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Witt-vector affine Springer fibers

Jingren Chi

ABSTRACT

We establish dimension formulae for the Witt-vector affine Springer fibers associated
to a reductive group over a mixed characteristic local field, under the assumption that
the group is essentially tamely ramified and the residue characteristic is not bad. In
addition to the discriminant valuations that show up in classical works on the usual
affine Springer fibers, our formulae also involve the Artin conductors and the Kottwitz
invariants of the relevant conjugacy classes.

1. Introduction

1.1 General motivation

The affine Springer fibers are analogues of Springer fibers for loop groups, first introduced and
studied over the field of complex numbers C by Kazhdan and Lusztig in [KL88]. Later, their
counterparts over finite fields have found applications in harmonic analysis on groups G(F'),
where F' is an equal-characteristic local field, i.e. a finite extension of the field of Laurent series
F,((t)), and G is a reductive group over F' (see [GKMO06, Ng610] and, more recently, [BV21]).
The main reason behind this is that they provide a geometrization of the orbital integrals on
the Lie algebra g(F'), which are closely related to orbital integrals on the group G(F'). When
F is a mixed characteristic local field, i.e. a finite extension of the field of p-adic numbers
Qp, the orbital integrals on G(F') are the key ingredients on one side of the Arthur—Selberg
trace formula over number fields, making them fundamental objects of investigation in the
theory of automorphic representations and the Langlands program. Therefore, it is valuable
to have geometrizations of orbital integrals over mixed characteristic local fields. Given that
the classical affine Springer fibers are subschemes of the affine Grassmannians or (partial) affine
flag varieties, the geometrizations of orbital integrals in the mixed-characteristic setting would
involve subschemes defined analogously in the Witt-vector affine Grassmannians, which have
been explored in the works of Xinwen Zhu [Zhul7] and Bhatt and Scholze [BS17]. The study
of these Witt-vector affine Springer fibers is anticipated to employ techniques from algebraic
geometry and sheaf theory, akin to the equal-characteristic scenario. In this article, we take the
initial step in this direction by establishing their fundamental geometric properties: finiteness
properties, criteria for nonemptiness, and dimension formulae.

To be more precise, we first assume that F' is a finite extension of Q, with valuation ring O
and residue field k =IF,, where ¢ is a power of p. Let G be a split reductive group over F' and
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let g be the Lie algebra of G. (In the main body of the article, we work under less restrictive
assumptions.) The most basic orbital integrals one encounters are those of the characteristic
function 1) of the hyperspecial maximal compact subgroup G (0):

1
0,(1g(0)) 22/ le(o) (9" vg) dg = > — :
Q. (F)\G(F) geG (FRXE () vol(gG(0)g~t NG, (F), dg,)

where:

— 7 is an arbitrary element of G(F') and G+ (F) is its centralizer in G(F');

— we choose Haar measures dg (respectively, dg,) on G(F) (respectively, G~(F')) such that
vol(G(0),dg) =1 and let dg = dg/dg, be the quotient measure on G (F)\G(F); and

- XJ(k):={g € G(F)/G(O) | g1 € G(O)}.

Here, Xg(k) is the set of k-points of the Witt-vector affine Springer fiber associated to -y, which
we denote by X$ . It is the fixed-point loci of the natural action of v (by left multiplication) on
the Witt-vector affine Grassmannian Grg that geometrize the quotient G(F')/G(O). The sum
in the formula above might be infinite for a general element v € G(F'). Nevertheless, it always
converges by a result of Deligne and Rao (see [Ran72]), and when = is regular semisimple the
sum is finite.

1.2 Affine Springer fibers for the Lie algebra

A common practice in the study of the orbital integrals O, (1¢(0)) is to relate them to analogous
integrals defined on the Lie algebras. That is to say, for each element v € g(F'), one considers
the orbital integral

0, (1y0))= [ Loy (ad(e) ) dj
G (F)\G(F)

whose geometrization is the Witt-vector affine Springer fiber X for the element v in the Lie
algebra. As in the group case, its set of k-points is described by

X5(k)={g€ G(F)/G(0) |ad(g) "7 € g(O)}.

If one replaces the field F' (respectively, its valuation ring O) in this description by the Laurent
series field k((t)) (respectively, the power-series ring k[[t]]), then we get the set of k-points of
the usual affine Springer fibers, whose basic geometric properties and dimension formulae are
established in [KL88, Bez96] (see also [Ng610] and the generalizations to tamely ramified groups
in [OY16, Appendix]). Our first main result is concerned with the analogous statements in the
mixed-characteristic setting. Since we are interested in the geometric properties of Xg, we may
and do replace F' by the completion of its maximal unramified extension and assume that the
residue field k is algebraically closed.

