other (in the sense of algebraic
groups) and hence they have the same order. Here, order should be understood as the dimension
of the coordinate ring of the algebraic group, e.g. μn has order n over any field. On the other
hand, recall that the algebraic fundamental group of G is defined by π1(G) =X∨/ZΣ∨ and its
torsion subgroup π1(G)tor = π1(G

der) = (Xder)∨/(Xsc)∨ is a quotient of π1(Gad). In the following
table, we list the structure of π1(Gad) for a split reductive group G according to the types.

Type of G An−1 Bn, Cn, E7 Dn (n even) Dn (n odd) E6 E8, F4, G2

π1(Gad) Z/nZ Z/2Z Z/2Z×Z/2Z Z/4Z Z/3Z 0

For later reference, we recall some classical results below about centralizers of semisimple
elements in Lie algebras. This also helps us have a glimpse of the relevance of the various
conditions on p introduced above.
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Proposition 2.6. Let G be a connected reductive group over an algebraically closed field k and
let γ ∈ Lie(G) be a semisimple element in its Lie algebra. Let Gγ be the centralizer of γ in G and
let G◦

γ be its identity component.

(i) The Lie algebra of Gγ coincides with the centralizer of γ in Lie(G). In other words, we have
Lie(Gγ) = Lie(G)γ .

(ii) Suppose that either char(k) = 0 or char(k) = p > 0 is a good prime for G, then G◦
γ is a Levi

subgroup of G.

(iii) Suppose that either char(k) = 0 or char(k) = p > 0 is not a torsion prime for the root datum
of G, then Gγ is connected.

Proof.

(i) This is [Bor91, III.9, Proposition (2)].

(ii) This is [Let05, Lemma 2.6.13(ii)]. Let us provide more details. Let T⊂G be a maximal torus
and let Σ be the set of T-roots on Lie(G). After G-conjugation, we may and do assume that
γ ∈ Lie(T) by [BS68, Corollary 4.5]. Let Σγ := {α∈Σ, dα(γ) = 0}. Then, Σγ ⊂Σ is a closed
subsystem of Σ and G◦

γ is a reductive group with maximal torus T and root system Σγ by

[Ste75, Lemma 3.7] (see also [BČ22, Lemma 4.1.6]).
Take any root α∈Σ∩QΣγ , where QΣγ is the Q-subspace of X∗(T)⊗Z Q spanned by Σγ .

Let m be the smallest positive integer such that mα is a Z-linear combination of elements
in Σγ . Then, we have m · dα(γ) = 0 and m divides the order of the torsion subgroup of
ZΣ/ZΣγ . The assumption on char(k) then implies that m is invertible in k (see [SS70,
I.4.3]). Hence, dα(γ) = 0 and we have α∈Σγ . This shows that Σ∩QΣγ =Σγ . By [Bou68,
VI § 1.7, Proposition 24], there exists a set of simple roots for Σγ that can be enlarged to a
set of simple roots for Σ. This means that G◦

γ is a Levi subgroup of G.

(iii) If char(k) = 0, this is [Ste75, Corollary 3.11]. If char(k) = p > 0 is a non-torsion prime for the
root datum of G, this is [Ste75, Theorem 3.14].

3. Conjugacy classes in the groups

Let F,O, k be as in § 2.1 and assume, moreover, that k is algebraically closed. Let G be a
connected reductive group over F . In this section, we introduce some numerical invariants of
conjugacy classes in G(F ).

3.1 Discriminant valuation

Recall that an element γ ∈G(F ) is regular semisimple if it is semisimple and its centralizer
Gγ has minimal possible dimension. In fact, γ is regular semisimple if and only if the identity
component G◦

γ is a maximal torus of G defined over F . There is a nonempty open subscheme
Grs ⊂G such that Grs(F ) is the set of all regular semisimple elements.

Definition 3.1. The discriminant valuation of a regular semisimple element γ ∈Grs(F ) is the
integer defined by

dG(γ) := val det(Id− ad(γ) | g(F )/gγ(F )).

We can compute dG(γ) as follows. After G(F )-conjugation, we may assume that γ ∈ T (F )
for a maximal torus T in G. Let R be the set of roots of T on g. Then, we have

dG(γ) =
∑
α∈R

val(1− α(γ)). (3.1)
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3.2 Kottwitz homomorphism

The Kottwitz homomorphism is a generalization of the determinant valuation on GLn(F ) to
all reductive groups. It gives an obstruction for an element to lie in a parahoric subgroup. Let
π1(G) = π1(GF ) be the algebraic fundamental group of G, which is a finitely generated abelian
group with an action of the Galois group Γ=Gal(F/F ). We have the Kottwitz homomorphism

κG :G(F )→ π1(G)Γ,

where2 π1(G)Γ is the group of Γ-coinvariants of π1(G).
Let G(F )0 := ker(κG) and let G(F )† be the inverse image of the torsion subgroup of π1(G)Γ

under κG. Any parahoric subgroup P⊂G(F ) is contained in G(F )0 and the Kottwitz homo-
morphism κG induces an injective homomorphism P̃/P ↪→ π1(G)Γ, which is bijective if P is an
Iwahori subgroup (see [KP23, Proposition 11.6.1]).

Let S be a maximal F -split torus in G and let N (respectively, T ) be the normalizer (respec-
tively, centralizer) of S in G. By Steinberg’s theorem, the assumption on F implies that G is
quasi-split and T is a maximal torus of G defined over F . Let T be the fiberwise identity com-
ponent of the finite-type Néron model of T . Then, T (O) is the unique parahoric subgroup of
T (F ) and the Kottwitz homomorphism κT for T induces an isomorphism X∗(T )Γ ∼= T (F )/T (O).
Let W =N(F )/T (F ) be the (relative) Weyl group of G and let W̃ :=N(F )/T (O) be the

Iwahori–Weyl group of G. Let Waff ⊂ W̃ be the affine Weyl group of the root system of G.
We choose a special point, denoted ‘0’, and an alcove a whose closure contains 0, both in the

apartment for S in the Bruhat–Tits building of G. They determine decompositions

W̃ =X∗(T )Γ �W, W̃ =Waff � W̃a,

where W̃a is the stabilizer of a in W̃ . Moreover, the Kottwitz homomorphism induces an
isomorphism

ιa : W̃a
∼= π1(G)Γ.

See, for example, [KP23, §§ 7.8, 11.5] (note that, in [KP23], the Iwahori–Weyl group is denoted

by W̃ 0).

Definition 3.2. Define the homomorphism wG
a : π1(G)Γ→W to be the composition of the

following natural homomorphisms:

wG
a : π1(G)Γ ∼= W̃a ↪→ W̃ →W,

where the first map is the inverse of ιa.
The defect of an element x∈ π1(G)Γ is the non-negative integer

def(x) := dimQ X∗(S)Q − dimQ X∗(S)
wG

a (x)
Q ,

where X∗(S)Q :=X∗(S)⊗Z Q and X∗(S)
wG

a (x)
Q is the subspace of wG

a (x)-invariants.

The invariant def(x) is independent of the choice of the alcove a. Indeed, the group N(F )
acts transitively on the set of alcoves in the apartment of S and, for any n∈N(F ), the maps

wa and wn(a) are conjugate by n. Therefore, dimQ X∗(S)
wa(x)
Q =dimQ X∗(S)

wn(a)(x)
Q . Moreover,

def(x) is also independent of the choice of the maximal F -split torus S, since any two such
tori are conjugate by an element of G(F ), which induces canonical isomorphisms between the

2In general, one needs to first take coinvariants under the inertia group of F and then take invariants under a
Frobenius. In our case, the residue field of F is algebraically closed and hence the inertia group equals the whole
Galois group.
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associated (Iwahori) Weyl groups. It will be convenient to have a description of def(x) that does
not depend on the torus S. For this, we have the following simple lemma which follows directly
from the definitions.

Lemma 3.3. Let the notation be as in Definition 3.2. For any x∈ π1(G)Γ, choose an element
x̃∈ κ−1

G (x)⊂G(F ) that stabilizes the barycenter of the alcove a (in other words, x̃ lies in the
normalizer of the Iwahori subgroup of G(F ) corresponding to a). Then, the defect def(x) equals
the codimension of the fixed-point loci ax̃ in the alcove a.

3.3 Topological Jordan decomposition for the group

Recall from [KP23, Definition 2.2.1] that, for an affine F -scheme S of finite type, a subset
B ⊂ S(F ) is bounded if, for any regular function f ∈ F [S], the set {|f(b)|, b∈B} is bounded
above. We say that an element γ ∈G(F ) is bounded if the subgroup 〈γ〉 ⊂G(F ) generated by γ
is bounded.

Lemma 3.4. For an element γ ∈G(F ), the following are equivalent.

(i) The element γ is bounded.

(ii) For any algebraic representation ρ of G (defined over F ), any generalized eigenvalue λ of
ρ(γ) in F satisfies |λ|= 1.

(iii) There exists a parahoric subgroup P⊂G(F ) such that γ ∈P†. In other words, γ has a fixed
point in the extended Bruhat–Tits building of G(F ).

(iv) There exists an Iwahori subgroup I⊂G(F ) such that γ ∈ I†. In other words, γ fixes an
alcove in the extended Bruhat–Tits building of G(F ).

Proof. (i)⇔(ii). Suppose γ ∈G(F ) is bounded and let ρ :G→GL(V ) be an algebraic representa-
tion (defined over F ). Then, ρ(γ) is a bounded subgroup of GL(V ) and hence, for any generalized
eigenvalue λ∈ F of ρ(γ), the set {|λn|, n∈Z} is bounded above and so we must have |λ|= 1.

Suppose that γ ∈G(F ) is unbounded. Let H be the Zariski closure of 〈γ〉 in G. Then, γ is
also unbounded in H. Let ρ :G→GL(V ) be an algebraic representation with finite kernel. By
[KP23, Lemma 2.2.11], there is an eigenvalue λ of ρ(γ) such that |λ|> 1.

(i)⇔(iii). By [KP23, Proposition 2.2.13], any bounded subgroup of G(F ) is contained in
a maximal bounded open subgroup. Therefore, the equivalence follows from [KP23, Theorem
4.2.15].

(iii)⇔(iv). Let I⊂G(F ) be an Iwahori subgroup contained in P and suppose γ ∈P†. Let
G†P be the smooth O-model of G such that G†P(O) =P† and let G†

P be its special fiber. Let

γ̄ ∈G†
P(k) be the image of γ ∈P† under the natural reduction map. The image of I in GP is a

Borel subgroup that we denote by BP. By [Ste68, Theorem 7.2 on p. 49], the flag variety GP/BP

has a fixed point under the conjugation action of γ̄. Therefore, γ is P† conjugate to an element
in I† and we are done.

Definition 3.5. An element γ ∈G(F ) is said to be the following.

– Strongly semisimple if it is semisimple and for any algebraic representation ρ of G (defined
over F ), each eigenvalue of ρ(γ) lies in the set of Teichmüller representatives [k̄×].

– Topologically unipotent if, for any algebraic representation ρ of G (defined over F ) and any
generalized eigenvalue α of ρ(γ) in F (i.e. α is a root of the characteristic polynomial of
ρ(γ)), we have |α− 1|< 1.

– Strongly topologically unipotent if there exists a parahoric subgroup P⊂G(F ) with pro-
unipotent radical P+ such that γ ∈P+.
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An element γ ∈G(F ) is (strongly) topologically unipotent (respectively, strongly semisimple,
bounded) mod center if its image in Gad(F ) has this property.

Lemma 3.6. Suppose that the reductive group G is (essentially) tamely ramified over F in the
sense of Definition 2.3. For any element s∈G(F ) that is strongly semisimple mod center, the
identity component of its centralizer G◦

s is also (essentially) tamely ramified.

Proof. We may assume that G is adjoint and tamely ramified. By [Spi08, Corollary 2.37], the
element s∈G(F ) is F -tame in the sense of [Spi08, Definition 2.4]. This means that, after passing
to a tamely ramified extension of F , we may and do assume that s is contained in a split torus.
Then, s is contained in a maximal F -split torus S. Let T be the centralizer of S in G. Then,
T is a maximal F -torus of G◦

s that splits over a tamely ramified extension, since G is tamely
ramified. This means that G◦

s is tamely ramified.

Lemma 3.7. Let G be a reductive group over F and let κG :G(F )→ π1(G)Γ be its Kottwitz
homomorphism, where Γ=Gal(F/F ). Recall that F is complete and the residue field k is
algebraically closed.

(i) An element γ ∈G(F ) is topologically unipotent if and only if there exists a finite extension
E/F such that γ is strongly topologically unipotent in G(E). In particular, any strongly
topologically unipotent element in G(F ) is topologically unipotent.

(ii) An element γ ∈G(F ) is strongly topologically unipotent if and only if it is topologically
unipotent and κG(γ) = 1.

(iii) If the residue characteristic p does not divide the order of the torsion subgroup of π1(G)Γ,
then an element γ ∈G(F ) is topologically unipotent if and only if it is strongly topologically
unipotent.

Proof.

(i) If γ ∈G(E) is strongly topologically unipotent for some finite extension E/F , then γ ∈P+

for some parahoric subgroup P⊂G(E) and therefore limn→∞ γp
n

= 1. In other words, γ
is topologically p-unipotent in the sense of [Spi08, Definition 1.3]. This implies that γ is
topologically unipotent. Conversely, if γ ∈G(F ) is topologically unipotent, then it is topo-
logically p-unipotent and hence by [Spi08, Lemma 2.21] there is a finite extension E/F such
that γ is strongly topologically unipotent in G(E).3

(ii) The implication ‘⇒’ is clear. Suppose that γ ∈G(F ) is topologically unipotent and
κG(γ) = 1. By Lemma 3.4, there exists a parahoric subgroup P⊂G(F ) such that γ ∈P†.
Then, we must have γ ∈P, since κG(γ) = 1. By [KP23, Theorem 8.4.19] there is a parahoric
subgroup Q⊂G(F ) whose corresponding facet in the Bruhat–Tits building B(G) contains
the facet ofP in its closure, such that γ ∈Q+ and hence γ is strongly topologically unipotent.

(iii) Suppose, moreover, that p does not divide the order of the torsion subgroup of π1(G)Γ. Let
γ ∈G(F ) be a topologically unipotent element. Then, limn→∞ γp

n

= 1 and hence κG(γ) lies
in the p-power torsion subgroup of π1(G)Γ. By assumption, we must have κG(γ) = 1 and
hence γ is strongly topologically unipotent by part (ii).

Example 3.8. Suppose the residue characteristic of F equals 2. Then, the element in PGL2(F )
represented by the matrix ( 0 1

� 0 ) is topologically unipotent but not strongly topologically unipo-
tent. Thus, in GL2(F ), this matrix is topologically unipotent mod center but not strongly
topologically unipotent mod center.

3In fact, this is the definition of ‘topologically F -unipotent’ from [Spi08, Definition 2.15].
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Finally, we state the following result of Spice [Spi08, Theorem 2.38] on the existence and
uniqueness of topological Jordan decompositions.

Theorem 3.9 (Spice). For any bounded element γ ∈G(F ), there exists a unique strongly
semisimple element s∈G(F ) and a unique topologically unipotent element u∈G(F ) such
that γ = su= us. Moreover, we have s, u∈G◦

s(F ), where G◦
s is the identity component of the

centralizer of s in G.

3.4 Arithmetic invariants of tori

In this subsection, we introduce a numerical invariant of a conjugacy class defined by the Artin
conductor of its centralizer. Then, we review a result of Chai and Yu [CY01] on the Artin
conductor of tori. This result is used later in Theorem 7.9 to compute the dimension of the
regular locus of the Witt-vector affine Springer fiber for Lie algebras.

Let T be an F -algebraic group of multiplicative type. We are only interested in the case
of tori but the slightly more general setting would make no difference in most of the following
discussion. Let Λ :=X∗(TF ) be the lattice of coweights of T defined over F , equipped with an
action of Gal(F/F ) through a homomorphism ρT : Gal(F/F )→GL(Λ) :=AutZ(Λ). We define
some isogeny invariants of T associated to the representation

ρT,Q = ρT ⊗Z Q : Gal(F/F )→GL(ΛQ),

where ΛQ := Λ⊗Z Q.

Definition 3.10. The Artin conductor of T , denoted Art(T ), is defined to be the Artin
conductor of the representation ρT,Q. The defect of T is the non-negative integer

def(T ) := dimQ ΛQ − dimQ Λ
Gal(F/F )
Q ,

which is the difference between the F -rank of T and the F -rank of T .

The Artin conductor Art(T ) equals def(T ) if and only if T splits over a tamely ramified
extension of F . In general, Art(T ) is always a non-negative integer by the Hasse–Arf theorem
(see [Ser68, Chapter VI.§ 2, Theorem 1]) and Art(T )� def(T ). The difference Art(T )− def(T )
is the Swan conductor of the representation ρT,Q and measures the wild ramification of T .

We extend this definition to general reductive groups over F as follows.

Definition 3.11. The Artin conductor (respectively, defect) of a reductive group G over F are
the integers

Art(G) :=Art(T ), def(G) := def(T ),

where T ⊂G is a maximally split maximal torus defined over F , i.e. T is a maximal torus of
G defined over F and contains a maximal F -split torus S ⊂G. When G is quasi-split, then
T =ZG(S) is the centralizer of S.

Now, let T be a torus over F and let t=Lie(T ) be the Lie algebra of T , viewed either as an
F -scheme or an F -vector space. We specialize the discussion in § 2.2 to the case where G= T .
Then, we get a unique smooth O-model T † of T such that T †(O) is the maximal bounded
subgroup of T (F ) and the fiberwise identity component T †,0 is the unique parahoric group
scheme of T . In fact, T † is the finite-type Néron model of T in the terminology of [CY01, § 3]
and [Ngô10].4 The Lie algebra t† := Lie(T †) is an O-lattice in t(F ). Let L/F be a finite Galois
extension contained in F such that ρT factors through Gal(L/F ) and let OL be the valuation

4In [CY01] it is denoted by TNR = T ft NR, whereas in [Ngô10] it is denoted by T �.
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ring of L. Then, T is split over L and there is a natural homomorphism (T †)OL
→ (TL)

† that

induces an embedding of OL-modules t† ⊗O OL ⊂ t†L.

Theorem 3.12 [CY01]. Let e(L|F ) be the ramification index of the extension L/F . Then, we
have

1

e(L|F )
lengthOL

(
t†L

t† ⊗O OL

)
=

1

2
Art(T ).

Proof. This follows by combining Proposition 10.2 and Theorem 11.3 in [CY01].

Now, suppose that there exists a nondegenerate symmetric F -bilinear form (·, ·) on Λ⊗Z F
that is invariant under Gal(L/F ) (which acts on Λ via ρT ). Recall that the dual of an O-lattice
M ⊂Λ⊗Z F is defined to be

M∨ := {x∈Λ⊗Z F | (x,M)⊂O}.

We would also like to define the dual of O-lattices in t(F ). For this, we first extend (·, ·) to
an L-bilinear form (·, ·)L on Λ⊗Z L. Since T splits over L, there are canonical identifications
t(L) = Λ⊗Z L and

t(F ) = (Λ⊗Z L)
Gal(L/F ),

where Gal(L/F ) acts diagonally. By Gal(L/F )-invariance of (·, ·), the extended form (·, ·)L
restricts to an F -bilinear form on t(F ). In other words, for any x, y ∈ t(F ), we have (x, y)L ∈ F .
Then, for any O-lattice M ⊂ t(F ), we define its dual to be

M∨ := {x∈ t(F ) | (x,M)L ⊂O}= {x∈ t(F ) | (x,M)L ⊂OL},
where the equality follows from the equality OL ∩ F =O.

Corollary 3.13. With notation as above. Assume, moreover, that Λ⊗Z O is self-dual under
(·, ·). Then, we have

lengthO(t
†,∨/t†) =Art(T ).

Proof. First, we claim that for any O-lattice M ⊂ t(F ), we have

M∨ ⊗O OL = (M ⊗O OL)
∨,

where the right-hand side means the dual of the OL-lattice under the pairing (·, ·)L. Indeed, after
choosing an O-basis {m1, . . . , mr} for M and letting m∨

1 , . . . , m
∨
r be the dual basis satisfying

(mi, m
∨
j )L = δij , both sides are identified with the OL submodule of Λ⊗Z L spanned by {m∨

i , 1�
i� r}.

Applying this identity to M = t†, we get that

lengthO(t
†,∨/t†) =

1

e(L|F )
lengthOL

(t†,∨/t†)⊗O OL =
1

e(L|F )
lengthOL

(t† ⊗O OL)
∨

t† ⊗O OL
.

Since T splits over L, we have t†L =Λ⊗Z OL, which is self-dual by assumption. So, we have

t† ⊗O OL ⊂ t†L = t†,∨L ⊂ (t† ⊗O OL)
∨

and then, by Theorem 3.12, we conclude that

lengthO(t
†,∨/t†) =

2

e(L|F )
lengthOL

(
t†L

t† ⊗O OL

)
=Art(T ).

We end this section with a result on the behavior of the Artin conductor under restrictions of
scalars. Later, this is used in several reduction steps (see § 7.1 and Proposition 8.4) in the proof
of the main theorems.
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Proposition 3.14. Let E/F be a finite extension field and let DiscE/F ⊂O be its discriminant
ideal. Let H be a reductive group over E with absolute rank r. Then, we have

Art(ResE/FH) = val(DiscE/F )r+Art(H).