THEOREM 1.1 (Special case of Theorem 6.4). Let G be a split reductive group over F' with Lie
algebra g. Let v € g(F') be a bounded regular semisimple element (see Definition 4.6). Then, the
Witt-vector affine Springer fiber X% is represented by a finite-dimensional perfect scheme locally
perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue characteristic p
is not bad for GG, then we have

—A
dim X’g — dg(ﬁ)/) 5 rt"/’
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where dg() is the discriminant valuation of v and Art., = Art(G~) is the Artin conductor of the
centralizer of .

We refer to Definitions 4.2 and 3.11 for the numerical invariants occurring in the formulae
above. In fact, we only assume that G is essentially tamely ramified (a condition slightly more
general than tamely ramified, see Definition 2.3) and the general formulae also involve the Artin
conductor of G (which vanishes when G is split). In addition, we also study the Witt-vector
affine Springer fibers in the partial affine flag varieties. In other words, the hyperspecial maximal
bounded subgroup G(QO) could be replaced by a general parahoric subgroup P C G(F), with the
caveat that when P is not contained in any special parahoric subgroup, we only prove an upper
bound on the dimension in the current work. We expect that the general dimension formulae
in Theorem 6.4 should hold for any reductive group G over F and any parahoric subgroup
P C G(F), with no assumption on the residue characteristic p.

The primary innovation in our first result is the introduction of the Artin conductor of
G.. This is not unexpected, in view of [GG99]. When the centralizer G., splits over a tamely
ramified extension, the Artin conductor of G, is simply its defect, i.e. the difference between
its absolute rank and its F-rank. In these cases, our formulae become the exact analogues of
the dimension formulae for the usual affine Springer fibers in [KL88, Bez96] (see also [Ngo10]
and generalizations in [OY 16, Appendix]). However, in these references it is assumed that the
characteristic of the residue field is either 0 or does not divide the order of the Weyl group,
ensuring that the centralizers are always tamely ramified. By contrast, we only require that the
characteristic p is not bad for G and hence our results are stronger than the direct analogues of
the classical results in the equal-characteristic case. For instance, when G = GL,,, we impose no
restriction on p, in contrast to the assumption p > n in the classical works. To address the possible
wild ramification phenomena in the case of small-residue characteristics, a crucial ingredient is a
result of Chai and Yu [CYO01] on the base-change conductors for tori, where the Artin conductors
emerge naturally as the generalizations of the defects of tamely ramified tori. More precisely, this
result is used in Theorem 7.9 to compute the dimensions of the regular locus of the Witt-vector
affine Springer fibers.

1.3 Affine Springer fibers for the group

Our second main result is about the Witt-vector affine Springer fibers X$ defined for the group
G itself. We study more generally the fixed-point locus! Xg of a regular semisimple element
~v € G(F) on the Witt-vector affine partial flag variety G(F')/P, where P C G(F) is any parahoric
subgroup. Its set of k-points is

XE,(k)={g€G(F)/P|g'yg e P},

where P is the normalizer of P in G(F). We show that XPC’;,V is nonempty only if v is bounded
mod center in G(F') (see Theorem 6.9). In the special case where 7 lies in a parahoric subgroup
of G(F) (or, equivalently, if the Kottwitz invariant of v vanishes), we can replace the condition in
the description of qu,v(k) by the more familiar condition g~!'vg € P. The generality considered
here is necessary in the study of the geometrizations of orbital integrals of general functions in
the parahoric Hecke algebras, see [He25]. The main novelty in this generality is that, compared
with the Lie algebra case, the dimension formula for Xﬁ,y will also involve the Kottwitz invariant
k(7). For instance, when G = GL,,, then kg (7) is the valuation of the determinant of .

More precisely, this is the fixed-point locus of v only if G is semisimple or if the Kottwitz invariant of ~ vanishes.
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Now, we state our second main result. After replacing F' by the completion of its maximal
unramified extension, we may and do assume that the residue field k is algebraically closed.
Then, the group G is automatically quasi-split.

THEOREM 1.2 (Special case of Theorem 6.10). Let G be a tamely ramified reductive group
over F. For any bounded (see §3.3) regular semisimple element v € G(F)™ and any parahoric
subgroup P C G(F), the Witt-vector affine Springer fiber Xﬁ7 is a finite-dimensional perfect
scheme locally perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue
characteristic p is not bad for G and that P is contained in a special parahoric subgroup of
G(F), then we have
dim Xg, = 5(da(y) + def(rc(7)) + Art(G) — Art,),

where:

— dg() is the discriminant valuation of 7y (see Definition 3.1);

— Arty, = Art(G,) is the Artin conductor of the centralizer of v and Art(G) is the Artin
conductor of the group G (see Definition 3.11); and

— def(kg (7)) is the defect of the Kottwitz invariant kg(7y) (see Definition 3.2).
Furthermore, if P =1 is an Iwahori subgroup, then XIG7 is equi-dimensional.

We expect the dimension formulae above to be valid for any reductive group G over F' and
any parahoric subgroup P C G(F'), with no assumption on the residue characteristic p. On the
other hand, we do not know if the equi-dimensionality property is true for general parahoric
subgroups.

Let us briefly explain our strategy. For elements v that are strongly topologically unipotent in
the sense of Definition 3.5, we can identify X gﬁ with a Witt-vector affine Springer fiber for the Lie
algebra using a quasi-logarithmic map (cf. [KV06]) and deduce the dimension formulae from the
Lie algebra case. In general, we use the topological Jordan decomposition (cf. [Spi08, Kaz84])
and a geometric version of the Harish-Chandra descent argument in [BV21] to reduce to the
case of topologically unipotent elements. However, there is the remaining case of topologically
unipotent but not strongly topologically unipotent elements. Under our assumption that the
group G is (essentially) tamely ramified and the residue characteristic p is not bad, this case
occurs only when the adjoint group has a PGL,, factor and p divides n. This remaining case is
treated separately in §8.3 by a more involved argument.

1.4 Related works in the literature

In the equal-characteristic setting, there has been a vast amount of literature on various aspects
of affine Springer fibers and their generalizations. In the Lie algebra case, our general strategy
follows the works [KL88, Bez96, OY16], with reformulations in [Ng610] using Chevalley quotients
and regular centralizers. In the group case, we follow the strategy of [BV21] to reduce to the Lie
algebra case. In particular, our methods are purely local.

We also mention the generalizations of a group version of affine Springer fibers from [Boulb,
BC18, Chi22] (in which they are called ‘Kottwitz—Viehmann’ varieties) and [He25] (in which
they are called ‘affine Lusztig varieties’). These are geometric incarnations of orbital integrals
for general functions in the parahoric Hecke algebras, whereas the group version of the (Witt-
vector) affine Springer fibers we study in this article mostly correspond to the unit elements. Note,
however, that in the works [BC18, Chi22], global methods involving Hitchin-type moduli spaces
play an important role in the proof of the dimension formulae. These methods (currently) do not
generalize to the mixed-characteristic setting. In [He25], the dimension formulae for general affine
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Lusztig varieties are reduced to the case that we study here. The reduction methods of [He25]
are purely local and work uniformly in both equal and mixed-characteristic settings. Thus, after
combining [He25] and the results in the current article, we could obtain the mixed-characteristic
counterparts of the results in [Boul5, BC18, Chi22].

1.5 Organization of the article

The first three sections, §§2-4, are preparations for the proof of the main results. Section 2
contains a review of some standard facts on reductive groups over local fields. In § 3, we discuss
numerical invariants of regular semisimple conjugacy classes in reductive groups: the defect of
Kottwitz invariants, the topological Jordan decompositions, a result of Chai—Yu and its implica-
tion on the Artin conductors (Corollary 3.13) that is a crucial ingredient of our work. In §4, we
discuss some results on conjugacy classes in the Lie algebras: Chevalley quotients and univer-
sal regular centralizers, topological Jordan decompositions for Lie algebras and quasi-logarithm
maps.

In §5, we study a class of generalized affine Springer fibers, establish their basic finiteness
properties (Theorem 5.4) and discuss their relations to orbital integrals in §5.3. In §6, we
state our two main results on the dimension formulae of affine Springer fibers: the group case
(Theorem 6.10) and the Lie algebra case (Theorem 6.4).

In the remaining sections, §§7 and 8, we prove our main results. We first establish the
dimension formulae for the Lie algebras in § 7 and then deduce from this the dimension formulae
for the groups in §8.

1.6 Notation and conventions

For a group scheme G over a base scheme S, we let Zg denote its center, G° denote its fiberwise
identity component, and 7y(G) = G/G° denote its group scheme of connected components. The
derived (respectively, adjoint) group of G is denoted by G9¢* (respectively, Gaq). We use Lie(G)
to denote the Lie algebra of G, understood either as an Og-module or as an S-scheme (it should
be clear from the context which point of view we take). A reductive group scheme is always
assumed to be fiberwise connected. If G is reductive, then G9° is semisimple and its simply
connected cover is denoted by G*¢. Then, there are canonical homomorphisms

G* = G 5 G — Gog =G/ Za.

For an element v € G(S’) for some S-scheme S’, we let G, be the centralizer of , which is a
group scheme over S’.

For a scheme X (respectively, Y') over S on which G acts on the right (respectively, left), we
let X x¢Y be the stack quotient of X x Y by the anti-diagonal right G action: g € G acts by
(z,y) — (xg, 9 'y).

We work with perfect (ind-)schemes/algebraic spaces and a standard reference is [Zhul7,
Appendix A]. For the reader’s convenience, we recall the following notion that is frequently used
throughout the article.