Proof. We may assume that E ⊂ F . After replacing H by a maximally F -split sub-torus, we may
assume that H = T is a torus over E. Then, the Gal(F/F )-module X∗(ResE/FT ) is induced

from the Gal(F/E)-module X∗(T ) and the result follows from [Ser68, VI § 2, Corollary to
Proposition 4].

4. Conjugacy classes in the Lie algebras

Let F,O, k be as in § 2.1 and assume, moreover, that k is algebraically closed. Let G be a
connected reductive group over F with Lie algebra g. Keep the notation from § 2.2. In par-
ticular, G splits over F ′ and is the twisted form of the split group G by the homomorphism
ρG : Gal(F ′/F )→Out(G).

In this section, we review some facts about conjugacy classes in g(F ). Most of the results
here are well-known if p= char(k) is sufficiently large, but not so otherwise. We have to pay
attention to the exact conditions on p throughout.

4.1 Chevalley quotient and regular semisimple elements

The Chevalley base for the Lie algebra g is the invariant quotient of g (viewed as an F -scheme)
by the adjoint action of G, denoted c= g//G := Spec(F [g]G). It comes with a natural morphism

χG : g→ c

called the Chevalley morphism. Similarly, for the split form G of G, we have its Chevalley
morphism χG : g→ c that is actually defined over Z.

The Out(G)-action and the adjoint action of G on g combine into an action of the semi-direct
product G�Out(G) on g, which then induces an action of Out(G) on c making the morphism
χG equivariant under Out(G). Consequently, χG is the Out(G)-twist of χG over F ′ defined by
the homomorphism ρG : Gal(F ′/F )→Out(G).

Recall that an element in g (respectively, g) is regular if its centralizer in G (respectively, G)
has minimal possible dimension (or equivalently, its adjoint orbit has maximal possible dimen-
sion). The regular elements in g form an open subscheme greg ⊂ g that is G�Out(G)-stable and
descends to the open subscheme greg of regular elements in g. Then, the Chevalley morphism χG

is flat and its restriction to the regular open subscheme χreg
G : greg→ c is smooth. This follows by

Galois descent from the corresponding statements for the split group G.
Let grs ⊂ greg be the open subscheme of regular semisimple elements. There is an open

subscheme crs ⊂ c such that grs = χ−1
G (crs). The complement of crs in c is the vanishing loci of

the discriminant function Δg. Let us recall its definition below. For this, we view the split group
G and related objects g, c, etc. to be defined over Z.

Let P (X)∈Z[g][X] be the universal characteristic polynomial for adjoint actions of elements
in g. In other words, for any ring R and any γ ∈ g(R), viewed as a morphism γ : SpecR→ g,
the pullback γ∗P (X) is the characteristic polynomial of the endomorphism ad(γ) on the free
R-module g(R). The characteristic polynomials are invariant under the action of G�Out(G)
and therefore we have P (X)∈Z[c]Out(G), the set of Out(G)-invariant polynomials on c with
Z-coefficients. Moreover, P (X) is divisible by Xr, where r is the rank of G. The coefficient of
the Xr term is the discriminant Δg ∈Z[c]Out(G) that we also view as an element in Z[g]. Then,
the regular semisimple locus crs is the complement of the principal divisor Δg = 0.
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The open subschemes grs and crs are stable under the Out(G)-action and descend to open
subschemes grs ⊂ g and crs ⊂ c of regular semisimple elements. Let Δg ∈ F [c] = (F ′[c])Gal(F ′/F )

be the image of Δg. Then, c
rs is the complement of the principal divisor Δg = 0 on c.

Lemma 4.1. For any regular semisimple element γ ∈ grs(F ), we have

Δg(γ) = det(ad(γ) | g(F )/gγ(F )),

where gγ = ker(ad(γ)) = Lie(Gγ) is the centralizer of γ in the Lie algebra. More generally, for
any semisimple element γ ∈ t(F ) = t(F ), we have

Δg(γ) =
∏
α∈R

dα(γ),

where R is the set of roots of T in g and dα : t(F )→ F is the differential of a root α∈R.

Proof. We can work over F and, after conjugation, we may assume that γ ∈ t(F ) is regular
semisimple. Then, gγ(F ) = t(F ) and the first equality follows. The second equality follows from
the first for regular elements in t(F ). If γ ∈ t(F ) is not regular, then both sides of the second
equality are 0 and we are done.

Definition 4.2. The discriminant valuation of a regular semisimple element γ ∈ grs(F ) is the
integer defined by

dg(γ) := val(Δg(γ)) = val det(ad(γ) | g(F )/gγ(F )).

Assume, in the rest of this subsection, that the extension F ′/F is tamely ramified of
degree e� 1 and identify Gal(F ′/F )∼= μe. The construction in § 2.4 provides natural finite-type
O-models for the F -schemes g, greg, c, etc. We use the same symbol to denote the resulting
O-schemes of finite type. Then, we have

g= (ResO′/Og)μe =Lie(G0), greg = (ResO′/Ogreg)μe , c= (ResO′/Oc)μe .

We can talk about the O-points g(O), c(O), etc. In particular, from the definition we see that
greg(O) = g(O)∩ greg(O′).

For any closed point γ ∈ g, we have dimGγ � r, the absolute rank of G. The locus where
equality holds is the open subscheme greg ⊂ g.

Definition 4.3. Let I be the universal centralizer group scheme over g whose fiber over any
point γ ∈ g is the centralizer Gγ of γ in G. Let Ireg be the restriction of I to greg. Similarly, we
let I be the universal centralizer group scheme over g and let Ireg be the restriction of I to greg.

Then, Ireg is an open subscheme of the fixed-point subscheme of μe on (ResO′/OIreg)|greg , the
base change of ResO′/OIreg along the closed embedding greg→ResO′/Ogreg.

Proposition 4.4. Suppose G is tamely ramified and the residue characteristic p is not a torsion
prime for the root datum of G. We consider the O-schemes of finite type greg ⊂ g and c defined as
above. Then, the morphism χreg

G : greg→ c (between O-schemes of finite type) is smooth and there
exists a unique commutative group scheme J over c, equipped with an isomorphism (χreg

G )∗J ∼=
Ireg that extends uniquely to a homomorphism of group schemes χ∗J→ I over the g.

The group scheme J in the proposition is called the universal regular centralizer for g (in G).
In general, we need more assumptions on either p or the group G to guarantee its smoothness.

Proof. When G is split, the smoothness of χreg
G follows from [BČ22, Proposition 4.2.6] and the

other statements follow from [BČ22, Theorem 4.2.8]. In particular, all the statements hold for
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the split model G over O and we get the regular centralizer group scheme J over the O-scheme
c that satisfies all the statements.

In general, we deduce the smoothness of ResO′/O(χ
reg
G ) : ResO′/Ogreg→ResO′/Oc from the

smoothness of χreg
G by the infinitesimal lifting criterion. Then, we apply Lemma 2.2 to the base

change of ResO′/O(χ
reg
G ) along the closed subscheme c⊂ResO′/Oc to get the smoothness of

χreg
G . The group scheme I is an open subgroup scheme of (ResO′/OI)μe and hence descends to

an open subgroup scheme J of (ResO′/OJ)μe . The existence of the isomorphism (χreg)∗J ∼= Ireg

that extends uniquely to a homomorphism χ∗J→ I follows from the corresponding statements
for J.

Corollary 4.5. Under the notation and assumptions in Proposition 4.4, the Chevalley mor-
phism χG restricts to a surjection greg(O)→ c(O). More generally, for any parahoric subgroup
P⊂G(F ), χG restricts to a surjection Lie(P)→ c(O).
Proof. The first statement follows from the smoothness of χreg

G . For the second statement, after
G(F )-conjugation we may assume that P contains the standard Iwahori subgroup I and thus it
suffices to show surjectivity of Lie(I)→ c(O). This follows from the fact that any element in g(O)
is G(O)-conjugate to an element in Lie(I), since G(O)-conjugates of I correspond bijectively to
Borel subgroups of G0 =Gμe,◦.

4.2 Topological Jordan decomposition for the Lie algebra

Definition 4.6. An element γ ∈ g(F ) = g(F ) is:

– bounded if χG(γ)∈ c(O);
– topologically nilpotent if it is bounded and the image of χG(γ) under the natural reduction
map c(O)→ c(k) equals zero; and

– strongly semisimple if it is semisimple, bounded, and, for any root α∈Σ and any γ′ ∈ t(F )
that is G(F )-conjugate to γ, we have either dα(γ′) = 0 or |dα(γ′)|= 1.

Lemma 4.7. Suppose that G is tamely ramified, the residue characteristic p is good for G and
divides neither the order of π1(G

der) nor the order of π0(ZG). Then, an element γ ∈ g(F ) is
topologically nilpotent if and only if there exists a parahoric subgroup P⊂G(F ) such that
γ ∈ Lie(P+).

Proof. This follows from results in [AFV18]. Let us explain it using the notation and citations
from [AFV18]. By Remarks 16(a) and 8, the assumption on p implies that p is ‘n−-good’ in
the sense of Definition 15(a). Then, by Remark 16(b), we see that p is ‘g-good’ in the sense of
Definition 15(c). Moreover, the assumption on G implies that it is ‘not too wild’ in the sense
of Definition 17 (see also the paragraph following Definition 17). Then, our result is precisely
Remark 35.

Proposition 4.8. Suppose that G is tamely ramified, the residue characteristic p is good for
G and divides neither the order of π1(G

der) nor the order of π0(ZG). Let γ ∈ g(F ) be a bounded
semisimple element. Then, there exists a decomposition γ = γ0 + γ1 where γ0, γ1 ∈ gγ(F ) satisfy
the following conditions.

– We have that γ0 is strongly semisimple in g(F ) and G(F )-conjugate to an element in t(O).
– The centralizer Gγ0

is an F -Levi subgroup of G and γ1 is a topologically nilpotent element
in Lie(Gγ0

).

If, moreover, γ is regular semisimple in g(F ), then γ1 is regular semisimple in Lie(Gγ0
).
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Proof. Let F ′ ⊂ F be the minimal Galois extension of F over which G becomes split. Let Γ :=
Gal(F/F ), Γ′ :=Gal(F/F ′), and Θ :=Gal(F ′/F )∼=Γ/Γ′. Let ρG : Γ→Out(G) be the twisting
homomorphism of G as in § 2.2. Then, ρG is the composition of the projection Γ�Θ and an
embedding Θ ↪→Out(G). For each σ ∈ Γ, we let σG denote the Galois action on G(F ) or g(F )
and simply use σ(·) to denote the Galois action with respect to the split form G. We have

σG(g) = ρG(σ)σ(g), σG(x) = ρG(σ)σ(x) for all g ∈G(F ), x∈ g(F ).

Let Tγ ⊂Gγ be a maximal F -torus. Then, Tγ is also a maximal F -torus of G since γ is semisimple.
Let g ∈G(F ) be an element such that Ad(g)−1TF = Tγ,F (where T is the maximal F -torus of
G, which is part of the pinning of G fixed in § 2.2). Let γ′ = ad(g)γ. Since γ lies in the center of
gγ , we have γ ∈ Lie(Tγ). Moreover, since γ′ is bounded, we get that γ′ ∈ t(O). For any σ ∈ Γ, we
have g · σG(g)−1 ∈NG(T )(F ) and we let wσ denote its image in W. Then, we have

γ′ =wσ · σG(γ′) =wσ · ρG(σ)σ(γ′) for all σ ∈ Γ. (4.1)

Recall that t is the split O-model of t. Let γ̄′ ∈ t(k) be the image of γ′ under the reduction map
t(O)→ t(k). Since χG(γ) = χG(γ

′)∈ c(O), we have χG(γ̄
′)∈ cΘ(k).

We claim that the natural map tΘ(k)→ cΘ(k) is surjective. By the assumption that G is
tamely ramified, the order of Θ is invertible in O. So tΘ and cΘ are both smooth O-schemes by
Lemma 2.2. In particular, any element in cΘ(k) lifts to an element in cΘ(O) by [KP23, Lemma
8.1.3]. Since the morphism tΘ→ cΘ is finite (hence proper), it suffices to show surjectivity of
the map tΘ(F )→ cΘ(F ). Thus, we are reduced to the characteristic-0 situation and the claim
follows from [Lev25]. Since W acts transitively on the fiber χ−1

G (χG(γ̄
′)), after conjugation by

NG(T )(F ) we may and do assume that γ̄′ ∈ tΘ(k), so that ρG(σ)(γ̄
′) = γ̄′ for all σ ∈ Γ.

Let Σ1 ⊂Σ be the subset consisting of roots α such that val(dα(γ′))> 0. Then, Σ1 is the
closed subsystem of Σ consisting of the roots whose root hyperplane contains γ̄′. Moreover, Σ1 is
Θ-stable since γ̄′ is Θ-invariant. LetW1 be the Weyl group of the root system Σ1 and let H⊂G be
the split reductive subgroup containing T and having root system Σ1. By assumption, p is good
for G and does not divide the order of π1(Gder), so p is not a torsion prime for the root datum of
G. This implies that the centralizer k-group Gγ̄′ =Gk,γ̄′ is connected by Proposition 2.6. Then,
by [Ste75, Lemma 3.7], we get that W1 =Wγ̄′ , the stabilizer of γ̄′ in W. From equation (4.1),
we deduce

γ̄′ =wσ · ρG(σ)(γ̄′) =wσ · γ̄′ for all σ ∈ Γ.

Therefore, the assignment σ �→wσ defines a homomorphism

ργ̄′ : Γ→Wγ̄′ =W1.

Let t1 ⊂ t be the vanishing loci of {dα, α∈Σ1} defined by

t1 := Spec
O[t]

〈dα; α∈Σ1〉
=Spec

SymO(X∗(T )⊗Z O)
〈α, α∈Σ1〉

.

Then, we have Ω1
t1/O = (X∗(T )/ZΣ1)⊗Z O. Our assumptions on p imply that X∗(T )/ZΣ1 does

not have p-torsion. Indeed, ZΣ/ZΣ1 is p-torsion-free since p is good for G, while the order of the
torsion subgroup of (X∗(T )/ZΣ) equals the order of π0(ZG), which is prime to p by assumption.
So, Ω1

t1/O is a free O-module of finite rank and hence t1 is a smooth O-scheme. Moreover, t1 is

preserved by the Θ-action and we have t1 ⊂ tW1 . The fixed-point locus tΘ1 is a smooth O-scheme
by Lemma 2.2. By construction, we have γ̄′ ∈ tΘ1 (k) and then by [KP23, Lemma 8.1.3] there
exists an element

γ′0 ∈ tΘ1 (O)⊂ t(O)
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whose image under the natural reduction map t1(O)→ t1(k) equals γ̄
′. Let γ′1 := γ′ − γ′0. Then,

for any σ ∈ Γ, we have wσ · σG(γ′0) = γ′0 and by (4.1) we get

wσ · σG(γ′1) = γ′1.

Let γ0 := ad(g)−1(γ′0) and γ1 := ad(g)−1(γ′1). Then, we have γ = γ0 + γ1 and the above equations
imply that γ0, γ1 ∈ gγ(F ).

For any root α∈Σ1 we have dα(γ′0) = 0 and for any α∈Σ\Σ1 we have dα(γ̄′)∈ k×, so that
|dα(γ′0)|= 1. This implies that γ′0 ∈ t(O)⊂ g(F ) is strongly semisimple and hence γ0 ∈ g(F ) is
strongly semisimple. On the other hand, since the image of γ′1 under the reduction map t(O)→
t(k) equals 0, it is a topologically nilpotent element in gγ′

0
(F ). So γ1 is a topologically nilpotent

element in gγ0
(F ) = Lie(Gγ0

).
By our construction, γ0 is G(F ) conjugate to the element γ′0 ∈ t(O). Let Gγ0,γ′

0
be the F -

scheme classifying elements g ∈G such that ad(g)(γ0) = γ′0. Then, Gγ0,γ′
0
is nonempty, hence a

Gγ0
-torsor over F . Since Gγ0

is connected reductive by Proposition 2.6, we have H1(F, Gγ0
) = 0

by Steinberg’s theorem and the fact that F has cohomological dimension � 1. Thus, Gγ0,γ′
0
is

a trivial Gγ0
-torsor, which means that γ0 is G(F )-conjugate to γ′0 ∈ t(O). By Proposition 2.6,

Gγ′
0,F

=HF is a Levi subgroup of GF . In addition, Gγ′
0
contains the maximally split maximal

F -torus T of G since γ′0 ∈ t(F ). Therefore, Gγ′
0
, and hence Gγ0

, is an F -Levi subgroup of G.
Finally, suppose that γ is regular semisimple. Then, γ′ is also regular semisimple and hence

dα(γ′1) = dα(γ′) �= 0 for all α∈Σ1. So γ1 is regular semisimple in Lie(Gγ0
).

4.3 Invariant pairing and quasi-logarithm

We review relevant facts from [KV06, § 1.8] and generalize some results there to the case of
tamely ramified groups. Let G be an algebraic group over F and let ρ :G→GL(V ) be an
algebraic representation on a finite-dimensional F -vector space V . Let dρ : Lie(G)→End(V ) be
the induced representation of the Lie algebra. On End(V ) we have the trace pairing defined
by (A, B) := Tr(AB). This induces a Gad-invariant symmetric bilinear form on g defined by
(X, Y )ρ := Tr(dρ(X) ◦ dρ(Y )). Suppose that (·, ·)ρ is nondegenerate. Then, we can define the
orthogonal projection prg : End(V )→ g such that prg(A)∈ g is the unique element satisfying
(prg(A), X)ρ =Tr(A ◦ dρ(X)) for allX ∈ g. Define a morphism Φρ :G→ g by Φρ(g) := prg(ρ(g)−
Id). Then, Φρ is a quasi-logarithm map in the sense of [KV06], whose definition is as follows.

Definition 4.9. A quasi-logarithm map for an algebraic group G with Lie algebra g is a Gad-
equivariant morphism Φ :G→ g such that Φ(1) = 0 and the differential dΦ1 of Φ at 1∈G is the
identity map. Here, the adjoint group Gad acts on G by conjugation and on g by the adjoint
representation.

Lemma–Definition 4.10. Let G be a reductive group over F with Lie algebra g and let
Φ :G→ g be quasi-logarithm map. We say that Φ is defined over O if the following equivalent
conditions are satisfied.

(i) For any parahoric subgroup P⊂G(F ), Φ extends to a morphism of O-schemes GP→ Lie(P).

(ii) There exists a parahoric subgroup P⊂G(F ) such that Φ extends to a morphism of O-
schemes GP→ Lie(P).

Proof. This is part of [KV06, Lemma 1.8.7(b)]. Note that in [KV06], it is assumed that G is
split, but this assumption is not necessary for the current result. Let us review the arguments
for (ii)⇒(i).
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Suppose that Φ extends to a morphism of O-group schemes GP→ Lie(P) for a parahoric
subgroup P⊂G(F ). Let I⊂G(F ) be an Iwahori subgroup contained in P. Then, Φ induces
a quasi-logarithm map on the special fiber GP and the image of I in the special fiber GP
is a Borel subgroup. Then, by [KV06, Lemma 1.8.3(a)] (which holds also for non-reductive
groups), we deduce that Φ(I)⊂ Lie(I). For any parahoric subgroup P′ containing I, we have
P′ =

⋃
x∈P′ xIx−1 and Lie(P′) =

⋃
x∈P′ ad(x)P′. By the G-equivariance of Φ, we get that Φ(P′)⊂

Lie(P′) and that this holds for any parahoric subgroup P′. Thus, Φ extends to a morphism of O-
schemes GP′→ Lie(GP′) for any parahoric subgroup P′ ⊂G(F ) by [BT84, Proposition 1.7.6].

We are interested in extending the pairing (·, ·)ρ and the map Φρ to the parahoric group
schemes of G. First, we consider the case where G is split.

Lemma–Definition 4.11. Suppose G is a split reductive group over F . Let ρ :G→GL(V ) be
an algebraic representation such that the associated pairing (·, ·)ρ on g(F ), defined as above, is
nondegenerate. We say that (·, ·)ρ is nondegenerate over O if the following equivalent conditions
are satisfied.

(i) For any parahoric subgroup P⊂G(F ), we have

Lie(P+) = Lie(P)⊥ := {Y ∈ g(F ), (Y, Lie(P))ρ ⊂�O}.

(ii) Then, there exists a parahoric subgroup P⊂G(F ) such that Lie(P+) = Lie(P)⊥.

In this case, the associated quasi-logarithm map Φρ is defined over O.

This is [KV06, Lemma 1.8.7(a)] and [KV06, 1.8.9].

Lemma 4.12. Let G be a reductive group over F whose adjoint group Gad is simple and split.
Suppose that the residue characteristic p is good for G. Then, there exists a split reductive group
G� over O equipped with an isomorphism between adjoint groups Gad

∼=G�
ad, and a faithful

algebraic representation ρ :G�→GL(V ) (defined over O) satisfying the following conditions.

(i) The trace pairing (·, ·)ρ defined by ρ is a perfect pairing on the O-module g� =Lie(G�).