DEFINITION 1.3. Let k be a perfect field of characteristic p > 0. A perfect scheme X over k is
said to be locally perfectly of finite type if it has an open cover {U;} such that each U; is the
perfection of a finite-type affine scheme over k. A perfect scheme over k is said to be perfectly of
finite type if it is locally perfectly of finite type and quasi-compact.

For a reductive group G over a field F, with a maximal torus T'C G, let T°° be the pre-
image of T in G*¢; the algebraic fundamental group of G (in the sense of Borovoi) is defined
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by 71(G) := X (T)/ X (T5°) (see [KP23, §11.3]). It is an abelian group with an action of the
absolute Galois group of F', and is independent of the choice of T

In the main body of the article, we work over a mixed-characteristic discrete-valued field F'
with valuation ring O and residue field k. We use normal math italic fonts (e.g. G) for groups
defined over F, calligraphic fonts (e.g. G) for their integral models over O, and sans-serif fonts
(e.g. G) for their special fiber over the residue field k. When our groups are twisted forms of
split groups, we often use blackboard bold font (e.g. G) for the corresponding split form. We
use boldface fonts (e.g. P,I) for open bounded (mod center) subgroups of G(F'); these mainly
include parahoric subgroups, their pro-unipotent radicals, and their normalizers. The Lie algebra
of a group (e.g. ) is usually denoted by the corresponding Gothic font (e.g. g).

2. Reductive groups over local fields

2.1 Local fields and extensions

Fix a prime number p > 0. Let k be a perfect field of characteristic p and fix an algebraic closure
k of k. Let F be a complete discrete-valued field of characteristic 0 with valuation ring O and
residue field k. Fix a uniformizer w € O. Let val: F — Z U {oo} be the normalized valuation on
F with val(w) = 1. Fix a (separable) algebraic closure F of F. For each positive integer m, let
L be the group of mth roots of unity in F. The valuation val on F extends uniquely to F, and
the associated p-adic absolute value on F is defined by |z =p V@ for any € F. Let OC F
be the valuation ring, which is also the integral closure of @ in O. Let F" be the maximal
unramified extension of F in F. Let I be the completion of F'"" and let O C F be its valuation
ring. Let I':=Gal(F/F) be the absolute Galois group of F and let I'; = Gal(F/F™) be the
inertia subgroup, which is canonically isomorphic to the absolute Galois group of F.

For any perfect k-algebra R, we let W (R) be its ring of p-typical Witt vectors. Let Oy = W (k)
and let Fy =W (k)[1/p] be the fraction field of Op. Then, F is a finite totally ramified extension
of Fy. Let Wo(R) : =W (R) @) O be the ring of O-ramified Witt vectors. In particular, we

have O = Wy (k). There is a unique group homomorphism
[]: R* = Won(R)"~

that lifts the identity map modulo w. When R =k, the image [kX]C O is called the set of
Teichmiiller representatives of k™. -
In the remainder of the article, except in § 5.3, we assume that k =k so that F=F, O=0.

2.2 Quasi-split groups and parahoric subgroups

Let G be a connected reductive group over F. Since F' is complete and the residue field k is
algebraically closed, G is automatically quasi-split by Steinberg’s theorem. We fix a pinning of
G as follows. Let F'/F be the minimal Galois extension such that G becomes split over F”. Let
G be the split connected reductive group scheme over Z with Lie algebra g := Lie(G), together
with an isomorphism Gp = Gpr. Fix a pinning (T, B, (24)aeca) of G defined over Z, consisting
of a split maximal torus T and a Borel subgroup B containing T and for each simple root a € A,
a collection of Z-basis vectors z, € go(Z) in the root space g, C g. Let t be the Lie algebra
of T, viewed either as a Z-module or a scheme. Let G:= Gy, (respectively, T:=Ty, B:=By) be
the base change of G (respectively, T, B) to k. In the following, we often simplify notation and
still use G, T, etc. to denote their base change to other rings. We hope this will not cause any
confusion since, in each case, it will be clear from the context what are the base rings.

The group Out(G) of outer automorphisms of G can be identified with the subgroup of the
automorphism group scheme Aut(G) that stabilizes this pinning. The group G is the twisted
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form of G associated to a homomorphism
pc : Gal(F'/F) — Out(G).

We also get a Borel subgroup B and a maximal torus T of G, both defined over F. Let t
(respectively, b) be the Lie algebra of T' (respectively, B).