(ii) The natural homomorphism Out(G�)→Out(Gad) between outer automorphism groups is
an isomorphism5 and the trace pairing (·, ·)ρ is Out(Gad)-invariant. In other words, for any
x, y ∈ g�(F ) and any θ ∈Out(Gad), we have (x, y)ρ = (θ(x), θ(y))ρ.

(iii) The residue characteristic p divides neither the order of π1(G
�,der)6 nor the order of the

component group of the center of G�.

Proof. We take G� to be GLn (respectively, SO2n+1, Sp2n, SO2n) if G is of type An−1 for n� 1
(respectively, Bn for n� 2, Cn for n� 3, Dn for n� 4) and let ρ be the standard representation
of G�. If G is exceptional, then we take G� =Gad and let ρ be the adjoint representation of G�.
It is clear from the definition that Out(G�)∼=Out(Gad) and that the representation ρ naturally
extends to the hyperspecial O-model of G� (that we still denote by G�). By the proof of [SS70, I,
Lemma 5.3], the assumption that p is good implies that the induced trace pairing (·, ·)ρ remains

5Note that Out(Gad) =Out(Gsc) is isomorphic to the automorphism group of the Dynkin diagram of G. On the
other hand, Out(G) is isomorphic to the automorphism group of the based root datum of G, which maps naturally
to the automorphism group of its Dynkin diagram, but the map may not be bijective. For example, the outer
automorphism group of the split SO(8) is Z/2Z, while the outer automorphism group of its simply connected
cover Spin(8) or its adjoint group PSO(8) is S3, the symmetric group on three letters.
6Together with the assumption that p is good for G, this implies that p is not a torsion prime for the root datum
of G�.
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perfect on the special fiber of the hyperspecial O-model. Therefore, it is nondegenerate over the
hyperspecial point and hence nondegenerate over O by Lemma 4.11.

Next, we show that (·, ·)ρ is Out(Gad)-invariant. If G is exceptional, then (·, ·)ρ is the Killing
form and is easily checked to be invariant under any automorphism of the Lie algebra. If G is
of type An−1, then any nontrivial outer automorphism of g� =Matn is conjugate to x �→ −tx,
which clearly fixes the usual trace pairing. If G is of type B or C, then Out(Gad) is trivial and
there is nothing to prove. If G is of type Dn for n� 5, then any nontrivial outer automorphism
of g� = so(2n) has order 2 and is induced by conjugation by an element in O2n (which contains
G� =SO2n as a subgroup of index 2; see e.g. [Spr09, § 17.3.2]), hence it fixes the trace pairing (·, ·)ρ
for the standard representation ρ of G� =SO2n. Thus, we are left with the case where G is of type
D4. In this case, Out(Gad) = S3 and the action of a generator of order 2 on g� = so(8) fixes the
trace pairing for the same reason as in the previous case. Finally, we refer to [MW15, Appendix]
for an explicit description of the action of an order-3 outer automorphism on g� = so(8), from
which we easily check that it fixes the standard trace pairing.7

Next, we generalize the statements on regular centralizers and Kostant sections to tamely
ramified groups. Following the notation in § 2.4, we consider a connected reductive group G over
F that splits over a degree-e tamely ramified extension F ′/F , where p � e and we assume that Gad

is absolutely simple and p is good for G. Let G be the split form of G and let ρG : μe→Out(G) be
the twisting data of G. Then, we have the special integral model of G for which we use the same
notation G := (ResO′/OG)μe,◦. Let G� be the split reductive group over O associated to G� from
Lemma 4.12. Let ρGad

: μe→Out(Gad) be the composition of ρG with the natural homomorphism
Out(G)→Out(Gad). By condition (ii) in Lemma 4.12, we can lift ρGad

to a homomorphism
μe→Out(G�), from which we obtain an outer twist G� of G� that comes with an isomorphism

of F -groups G�
ad
∼=Gad. Moreover, we also get a special O-model G� := (ResO′/OG�)μe,◦. Let

g� =Lie(G�) = (ResO′/Og�)μe be the Lie algebra and let c� = (ResO′/Oc�)μe be the Chevalley

base for G�, both defined over O. We have the Chevalley homomorphism χG� : g�→ c� and the
universal centralizer group scheme I� over g�. By condition (iii) of Lemma 4.12, the residue
characteristic p is not a torsion prime for the root datum of G. Then, by Proposition 4.4, we have
the universal regular centralizer J � over c�, together with an isomorphism (χreg

G� )∗J � ∼= I�|g�,reg .

Corollary 4.13. Let the notation and assumptions be as above. In particular,Gad is absolutely
simple and tamely ramified, and p is good for G. Then, the universal regular centralizer J � (for
g� in G�) is smooth over the O-scheme c�. Moreover, there exists a section κ� : c�→ g�,reg of χreg

G�

and an isomorphism of c�-group schemes (κ�)∗I� ∼= J �, both defined over O.

Proof. Let J� be the universal regular centralizer of c� defined for the split form G� over O.
From the proof of Lemma 4.12, we see that if G is of type An−1, then G� =GLn and J� can
be written as a Weil restriction of Gm from a finite flat cover of c� (defined by the universal
characteristic polynomial) and hence smooth. If G is of other types, then the assumption on p

implies that p does not divide the order of the algebraic fundamental group of G�
ad
∼=Gad and

hence J� is smooth over c� by [BČ22, Proposition 4.2.11]. Then, J � is also smooth since it is an
open subgroup scheme of (ResO′/OJ�)μe and the latter is smooth by Lemmas 2.1 and 2.2.

It remains to prove the existence of the section κ� (the isomorphism (κ�)∗I� ∼= J � then follows
immediately). Recall that we have fixed a pinning (B,T, (xα ∈ gα(O))α∈Δ) of G. This uniquely

7Actually, the invariance of the standard trace pairing on so(8) under the order-3 outer automorphism is not used
in this article.
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determines a pinning (B�,T�, (xα ∈ g�α(O))α∈Δ) of G�, since we have a canonical identification of

root spaces gα = g�α. Then, the action of Out(Gad) fixes x+ :=
∑

α∈Δ xα and hence preserves the
O-submodule s� := ker(ad(x+) | g�(O)). By Lemma 4.12 there is a perfect pairing (·, ·)ρ on g�(O)
that is invariant under Gad �Out(Gad). Under this pairing, s� is the orthogonal complement of
[x+, g

�(O)] in g�(O) and hence x+ + s� is a section of χG� (see [BČ22, § 4.2.4, Remark 4.2.5]).
Since x+ + s� is stable under the Out(Gad)-action, it induces a section on the twisted form c�→ g�

and we are done.

Lemma–Definition 4.14. Let G be a reductive group over F with Lie algebra g and let Φ :
G→ g be a quasi-logarithm map. We say that Φ is bijective over topologically nilpotent elements
if it is defined over O (in the sense of Definition 4.10) and satisfies any of the following equivalent
conditions.

(i) For any parahoric subgroup P⊂G(F ), Φ restricts to a bijection Ptu
∼−→ Lie(P)tn, where

Ptu (respectively, Lie(P)tn) is the set of topologically unipotent (respectively, topologically
nilpotent) elements in P (respectively, Lie(P)).

(ii) There exists a parahoric subgroup P⊂G(F ) such that Φ restricts to a bijection Ptu
∼−→

Lie(P)tn.

Moreover, when these conditions are satisfied, Φ restricts to a bijection G(F )stu
∼−→ g(F )tn

between the set of strongly topologically unipotent elements in G(F ) and the set of topologically
nilpotent elements in g(F ).

Proof. This follows from arguments in [KV06, proof of Proposition 1.8.16]. In [KV06], it is
assumed that G is split but this assumption is not necessary for the current result. Let us review
the arguments for (ii)⇒(i). Note that, by Lemma 4.7, our notion of ‘topological nilpotent’ agrees
with the one used in [KV06].

Suppose Φ restricts to a bijection Ptu
∼−→ Lie(P)tn. Let I⊂G(F ) be an Iwahori subgroup

contained in P. Then, Itu =Ptu ∩ I and Lie(I)tn =Lie(P)tn ∩ Lie(I) by [KV06, Lemma 1.8.15].
Thus, Φ restricts to a bijection Itu

∼−→ Lie(I)tn. To prove statement (i) for any parahoric subgroup
P′, by G(F )-equivariance we may assume that I⊂P′. Then, by [KV06, Lemma 1.8.15], we have
P′

tu =
⋃

g∈P′ gItug
−1 and Lie(P′)tn =

⋃
g∈P′ ad(g)Lie(I)tn, so Φ restricts to a bijection P′

tu
∼−→

Lie(P′)tn.

Lemma 4.15. Let G be a tamely ramified reductive group over F obtained as an outer twist of
a split reductive group G. Suppose there is an algebraic representation ρ of G defined over O
such that the associated trace form (·, ·)ρ on the Lie algebra g=Lie(G) is nondegenerate over O.
Then, there exists a quasi-logarithm map Φ :G→ g=Lie(G) that is bijective over topologically
nilpotent elements.

When G is split, this is proved in [KV06, Proposition 1.8.16]. As far as we can see, the
arguments in [KV06] do not immediately generalize to the current setting. However, see [BKV16,
Appendix C] for closely related results.

Proof. Let F ′/F be the minimal tamely ramified cyclic extension such that GF ′ is split and let
O′ be the valuation ring of F ′. Fix a uniformizer �′ ∈O′ such that (�′)e =� is a uniformizer
of O, where e= [F ′ : F ]. Then, there is an outer automorphism σ of G that generates an action
of the cyclic group Gal(F ′/F )∼= μe on G, from which we get the twisted form G. We extend G
to a smooth group scheme over O by taking the fiberwise identity component of (ResO′/OG)μe .
Then, the Lie algebra of G is g=ResO′/Og and G(O) is a special parahoric subgroup of G(F ).
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For each i� 1, we denote k[t]i := k[t]/ti and in particular O′/(�′)eO′ ∼= k[t]e. Let G=Gk =
(Resk[t]e/kG)σ,◦ be the special fiber of G. Define a sequence of normal subgroups U0 =U⊃U1 ⊃
· · · ⊃Ue−1 ⊃Ue = 1 in G by the congruence condition

Ui := ker(G→Resk[t]i+1/kG) for all 0� i� e

and let Gi :=G/Ui. Then, U :=U0 is the unipotent radical of G and G0 =G/U is the reductive
quotient. There are natural isomorphisms G0

∼= (Gk)
σ,◦ and G∼=U�G0.

The action of σ on the Lie algebra g=Lie(G) leads to a decomposition of O-modules
g=

⊕e−1
i=0 gi where gi is the submodule on which σ acts by the scalar ζi; here ζ ∈O is a

primitive eth root of unity. Therefore, g(O) = g0(O)⊕
⊕e−1

i=1 (�
′)ige−i(O). Moreover, we have

Lie(G0) = g0(k) and

Lie(Gi) = g0(k)⊕
i⊕

j=1

ge−j(k)t
j for all 1� i� e.

Let ρ :G→GL(V) be the given representation on a finite rank-free O-module V. Let Φρ :G→ g
be the associated quasi-logarithm map, which is a morphism of O-group schemes. Define a
morphism between O-schemes Φ :G→ g to be the following composition:

Φ :G ↪→ResO′/OG
ResO′/OΦρ,O′−−−−−−−−→ResO′/Og

pg−→ g,

where pg = (1/e)
∑

0�i�e−1 σ
i is the averaging operator on g(O′), with σ acting on both g and

the coefficient ring O′. From the fact that Φρ is a quasi-logarithm map, we deduce that Φ is a
quasi-logarithm map. For any g ∈G and u∈Ui we have

Φρ(gu)−Φρ(g) = prg(ρ(gu)− ρ(g))∈ ti+1g(k[t]e)

and, after applying pg, we get that Φ(gu)−Φ(g)∈ Lie(Ui). Therefore, Φ induces quasi-logarithm
maps

Φi :Gi =G/Ui→ Lie(Gi) for all 0� i� e.

Let Ui ⊂Gi be the variety of unipotent elements and let Ni ⊂ Lie(Gi) be the variety of nilpotent
elements. We claim that, for any 0� i� e, Φi restricts to an isomorphism Ui ∼−→Ni. When i= 0,
G0 is reductive and this follows from the version of Luna’s étale slice theorem valid in all char-
acteristics, as in [BR85, Theorem 6.2] (cf. [BR85, proof of Corollary 9.3.4] and [KV06, proof of
Proposition 1.8.16]). Suppose now that, for some 0� i� e− 1, the morphism Φi induces an iso-
morphism Ui ∼−→Ni. We note that Ui/Ui+1 = ge−i−1,k for any 0� i� e− 1 and that an element
in Gi+1 is unipotent if and only if its image in Gi is unipotent. Therefore, Ui+1 is a ge−i−1,k-torsor
over Ui and similarly Ni+1 is a ge−i−1,k-torsor over Ni. Fix an element γ ∈ Ui+1 and examine
the restriction of Φi+1 to the fiber of Ui+1→Ui through γ. For any x∈ ge−i−1(k), we have

Φi+1(xγ) = pg ◦ prg(ρ(x)ρ(γ)− 1)

= pg ◦ prg((ρ(x)− 1)ρ(γ)) + pgprg(ρ(γ)− 1)

= pg ◦ prg(dρ(x) ◦ ρ(γ)) + Φ̄(γ), (4.2)

where, in the last equality, we view x as an element in the Lie algebra g(k) and dρ : g→End(V)
is the differential of ρ. Therefore, the restriction of Φi+1 to each fiber of Ui+1→Ui is given by
a linear endomorphism on ge−i−1,k and hence Φi+1 is determined by a morphism of k-schemes
fi : Ui→End(ge−i−1,k) such that

fi(γ)(x) = pg ◦ prg(dρ(x) ◦ ρ(γ)).
Since fi(1) = Id is the identity, there is a nonempty open subset Ωi ⊂Ui that maps into the open
subscheme GL(ge−i−1,k) of invertible linear maps. If two elements γ, γ′ ∈ Ui have the same image
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in U0 ⊂G0, then γ ≡ γ′(mod t) and we see from the definition that fi(γ) = fi(γ
′). Thus, Ωi is the

inverse image of a nonempty open subset Ω0 ⊂U0 under the natural morphism Ui→U0. By the
G0-equivariance of Φi (note that G0 is a subgroup of Gi), we see that Ω0 is an open G0-stable
subset that contains the identity. Since the identity is contained in the closure of any G0-orbits on
U0, we must have Ω0 = U0 and therefore fi(Ui)⊂GL(ge−i−1,k). This implies that Φi+1 restricts

to an isomorphism of k-schemes Ui+1
∼−→Ni+1 and we are done by induction.

In particular, when i= e we have shown that the special fiber Φ̄ of Φ restricts to an iso-
morphism U ∼−→N between the unipotent variety U ⊂G and the nilpotent variety N ⊂ Lie(G).
As a consequence, Φ̄ restricts to an étale morphism on an affine open neighborhood of U in G.
Then, by the arguments in the proof of [KV06, Proposition 1.8.16], we deduce that Φ restricts
to a bijection G(O)tu ∼−→ g(O)tn and hence Φ is bijective over topologically nilpotent elements
by Lemma 4.14.

Proposition 4.16. Suppose that the residue characteristic p is good for G and that Gad is
tamely ramified over F . Then, there exists a reductive group G� over F , whose adjoint group is
isomorphic to Gad, that satisfies the following conditions.

(i) The residue characteristic p divides neither the order of π1(G
�,der) nor the order of the

component group of the center of G�.

(ii) The natural homomorphism G�(F )→G�
ad(F )∼=Gad(F ) restricts to a surjection on the set

of strongly topologically unipotent elements.

(iii) There exists a quasi-logarithm map Φ :G�→ g� =Lie(G�) that is bijective over topologically
nilpotent elements in the sense of Definition 4.14.

Proof. Wemay assume thatG is absolutely simple. WhenG is split, we takeG� as in Lemma 4.12.
Then,G� extends to a split reductive group scheme overO (which we denote by the same symbol).
Moreover, there exists a faithful algebraic representation ρ :G�→GL(V ) defined over O, from
which we construct an invariant pairing (·, ·)ρ that is nondegenerate over O. Then, statement (iii)
follows by Lemma 4.15, statement (i) is clear from the definition ofG�, while statement (ii) follows
from statement (i) and [KV06, Lemma 1.8.17]. (Note that, in [KV06], ‘topologically unipotent’
means strongly topologically unipotent in our Definition 3.5; see [KV06, Lemma 1.8.15].)

Next, we study the remaining case where G is quasi-split but non-split over F . There are
the following possibilities for the type of the split form G: An(n� 1), Dn(n� 4), E6. We have
either [F ′ : F ] = 2 or [F ′ : F ] = 3, and G is either adjoint or simply connected of D4 type (in
which case G is a tamely ramified triality group of type 3D4).

We first consider the case where G is not of type 3D4. Then, [F
′ : F ] = 2. Let G� be the

split reductive group scheme over O associated to G in Lemma 4.12. It comes with an algebraic
representation whose associated trace pairing on g� =Lie(G�) is nondegenerate over O. From
the definition of G�, we see that the outer automorphism σ of order 2 on G�

ad
∼=Gad lifts to G�

and we let G� be the fiberwise identity component of (ResO′/OG�)σ over O, where the action

of σ on the O-scheme ResO′/OG� is the composition of the outer automorphism on G� with the
automorphism induced by the nontrivial automorphism of the O-algebra O′. Then, we have an
isomorphism G�

ad
∼=Gad. Statement (iii) follows from Lemma 4.15, while statements (i) and (ii)

are checked immediately.
Finally, we consider the case where G is of type 3D4, so that [F ′ : F ] = 3 and hence p > 3

by the assumption that G is tamely ramified. We take G� =Gad and let ρ :G�
ad→End(gad) be

the adjoint representation. Since p > 3, statements (i) and (ii) are clear and, from [SS70, I.4.8],
we deduce that the Killing form on gad is nondegenerate over O. Then, statement (iii) follows
from Lemma 4.15.
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5. Generalized affine Springer fibers and orbital integrals

In this section, we introduce a general class of perfect subspaces of Witt-vector affine flag varieties
and prove their basic finiteness properties under suitable assumptions. As special cases, we get
finiteness properties of the Witt-vector affine Springer fibers for the group and the Lie algebra.
Then, we discuss the relation between these spaces and p-adic orbital integrals.

The generalized affine Springer fibers that we study are defined in an analogous way to
classical transporter spaces. Let us recall this notion. Let H be a group acting on a set X. For
any two subsets Ω,Ω′ ⊂X, the associated transporter space is the subspace of H consisting of
elements h∈H such that hΩ′ ⊂Ω. The affine analogue of these spaces occurs quite often in the
context of Harmonic analysis on reductive p-adic groups.

In this section, we let F be as in § 2.1 and let G be the connected quasi-split reductive group
over F with pinning as in § 2.2.

5.1 Loop groups and affine flag varieties

Let P⊂G(F ) be a parahoric subgroup and let GP be the associated Bruhat–Tits group scheme.
Let LOG be the Witt-vector loop group and let L+

OGP be the Witt-vector positive loop group,
both of which are perfect ind-schemes over k. Recall that, for any perfect k-algebra R, we have
L+
OGP(R) =G(WO(R)) and LOG(R) =G(WO(R)[1/p]). See [Zhu17] for more details. Sometimes

we abuse notation and use P to denote L+
OGP.

Let FlP :=LOG/L+
OGP be the Witt-vector affine (partial) flag variety for P. By [BS17],

we know that FlP is representable by an inductive limit of perfections of projective varieties
over k.

Lemma 5.1.

(i) Suppose G=G1 ×G2 is a product of two reductive groups over F and P=P1 ×P2 is a
product of parahoric subgroupsP1 ⊂G1(F ) andP2 ⊂G2(F ). Then, we have a corresponding
decomposition of the functors

LOG=LOG1 ×LOG2, L+
OGP =L+

OGP1
×L+

OGP2
, FlP =FlP1

× FlP2
.

(ii) Suppose F ′/F is a finite extension and O′ is the valuation ring of F ′. Let G′ be a reductive
group over F ′ and P′ ⊂G′(F ) a parahoric subgroup. Let G=ResF ′/FG and P⊂G(F ) the
parahoric subgroup that equals P′. Then, GP =ResO′/OGP′ and we have

LOG=LO′G′, L+
OGP =L+

O′GP′ , FlP =FlP′ .

This follows immediately from the definitions. In the following, when the base field F is clear
from the context, we drop the subscript ‘O’ and simply write LG, L+GP, etc.

5.2 Generalized affine Springer fibers

Let P⊂G(F ) be a parahoric subgroup. Let S be an F -scheme with a right action of G and
let v ∈ S(F ). Let LS be the Witt-vector loop space and let Ω⊂LS be a P-stable locally closed
subspace.

Definition 5.2. The generalized affine Springer fiber for the triple (P,Ω, v) is the subspace of
FlP defined by

FlΩP,v := {g ∈G(F )/P | v · g ∈Ω}.
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Let Gv be the F -group of the stabilizer of v in G and let LGv be the corresponding loop
group over k. Then, LGv acts on FlΩP,v by left multiplication. When P=G(O) is the special

parahoric, we denote GrΩv := FlΩG(O),v.

Lemma 5.3. Let Ω′ ⊂Ω be an open (respectively, closed) subspace. Then, FlΩ
′

P,v is an open

(respectively, closed) subspace of FlΩP,v.

Proof. Consider the morphism Orbv :LG→LS defined by Orbv(g) = v · g−1. If Ω′ ⊂Ω is an
open (respectively, closed) subspace, then Orb−1

v (Ω′) is an open (respectively, closed) subspace
of Orb−1

v (Ω). Then, we conclude by observing the natural isomorphisms

FlΩ
′

P,v
∼=Orb−1

v (Ω′)/P, FlΩP,v
∼=Orb−1

v (Ω)/P.

Next, we establish a finiteness property for generalized affine Springer fibers in many cases.

Theorem 5.4. Let S be an affine scheme of finite type over F with right G-action. Let v ∈ S(F )
be an element such that the stabilizer Gv is a group of multiplicative type. Let P⊂G(F ) be a
parahoric subgroup and let Ω⊂LS be a P-stable locally closed subspace that is bounded in the
�-adic topology. Then we have:

(1) FlΩP,v is represented by a perfect scheme locally perfectly of finite type (see Definition 1.3);
and

(2) if, moreover, G is tamely ramified and Gv is a maximal torus in G, then FlΩP,v is finite-
dimensional.

Proof. (1) First we assume that G is split over F and P=G(O) is a hyperspecial parahoric
subgroup. Let T ⊂B be a maximal torus contained in a Borel subgroup of G and let U ⊂B be
the unipotent radical. Consider the ind-scheme

Zv := {x∈LU/L+U | v · x∈Ω}.
Let Λ :=X∗(T ) be the coweight lattice. From the Iwasawa decomposition

G(F ) = T (F )U(F )G(O) =
⊔
λ∈Λ

λ(�)U(F )G(O),

we obtain a decomposition

GrΩv =
⊔
λ∈Λ

Zv·λ(�). (5.1)

Then, it suffices to show that Zv·λ(�) is perfectly of finite type (and hence finite-dimensional)
for each λ∈Λ. Without loss of generality it suffices to prove this for Zv.

Choose a closed embedding S ↪→Ar into some r-dimensional affine space. Since Ω is bounded,
its image in LAr is contained in a closed subscheme �−mL+Ar for m sufficiently large. Compose
this embedding with the orbit map U → S sending g to v · g; we obtain a morphism f :U ↪→Ar

defined over F . By assumption, we have Gv ∩U = 1. Then, the orbit map U → S is a closed
embedding by [Ros61, Theorem 2]. Hence, f is also a closed embedding.

Let {α1, . . . , αN}=Φ+ be an ordering of the positive roots of G. Then, we have an isomor-
phism of schemes AN ∼=U under which the image of the ith coordinate is the root subgroup
Uαi

and any element u∈U is expressed as a product u= u1, . . . , uN , where ui lies in the
root subgroup Uαi

. We let v(0) := v and define inductively v(i) := v(i−1) · ui. Then, v(N) = v · u.
Using the coordinates given by the embedding S ↪→Ar, we write each y ∈ S as y= (y1, . . . , yr).
Then, the action map S ×U → S is given by r polynomials {fi(u, y), 1� i� r} in the variables
u= (u1, . . . , uN ) and y= (y1, . . . , yr). If u represents a point in Zv, then v · u∈Ω, so that the
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valuations of its coordinates fi(u, v) = fi(0, . . . , 0, uN , v(N−1)) are bounded below by a fixed con-
stant that is independent of u (equivalently, the absolute value is bounded above). This implies
that the valuation of uN and the coordinates of v(N−1) are bounded below by a constant CN .

Now, the coordinates of v(N−1) are given by v
(N−1)
i = fi(0, . . . , 0, uN−2, 0, v

(N−2)) and this leads
to a lower bound on the valuation of uN−2 and the coordinates of v(N−2) by a constant CN−2.
Repeating this procedure, we see that the valuations of all the coordinates ui, 1� i�N , are
bounded below by a constant C0 that only depends on Ω, v ∈ S, and the chosen embedding
S ↪→Ar. This implies that Zv is representable by a finite-dimensional perfect scheme perfectly
of finite type and we are done with the special case.

Now, we consider the general case. By [PR08, Proposition 1.4], there exists a group scheme
closed embedding GP ↪→H :=GLn ×Gm (defined over O) such that the quotient H/GP is quasi-
affine. (Although the setting of this proposition is over equal-characteristic discrete valuation
rings, the proof is valid also in the mixed-characteristic case.) Then, by [Zhu17, Proposition 1.20],
the induced map FlP→GrH is a locally closed embedding. Let SH := S ×G H. Then, SH is an
affine scheme over F by [Alp14, Proposition 9.7.8]. We let H act on SH by right multiplication
on the second factor. Let w= (v, 1)∈ SH and let ΩH be the image of Ω×L+H under the
natural map LS ×LH→LSH . Then, one checks that Hw

∼=Gv and ΩH is a bounded H(O)-
stable subspace of LSH . By construction, the image of FlΩP,v under the embedding FlP ↪→GrH
lies in GrΩH

w , which is locally perfectly of finite type by the case we already proved. Thus, FlΩP,v

is locally perfectly of finite type.
(2) First, assume that G is split and P=G(O) is hyperspecial. If Gv is a split maximal torus,

we may assume without loss of generality that Gv = T . Then, in the decomposition (5.1) above,
we have v · λ(�) = v for all λ∈Λ. Since we already proved that Zv is finite-dimensional, then GrΩv
is finite-dimensional. In general, there is a finite Galois extension F ′/F such that Gv splits over
F ′. Let O′ ⊂ F ′ be the valuation ring and let G′ := ResO′/OGO′ . Then, G is a closed subgroup
scheme of G′ by [KP23, A.3.20] and since G is a reductive group scheme over O, the quotient
G′/G is an affine scheme over O by [Alp14, Corollary 9.7.7]. Then, by [Zhu17, Proposition 1.20],
the induced map GrG→GrG′ is a closed embedding. Let S′ := ResF ′/F (SF ′) and let Ω′ ⊂LS′ be
a bounded L+G′-stable subspace containing Ω. Then, the map GrG→GrG′ restricts to a locally
closed embedding GrΩv →GrΩ

′
v . Since GrΩ

′
v is finite-dimensional by what we already proved, GrΩv

is also finite-dimensional.
Next, we assume G is split and P= I⊂G(O) is the standard Iwahori subgroup. Let Ω′

be a bounded L+G-stable subspace of LS containing the I-stable subspace Ω. Then, GrΩ
′

v is
finite-dimensional by the case already proved. Moreover, the fibers of the natural map FlΩI,v→
GrΩ

′
v are subschemes of the (perfection of) flag variety G/B over k, and hence FlI,v is finite-

dimensional.
Next, we treat the case where G is split and P is arbitrary. Without loss of generality, we may

assume that P⊃ I. Since Ω is P-stable, it is also I-stable, and hence FlΩI,v is finite-dimensional

by the case already proved. Observe that the natural map FlΩI,v→FlΩP,v is surjective with fibers

all isomorphic to (the perfection of) a flag variety P/I. So FlΩP,v is finite-dimensional.
Finally, we consider the general case where G is tamely ramified. Let F ′/F be a finite tamely

ramified Galois extension such that GF ′ is split and let O′ ⊂ F ′ be the valuation ring. There
exists a parahoric subgroup P′ ⊂G(F ′) such that P=P′ ∩G(F ) and GP is the fiberwise identity
component of (ResO′/OGP′)Gal(F ′/F ) (see e.g. [KP23, Theorem 12.7.1(4)]). In particular, GP is a
closed subgroup scheme of ResO′/OGP′ . Let S′ := ResF ′/F (SF ′) and let Ω′ ⊂LS′ be a bounded

P′-stable subspace containing Ω. Then, we have a locally closed embedding FlΩP,v ↪→FlΩ
′

P′,v. In
fact, one can show that the natural map FlP→FlP′ is a closed embedding by an argument

1346

https://doi.org/10.1017/S0010437X26103261 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103261


Witt-vector affine Springer fibers

similar to [PZ13, proof of Proposition 8.1]. Since FlΩ
′

P′,v is finite-dimensional by the case already

proved, we conclude that FlΩP,v is finite-dimensional.

We remark that, in [HKW23, Theorem 3.1], one finds a stronger version of the above result
in a special case.

In this article, we are mainly interested in the following two special cases.

– First, S = g with adjoint action of G. Any g ∈G acts by sending X ∈ g to ad(g)−1X. In
this case, we take Ω=Lie(P) to be the Lie algebra of a parahoric subgroup P, which is an
O-lattice in g(F ).

– Second, S =G with adjoint action of G. Any g ∈G acts by sending x∈G to g−1xg. In this
case, we usually consider a parahoric subgroup P and take Ω= P̃.

These examples, together with their slight variants in which one allows another group G′ with
the same adjoint group as G to act on G or g, are studied in detail later. Before that, we explain
the relation between generalized affine Springer fibers and orbital integrals.

5.3 Orbital integrals

In this subsection, we assume that k= Fq is the finite field with q elements, where q is a power of
p. Then, F is a finite extension of Qp with ring of integers O and residue field k. For each integer
n� 1, let kn = Fqn be the unique degree-n extension of k, On =WO(kn), and Fn =On[1/p]. Then,
Fn/F is the unique unramified extension of degree n.

We keep the notation from § 5.2. Let f ∈C∞
c (S(F )) be a locally constant function with

compact support and suppose that its support is contained in Ω. Suppose we take v ∈ S(F ) such
that the stabilizer Gv(F ) is unimodular. We fix Haar measures dg (respectively, dgv) on G(F )
(respectively, Gv(F )). They induce a G(F )-invariant quotient measure dġ on Gv(F ) \G(F ).

The orbital integral of f at v is defined by

Ov(f) =

∫
Gv(F )\G(F )

f(v · g) dġ.

If we suppose, moreover, that f is P-invariant, then we can calculate it as

Ov(f) =
∑

g∈Gv(F )\FlΩP,v(k)

f(v · g)vol(P, dg)

vol(gPg−1 ∩Gv(F ), dgv)
,

where the sum is over the set of Gv(F )-orbits on FlΩP,v(k).
We would like to relate Ov(f) and certain weighted counting on the quotient stack

[LGv\FlΩP,v]. In most cases that we are interested in, including the case of the Witt-vector
affine Springer fibers, this quotient stack is essentially of finite type, which guarantees that the
sum in the formula above is finite. To proceed further, we make more assumptions.

– Assume that the stabilizer Gv is a group scheme of multiplicative type (in particular,
commutative).
Let Λv :=X∗(Gv,F̆ ) be the lattice of coweights of Gv defined over F̆ . Via the action of

Gal(F ur/F )∼=Gal(k̄/k), we view Λv as an étale group scheme over k. The uniformizer �
induces an embedding of k-group schemes Λv→LGv sending λ∈Λv to λ(�)∈LGv. Then,
for any n� 1, Λv(kn) is a discrete cocompact subgroup of LGv(kn) =Gv(Fn).

– Replacing Λv by a finite-index subgroup if necessary, we may assume that Λv acts freely
on FlΩP,v.
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– Finally, we assume moreover that the quotient Λv\FlP,v is an algebraic space perfectly of
finite type over k.

In most examples that we are interested in, the function f has geometric origin. To explain
this, let us continue to make more assumptions.

– Suppose Ω is the set of k-points of an L+GP-stable perfect sub-indscheme, which we still
denote by Ω, of the loop space LS.

– Suppose there is an object F ∈Db
c([L

+GP\Ω],Q	) in the bounded derived category of L+GP-
equivariant �-adic sheaves on Ω, where � �= p is another prime, which gives rise to f by
Grothendieck’s sheaf-function dictionary. In other words, for any x∈Ω(k)⊂LS(k) = S(F ),
we have f(x) =Tr(Frobx,Fx̄), where Frobx is the geometric Frobenius at x.

The sheaf F (more precisely, complex of �-adic sheaves) contains much more information than
the function f . For instance, by taking traces of geometric Frobenius on stalks of F , we get a
family of functions fn on LS(kn) = S(Fn) for each integer n� 1, among which f = f1 is only one
of them. Denote Pn := GP(On). Then, we have

Ov(fn) =
∑

g∈Gv(Fn)\FlΩP,v(kn)

fn(v · g)vol(Pn, dg)

vol(gPng−1 ∩Gv(Fn), dgv)

=
vol(Pn, dg)

vol(Λv(kn)\Gv(Fn), dgv)

∑
g∈Λv(kn)\FlΩP,v(kn)

fn(v · g). (5.2)

To proceed further and make this expression more geometric, one is confronted with the
discrepancy between the set-theoretic quotient

Λv(kn)\FlΩP,v(kn)

and the set of kn-points of the geometric quotient

(Λv\FlΩP,v)(kn).

The difference is measured by the cohomology group H1(kn,Λv). Any ξ ∈H1(kn,Λv) defines a

twisted form FlΩ,ξ
P,v of FlΩP,v and we have the decomposition

(Λv\FlΩP,v)(kn) =
⊔

ξ∈H1(kn,Λv)

Λv(kn)\FlΩ,ξ
P,v(kn).

Here, we have used that Λv is commutative so that it does not have nontrivial inner forms. The
nonempty pieces in this decomposition are those ξ that lie in the subset

H1(Fn,Λv→G) := ker(H1(kn,Λv)∼=H1(Fn,Λv)→H1(Fn, G(F̆ ))).

Each such cohomology class ξ can be represented by a cocycle of the form σn �→ σn(g)g−1, where

σ ∈Gal(k̄/k) is the arithmetic Frobenius and g ∈G(F̆ ). Then, gPn is a point in FlΩ,ξ
P,v(kn). Let

vξ := v · g. Then, we have a canonical isomorphism FlΩ,ξ
P,v
∼=FlΩP,vξ

, from which we deduce that

∑
x∈(Λv\FlΩP,v)(kn)

Tr(Frobx,Fx̄) =
vol(Λv(kn)\Gv(Fn), dgv)

vol(Pn, dg)

∑
ξ∈H1(Fn,Λv→G)

Ovξ
(fn).

We note that there is a natural surjection from the set H1(Fn,Λv→G) to the set of G(Fn)-orbits
inside the G(F̆ )-orbits of v. So, one can define a suitable notion of stable orbital integral, which
would be a certain multiple of the right-hand side above.
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In particular, when n is sufficiently large so that H1(kn,Λv) = 1, we have

Ov(fn) =
vol(Pn, dg)

vol(Λv(kn)\Gv(Fn), dgv)

∑
x∈(Λv\FlΩP,v)(kn)

Tr(Frobx,Fx̄).

Here are some typical examples in which all the assumptions above are satisfied.

Example 5.5. Let S =G with the adjoint action of G. For simplicity, we assume that G is split
over F and P⊂G(F ) is a standard parahoric subgroup. Recall that we have the decomposition
of G(F ) into P-double cosets

G(F ) =
⊔

w∈WP\˜W/WP

PẇP,

where W̃ is the extended affine Weyl group of G(F ) and WP is the Weyl group of the reductive

quotient of P. For any w ∈ W̃ , we use ẇ ∈G(F ) to denote a representative of w. We could take
Ω to be a finite union of these double cosets and F to be the constant sheaf Q	. The resulting
spaces have been studied in [He25]. In fact, the Witt-vector affine Springer fibers for the groups,
which are introduced in § 6.3 and studied in detail in § 8, are special cases of these spaces where
Ω is a union of double cosets for certain length-0 elements w.

In particular, when P=G(O) is a hyperspecial, we get the Cartan decomposition labeled
by the set of dominant coweights of a maximal split torus. In this case, the equal-characteristic
version of these spaces has been studied in [Bou15, BC18, Chi22], using global methods which
do not apply in the mixed-characteristic setting.

Example 5.6. Let S = g with the adjoint action of G. We take Ω=Lie(P) and the sheaf F to be
the constant sheaf Q	. Then, we get the Witt-vector affine Springer fibers for the Lie algebras
to be introduced in § 6.2 and studied in detail in § 7.

6. Basic properties of Witt-vector affine Springer fibers

In this section, we introduce the Witt-vector affine Springer fibers for the group and the Lie
algebra, state the main theorems, and prove the nonemptiness criteria. During the reduction
steps in the proof of the main theorems, it will become necessary to slightly generalize the usual
definitions in § 1. We introduce the more general setup first.

6.1 The setup

Let (G′, G) be a pair of reductive groups over F equipped with an isomorphism G′
ad
∼=Gad

between their adjoint groups. Then, G′ acts on G by conjugation and on g=Lie(G) through
the adjoint representation. Let P′ ⊂G′(F ) and P⊂G(F ) be parahoric subgroups that have the
same image in their adjoint groups. Then, P′ and P are uniquely determined by each other
and P is preserved by the adjoint action of P′. Let P̃ (respectively, P̃′) be the normalizer of P
(respectively, P′) in G(F ) (respectively, G′(F )).

6.2 Witt-vector affine Springer fibers for the Lie algebras

We first introduce the Lie algebra version of the Witt-vector affine Springer fibers. We maintain
the assumptions and notation in § 6.1.
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Definition 6.1. The Witt-vector affine Springer fiber in FlP′ =LG′/P′ for an element γ ∈ g(F )
is the closed perfect sub-indscheme Xg

P′,γ of FlP′ =LG′/P′ whose set of k-points is

Xg
P′,γ(k) = {g ∈G

′(F )/P′ | ad(g)−1γ ∈ Lie(P)}.

We simplify the notation in the following situations. When G=G′ and P=P′, we simply denote
XP,γ :=Xg

P,γ . If P= I is an Iwahori subgroup of G(F ), we denote Yγ :=Xg
I,γ . If, moreover, G is

tamely ramified and P=G(O) is the special parahoric subgroup defined in § 2.4, then we denote
Xγ :=Xg

G(O),γ .

First, let us make some initial reductions in the study of the spaces Xg
P′,γ .

Let G1 :=Gsc ∼= (G′)sc be the simply connected cover of the derived group of G (and also G′)
and let P1 be the inverse image of P in G1(F ). Let g1 := Lie(G1) be the Lie algebra of G1, which
is also canonically isomorphic to the Lie algebra of the adjoint group of G (and also G′). Let
γ ∈ g(F )rs be a regular semisimple element and let γ1 ∈ g1(F ) be its image under the natural
map g→ g1 ∼=Lie(Gad). Then, we have the Witt-vector affine Springer fiber XP1,γ1

=Xg1

P1,γ1
in

FlP1
=LG1/P1. For each element n∈ P̃′/P′, we define a map

in :XP1,γ1
→Xg

P′,γ

sending g1P1 to π′(g1)ṅP′, where π′ :G1
∼= (G′)sc→G′ is the natural homomorphism and ṅ∈P′

is a representative of n.

Proposition 6.2. With notation and assumptions as above, the map in is a closed embedding
for each element n∈ P̃′/P′. Altogether, they induce an isomorphism⊔

n∈˜P′/P′

in :
⊔

n∈˜P′/P′

XP1,γ1
∼=Xg

P′,γ .

Proof. The morphism in is the restriction to XP1,γ1
of the map FlP1

=LG1/P1→FlP′ =LG′/P′

defined by g1P1 �→ π′(g1)ṅP′, the latter of which is an isomorphism onto a connected component
of the target by [Zhu17, Prop. 1.21]. Therefore, each in is a closed embedding. Clearly, the images
of the different embeddings are disjoint.

It remains to show surjectivity on k-points. For any g ∈G′(F ) representing a closed point of
Xg

P′,γ , we choose an element h∈G1(F ) such that the inverse image of ad(g)P in G1(F ) equals
ad(h)P1. Then, from the condition γ ∈ ad(g)Lie(P), we deduce that γ1 ∈ ad(h)Lie(P1) and hence

hP1 ∈XP1,γ1
. On the other hand, we have ad(π′(g1))P′ = ad(g)P′ and hence π′(h)−1g ∈ P̃′. Let

n∈ P̃′/P′ be the class of π′(h)−1g. Therefore, gP′ = in(hP1) and we are done.

Theorem 6.3. Suppose G is essentially tamely ramified and the residue characteristic p is not
a torsion prime for G (e.g. this holds if p is good for G). Then, the space Xg

P′,γ is nonempty
if and only if γ ∈ g(F ) is bounded in the sense of Definition 4.6. Furthermore, in this case it is
finite-dimensional if and only if γ is bounded and regular semisimple.

Proof. By Proposition 6.2, we may assume that G is tamely ramified, semisimple simply con-
nected. Then, p is not a torsion prime for the root datum of G and the first statement follows
from Corollary 4.5. It remains to prove the second statement.

If γ ∈ grs(F ), then XP,γ is finite-dimensional by Theorem 5.4. Conversely, if γ ∈ g(F ) is not
regular semisimple, then the centralizer Gγ contains a nontrivial unipotent subgroup U and the
orbit of its loop group LU on XP,γ is infinite-dimensional.

Now, we state the main theorem on the dimension of Xg
P′,γ for a bounded regular semisim-

ple element γ. The formulae involve two numerical invariants of the conjugacy class of γ: its
discriminant valuation dg(γ) and its Artin conductor Artγ := Art(Gγ).
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Theorem 6.4. Let (G′, G) be a pair of reductive groups over F equipped with an isomorphism
G′

ad
∼=Gad between their adjoint groups. Suppose that G is essentially tamely ramified (see

Definition 2.3) and the residue characteristic of F is not bad for G. Let P′ ⊂G′(F ) and P⊂G(F )
be parahoric subgroups whose images in G′

ad(F )∼=Gad(F ) coincide. For any bounded regular
semisimple element γ ∈ grs(F ), the Witt-vector affine Springer fiber Xg

P′,γ is represented by a
finite-dimensional perfect scheme locally perfectly of finite type (see Definition 1.3). Its dimension
satisfies

dimXg
P′,γ � 1

2(dg(γ) +Art(G)−Artγ),

and if P is contained in a special parahoric subgroup of G(F ), then equality holds:

dimXg
P′,γ =

1
2(dg(γ) +Art(G)−Artγ).