Let B(G) be the (reduced) Bruhat-Tits building and let B(G) be the extended Bruhat-Tits
building of G(F). By definition, B(G) is also the Bruhat-Tits building of Gq(F) or G*°(F). By
Bruhat-Tits theory (cf. [KP23] for a modern reference), to each point z € B(G) in the extended
building is associated a sequence of open bounded (mod center) subgroups of G(F):

P, CcP,cPlcP,,

where P, is the parahoric subgroup, P is the pro-unipotent radical of P, P} is the stabilizer
of z in G(F'), and P is the normalizer of P, in G(F') (which coincides with the stabilizer in G(F)
of the image of z in the reduced building B(G), see [KP23, §4.3]). We omit the subscript ‘z” when
it does not play any role and simply write P, P, PT, P instead. For example, if G = GL,, and
P =(G(0) is the hyperspecial parahoric subgroup, then we have G(O)y = ker(G(0) — G(k)),
P’ =P, and P =PZ;(F). We note that the group PT is bounded, while P is only bounded mod
center but not bounded in general.

For each parahoric subgroup P C G(F'), we let Gp (respectively, g},) be the smooth group
scheme over O with generic fiber G and group of O-points Gp(O) = P (respectively, QI,((’)) =Ph).
Let Gp (respectively, GL) be the reductive quotient of the special fiber of Gp (respectively, QL).
Then, Gp is the fiberwise identity component of g}, and Gp is the identity component of GL.

2.3 Restriction of scalars and fixed-point loci

We explicitly construct some parahoric group schemes by restriction of scalars and taking fixed
points under finite group actions. Here we review the related facts, following [BLR9I0] and [Edi92].

Let S’ — S be a morphism of schemes. For any scheme X’ over S’, recall that the restriction
of scalars of X' along S’ — S, denoted ResS,/SX’, is the functor that sends any S-scheme T to
the set

(ReSS//SX/)(T) = Homg/ (T X8 Sl, X/).
When S =SpecA and S’ =SpecA’ are affine schemes, we also write Resq 4 X’ instead of
Ress,/SX/.
LEMMA 2.1. Let A" be a finite, locally free A-algebra and let X' be an affine scheme
over SpecA’. Then, we have the following.

i) The restriction of scalars Res 4,4 X' is represented by an affine scheme.
Ar/A )4

(ii) If X' is smooth over SpecA’, then Res /4 X' is smooth over SpecA.
Proof.

(i) From the definition, we see that the formation of Resy/ /4 X" is Zariski local on the base
Spec(A). Therefore, to show that Ress 4 X' is affine, we may assume (after localization
on A) that A’ is a finite free A-algebra by [Sta23, Tag01S8]|. Then, we proceed as in the
proof of [BLR90, § 7.6, Theorem 4] to see that Res 4 /4 X" is represented by an affine scheme
over A.

(ii) This follows from [Edi92, Lemma 2.2]. O
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The following result is a special case of [Edi92, Proposition 3.4]. For the reader’s convenience,
we provide a more straightforward proof in the current setting.

LEMMA 2.2. Let S be a scheme and Y. be a finite étale group scheme over S. Let X be an affine
S-scheme with an action of ¥. Assume that the order of ¥ is invertible over S and that X is
smooth over S, then the fixed-point subscheme X is smooth over S.

Proof. Replacing S by an étale cover, we may assume that X is a finite constant group scheme
of order |X| € OF. We write X =Spec(A) and let J C A be the ideal generated by {a —o(a) |
a€A o€eX}. Then we have X~ = Spec(A/.J). Let R be an Og-algebra and I C R an ideal such
that I? = 0. Suppose we are given a homomorphism of Og-algebras f : A/.J — R/I corresponding
to a morphism Spec(R/I) — X*. By the infinitesimal lifting criterion, to prove smoothness of
¥ = Spec(A/J), it suffices to find a homomorphism A/J — R lifting f.

Since X = SpecA is smooth over S, there exists an Og-algebra homomorphism f: A — R

making the following diagram commutative.

fl——l;—éf%

L]

AJT—LR)I

In particular, we have f(J)C I, so for any o € X, there exists a map i,: A— I such that
f(o(a)) = f(a) +is(a) for all a € A. For each o € ¥, from the identity f(c(ab)) = f(o(a))f(o(b))
for any a,b € A, we get that

io(ab) = f(b)is(a) + f(a)ic(b).

Define an Og-linear map f: A — R by
f(a) b E::f

By the previous identity and the fact that I =0, we get that for any a,b € A,

f(ab) = f(ab) + ]Z\ Zzo (ab)

UEE

. 1 .
fa)f(b) + |E| ()ZZG(“H@ (@) ) in(b)

oeY oeX
< )+ 5y 2o )( )+ 5y 2o )
cEX ocEX
= f(a)f(b).
Thus, f is an algebra homomorphism and by definition it factors through an Og-algebra
homomorphism A/J — R that lifts f. O

2.4 Special integral model for tamely ramified groups

Let F' be as in §2.1 and assume that its residue field k is algebraically closed. Let G be a
connected reductive group over F as in §2.2. In this subsection, we assume moreover that the
splitting extension F’'/F of G is tamely ramified of degree e > 1, pte. We construct G together
with a special integral model Gy and an Iwahori subgroup I C G(F') explicitly.
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Let O be the valuation ring of F’ and choose a uniformizer w’ € O’ such that w = (w@’)¢ is
a uniformizer of O. Then, we have a canonical isomorphism Gal(F’/F) 2 u., where p. is the
group of eth roots of unit in F.