Furthermore, if P= I is an Iwahori subgroup, then Xg
I′,γ is equi-dimensional.

Remark 6.5. We expect that the dimension formulae should hold for any parahoric subgroup P.
In the equal-characteristic case, when the residue field is C, the dimension formulae for general P
can be proved by the same methods as in [KL88, § 4], using the description of the representations
of affine Weyl groups on the homology of the affine flag varieties. If this description also holds for
the Witt-vector affine flag varieties, then the dimension formulae for general P would follow. On
the other hand, we do not know if the equi-dimensionality property holds for general parahoric
subgroup P. In the equal-characteristic case, the equi-dimensionality property can be proved for
hyperspecial parahoric subgroups by using the geometry of Hitchin fibrations (see [Ngô10, 3.3.1,
4.16.2]).

The proof of Theorem 6.4 is presented in § 7. Here, we make some initial reductions.

Corollary 6.6. Let (G,G′,P,P′) be as in § 6.1. Let (H,H ′) be another pair of reductive
groups over F with an isomorphism between the adjoint groups Had

∼=H ′
ad and let PH ⊂H(F ),

P′
H ⊂H ′(F ) be parahoric subgroups whose images in the adjoint group coincide. Suppose there

is an isomorphism Gad
∼=Had such that the images of P and PH in the adjoint group coincide. Let

h := Lie(H) be the Lie algebra of H. Let γ ∈ g(F ) and γH ∈ h(F ) be bounded regular semisimple
elements whose images in Lie(Gad)∼=Lie(Had) coincide. Then, Theorem 6.4 holds for Xg

P′,γ if

and only if it holds for Xh
P′

H ,γH
.

Proof. By the assumptions and Proposition 6.2, both spaces are disjoint unions of the same affine
Springer fibers for the common derived group of G and H, and hence have the same dimension.
On the other hand, the invariant dg(γ) depends only on the image of γ in the adjoint Lie algebra
and the difference Art(G)−Artγ does not change when we replace G by its adjoint group (and
replace γ by its image in the adjoint Lie algebra).

Next, we show that Theorem 6.4 can be reduced to the case of topologically nilpotent ele-
ments. We employ this reduction procedure when comparing the group version and Lie algebra
version of Witt-vector affine Springer fibers (cf. § 8.4).

Thanks to Corollary 6.6, we may assume that G=G′ and P=P′, and we have the freedom
to replace G by any reductive group whose adjoint group is isomorphic to Gad. Therefore,
by Proposition 4.16, we may assume that the assumptions in Proposition 4.8 are satisfied. In
particular, G is tamely ramified. Then, a bounded regular semisimple element γ ∈ g(F )rs admits
a topological Jordan decomposition γ = γ0 + γ1, where γ0 ∈ g(F ) is strongly semisimple and
γ1 ∈ g(F ) is topologically nilpotent. By Proposition 4.8, after G(F )-conjugation we may and do
assume that γ0 ∈ t(O). Let H =Gγ0

be the centralizer of γ0 and let h= gγ0
be its Lie algebra.
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Then, H is an F -Levi subgroup of G containing the maximal torus T , and γ1 ∈ h(F )rs is bounded
and regular semisimple. Let PH :=P∩H(F ). Then, PH is a parahoric subgroup of H(F ).

Proposition 6.7. With notation as above, there is a canonical isomorphism of perfect schemes
XPH ,γ1

∼=XP,γ .

Proof. Since γ0 ∈ t(O) lies in the center of h(F ), we see that the natural embedding FlPH
→FlP

induces an embedding XPH ,γ1
→XP,γ . It remains to show that it is surjective.

Let gP be a point in XP,γ so that γ ∈ ad(g)LieP. Suppose that γ0 /∈ ad(g)LieP, then gP �= hP
for any h∈H(F ) and, by [KM03, Lemma 2.3.3], we get that γ /∈ ad(g)LieP. This is a con-
tradiction and hence we must have γ0 ∈ ad(g)LieP. Then, we deduce that gP= hP for some
h∈H(F ) by [KM03, Theorem 2.3.1]. We get that γ ∈ ad(g)LieP∩ h= ad(h)PH and, since
γ0 ∈ ad(h)LiePH , we deduce that γ1 ∈ ad(g)LiePH . Therefore, gP= hP lies in the image of
XPH ,γ1

→XP,γ and we are done.

6.3 Witt-vector affine Springer fibers for the groups

We proceed to introduce the group version of Witt-vector affine Springer fibers. Keep the
assumptions and notation in § 6.1.

Definition 6.8. The Witt-vector affine Springer fiber in FlP′ =LG′/P′ for an element γ ∈
G(F ) is the closed sub-indscheme of FlP′ whose set of k-points is

XG
P′,γ(k) = {g ∈G′(F )/P′ | ad(g)−1(γ)∈ P̃}.

More precisely, for any perfect k-algebra R, XG
P′,γ(R) is the set of isomorphism classes of triples

(E ′, φ, ι) in which:

– E ′ is a GP′-torsor on SpecW (R), where GP′ is the O-model of G′ whose set of O-points is
P′;

– φ is a W (R)-point of the W (R)-scheme E ′ ×GP′ G
˜P, where G˜P is the O-model of G whose

set of O-points is P̃ (here we form the contracted product using the action of GP′ on G
˜P

that uniquely extends the adjoint action of G′ on G); and

– ι is an isomorphism between the restriction of the pair (E , φ) to SpecW (R)[1/p] and (E ′0, γ),
where E ′0 is the trivial G′-torsor on SpecW (R)[1/p].

Although we are mainly interested in the case where G=G′ and P=P′, the current, slightly
more general, definition is convenient in certain reduction steps in the proof of the main theorems.
Two special cases are of particular importance. If G=G′ and P= I is the standard Iwahori
subgroup of G(F ), we denote Yγ :=XG

I,γ . If G=G′ is tamely ramified and P=G(O) is the

special parahoric subgroup defined in § 2.4, we denote Xγ :=XG
G(O),γ . In the following, it will be

clear from the context whether γ is an element of the Lie algebra or the group, so the conflict
of notation in the two cases should not cause confusion.

First, we establish a nonemptiness criterion.

Theorem 6.9. For any γ ∈G(F ), the Witt-vector affine Springer fiber XG
P′,γ is nonempty if

and only if γ is bounded mod center and κG(γ)∈ π0(P̃). In particular, when G=G′ and P= I,
we have Yγ =XI,γ is nonempty if and only if γ is bounded mod center. Furthermore, suppose
that G is essentially tamely ramified (see Definition 2.3) and XG

P′,γ is nonempty, then XG
P′,γ is

finite-dimensional if and only if γ is regular semisimple.
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Proof. First, we show the nonemptiness criterion. The necessity is clear, since any element in P̃
is bounded mod center. It remains to show sufficiency. We may assume that P⊃ I is standard. If
γ ∈G(F ) is bounded mod center, then there exists g ∈G(F ) such that g−1γg ∈ Ĩ by Lemma 3.4.
After multiplying by an element in Ĩ, we may assume that g is the image of an element g1 ∈Gsc(F )
under the natural homomorphism Gsc(F )→G(F ) (cf. [KP23, Definitions 7.4.1 and 7.4.5]). Let
g′ ∈G′(F ) be the image of g1 under the natural homomorphism Gsc(F )→G′(F ). Then, we have
ad(g′)−1(γ)∈ Ĩ. By assumption, we have κG(ad(g

′)−1(γ))∈ π0(P̃) and hence there exists x∈ P̃
such that κG(x) = κG(ad(g

′)−1(γ)). After multiplying by an element of P, we may assume that
x∈ Ĩ∩ P̃. Consequently, we have x−1ad(g′)−1(γ)∈ I⊂ P̃ and then we get that ad(g′)−1(γ)∈ P̃.
This shows that g′P′ is a point in XG

P′,γ and, in particular, XG
P′,γ is nonempty.

Now we prove the last statement. Suppose G is essentially tamely ramified and XG
P′,γ is

nonempty. By Proposition 8.4, we may assume that G is tamely ramified. (Note that this propo-
sition only depends on the first part of the current theorem that we already proved, so there is
no circular reasoning.) If γ ∈Grs(F ) is regular semisimple, then XG

P′,γ is finite-dimensional by
Theorem 5.4. If γ is not regular semisimple, then there exists a nontrivial unipotent subgroup
U ⊂Gγ and the LU -orbits on XG

P′,γ are infinite-dimensional.

Now, we can state the main theorem on the dimension formula for XG
P′,γ . It will involve the

following numerical invariants of the conjugacy class of γ ∈Grs(F ).

– The discriminant valuation dG(γ) (see Definition 3.1).

– The Artin conductor of γ, defined by Artγ := Art(Gγ) (see Definition 3.11).

– The Kottwitz invariant κG(γ) and its defect def(κG(γ)) (see Definition 3.2).

Theorem 6.10. Let (G′, G) be a pair of reductive groups over F equipped with an isomorphism
G′

ad
∼=Gad between their adjoint groups. Suppose that G is essentially tamely ramified (see

Definition 2.3). Let P′ ⊂G′(F ) and P⊂G(F ) be parahoric subgroups whose images in G′
ad(F )∼=

Gad(F ) coincide. Let γ ∈G(F )rs be a regular semisimple element that is bounded mod center.
Then, the affine Springer fiber XG

P′,γ is represented by a finite-dimensional perfect scheme locally
perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue characteristic of
F is not bad for G. Then, we have

dimXG
P′,γ � 1

2(dG(γ) + def(κG(γ)) +Art(G)−Artγ).

If P is contained in a special parahoric subgroup, then equality holds:

dimXG
P′,γ =

1
2(dG(γ) + def(κG(γ)) +Art(G)−Artγ).

Furthermore, if P= I is an Iwahori subgroup, then XG
I′,γ is equi-dimensional.

This is established by reducing to similar statements for Lie algebras that we introduced in
the previous subsection. Similar to the Lie algebra case, we expect that equality should hold for
any reductive group with no assumption on residue characteristic and any parahoric subgroup
P, but we do not know if XG

P′,γ is equi-dimensional in general (cf. Remark 6.5).
To finish this subsection, we establish the equi-dimensionality property in some special cases,

which generalizes similar results of [KL88] in the equal-characteristic setting.

Proposition 6.11. Let G be a reductive group over F and let G′ =Gsc. Let I⊂G(F ) be
an Iwahori subgroup and let I′ ⊂G′(F ) be the inverse image of I. Let γ ∈Grs(F ) be a regu-
lar semisimple element that is strongly topologically unipotent. Then, the Witt-vector affine
Springer fiber XI′,γ =XG

I′,γ in LG′/I′ is connected and equi-dimensional.
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Proof. We follow the arguments in [KL88, § 4]. For a parahoric subgroup P⊂G(F ) containing
I whose inverse image in G′(F ) is denoted by P′, we consider the space

X+
P′,γ := {g ∈G

′(F )/P′
+ | ad(g)−1(γ)∈ I+}

on which BP′ = I′/P′
+ acts by right multiplication. Since Itu = I+ and γ is topologically unipo-

tent, for each gI′ ∈XI′,γ (i.e. g−1γg ∈ I), we have automatically g−1γg ∈ I+. Hence, X+
P′,γ is a

BP′-torsor over XI′,γ . Consider the associated adjoint bundle on XI′,γ defined by

VP′,γ :=X+
P′,γ ×

BP′ Lie(I+/P+),

i.e. taking the quotient of X+
P′,γ × Lie(I+/P+) by the diagonal action of BP′ = I′/P′

+.
Suppose that I+/P+ has dimension 1, then VP′,γ is a line bundle. We fix an isomorphism

I+/P+
∼=Lie(I+/P+). Then, the natural map X+

P′,γ→ Lie(I+/P+) sending gP′
+ to the image

of g−1γg in Lie(I+/P+) descends to a global section of VP′,γ , which we denote by vP′,γ . Let
ZP′,γ ⊂XI′,γ be the vanishing loci of vP′,γ . Then, we have

ZP′,γ = π−1
P′ (πP′(ZP′,γ)) = π−1

P′,γ(πP′,γ(ZP′,γ)), (6.1)

where πP′,γ :XI′,γ→XP′,γ is the restriction of the natural projection πP′ : FlI′ =LG′/I′→FlP′ =
LG′/P′. Indeed, the second equality follows from the first one and the first one follows from the
fact that g−1γg lies in P+ if and only if the (classical) Springer fiber of the image of g−1γg
in GP =P/P+ equals the whole flag variety GP/BP =P/I=P′/I′. In other words, ZP′,γ is the
union of the fibers of πP′ that are completely contained in XI′,γ .

For each simple affine root α with corresponding simple reflection sα ∈ W̃ , let P′
α = I′ ∪ I′sαI′

be the corresponding parahoric subgroup of G′(F ) and let P′
α,+ be its unipotent radical. The

fibers of the natural projection πα : FlI′→FlP′
α
are all isomorphic to the perfections of P1 and

we call them lines of type α.
Let gI′, g′I′ ∈XI′,γ be two points in relative position w ∈ W̃ so that g−1g′ ∈ I′wI′. Let w=

s1, . . . , sr be the reduced expression in simple reflections. For each 1� i� r, let αi be the simple
affine root corresponding to the simple reflection si and fix a representative ṡi ∈G′(F ) of si.
Then, we may assume that g−1g′ = ṡ1, . . . , ṡr. We claim that there exists a unique sequence of
points {giI′, 0� i� r} in the affine flag variety FlI′ =LG′/I′ satisfying:

– g0 = g and gn = g′ = gṡ1, . . . , ṡr;

– g−1
i−1gi ∈ I′siI′ for all 1� i� r.

Indeed, the sequence g1 := g0ṡ1, g2 := g1ṡ2, . . . , gr := gr−1ṡr clearly satisfies the above conditions
and the uniqueness follows from a general property of the Tits system (e.g. see [Kum02, 5.1.3(h)]).
Since G′ is simply connected, we may identify FlI′ as a connected component of the affine
flag variety for G, so that γ ∈G(F )0 acts on it by left multiplication. Then, the sequence
{γgiI′, 0� i� r} also satisfies the above conditions, since γg0I

′ = g0I
′ and γgrI

′ = grI
′ by the

assumption that g0I
′, grI′ ∈XI′,γ . Hence, by uniqueness, we get γgiI

′ = giI
′, i.e. giI′ ∈XI′,γ for

all 0� i� r. For each 1� i� r, �i := gi−1Pαi
/I is a line of type αi passing through gi−1I and giI.

The intersection �i ∩XI′,γ is the perfection of a classical Springer fiber for a nilpotent element of
sl2 and contains at least two distinct points gi−1I

′, giI′, as we have just seen. Since the Springer
fiber for a nilpotent element of sl2 is either a single point or the whole flag variety P1, we get
�i ⊂XI′,γ for all 1� i� r. Thus, we have shown that any two points in XI′,γ can be connected
by a sequence of lines of type α in XI′,γ for various affine simple roots α. In particular, XI′,γ is
connected.

To prove the equi-dimensionality of XI′,γ , it suffices to show that for any irreducible com-
ponent Z ⊂XI′,γ of dimension d=dimXI′,γ and any line �α ⊂XI′,γ of type α (for some simple
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affine root α) such that �α ∩Z �=∅ and ��Z, there exists an irreducible component Z ′ ⊂XI′,γ

of dimension d such that �α ⊂Z ′. To prove the claim, we consider the line bundle Lα := VP′
α,γ

on XI′,γ constructed as above. By (6.1) we have �α ⊂ZP′
α,γ and hence Z is not contained in

ZP′
α,γ , since �α �Z. Then, the intersection Z ∩ZP′

α,γ has pure dimension d− 1. Let Z1 be an
irreducible component of Z ∩ZP′

α,γ that has nonempty intersection with �α. Then, Z
′ := π−1

α (Z1)
is contained in ZP′

α,γ by (6.1). Hence, Z ′ ⊂XI′,γ and dimZ ′ =dimZ1 + 1= d. Therefore, Z ′ is
an irreducible component of XI′,γ containing �α and we are done.

6.4 Comparison between the group case and the Lie algebra case

We relate the affine Springer fibers for the group and the Lie algebra by a quasi-logarithm map.
The comparison is based on the following simple observation.

Lemma 6.12. Let G be a reductive group over F with Lie algebra g and let P⊂G(F ) be
a parahoric subgroup. Suppose that there exists a P-equivariant bijection Φ :Ptu

∼−→ Lie(P)tn,
where:

– Ptu is the set of topologically unipotent elements in P on which P acts by conjugation; and

– Lie(P)tn is the set of topologically nilpotent elements in the Lie algebra Lie(P) on which P
acts by the adjoint representation.

Then, for any strongly topologically unipotent element γ ∈G(F ), we have an isomorphism
between the centralizers Gδ

∼=GΦ(δ) and an identification between Witt-vector affine Springer

fibersXG
P,γ =Xg

P,Φ(γ), i.e. they are the same subspace of the Witt-vector affine partial flag variety

FlP.

Proof. Since both spaces are closed in the perfect ind-scheme FlP, it suffices to check that they
have the same set of k-points. For any g ∈G(F ), we have the following equivalences:

g−1γg ∈P⇔ g−1γg ∈Ptu⇔ ad(g)−1Φ(γ)∈ Lie(P)tn⇔ ad(g)−1Φ(γ)∈ Lie(P),

where the middle equivalence follows from the assumptions. This shows that XG
P,γ =Xg

P,Φ(γ).

After G(F )-conjugation we may assume that γ ∈Ptu and then Φ induces an isomorphism
between the centralizers Gδ

∼=GΦ(δ).

One also expects that the discriminant valuation functions dG on G(F ) and dg on g(F )
should be compatible with a quasi-logarithm map. This is indeed the case, at least for strongly
topologically unipotent elements. Although there might be a straightforward proof of this fact,
we deduce it from Lemma 6.12 and special cases of the main theorems later (see Corollary 8.3).

7. Dimension of affine Springer fibers for the Lie algebras

In this section, we establish the dimension formula of the Witt-vector affine Springer fibers for
the Lie algebras and finish the proof of Theorem 6.4.

7.1 Further assumptions on the group

By Corollary 6.6, we may assume that G=G′ and we have the freedom of replacing G by any
reductive group over F whose adjoint group is isomorphic to Gad. Meanwhile, the adjoint group
Gad is a product of F -simple groups and each simple factor of Gad is the Weil restriction of an
absolutely simple group (i.e. whose base change to F is simple). Let us examine the effect of Weil
restrictions on the numerical invariants in Theorem 6.4. Suppose G=Res

˜F/F G̃, where F̃ /F is

a finite field extension. From the definition, we easily see that the discriminant valuation dg(γ)
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does not change if we replace F (respectively, G) by F̃ (respectively, G̃). By Proposition 3.14, the
same is true for the difference Art(G)−Art(Gγ). In addition, it is clear that all these invariants
are additive when we decompose G into products of simple factors. Then, by Lemma 5.1, we
may and do assume that Gad is absolutely simple. Furthermore, we assume that G splits over a
tamely ramified extension F ′/F of degree e� 1, p � e. We use the notation and definitions from
§§ 2.2 and 2.4. In particular, G is an outer twist of its split form G defined by a homomorphism
ρG : μe→Out(G).

By Lemma 4.12 and Corollary 4.13, after replacing G by a group G� with the same adjoint
group, we may assume that all of the following conditions are satisfied.

– First, G is tamely ramified, Gad is absolutely simple, and p is good for G.

– Second, there exists a G�Out(G)-invariant perfect symmetric bilinear form (·, ·) on the
O-module g(O).

– Third, the regular centralizer J for G is smooth over the O-scheme c= (ResO′/Oc)μe and
there exists a section κ : c→ g (of the Chevalley morphism χG) between O-schemes.

We impose these assumptions until the end of § 7.
Let γ ∈ g(F ) be a bounded and regular semisimple element. By Corollary 4.5, γ is G(F )-

conjugate to an element in greg(O), since χ(γ)∈ c(O). As Gγ is a torus over F , we have
H1(F, Gγ) = 1 by Steinberg’s theorem. This implies that γ is G(F )-conjugate to an element
in greg(O).

We assume, for the rest of this section, that γ ∈ greg(O)∩ grs(F ). Let Gγ be the O-group
scheme of centralizers of γ. Let a := χ(γ)∈ c(F )rs ∩ c(O). Let Ja be the pullback of the regular
centralizer J along a, viewed as a morphism Spec(O)→ c. By Proposition 4.4, we have a canonical
isomorphism Gγ

∼= Ja and then, by the assumptions above, Gγ is a smooth commutative group
scheme over O whose generic fiber is a torus. Then, we have the Witt-vector loop group LGγ ,
the positive loop group L+Gγ , and their quotient

Pγ :=GrGγ
=LGγ/L

+Gγ .

7.2 Centralizer action

The loop group LGγ acts on Xg
P,γ and we show that the action factors through the quotient Pγ .

Lemma 7.1. The positive loop group L+Gγ acts trivially on Xg
P,γ .

Proof. We may assume that P⊃ I. Since the natural morphism Yγ =Xg
I,γ→Xg

P,γ is surjective
and equivariant for the LGγ-action, it suffices to prove the claim for Yγ .

Let gI∈ Yγ , so that δ := ad(g)−1γ ∈ Lie(I)⊂ g(O′). Since γ ∈ greg(O), the restriction of the
homomorphism χ∗J→ I to δ ∈ g(O′) induces the inclusion

ad(g)−1Gγ(O)⊂Gδ(O′)⊂G(O′).

We need to show furthermore that ad(g)−1Gγ(O)⊂ I. Let δ̄ ∈ g(k) be the image of δ under
the reduction map g(O′)→ g(k). It suffices to show that the image of Gγ(k) under ad(g)−1

lies in B(k). This follows from [Yun11, Lemma 2.3.1], which says that the restriction of the
homomorphism χ∗J→ I (see Proposition 4.4) to Lie(B) factors through the universal centralizer
of elements of Lie(B) in B.

As a consequence, the action of LGγ on XP,γ factors through the quotient Pγ =LGγ/L
+Gγ .
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Let us describe the LGγ-orbits on XP,γ in more detail. For any γ ∈ Lie(P)∩ g(F )rs, let GP,γ

be the group smoothening of the schematic closure of Gγ in the Bruhat–Tits group scheme GP.
Then, GP,γ is a smooth commutative group scheme over O whose generic fiber is isomorphic to

the torus Gγ and whose group of O-points is GP,γ(O) =Gγ(F )∩P. Let G†γ be the finite-type

Néron model of Gγ . Then, G†γ(O) is the unique maximal bounded subgroup of Gγ(F ) and the

quotient LGγ/L
+G†γ is discrete. We have natural inclusions of O-lattices in Lie(Gγ) = gγ(F ),

Lie(GP,γ)⊂ gγ(F )∩ Lie(P)⊂ Lie(G†γ),
in which the first inclusion is an equality if and only if the schemetic closure of Gγ(F ) in GP is
smooth. Indeed, by [KP23, Lemma A.2.3], the intersection gγ(F )∩ Lie(P) is the Lie algebra of
the schematic closure of Gγ in GP.

Lemma 7.2. For any regular semisimple element γ ∈ g(F )rs and any g ∈XP,γ , let γg :=
ad(g)−1γ ∈ LieP. Then, the LGγ-orbit of g ∈XP,γ is isomorphic to GrGP,γg

=LGγ/L
+GP,γg

and
is represented by a perfect k-scheme locally perfectly of finite type of dimension

dimGrGP,γg
= lengthO

(
Lie(G†γg)

Lie(GP,γg
)

)
.

Proof. To ease notation, we may and do assume that g= 1, so that γ = γg ∈ LieP. Note that

π0(LGγ/L
+G†γ) is a free abelian group of finite rank (which is the free part of π0(LGγ)).

Therefore, it is enough to study the L+G†γ-orbit of 1 and the equality follows from [LLR04,
Lemma 2.6(c)].

Our next goal is to study the Pγ-orbits on XP,γ of maximal dimension.

7.3 The regular locus

Let P⊂G(F ) be a parahoric subgroup. After G(F )-conjugation, we may and do assume that
I⊂P. Let GP be the reductive quotient of the special fiber of the associated Bruhat–Tits group
scheme GP. The image of I in GP under the reduction morphism is a Borel subgroup that we
denote by BP. Let gP =Lie(GP) and bP =Lie(BP) be the Lie algebras. Let gregP ⊂ gP be the
open subset of regular elements, i.e. those whose centralizer has minimal possible dimension.
Let Lie(P)reg be the inverse image of gregP under the natural reduction morphism. Then, it is an
open subscheme of Lie(P).

Definition 7.3. The regular locus of the Witt-vector affine Springer fiber XP,γ is the subspace
defined by

Xreg
P,γ = {g ∈LG/P | ad(g)−1(γ)∈ Lie(P)reg}.

By Lemma 5.3, we see that Xreg
P,γ is an open subspace of XP,γ . We expect that Xreg

P,γ is
always nonempty and we can see this immediately when P=P0 =G(O) is the special parahoric
subgroup fixed in § 2.4, in which case we simply denote

Xγ :=Xg
G(O),γ = {g ∈G(F )/G(O) | ad(g)−1(γ)∈ g(O)}.

By the assumptions in § 7.1, we have γ ∈ greg(O), so that the base point 1∈GrG lies in Xreg
γ

and, in particular, Xreg
γ is nonempty.

Recall that a := χG(γ). In the following, we let g(O)a := χ−1
G (a)∩ g(O) and greg(O)a :=

χ−1
G (a)∩ greg(O). The following result is a coarse space version of [HKW23, Lemma 2.4] and

[GKO25, Lemma 7.5].

1357

https://doi.org/10.1017/S0010437X26103261 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103261


J. Chi

Lemma 7.4. There is a natural bijection between the following sets:

{Gγ(F ) orbits on Xγ}←→{G(O) orbits on g(O)a}

which restricts to a bijection between their subsets

{Gγ(F ) orbits on Xreg
γ }←→{G(O) orbits on greg(O)a}.

Proof. The map is defined by sending the Gγ(F )-orbit of g ∈Xγ to the G(O)-orbit of ad(g)−1(γ),
which clearly is injective. For any γ′ ∈ g(O)rega , since γ′, γ ∈ g(F )rs are both generically regular
semisimple and χG(γ) = χG(γ

′), there exists g ∈G(F ) such that ad(g)−1(γ) = γ′. Then, gG(O)∈
Xγ and its Gγ(F )-orbit is mapped to the G(O)-orbit of γ′. This shows surjectivity. The second
statement follows directly from the definition of a regular locus.

Lemma 7.5. There is a bijection between the set of P†
0 =G(O′)μe-orbits in greg(O)a and the set

ker(H1(μe,Gγ(O′))→H1(μe,G(O′))).

Here, Gγ is the centralizer group scheme (over O′) of γ ∈ greg(O)⊂ greg(O′).
If G is split so that P0 =G(O) is hyperspecial, then greg(O)γ consists of a single

G(O)-orbit.

Proof. This essentially follows from the smoothness of the universal regular centralizer J over
c and the fact that [greg/G] is a BJ-gerbe neutralized by a Kostant section. Let us explain in
more concrete terms.

Let Ja be the pullback of J along a= χG(γ)∈ c(O)⊂ c(O′), viewed as a morphism
SpecO′→ c. By Proposition 4.4, we have Gγ

∼= Ja and hence Gγ is smooth over O′ by the
assumptions in § 7.1.

Let grega be the O′-scheme defined by the following fiber product.

grega
��

��

greg

χG

��
SpecO′ a �� c

Then, the morphism of O′-schemes fγ :G→ grega sending g to ad(g)−1γ induces an isomorphism
G/Gγ

∼= grega . Since the special fiber grega (k) consists of a single G(k)-orbit, for any γ′ ∈ grega (O′)
there exists ḡ ∈G(k) such that ad(ḡ)(γ̄) = γ̄′, where γ̄ (respectively, γ̄′) denotes the reduction of
γ (respectively, γ′) in greg(k). Since Gγ is smooth, the morphism fγ is smooth and therefore we
can lift ḡ ∈G(k) to g ∈G(O′) such that ad(g)(γ) = γ′.

Now, suppose γ′ ∈ greg(O)a = grega (O′)∩ g(F ) and we find as above an element g ∈G(O′) such
that ad(g)−1(γ) = γ′. Let σ ∈ μe be a generator. Then, σ(γ′) = γ′ and σ(γ) = γ, from which we
get that gσ(g)−1 ∈Gγ(O′). This defines a cocycle of μe in Gγ(O′) that becomes a coboundary in
G(O′). Clearly, gσ(g)−1 only depends on the G(O′)μe-orbit of γ′. For another choice g′ ∈G(O′)
such that ad(g′)−1(γ) = γ′, we have g′g−1 ∈Gγ(O′) and hence gσ(g)−1 and g′σ(g′)−1 differ by a
coboundary in Gγ(O′). Thus, the cohomology class of gσ(g)−1 is well-defined and we obtain a
map from the set of G(O′)μe-orbits in greg(O)a to the cohomology set

ker(H1(μe,Gγ(O′))→H1(μe,G(O′))).

Then, one checks immediately that this map is bijective. When G is split, we have e= 1 and
P†

0 =P0 =G(O), so the cohomology set is trivial.
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Corollary 7.6. The set of LGγ-orbits in Xreg
γ is finite nonempty and admits a surjection to

the set
ker(H1(μe,Gγ(O′))→H1(μe,G(O′))).

Moreover, each LGγ-orbit in Xreg
γ is a Pγ-torsor and is open in Xγ .

If G is split so that G(O) is hyperspecial, then Xreg
γ is a Pγ-torsor (and hence forms a single

LGγ-orbit).

Proof. The first statement follows by combining Lemmas 7.4 and 7.5. Now, we prove the second
statement. Note that Gγ(O) =Gγ(O′)∩G(O). Let g ∈G(F ), whose coset gG(O) determines a
point in Xreg

γ . Then, γ′ := ad(g)−1γ lies in greg(O). To show that the LGγ-orbit through gG(O)
is a torsor under Pγ , we need to prove that the stabilizer of gG(O) in Gγ(F ) coincides with
Gγ(O). By definition, this stabilizer equals Gγ(F )∩ gG(O)g−1. We note that ad(g)−1 induces
a canonical isomorphism Gγ(O′)∼=Gγ′(O′) =Gγ′(F ′)∩G(O′). Intersecting with G(F ), we see
that ad(g)−1Gγ(O) =Gγ′(F )∩G(O) and hence

Gγ(O) = ad(g)(Gγ′(F )∩G(O)) =Gγ(F )∩ gG(O)g−1,

as desired. Since Xreg
γ is open and a finite union of LGγ-orbits, each such orbit is also open.

When G is split, there is only one such orbit.

Let us provide two simple examples of ramified groups to illustrate the description of regular
orbits.

Example 7.7. Suppose p > 2 and let F ′/F be a tamely ramified quadratic extension. We consider
the associated special unitary group G=SUn whose split form is G=SLn. Let �′ ∈O′ be a
uniformizer with � := (�′)2 ∈O. For a square matrix A, we denote ιA := J tAJ−1, where J is
the square matrix whose anti-diagonal entries are 1 and all other entries are 0. The group G is the
twisted form of G associated to the involution θ(g) := ιg−1 of G. This is an outer automorphism if
n> 2, and if n= 2, then θ(g) = ad

[
1 0
0 −1

]
(g) is an inner automorphism. Let σ ∈Gal(F ′/F ) be the

nontrivial element and let σG denote the Galois action (with respect to G) on G(F ′) = SLn(F
′).

It is given by the formula
σG(g) = θ(ḡ) = ιḡ−1 for all g ∈ SLn(F

′),

where ḡ is obtained from the matrix g by applying σ on each entry. We have G0 = G†0 and, for
any O-algebra R with R′ :=R⊗O O′,

G0(R) = {g ∈ SLn(R
′), ιḡg= 1}.

The reductive quotient of the special fiber of G0 is Gθ ∼=SOn. The Lie algebra of G decomposes
into eigenspaces of θ as g= g0 ⊕ g1, where g0 (respectively, g1) consists of trace-zero anti-
symmetric (respectively, symmetric, with respect to the bilinear form defined by J) matrices.
Then, we have g(O) = g0(O)⊕�′g1(O) and greg(O) = (g0 ∩ greg)(O)⊕�′g1(O).

Take an element γ ∈ greg(O)∩ t(F ). Then, Gγ = T as a group scheme over O and, after a
base change to O′, we have Gγ =T. An element t=diag(t1, . . . , tn)∈T(O′) with

∏n
i=1 ti = 1

defines a cocycle in Z1(σG,T(O′)) if tσG(t) = 1, or equivalently ti = t̄n+1−i for all 1� i� n.
It is a co-boundary if there exists s=diag(s1, . . . , sn)∈T(O′) with

∏n
i=1 si = 1 such that

s · σG(s)−1 = t, or equivalently ti = sis̄n+1−i for all 1� i� n. When n= 2m+ 1 is odd, we have
H1(σG,T(O′)) = 1. Indeed, for a one-cocycle represented by t∈T(O′) as above, we can take
sm+1 = (t̄1, . . . , t̄m)−1, s1 = · · ·= sm = 1, and, for i�m+ 2, si := t̄n+1−i. Then, one checks that∏n

i=1 si = 1 and t= s · σG(s)−1.
Now, assume that n= 2m is even. Suppose t= (t1, . . . , tm, t̄m, . . . , t̄1)∈T(O′) represents a

cocycle in Z1(σG,T(O′)). Let u := t1, . . . , tm ∈ (O′)×. Then, we have uū= 1 (so u≡±1 mod �′)
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and one checks that t is a coboundary if and only if there exists v ∈ (O′)× such that u= vv̄−1, if
and only if u≡ 1(mod �′). Indeed, suppose that such v exists, let s1 = · · ·= sm−1 = 1, sm = v,
sm+1 = t̄m/v̄, and si = t̄2m+1−i for all i�m+ 2. Then, we have ti = sis̄n+1−i for all 1� i� n.
Thus, if n= 2m, we have H1(σG,T(O′)) =Z/2Z. Now suppose, moreover, that n= 2m, where
m is odd. Suppose the element t=diag(t1, . . . , tm, t̄m, . . . , t̄1)∈T(O′) as above represents a
nontrivial cohomology class. Then, u= t1, . . . , tm ≡−1(mod �′) and there exists v ∈ (O′)× with
u=−vv̄−1. Take an element α∈ (O′)× with αm = v−1. Let g=

[
0 B
C 0

]
be the n× n matrix where

B = α · diag(t1, . . . , tm) and C = ᾱ−1 · Idm. Then, one verifies that g ∈G(O′) = SLn(O′) and g ·
σG(g)

−1 = t. This shows that ker(H1(σG,T(O′))→H1(σG,G(O′))) =Z/2Z.
The case where m= 1 and n= 2 is exotic, since we have G=SU2

∼=SL2. In fact, conjugation
by

[
0 �′
1 0

]
identifies G(F ) with SL2(F ) and takes P0 = G0(O) to an Iwahori subgroup of SL2(F ).

So, P0 is not a special parahoric in this case (there is no contradiction with § 2.4 since F ′ is not
the minimal extension of F that splits G in this exotic case). However, the discussion above is
still valid. Consider the element γ =

[
1 0
0 −1

]
∈ greg(O) with a= χG(γ) =−1∈ c(O). Then, there

are two P0 orbits in greg(O)a and it is easy to see that γ and −γ belong to different P0-orbits.

Example 7.8. Let F ′/F be as above and take G=U2 whose split form is G=GL2. We still take

γ =
[
1 0
0 −1

]
. This time, P0 has index two in P†

0 and P†
0 acts transitively on greg(O)a but P0 has

two orbits.

7.4 Dimension of the regular locus

From Corollary 7.6 and Theorem 5.4, we deduce that Pγ is a finite-dimensional commutative
k-group. In this section, we compute its dimension.

Let G†
γ be the finite-type Néron model of the generic fiber of Gγ . Then, G

†
γ(O) is the maximal

bounded subgroup of Gγ(F ). The O-modules Lie(Gγ) (respectively, Lie(G
†
γ)) are identified with

O-lattices in gγ(F ) that we denote by gγ (respectively, g†γ).

Theorem 7.9. With notation as above, we have

dimXreg
γ = lengthO(g

†
γ/gγ) =

1
2(dg(γ) +Art(G)−Artγ).

By Lemma 7.2, we have

dimXreg
γ = lengthOLie(G

†
γ)/Lie(Gγ) = lengthO(g

†
γ/gγ).

It remains to compute the length of the O-module g†γ/gγ . In the equal-characteristic setting, this
computation is done in [OY16, Appendix] (which generalizes results in [KL88] and [Bez96]) and
we follow the arguments therein.

Since Gγ is smooth over O and a fortiori flat over O, it is the schematic closure of its
generic fiber in G= G0 and hence gγ = gγ(F )∩ g(O) by [KP23, Lemma A.2.3]. Let p(F ) :=
[γ, g(F )] be the image of the linear endomorphism ad(γ) on g(F ). Since γ is semisimple, we have
p(F )∩ gγ(F ) = 0 and hence a decomposition g(F ) = gγ(F )⊕ p(F ).

Recall from our assumption in § 7.1 that there is a G(F )�Out(G)-invariant nondegenerate
symmetric F -bilinear form (·, ·) on the split Lie algebra g(F ) that is nondegenerate over O.
Extending scalars, we get an F ′-bilinear form on g(F ′) that is G(F ′)�Out(G)-invariant. Thus,
its restriction to g(F ) = g(F ′)μe is a G(F )-invariant F -bilinear form that takes values in F . In
particular, for any x, y ∈ g(F ), we have

(ad(γ)(x), y) =−(x, ad(γ)(y)),
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which implies that gγ(F ) and p(F ) are the orthogonal complements of each other and hence (·, ·)
restricts to nondegenerate symmetric bilinear forms on gγ(F ) and p(F ). Let V denote any of
the F -vector spaces g(F ), gγ(F ) or p(F ). For an O-lattice L⊂ V , let L∨ := {v ∈ V, (v, L)⊂O}
be its dual lattice.

We have a sequence of inclusions gγ ⊂ g†γ ⊂ g†,∨γ ⊂ g∨γ , and hence

lengthO(g
†
γ/gγ) =

1
2 lengthO(g

∨
γ /gγ)− 1

2 lengthO(g
†,∨
γ /g†γ). (7.1)

The action of ρG(μe) on the O-module g induces a decomposition g=
⊕e−1

i=0 gi, where gi is
the O-submodule on which ζ ∈ μe acts by scalar multiplication by ζi. Then, we have

g(O) = g0(O)⊕
e−1⊕
i=1

(�′)e−igi(O)

and hence g(O)∨ =
⊕e−1

i=0 (�
′)−igi(O) by the fact that (·, ·) is Out(G)-invariant and nondegen-

erate over O′.
For each 0� j � e− 1, let g(O)�j := g(O) +

∑
1�i�j(�

′)−igi(O). Then, we get a chain of
O-modules

g(O) = g(O)�0 ⊂ g(O)�1 ⊂ · · · ⊂ g(O)�e−1 = g(O)∨

whose successive quotients are g(O)�j/g(O)�j−1 = gj(k). From the definition, we see that each
g(O)�j is preserved by adjoint action of elements in g(O). We record the following result from
[OY16, Appendix].

Lemma 7.10. For each 0� j � e− 1, the O-lattice [γ, g(O)�j ] in p(F ) is saturated in g(O)�j .
In other words, we have [γ, g(O)�j ] = g(O)�j ∩ p(F ). As a special case, we get that

[γ, g(O)∨] = g(O)∨ ∩ p(F ).

Proof. Let Q be the cokernel of the O-linear endomorphism ad(γ) of g(O)�j . We need to show
that Q is torsion-free, which would follow from the inequality dimk Q⊗O k� dimF Q⊗O F (the
fact that Q is a finitely generated O-module implies the reverse inequality). Since γ ∈ g(F ) is
regular semisimple, we have dimF Q⊗O F =dimF gγ(F ) = r, which is the absolute rank of g (i.e.
the rank of the split form g), and we are reduced to showing that dimk Q⊗O k� r.

We can write γ = γ0 +
∑e−1

i=1 (�
′)e−iγi, where γi ∈ gi(O) for each 0� i� e− 1. Let γ̄ be the

image of γ under the reduction map

g(O)→ g(k) = g0(k)⊕
e−1⊕
i=1

gi(k)t
i ⊂ g(O′/�O′) = g(k[t]/te),

where t denotes the image of �′ ∈O′ in O′/�O′. Let γ̄0 ∈ g0(k) be the image of γ0 under the
reduction map g0(O)→ g0(k). Since γ ∈ g(O)∩ greg(O′), we have γ̄0 ∈ g0(k)∩ greg(k).

Consider the k-linear endomorphism ad(γ̄) on g(O)�j/�g(O)�j . We have dimk(Q⊗O k) =
dimk coker(ad(γ̄)) = dimk ker(ad(γ̄)) and it suffices to show that dimk ker(γ̄)� r.

Consider the following chain of O-modules:

g(O)�j ⊃ g(O)�j−1 ⊃ · · · ⊃ g(O)�0 = g(O)⊃�g(O)�e−1 ⊃ · · · ⊃�g(O)�j ,

whose successive quotients are

gj(k), gj−1(k), . . . , g0(k), . . . , gj+1(k).