Let gg := (Respr /0G)*<, where pe acts simultaneously on O’ and G (through pg). Let Gy be
the fiberwise identity component of Qg. Similarly, we let T be the fiberwise identity component
of (Resp//0T)#. By Lemmas 2.1 and 2.2, the group schemes Gy, gg, T are affine and smooth
over 0. The special fiber of Gy is Gy := G*<>°, the identity component of the fixed-point loci of
the pg(ue) action on G. Let A :=T*#<° be the special fiber of 7. Then, Gy is a reductive group
over k and A is a maximal torus of Gg.

Let PE[) = gg((’)) and Pg:=Gy(O). Then, Py is a special parahoric subgroup of G(F) cor-
responding to a special point that we denote by ‘0’ in the Bruhat—Tits building B(G). By
construction, there is a natural reduction map Redg : Qg — G whose image is GH<. It restricts to
a surjective homomorphism (that we denote by the same symbol)

R,edo : go — GQ. (2.1)
Let I C Go(O) be the inverse image of B(k) N Go(k) under Redy. Then I is an Iwahori subgroup
of G(F') which corresponds to an alcove in B(G) whose closure contains the special point 0.

In the following, for simplicity, we often denote the special O-model Gy also by G and denote
g =Lie(Gp) so that we can write Py =G(0O), Lie(Pg) =g(O), etc. If G is split, then F/ =F,
Go = gg =G=G, and Py = P;r) = G(0) is a hyperspecial parahoric subgroup of G(F).

Our main theorems are valid under a condition that is slightly more general than being
tamely ramified. We formulate it as follows.

DEFINITION 2.3. A reductive group G over F' is essentially tamely ramified if its adjoint group
Gaq is a product of Weil restrictions of tamely ramified groups over finite extensions of F'.

2.5 Conditions on the residue characteristic

We review some standard conditions on the residue characteristic p of F' determined by a
reductive group.

First, let us recall the notion of bad primes and torsion primes for a root system, following
[SS70, Chapter I, §4].

DEFINITION 2.4. A prime number p is bad (respectively, torsion) for a root system 3 if Z¥. /7%
(respectively, ZXY /Z3Y) has nontrivial p-torsion for some closed subsystem 7 C 3. Here, 3V
(respectively, XY) is the dual root system of ¥ (respectively, ¥1).

A prime number p is bad (respectively, torsion) for a reductive group or a reductive Lie algebra
over a field if it is bad (respectively, torsion) for its (absolute) root system. A prime number p
is good for a root system (or reductive group, or reductive Lie algebra) if it is not bad for it.

The bad primes for an irreducible root system 3 are listed according to the types of ¥ as
follows.

— Type A,: none.

— Type B, (n>2),C,(n>3),Dy(n>4): p=2.
— Type Eg, E7, Fy, Go: p=2, 3.

— Type Eg: p=2,3,5.

The torsion primes for an irreducible root system X are listed according to the types of X as
follows.
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— Type A,, Cp(n > 2): none.

— Type By(n>3),Dp(n>4),Ga: p=2.
— Type Eg,E7, Fq: p=2, 3.

— Type Eg: p=2,3,5.

A prime number p is bad (respectively, torsion) for a general root system if it is so for some
of its simple factors. We observe from the list above that the torsion primes for a root system
are also bad primes (but not vice versa). Moreover, any bad prime of a root system divides the
order of its Weyl group by [SS70, 1.4.10].

Sometimes, we need conditions on p that depend not only on the root system but also the
root datum of a reductive group. Let R = (X, X, XV, XV) be a root datum consisting of a pair of
finite free Z-modules X, X" dual to each other, and a subset ¥ C X (respectively, 2V C XV) of
roots (respectively, coroots). Let R* := (X*¢, %, (X5°)V, 2V) be the associated simply connected
root datum in which (X3¢)¥ =ZX" is the lattice generated by the coroots of R. The root datums
R and R*° have the same underlying root system X.

DEFINITION 2.5. A prime number p is torsion for the root datum R = (X, %, XV, ¥V) if XV /Z%Y
has nontrivial p-torsion for some closed subsystem >; C 3.

Note that
(XY /25 )tor| = ((ZEY JZEY Ysor| - (XY JZEY )sor -

The prime divisors of the first factor [(ZXY/ZXY )tor| (When 3 runs through all possible closed
subsystems Y.) are precisely the torsion primes of the underlying root system Y. The second
factor above has several equivalent interpretations. Let R := (Xder ¥ (X der)V 3V) be the
‘derived’ root datum of R, where X9 :=Im(X — X*¢) and (X9)V:= XV N QX" (intersection
inside XV ®7 Q) is the saturation of ZXY in XV. Then, we have

(XY /Z5Y Yior] = [(X9)Y /(X7) Y] = | X°¢/ X 4| = |coker(X — X*).
In particular, p is torsion for R if either:

— p is torsion for the underlying root system of R; or

— p divides the order of the cokernel of the natural homomorphism X — X*°.