This induces a filtration on the k-vector space g(O)�j/�g(O)�j preserved by ad(γ̄), which
induces the k-linear map ad(γ̄0) on the associated graded space g(k) =

⊕e−1
i=0 gi(k). Since
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γ̄0 ∈ greg(k), we get the desired inequality

dimk ker(ad(γ̄) | g(O)�j/�g(O)�j)� dimk ker(ad(γ̄0) | g(k)) = r.
Consider the O-lattice p := [γ, g(O)] in p(F ). We have [γ, p]⊂ p and hence [γ, p∨]⊂ p∨. On

the other hand, the dual lattice is described by

p∨ = {x∈ p(F ), (x, [γ, y])∈O, for all y ∈ g(O)}
= {x∈ p(F ), ([γ, x], y)∈O, for all y ∈ g(O)}
= {x∈ p(F ), [γ, x]∈ g(O)∨}. (7.2)

Then, we get that

[γ, p∨]⊂ g(O)∨ ∩ p(F ) = [γ, g(O)∨]⊂ [γ, p∨],

where the first inclusion follows from (7.2), the middle equality follows from Lemma 7.10, and the
last inclusion is seen as follows. For any x∈ g(O)∨, let x= x1 + x2 be its orthogonal decompo-
sition, where x1 ∈ gγ(F ) and x2 ∈ p(F ). Then, [γ, x2] = [γ, x]∈ [γ, g(O)∨]⊂ g(O)∨ and, by (7.2),
we have x2 ∈ p∨, so that [γ, x] = [γ, x2]∈ [γ, p∨].

Therefore, we deduce that

p= [γ, g(O)]⊂ [γ, g(O)∨] = [γ, p∨]⊂ p∨

and we can compute

lengthO(p
∨/p) = lengthO(p

∨/[γ, p∨]) + lengthO([γ, p
∨]/p)

= lengthO(p
∨/[γ, p∨]) + lengthO([γ, g(O)∨]/[γ, g(O)]). (7.3)

We have lengthO(p∨/[γ, p∨]) = dg(γ). Indeed, by the definition of dg(γ), this equality is even
true if p∨ is replaced by any O-lattice in p(F ). Then, from the exact sequence

0→ gγ(F )∩ g(O)∨
gγ(F )∩ g(O) →

g(O)∨
g(O)

ad(γ)−−−→ [γ, g(O)∨]
[γ, g(O)] → 0,

we get that

lengthO(p
∨/p) = dg(γ) + lengthO(g(O)∨/g(O))− lengthO

(
gγ(F )∩ g(O)∨
gγ(F )∩ g(O)

)
.

For each 1� j � e− 1, we have the following diagram in which the rows are exact.

0 �� g(O)�j−1
��

ad(γ)

��

g(O)�j
��

ad(γ)

��

gj(k)

ad(γ̄0)

��

�� 0

0 �� g(O)�j−1
�� g(O)�j

�� gj(k) �� 0

Since coker(ad(γ)) is torsion-free by Lemma 7.10, the connecting homomorphism in the
associated long exact sequence vanishes and hence we get a short exact sequence

0→ gγ(F )∩ g(O)�j−1→ gγ(F )∩ g(O)�j→ ker(ad(γ̄0) | gj(k))→ 0.

This implies that

lengthO

(
gγ(F )∩ g(O)∨
gγ(F )∩ g(O)

)
=

e−1∑
j=1

dimk ker(ad(γ̄0) | gj(k))

= dimk ker(ad(γ̄0) | g(k))− dimk ker(ad(γ̄0 | g0(k)) = r− r=Art(G),
(7.4)

where we use the fact that γ̄0 ∈ greg(k) for the second equality.
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Then, we get

lengthO(p
∨/p) = dg(γ) + lengthO(g(O)∨/g(O))−Art(G).

Now, consider the following chain of O-lattices in g(F ):

gγ ⊕ p⊂ g(O)⊂ g(O)∨ ⊂ (gγ ⊕ p)∨ = g∨γ ⊕ p∨.

We note that ad(γ) induces an isomorphism g(O)/(gγ ⊕ p)∼= p/ad(γ)(p) and hence

lengthO

(
(gγ ⊕ p)∨

g(O)∨
)
= lengthO

(
g(O)
gγ ⊕ p

)
= lengthO(p/ad(γ)(p)) = dg(γ).

From the above discussions, we get that

lengthO(g
∨
γ /gγ) = 2dg(γ) + lengthO(g(O)∨/g(O))− lengthO(p

∨/p)
= dg(γ) +Art(G). (7.5)

Finally, by Corollary 3.13, we have

lengthO(g
†,∨
γ /g†γ) =Artγ

and, when combined with (7.1) and (7.5), we get

lengthO(g
†
γ/gγ) =

1
2(dg(γ) +Art(G)−Artγ).

Note that the assumptions in Corollary 3.13 are satisfied since the restriction of the bilinear
form on the split Lie algebra g(F ) to any split Cartan subalgebra induces a W-invariant perfect
pairing on the O-module Λ⊗Z O, where Λ=X∗(Gγ,F ) is the coweight lattice.

7.5 Finishing the proof of the main theorem in the Lie algebra case

Proposition 7.11. Suppose G is essentially tamely ramified and the residue characteristic is
good for G. For any regular semisimple element γ ∈ g(F )rs, the Witt-vector affine Springer fiber
Yγ is equi-dimensional. If, moreover, G is semisimple simply connected and γ is topologically
nilpotent, then Yγ is connected.

Proof. By Propositions 6.2 and 6.7, we may assume that G is tamely ramified semisimple simply
connected and γ is topologically nilpotent. By Lemma 4.11 and Proposition 4.16, there exists a
reductive group G� over F with an isomorphism G�

ad
∼=Gad and a quasi-logarithm map Φ :G�→

Lie(G�) that is bijective on topologically nilpotent elements in the sense of Definition 4.14. Since
G is semisimple, we can view γ as an element in Lie(G�) via the natural embedding g ↪→ Lie(G�).
Let δ� ∈G�(F ) be the regular semisimple strongly topologically unipotent element such that

γ =Φ(δ�) and let δ ∈Gad(F ) =G�
ad(F ) be the image of δ�. Let Iad be the image of I in Gad(F ).

Then, by Lemma 6.12, we have

Yγ =XGad

I,δ = {g ∈G(F )/I | g−1δg ∈ Iad}
and we conclude by Proposition 6.11.

Corollary 7.12. For any γ ∈ g(F )rs and any parahoric subgroup P⊂G(F ), we have
dimXP,γ � dim Yγ and equality holds ifP is contained in a special parahoric subgroup. Moreover,
in the case where P=G(O) is a special parahoric subgroup, we have

dimXγ =dim Yγ =dimXreg
γ .

Proof. We may assume that P⊃ I is a standard parahoric subgroup. Consider the natural map
πP,γ : Yγ→XP,γ . For each gP∈Xγ , let γ̄g be the image of ad(g)−1(γ) under the reduction homo-
morphism Lie(P)→ Lie(GP). The conjugacy class of γ̄g is well-defined and the fiber π−1

P,γ(gP)
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is isomorphic to the perfection of the classical Springer fiber Bγ̄g
of γ̄g in the flag variety of GP.

Since the classical Springer fiber Bγ̄g
is always nonempty and is 0-dimensional if and only if γ̄g

is regular, we see that πP,γ is surjective and is quasi-finite above the regular open subset Xreg
P,γ .

In particular, we have

dimXreg
P,γ � dimXP,γ � dim Yγ .

When P=G(O) is a special parahoric subgroup, the regular locus Xreg
γ is nonempty (since, by

the assumptions in § 7.1, we have γ ∈ greg(O) so that 1∈Xreg
γ ) and then by Proposition 7.11 we

deduce that dimXγ =dim Yγ =dimXreg
γ .

More generally, if the parahoric subgroup P is contained in a special parahoric subgroup

P0 =G(O), the natural πP0,γ : Yγ→Xγ factors into a composition Yγ
πP,γ−−−→XP,γ→Xγ from

which we deduce that dimXP,γ =dimXγ =dim Yγ .

Finally, by the remark at the beginning of this section, Theorem 6.4 follows from Theorem 7.9,
Proposition 7.11, and Corollary 7.12.

8. Dimension of affine Springer fibers for the groups

In this section, we establish the dimension formula of the Witt-vector affine Springer fiber for the
groups, and thus finish the proof of Theorem 6.10. After a series of reductions, this eventually
follows from Theorem 6.4, the main result in the case of Lie algebras.

8.1 The case of hyperbolic conjugacy classes

We first consider the special case of a split regular semisimple conjugacy class that can be studied
more directly. In the equal-characteristic setting, we have proved a more general result in [Chi22,
Corollary 3.5.3], the argument in [Chi22] applies also in the current mixed-characteristic case.
Here, we give a more straightforward argument in the current setting, which is similar in spirit
to the proof of [KL88, § 5, Proposition 1].

We assume that G is a split reductive group over F , T ⊂G is a split maximal torus over F ,
and B = TU is a Borel subgroup of G containing T , with unipotent radical U . Let P =MN be
a standard parabolic subgroup of G with Levi M and unipotent radical N . Then B ⊂ P and
T ⊂M . Following [GHK+06, § 5.3], or [Chi22, § 3.4], we have a decreasing filtration of N by
normal subgroups P :

N =N [1]�N [2]� · · ·�N [l]�N [l+ 1] = 1

such that:

– the successive quotients N〈i〉=N [i]/N [i+ 1] are abelian; and

– the commutator satisfies [N,N [i]]⊂N [i+ 1] for all 1� i� l.

The second point can be deduced from, for example, [Ste16, § 3, Lemma 15]. Each N〈i〉 is
a product of certain root groups Uα for roots α of T occurring in Lie(N). In particular, we
have N ∼=

∏l
i=1 N〈i〉 as a scheme. Moreover, for each 1� i� l, the adjoint action of M on N

restricts to an action on N〈i〉 and there is a naturalM -equivariant isomorphism of group schemes
N〈i〉 ∼=Lie(N〈i〉).

Let P⊂G(F ) be a parahoric subgroup corresponding to a facet in the apartment of T . Then,
we have

N(F )∩P=

l∏
i=1

N〈i〉(F )∩P.
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Let N be the O-model of N such that N (O) =N(F )∩P. Then, we get O-models
N [i] (respectively, N〈i〉) for N [i] (respectively, N〈i〉) such that N [i](O) =N [i](F )∩P and
N〈i〉(O) =N〈i〉(F )∩P. We have the associated Witt-vector affine Grassmannians LN/L+N ,
LN [i]/L+N [i], and LN〈i〉/L+N〈i〉 that are perfect indschemes.

For each element γ ∈M(F ), define

rN (γ) := val(det(1− ad(γ) | Lie(N)))∈Z∪ {∞}
and for each 1� i� l,

ri(γ) := val(det(1− ad(γ) | Lie(N〈i〉)))∈Z∪ {∞}.

Then, we have rN (γ) =
∑l

i=1 ri(γ).

Proposition 8.1. With notation as above, let γ ∈M(F ) be an element such that ad(γ)N (O)⊂
N (O) and rN (γ)<∞. Then, the subspace

Z := {u∈LN/L+N | u−1γuγ−1 ∈L+N}
is represented by a perfect scheme perfectly of finite type (see Definition 1.3) of dimension rN (γ).

Proof. Define a right action ofN on itself by requiring that any u∈N acts by x ∗ u := u−1xγuγ−1

for any x∈N . This also defines an action of the subgroups N [i] and N〈i〉 on themselves.
Define a morphism of indschemes fγ :LN →LN by

fγ(u) := u−1γuγ−1 = 1 ∗ u.
Then, fγ preserves the sub-indschemes LN [i] and LN〈i〉 and restricts to morphisms

f [i]
γ :LN [i]→LN [i], f 〈i〉

γ :LN〈i〉→LN〈i〉.
By assumption, we have inclusions

fγ(L
+N )⊂L+N , f [i]

γ (L+N [i])⊂L+N [i], f 〈i〉
γ (L+N〈i〉)⊂L+N〈i〉.

For each 1� i� l, we consider the perfect indschemes

Z [i] := (f [i]
γ )−1(L+N [i])/L+N [i], Z〈i〉 := (f 〈i〉

γ )−1(L+N〈i〉)/L+N〈i〉.

In particular, when i= 1 we get Z [1] =Z = f−1
γ (L+N )/L+N .

More generally, for each x∈N(F ) we consider the perfect indscheme

Z [i]
x := {u∈LN [i]/L+N [i], x ∗ u∈L+N}.

For any u∈Z [i]
x , we have

x ∗ u= u−1xu · (1 ∗ u) = [u−1, x] · x · (1 ∗ u),

where [u−1, x] := u−1xux−1 is the commutator. Note that, since u∈LN [i], we have [u−1, x]∈
LN [i+ 1]. So, when x∈L+N ·LN [i+ 1], the condition x ∗ u∈L+N implies that 1 ∗ u∈L+N ·
LN [i+ 1] and hence 1 ∗ ū∈Z〈i〉, where ū is the image of u in LN〈i〉. Thus, the map u �→ ū
induces a map

πi,x :Z
[i]
x →Z〈i〉.

Claim. For any 1� i� l and any x∈L+N ·LN [i+ 1], the map πi,x above is surjective.

Moreover, for any ui ∈LN [i] with ūi ∈Z〈i〉, we have π−1
i,x (ui) =Z

[i+1]
x∗ui

.

Proof of claim. We prove the surjectivity by descending induction on i. When i= l, this is clear

since Z
[l]
x =Z [l] =Z〈l〉. Suppose the claim is true for i+ 1. For any ui ∈LN [i] representing an ele-

ment ūi ∈Z〈i〉, we have 1 ∗ ui ∈L+N [i]LN [i+ 1] =LN [i+ 1]L+N [i]. We want to find an element
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ui+1 ∈LN [i+ 1] such that uiui+1 ∈Z [i]
x . In other words, we look for ui+1 such that

x ∗ uiui+1 = u−1
i+1u

−1
i xuiui+1(1 ∗ uiui+1) = u−1

i+1u
−1
i xui(1 ∗ ui)γui+1γ

−1 ∈L+N .

Write 1 ∗ ui = yz with y ∈L+N [i] and z ∈LN [i+ 1], then we have

x′ := x ∗ ui = [u−1
i , x]xyz ∈L+N ·LN [i+ 1].

Thus, we can write x′ = y′z′ with y′ ∈L+N and z′ ∈LN [i+ 1]. Then, for any u′ ∈LN [i+ 1] we
have

x′ ∗ u′ = [(u′)−1, x′]y′z′(1 ∗ u′).

Since γ is regular semisimple, the action map N [i+ 1](F )→N [i+ 1](F ) sending u �→ 1 ∗ u is
injective. So, it defines a transitive action of N [i+ 1](F ) on itself and we can find u′ ∈LN [i+ 1]
such that 1 ∗ u′ = (z′)−1. Then, we have x′ ∗ u′ ∈LN [i+ 2]L+N . By the induction hypothesis, the

space Z
[i+1]
x′∗u′ is nonempty, so we can find v ∈LN [i+ 2]⊂LN [i+ 1] such that x′ ∗ (u′v)∈L+N .

Taking ui+1 = u′v, we finish the proof of the surjectivity of πi,x. The description of its fiber is
immediate by definition.

Now, we analyze the structure of Z =Z [1]. Let x1 = 1. Take any u1 ∈Z and let x2 := 1 ∗ u1 ∈
L+N , then we have π−1

1,x1
(ū1) =Z

[2]
x2 . Take any u2 ∈Z [2]

x2 and let x3 := x2 ∗ u2 ∈L+N , then we

have π−1
2,x2

=Z
[3]
x3 . Continuing in this way, we get a descending sequence of spaces π−1

i,xi
(ūi) =

Z
[i+1]
xi+1 ⊂LN [i+ 1]/L+N [i+ 1], 1� i� l, where the last one Z

[l+1]
xl+1 is a single point. Note that,

for each 1� i� l, Z〈i〉 is the perfection of an affine space of dimension ri(γ). Then, we deduce by
descending induction on i that Z =Z [1] is a perfect scheme perfectly of finite type of dimension
rN (γ) =

∑l
i=1 ri(γ).

Corollary 8.2. Let G be a split reductive group scheme over O and let T ⊂G be a split
maximal torus defined over O. For any bounded regular semisimple element γ ∈ T (O)∩Grs(F ),
the Witt-vector affine Springer fiber in the affine Grassmannian

Xγ =XG
G(O),γ = {g ∈LG/L+G | g−1γg ∈L+G}

is represented by a perfect scheme locally perfectly of finite type (see Definition 1.3) of dimension

dimXγ =
1
2dG(γ).

Proof. Let B be a Borel subgroup of G containing T and let U be its unipotent radical, both
defined over O. By the Iwasawa decomposition, Xγ can be decomposed into a disjoint union of
X∗(T ) = T (F )/T (O) translates of

Z = {u∈LU/L+U, u−1γuγ−1 ∈L+U}.
By Proposition 8.1, it is a perfectly of finite type perfect scheme of dimension

rU (γ) = val(det(1− ad(γ) | Lie(U))) =
∑
α∈Φ+

val(1− α(γ)),

where Φ+ is the set of positive roots. Since γ ∈ T (O), we have val(1− α(γ)) = val(1− α(γ)−1)
for any root α. This implies that rU (γ) = (1/2)dG(γ) and we are done.

Corollary 8.3. Let G be a reductive group over F . Suppose there exists a quasi-logarithm
map Φ :G→ g that is bijective over topologically nilpotent elements. Then, for any strongly
topologically unipotent and regular semisimple element u∈Grs(F ), we have dG(γ) = dg(Φ(γ)).

Proof. When computing the invariants dG(γ) and dg(Φ(γ)), we may pass to a finite extension
and hence assume that G is split and γ is contained in a split maximal torus. By Lemma 6.12, we
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have an isomorphism of the centralizers Gγ
∼=GΦ(γ), which is a split maximal torus. In addition,

there is an identification of affine Springer fibers in the affine Grassmannians Xγ
∼=XΦ(γ). Then,

the equality follows from Theorem 6.4 and Corollary 8.2.

8.2 Harish-Chandra descent

In this section, we reduce Theorem 6.10 to the case of topologically unipotent elements. We
follow the method of [BV21, Appendix B] in the equal-characteristic setting.

We maintain the notation and assumptions in Theorem 6.10 and assume that the affine
Springer fiber XG′

P′,γ is nonempty. Then, by Theorem 6.9, the element γ is bounded modulo

center and after G(F )-conjugation we may assume that γ ∈ Ĩ by Lemma 3.4. Let γ = su= us be
the topological Jordan decomposition, where s∈ Ĩ is strongly semisimple mod center and u∈ I
is topologically unipotent mod center.

Let H ′ := (G′◦
s )

sc be the simply connected cover of the identity component G′◦
s of the cen-

tralizer of s in G′ and let π′ :H ′→G′ be the natural homomorphism. Let P′
s :=G′

s(F )∩P′ and
PH′ := (π′)−1(P′

s). Then, PH′ is a parahoric subgroup of H ′(F ). Let H :=H ′
ad =G◦

s,ad be the
common adjoint group of H ′ and G◦

s. Let PH be the image of P∩Gs(F ) in H(F ). Then, PH is
also the image of P′

H in H(F ) and is a parahoric subgroup of H(F ). Let P̃H be the normalizer of

PH in H(F ). Let u0 be the image of u in H(F ). For any g ∈G′
s(F ), we have ad(g)−1u∈ P̃ if and

only if ad(g)−1u0 ∈ P̃H . We relate the Witt-vector affine Springer fiber XG
P′,γ to the Witt-vector

affine Springer fiber XH′
PH ,u0

whose set of k-points is

XH
PH′ ,u0

(k) = {h∈H ′(F )/PH′ | ad(h)−1u0 ∈ P̃H}.

Let P̃′
s be the normalizer of π′(PH′) in G′

s(F ). Then, we have P′
s ⊂ P̃′

s and the quotient group
P̃′

s/P
′
s is discrete.

Proposition 8.4. Let the notation and assumptions be as above. For any n∈ P̃s/Ps, we con-
sider the morphism in :X

H
PH′ ,u0

→XG
P′,γ defined by sending hPH′ to π′(h)nP′. Then, the disjoint

union of the in defines an isomorphism of perfect schemes

i :=
⊔

n∈˜P′
s/P

′
s

in :
⊔

n∈˜P′
s/P

′
s

XH
PH′ ,u0

→XG
P′,γ .

Moreover, we have dG(γ) = dH(u0) and

Art(G) + def(κG(γ))−Art(Gγ) =Art(H) + def(κH(u0))−Art(Hu0
).

Proof. First, we show injectivity. Suppose there are n1, n2 ∈ P̃′
s/P

′
s with in1

(h1PH) = in2
(h2PH)

so that π′(h1)n1P
′ = π′(h2)n2P

′. Then, we get π′(h−1
1 h2)∈ π′(H ′(F ))∩ n1P

′n−1
2 , which implies

that n1 = n2 (using the Kottwitz homomorphism) and h1PH′ = h2PH′ .
Next, we show surjectivity. Let gP′ ∈XG

P′,γ so that g−1γg ∈ P̃. Then, we have g−1sg ∈ P̃
and g−1ug ∈ P̃. By [Spi08, Proposition 2.33, Corollary 2.37], this implies that g ∈G′

s(F ) and
therefore

XG
P′,γ = {g ∈G′

s(F )/P′
s | g−1ug ∈ P̃∩Gs(F )}= {g ∈G′

s(F )/P′
s | g−1u0g ∈ P̃H}.

Take an element h∈H ′(F ) such that hPH′h−1 = (π′)−1(gP′g−1) and let n := π′(h)−1g. Then,
we get that n∈ P̃′

s and gP′ = in(hPH′).
It remains to relate the numerical invariants of γ ∈G(F ) and u0 ∈H(F ). Note that Gγ is a

maximal torus of both G0
s and G. Let ΦG(Gγ) be the set of roots of G (over F ) with respect

to Gγ . Then, the set of roots of G◦
s with respect to Gγ is ΦG◦

s
(Gγ) = {α∈ΦG(Gγ), α(s) = 1}.
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We have

dG(γ) = val det(1− ad(γ) | g(F )/gγ(F )) =
∑

α∈ΦG(Gγ)

val(1− α(γ))

=
∑

α∈ΦG◦
s
(Gγ)

val(1− α(γ)) =
∑

α∈ΦG◦
s
(Gγ)

val(1− α(u)) = dG◦
s
(u) (8.1)

since, for α∈ΦG(Gγ) such that α(s) �= 1, we have val(1− α(γ)) = val(1− α(s)α(u)) = 0 because
val(α(u)− 1)� 0. By definition, we see that dG◦

s
(u) = dH(u0) and therefore dG(γ) = dH(u0).

Finally, let us prove the last equality involving Artin conductors and Kottwitz invariants.
By construction, we have Gγ = (G◦

s)u and Hu0
∼= (G◦

s)u/Z(G◦
s). Let S ⊂G◦

s be a maximal F -split
sub-torus. Let SG be a maximal F -split torus in G containing S and let T be the centralizer of
SG in G. Recall our assumption that G is essentially tamely ramified. We first claim that

Art(G◦
s)−Art(G) = dim SG − dim S =def(κG(s)). (8.2)

To show this, we make the following observations.

– All invariants in (8.2) do not change if we mod out a central subgroup of G, so we may
assume that G is adjoint.

– All invariants in (8.2) are additive when we decompose G into products of smaller groups,
so we may assume further that G is the Weil restriction of a tamely ramified absolutely
simple adjoint group.

– If G=Res
˜F/F G̃ for a finite extension F̃ /F , then by Proposition 3.14 the difference

Art(G◦
s)−Art(G) does not change if we replace F (respectively, G) by F̃ (respectively,

G̃). In addition, it follows easily by definition that the remaining quantities do not change
if we make this replacement.

Thus, to show (8.2), we may assume that G is tamely ramified. Then, by Lemma 3.6, the group
G◦

s is also tamely ramified. So, the Artin conductors Art(G◦
s) and Art(G) become the difference

between the absolute rank and the F -rank and the first equality in (8.2) follows. The second
equality follows by definition and therefore (8.2) is proved.

Since H =G◦
s/Z(G◦

s) and Hu0
= (G◦

s)u/Z(G◦
s) =Gγ/Z(G◦

s), we deduce from (8.2) that

Art(H)−Art(Hu0
) =Art(G◦

s)−Art(Gγ) =Art(G) + def(κG(s))−Art(Gγ).

We have an embedding B(H) ↪→B(G) between the (reduced) Bruhat–Tits buildings (see [Spi08,
Proposition 2.33]). Let aH ∈B(H) be an alcove in the apartment corresponding to S and let
a∈B(G) be the alcove containing aH in the apartment corresponding to SG. Using the notation
from Definition 3.2, we let

wγ :=wG
a (κG(γ)), ws :=wG

a (κG(s)), wu :=wG
a (κG(u)).

Then, we have wγ =wswu and ws has order prime to p while wu has p-power order. In particular,
both wu and ws can be expressed as certain powers of wγ and we deduce that

X∗(SG)
wγ

Q = (X∗(SG)
ws

Q )wu =X∗(S)wu

Q .

This implies that

def(κG(γ)) = def(κG(s)) + dimX∗(S)Q − dimX∗(S)wu

Q .

Let ũ∈G◦
s(F ) be an element that stabilizes the alcove aH (and hence also a) and satisfies

κG◦
s
(ũ) = κG◦

s
(u). Then, we also have κG(ũ) = κG(u) by the functoriality of the Kottwitz homo-

morphism. We see that dimX∗(S)Q − dimX∗(S)wu

Q equals the codimension of the fixed-point
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loci aũH in aH , which, by Lemma 3.3, equals κH(u0). Combined with the above equations, we are
done.

As an immediate consequence, we obtain the following.

Corollary 8.5. Let (G,G′,P,P′) be as in § 6.1. Let (H,H ′) be another pair of reductive
groups over F with an isomorphism between the adjoint groups Had

∼=H ′
ad and let PH ⊂H(F ),

P′
H ⊂H ′(F ) be parahoric subgroups whose images in the adjoint group coincide. Suppose there is

an isomorphism Gad
∼=Had such that the images of P and PH in the adjoint group coincide. Let

γ ∈G(F )rs and γH ∈H(F )rs be bounded regular semisimple elements whose images in Gad(F )∼=
Had(F ) coincide. Then, Theorem 6.10 holds for XG

P′,γ if and only if it holds for XH
P′

H ,γH
.

Consequently, the study of the Witt-vector affine Springer fiber XG
P′,γ associated to a regular

semisimple element γ ∈G(F ) can be reduced to the case where γ is topologically unipotent. We
would like to reduce further to the case where γ is strongly topologically unipotent to make
connection with the Lie algebra affine Springer fibers.

8.3 A study of the case of general linear groups

Under the assumption that the residue characteristic p is good and the group is absolutely simple
and tamely ramified, the only possible case where there exists topologically unipotent but not
strongly topologically unipotent elements is when G is split of type An−1 and p divides n. In
this section, we study this specific case and prove the following result.

Theorem 8.6. Suppose Gad
∼=PGLn and p divides n. Let γ ∈G(F ) be a bounded regular

semisimple element that is topologically unipotent but not strongly topologically unipotent.
Then, for any parahoric subgroup P⊂G(F ), the Witt-vector affine Springer fiber XP,γ is repre-
sented by a finite-dimensional perfect scheme, locally perfectly of finite type (see Definition 1.3),
whose dimension is8

dimXP,γ =
1
2(dG(γ) + def(κG(γ)) +Art(G)−Artγ).

Furthermore, if P= I is an Iwahori subgroup, then Yγ =XI,γ is equi-dimensional.

We finish the proof by the end of this subsection. Most of the following discussions are
valid in more general situations and we impose various assumptions in the statement only when
necessary.

By Corollary 8.5, we may assume that G=GLn. Let ZG be the center of G and let B
(respectively, T ) be the standard Borel subgroup (respectively, maximal torus) consisting of
upper-triangular (respectively, diagonal) matrices. Let I⊂G(O) be the standard Iwahori sub-
group consisting of matrices whose reduction mod � is upper triangular. Let Πn ∈GLn(F ) be
the matrix whose (n, 1)-entry is �, whose (i, i+ 1)-entry is 1 for i= 1, . . . , n− 1, and all the
other entries are zero. Then, the normalizer Ĩ=NG(F )(I) is generated by I and Πn.

Let P⊂G(F ) =GLn(F ) be a parahoric subgroup. Then, P is contained in a hyperspecial
parahoric subgroup and after G(F )-conjugation we may assume that I⊂P⊂G(O). Then, the
normalizer P̃ ofP inG(F ) is generated byP and a certain power of Πn. For example, ifP=G(O)
is hyperspecial, then P̃=ZG(F )G(O) is generated by G(O) and (Πn)

n =� ∈ZG(F ).
Let γ ∈G(F ) be a bounded mod center regular semisimple element and let a= val(det(γ))∈Z.

Assume, moreover, that γ is not contained in any parahoric subgroup (topologically unipotent
but not strongly topologically unipotent elements that we are currently interested in satisfy

8Although Art(G) = 0 when G is split, we write the formula in this form in accordance with the general case in
Theorem 6.10.
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this assumption). Then, after multiplying by a scalar matrix in ZG(F ), we may assume that
0<a<n. Let τ := (Πn)

a. Suppose, moreover, that τ ∈ P̃. Then, the Witt-vector affine Springer
fiber

XG
P,γ = {g ∈G(F )/P | g−1γg ∈ P̃}= {g ∈G(F )/P | g−1γg ∈Pτ}

is nonempty. In the case P= I, we get

Y G
γ =XG

I,γ = {g ∈G(F )/I | g−1γg ∈ Iτ}.
In general, the natural map FlI =LG/I→FlP =LG/P restricts to a morphism

πG
P,γ : Y

G
γ →XG

P,γ

whose fibers can be described as follows. The image of I under the natural homomorphism
P→P/P+

∼=GP is a Borel subgroup BP ⊂GP. Since the automorphism Ad(τ) on P preserves
the subgroup I, after passing to the integral model and then the reductive quotient of the special
fiber we get an automorphism on GP preserving the subgroup BP. Therefore, Ad(τ) induces an
automorphism of the flag variety GP/BP that we simply denote by τ . For any gP∈XG

P,γ , let γg :=

g−1γgτ−1 ∈P and let γ̄g ∈GP be the image of γg under the natural map P→P/P+
∼=GP. Then,

the fiber (πG
P,γ)

−1(gP) is the perfection of the fixed-point locus of the composite automorphism
γ̄g ◦ τ on the flag variety GP/BP, in particular it is nonempty by [Ste68, Theorem 7.2 on page
49]. Therefore, πG

P,γ is surjective.

8.3.1 The case of elliptic conjugacy classes. We first consider the case where a is coprime
to n. Since val det γ = a, the F -subalgebra E := F [γ]⊂Matn(F ) generated by γ is a degree-n
totally ramified field extension of F . On the other hand, we recall that Ĩ is the stabilizer of a
complete periodic chain of O-lattices {Li; i∈Z} in Fn, where:

– L0 =On and Li =On−i ⊕ (�O)i for 1� i� n− 1; and

– for all i∈Z, Li ⊃Li+1 and Li+n =�Li.

Then, there is a subset J ⊂Z/nZ such that P̃ is the stabilizer of the partial periodic lattice
chain {Li; i+ nZ∈ J}. Since τ = (Πn)

a ∈ P̃ and a is coprime to n, we must have J =Z/nZ and
hence P= I is the standard Iwahori subgroup. Equivalently, one could also deduce this from the
description of P̃/ZG(F )P in terms of the local Dynkin diagram (see [Tit79, § 3.5]).

Choose integers j, r such that aj − nr= 1. Let γ′ :=�−rγj . Then, we have val(det(γ′)) = 1,
which means that γ′ is a uniformizer in OE and OE =O[γ′]. Consequently, we have γ = (γ′)ah,
where h∈O×

E can be written as a polynomial in γ′ with O-coefficients.

For any g ∈G(F ), we claim that g−1γ′g ∈ Ĩ if and only if g−1γg ∈ Ĩ. First, assume that
g−1γ′g ∈ Ĩ. Then, we have g−1hg ∈ Lie(I) and det(g−1hg)∈O×, since h∈O×

E . Therefore, g
−1hg ∈

I and hence g−1γg= Ĩ. Conversely, if g−1γg ∈ Ĩ, we get g−1γ′g=�−r(g−1γg)j ∈ Ĩ. This shows
that

Y G
γ = Y G

γ′ = {g ∈G(F )/I | g−1γ′g ∈ Ĩ}.

Since a is coprime to n, the images of τ = (Πn)
a and Πn in W = Sn generate the same subgroup

and therefore

def(κG(γ)) = def(κG(τ)) = def(κG(Πn)) = def(κG(γ
′)) = n− 1.

Now, assume that p|n so that a and j are coprime to p. Then, we have dG(γ) = dG(γ
j) = dG(γ

′).
In addition, it is clear that Gγ =Gγ′ =ResE/FGm. Thus, we may assume from now on that a= 1
and τ =Πn.
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By assumption, γ is topologically nilpotent as an element in g(F ) =Matn(F ). We consider
the Lie algebra affine Springer fiber associated to γ:

Y g
γ = {g ∈G(F )/I | g−1γg ∈ Lie(I)}

together with its companion in the affine Grassmannian:

Xg
γ := {g ∈G(F )/G(O) | g−1γg ∈ g(O)}.

Let πg
γ : Y

g
γ →Xg

γ be the natural morphism. Since Iτ ⊂ Lie(I), we have a natural embedding

Y G
γ ⊂ Y g

γ . Recall that the regular open subspace Xg,reg
γ ⊂Xg

γ consists of points gG(O)∈Xg
γ

such that the reduction mod � of g−1γg is regular and πg
γ restricts to an isomorphism above

Xg,reg
γ .
We claim that Y G

γ = (πg
γ)

−1(Xg,reg
γ ). It is clear that the reduction mod � of a matrix in the

coset Iτ is regular nilpotent and hence we have the inclusion Y G
γ ⊂ (πg

γ)
−1(Xg,reg

γ ). Conversely,
for any g ∈ (πg

γ)
−1(Xg,reg

γ ), we have g−1γg ∈ Lie(I) and its reduction mod � is a regular nilpotent

upper-triangular matrix and then we deduce that g−1γgτ−1 ∈ I and hence gI∈ Y G
γ . Therefore,

by Theorem 6.4, we get that Y G
γ is equi-dimensional of dimension

dim Y G
γ =dimXg,reg

γ = 1
2(dg(γ)−Artγ).

By assumption, val(det γ) = 1 and we get that

dg(γ) = dG(γ) + n− 1 = dG(γ) + def(κG(γ)).

Combining the two equalities above, we get

dim Y G
γ = 1

2(dG(γ) + def(κG(γ))−Artγ)

and this proves Theorem 8.6 in the case where γ is elliptic.

8.3.2 Reduction to the elliptic case. Now, we treat the general case. Recall that
a=val(det γ), τ = (Πn)

a, and 0<a<n. Let c := gcd(a, n), n′ := n/c, and a′ := a/c. Then,
τn

′
= (Πn)

an′
= (Πn)

na′
=�a′

is central. We have an isomorphism of F -algebras F [γ]∼=
∏

Ei,
where each Ei is a finite totally ramified extension of F of degree ni such that

∑
ni = n. Then,

after G(F )-conjugation, we may assume that γ is a block-diagonal matrix in
∏

GLni
(F ) whose

blocks are γi ∈GLni
(F ). Let ai := val(det γi). Then, we have

∑
ai = a. Since γn

′ ∈ Iτn′
= I�a′

,
we get that ain

′ = a′ni for all i. Then, since (a
′, n′) = 1, we must have ai = a′ and ni = n′ for all i.

Let M ⊂G be the standard Levi subgroup isomorphic to (GLn′)c (which is a product of c copies
of GLn′). Let Q⊂G be the standard parabolic subgroup (consisting of block upper-triangular
matrices) with Levi factor M and let N ⊂Q be the unipotent radical of Q. Then, we see that γ
is an elliptic element in M(F ).

On the other hand, the standard parahoric subgroup P⊂G(O) corresponds to a standard
parabolic subgroup P with Levi factor L. More precisely, the special fiber of L is the reductive
quotient of the special fiber of the parahoric group scheme GP associated to P. LetW = Sn be the
Weyl group of G and let WM ⊂W (respectively, WL ⊂W ) be the Weyl group of M (respectively,
L). We choose a representative ẇ ∈NG(T )(F )∩G(O) for each element w ∈W . We have disjoint
union decompositions

G(F ) =
⊔

w∈WM\W
Q(F )ẇI=

⊔
w∈WM\W/WL

Q(F )ẇP

where, in each (double) coset of W , we have arbitrarily chosen a representative in W and the
resulting decomposition is independent of such choices. Accordingly, there are decompositions
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of the (partial) affine flag varieties

Fl =LG/I=
⊔

w∈WM\W
FlQ,w, FlP =LG/P=

⊔
w∈WM\W/WL

FlQ,w
P

where FlQ,w :=LQẇI/I and FlQ,w
P =LQẇP/P are the semi-infinite LQ-orbits. These induce

decompositions of the Witt-vector affine Springer fibers Y G
γ and XG

P,γ into finitely many locally
closed subschemes

Y w
γ := Y G

γ ∩FlQ,w = {g ∈Q(F )ẇI/I | g−1γg ∈ Iτ}= {h∈Q(F )/Q(F )∩ wI | h−1γh∈ ẇIτẇ−1},
Xw

P,γ :=XG
P,γ ∩Fl

Q,w
P = {g ∈Q(F )ẇP/P | g−1γg ∈Pτ}

= {h∈Q(F )/Q(F )∩ wP | h−1γh∈ ẇPτẇ−1},
where wI := ẇIẇ−1 and wP := ẇPẇ−1. The structure of Y w

γ and Xw
P,γ can be understood by

their closed subschemes

Y M,w
γ := {m∈M(F )/wIM |m−1γm∈ ẇIτẇ−1 ∩M(F )},

XM,w
P,γ := {m∈M(F )/wPM |m−1γm∈ ẇPτẇ−1 ∩M(F )},

where the intersections wIM := wI∩M(F ), wPM := wP∩M(F ) are parahoric subgroups of
M(F ).

For each double coset w ∈WM\W/WL, the inverse image (πG
P,γ)

−1(Xw
P,γ) is a union of certain

pieces Y w′
γ for some w′ ∈WM\W in the double coset of w. Suppose Xw

P,γ is nonempty. Since πG
P,γ

is surjective, there exists a representative in the double coset of w, which we still denote by w,
such that Y w

γ is nonempty. Let wτ := ẇτ ẇ−1 and let σ be its image in W = Sn.
We claim that wτ ∈M(F ). The nonemptiness of Y w

γ implies the nonemptiness of ẇIτẇ−1 ∩
M(F ), so there exists an element x∈ wI such that x · wτ ∈M(F ). Choose an element t=
diag(t1, . . . , tn)∈ T (F ) such that M is the centralizer of t in G. Then, we have t(x · wτ)t−1 =
x · wτ and hence txσ(t)−1 = x, where σ(t) = diag(tσ−1(1), . . . , tσ−1(n)). Since x∈ wI, so that
ẇ−1xẇ ∈ I, the diagonal entries of x are nonzero and we deduce that ti = tσ−1(i) for all
i= 1, . . . , n. This shows that σ ∈WM and hence wτ ∈M(F ). Moreover, wτ lies in the normalizer
of wIM and also wPM in M(F ). Consequently,

XM,w
P,γ = {m∈M(F )/wPM |m−1γm∈ wPM

wτ}
is the Witt-vector affine Springer fiber for M associated to γ and the parahoric subgroup wPM .
Similarly, we have

Y M,w
γ = {m∈M(F )/wIM |m−1γm∈ wIM

wτ}.

There is a natural morphism Xw
P,γ→XM,w

P,γ whose fiber over a point in XM,w
P,γ represented by

m∈M(F ) is

Zm := {u∈N(F )/wP∩N(F ) | u−1γmu∈ ẇPτẇ−1}
= {u∈N(F )/wP∩N(F ) | u−1γmuγ−1

m ∈ wP∩N(F )}, (8.3)

where γm :=m−1γm∈ wIM
wτ . Then, we have ad(γm)(N(F )∩ wI)⊂N(F )∩ wI and thus we can

apply Proposition 8.1 to conclude that Zm is a perfect scheme perfectly of finite type of dimension

rN (γ) := val(det(1− ad(γ) | LieN(F ))).

Therefore, we get the formula

dimXw
P,γ =XM,w

P,γ + rN (γ).
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When γ is topologically unipotent, we check that

dG(γ) = dM (γ) + 2rN (γ).

Since γ is elliptic in M(F ), by the case already proved we get that

dimXM,w
P,γ = 1

2(def(κM (wτ)) + dM (γ)−Artγ) =
1
2(def(κG(τ) + dM (γ)−Artγ).

Combining the three identities above, we see that whenever Xw
P,γ is nonempty, its dimension does

not depend on w and equals (1/2)(def(κG(τ) + dG(γ)−Artγ). Hence, this is also the dimension

of XP,γ and if P= I we also see that Yγ is equi-dimensional, since each piece Y M,w
γ is equi-

dimensional by the elliptic case we already proved. This finishes the proof of Theorem 8.6
(keeping in mind that Art(G) = 0 for the split group G).

8.4 Finishing the proof of the main theorem in the group case

Now, we can finish the proof of Theorem 6.10. By Proposition 8.4, we may assume that G is
simply connected and γ ∈G(F ) topologically unipotent regular semisimple. By Lemma 5.1, we
may assume that G is absolutely simple and tamely ramified. Recall that p is a good prime for G.
If γ is not strongly topologically unipotent, then Gad = PGLn and p divides n. In this case, the
result follows from Theorem 8.6. Now assume that γ ∈G(F ) is strongly topologically unipotent.
By Proposition 4.16 and Corollary 8.5, we may assume that there exists a quasi-logarithm map
Φ :G→ g that is bijective on topologically nilpotent elements (see Definition 4.14). Then, we
have XG

P,γ =Xg
P,Φ(γ) by Lemma 6.12.

On the other hand, the numerical invariants of γ and Φ(γ) occurring in the dimension formu-
lae coincide. Indeed, by Lemma 6.12, there is a canonical isomorphism between the centralizers
Gγ
∼=GΦ(γ) and hence Artγ =ArtΦ(γ). By Corollary 8.3, we have dG(γ) = dg(Φ(γ)). Finally, since

γ is strongly topologically unipotent, we have def(κG(γ)) = 0. Therefore, Theorem 6.10 follows
from Theorem 6.4 and Proposition 6.11.
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Deligne–Lusztig varieties, Ann. Sci. Éc. Norm. Supér. (4) 39 (2006), 467–511.

GG99 B. H. Gross and W. T. Gan, Haar measure and the Artin conductor, Trans. Amer.
Math. Soc. 351 (1999), 1691–1704.

He25 X. He, On affine Lusztig varieties, Ann. Sci. Éc. Norm. Supér. (4) 58 (2025), 749–776.
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