So, our definition of torsion primes for a root datum is the same as the definition in [Dem73,
§5], by their Proposition 6 (see also [BC22, §4.1.12]).

If R is the root datum of a split reductive group G, then R (respectively, R*°) is the
root datum of the derived group G4 (respectively, its simply connected cover G*¢). The finite
abelian groups coker(X — X*¢) and ker(G*® — @) are dual to each other (in the sense of algebraic
groups) and hence they have the same order. Here, order should be understood as the dimension
of the coordinate ring of the algebraic group, e.g. u, has order n over any field. On the other
hand, recall that the algebraic fundamental group of G is defined by m1(G)= XV /ZX" and its
torsion subgroup 71 (G )sor = 71 (G9e7) = (X4°7)V /(X5°) is a quotient of 711 (Gaq). In the following
table, we list the structure of m1(Ga,q) for a split reductive group G according to the types.

Typeof G | A,—1 | By, Cp, E7 | Dy, (neven) | D, (nodd) | Eg | Es, Fy,Go
71(Gad) | Z/nZ 7./27 7)27 X 7./ 27 YARY/ 7/37 0
For later reference, we recall some classical results below about centralizers of semisimple

elements in Lie algebras. This also helps us have a glimpse of the relevance of the various
conditions on p introduced above.
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PRrROPOSITION 2.6. Let G be a connected reductive group over an algebraically closed field k and
let v € Lie(G) be a semisimple element in its Lie algebra. Let G, be the centralizer of v in G and
let G, be its identity component.

(i) The Lie algebra of G, coincides with the centralizer of vy in Lie(G). In other words, we have
Lie(Gy) = Lie(G),.

(ii) Suppose that either char(k) =0 or char(k) =p >0 is a good prime for G, then G, is a Levi
subgroup of G.

(iii) Suppose that either char(k) =0 or char(k) =p >0 is not a torsion prime for the root datum
of G, then G, is connected.

Proof.

(i) This is [Bor91, II1.9, Proposition (2)].
(ii) This is [Let05, Lemma 2.6.13(ii)]. Let us provide more details. Let T C G be a maximal torus
and let X be the set of T-roots on Lie(G). After G-conjugation, we may and do assume that
v € Lie(T) by [BS68, Corollary 4.5]. Let ¥, :={a € ¥, da(y) =0}. Then, ¥, C X is a closed
subsystem of ¥ and G is a reductive group with maximal torus T and root system X, by
[Ste75, Lemma 3.7] (see also [BC22, Lemma 4.1.6]).
Take any root o € ¥ N QX%,, where QX is the Q-subspace of X*(T) ®z Q spanned by 3.
Let m be the smallest positive integer such that ma is a Z-linear combination of elements
in 3. Then, we have m-da(y) =0 and m divides the order of the torsion subgroup of
73 ]7%.. The assumption on char(k) then implies that m is invertible in k (see [SS70,
1.4.3]). Hence, da(y) =0 and we have a € ¥,. This shows that ¥ N QX, =3,. By [Bou68,
VI §1.7, Proposition 24], there exists a set of simple roots for ¥, that can be enlarged to a
set of simple roots for ¥. This means that G is a Levi subgroup of G.
(iii) If char(k) =0, this is [Ste75, Corollary 3.11]. If char(k) = p > 0 is a non-torsion prime for the
root datum of G, this is [Ste75, Theorem 3.14]. O

3. Conjugacy classes in the groups

Let F, O,k be as in §2.1 and assume, moreover, that k is algebraically closed. Let G be a
connected reductive group over F. In this section, we introduce some numerical invariants of
conjugacy classes in G(F).

3.1 Discriminant valuation

Recall that an element v € G(F') is regular semisimple if it is semisimple and its centralizer
G, has minimal possible dimension. In fact, « is regular semisimple if and only if the identity
component GJ is a maximal torus of G defined over F'. There is a nonempty open subscheme
G™ C G such that G™(F) is the set of all regular semisimple elements.

DEFINITION 3.1. The discriminant valuation of a regular semisimple element v € G*(F) is the

integer defined by
da(v) = val det(Id —ad(y) [ g(F) /g, (F)).

We can compute dg(y) as follows. After G(F)-conjugation, we may assume that v € T'(F)
for a maximal torus 7" in G. Let R be the set of roots of T" on g. Then, we have

do(y) = 3 val(1 - a(7)). (3.1)

a€ER
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3.2 Kottwitz homomorphism

The Kottwitz homomorphism is a generalization of the determinant valuation on GL,(F) to
all reductive groups. It gives an obstruction for an element to lie in a parahoric subgroup. Let
71(G) = m1(G%) be the algebraic fundamental group of G, which is a finitely generated abelian
group with an action of the Galois group I' = Gal(F/F). We have the Kottwitz homomorphism

kG :G(F)—m(G)r,

where? 71(G)r is the group of T-coinvariants of 71 (G).

Let G(F)? :=ker(rg) and let G(F)T be the inverse image of the torsion subgroup of 71 (G)r
under k. Any parahoric subgroup P C G(F) is contained in G(F )? and the Kottwitz homo-
morphism k¢ induces an injective homomorphism P /P < 71 (G)r, which is bijective if P is an
Iwahori subgroup (see [KP23, Proposition 11.6.1]).

Let S be a maximal F-split torus in G and let N (respectively, T') be the normalizer (respec-
tively, centralizer) of S in G. By Steinberg’s theorem, the assumption on F' implies that G is
quasi-split and T is a maximal torus of G defined over F. Let T be the fiberwise identity com-
ponent of the finite-type Néron model of 7. Then, 7(O) is the unique parahoric subgroup of
T'(F) and the Kottwitz homomorphism 7 for T" induces an isomorphism X, (T)r = T(F)/T(O).
Let W =N(F)/T(F) be the (relative) Weyl group of G and let W= N(F)/T(O) be the
Iwahori-Weyl group of G. Let Wog C W be the affine Weyl group of the root system of G.

We choose a special point, denoted ‘0’, and an alcove a whose closure contains 0, both in the
apartment for S in the Bruhat—Tits building of G. They determine decompositions

W=X.T)r xW, W =W x Wa,

where Wa is the stabilizer of a in W. Moreover, the Kottwitz homomorphism induces an
isomorphism

Lot Wa ™ m1(G)r.

See, for example, [KP23, §§7.8, 11.5] (note that, in [KP23], the Iwahori-Weyl group is denoted
by W0).

DEFINITION 3.2. Define the homomorphism w$ : 71 (G)r — W to be the composition of the
following natural homomorphisms:

wl i (Q)r 2 Wy =W =W,

where the first map is the inverse of ¢4.
The defect of an element x € 71 (G)p is the non-negative integer

def(z) := dimg X, (5)g — dimg X*(S)Sg(x),
where X, (9)q := X.(S5) ®z Q and X*(S)gf(x) is the subspace of w¢ (x)-invariants.

The invariant def(x) is independent of the choice of the alcove a. Indeed, the group N(F')

acts transitively on the set of alcoves in the apartment of S and, for any n € N(F'), the maps
wq and wy(q) are conjugate by n. Therefore, dimg X*(S)&‘(x) = dimg X*(S)g"(“’(m). Moreover,
def(x) is also independent of the choice of the maximal F-split torus S, since any two such

tori are conjugate by an element of G(F'), which induces canonical isomorphisms between the

In general, one needs to first take coinvariants under the inertia group of F and then take invariants under a
Frobenius. In our case, the residue field of F' is algebraically closed and hence the inertia group equals the whole
Galois group.
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associated (Iwahori) Weyl groups. It will be convenient to have a description of def(x) that does
not depend on the torus S. For this, we have the following simple lemma which follows directly
from the definitions.

LEMMA 3.3. Let the notation be as in Definition 3.2. For any x € m(G)r, choose an element
i € kg'(z) C G(F) that stabilizes the barycenter of the alcove a (in other words, & lies in the
normalizer of the Iwahori subgroup of G(F') corresponding to a). Then, the defect def(x) equals
the codimension of the fixed-point loci a® in the alcove a.

3.3 Topological Jordan decomposition for the group

Recall from [KP23, Definition 2.2.1] that, for an affine F-scheme S of finite type, a subset
B C S(F) is bounded if, for any regular function f € F[S], the set {|f(b)|,b€ B} is bounded
above. We say that an element v € G(F) is bounded if the subgroup () C G(F') generated by =
is bounded.

LEMMA 3.4. For an element v € G(F'), the following are equivalent.

(i) The element ~y is bounded.

(ii) For any algebraic representation p of G (defined over F), any generalized eigenvalue \ of
p(7) in F satisfies |\| = 1.

(iii) There exists a parahoric subgroup P C G(F) such that v € P, In other words, v has a fixed
point in the extended Bruhat—Tits building of G(F).

(iv) There exists an Iwahori subgroup I C G(F) such that v €1'. In other words, y fixes an
alcove in the extended Bruhat-Tits building of G(F).

Proof. (1)< (ii). Suppose v € G(F') is bounded and let p: G — GL(V') be an algebraic representa-
tion (defined over F'). Then, p(7) is a bounded subgroup of GL(V') and hence, for any generalized
eigenvalue A € F of p(v), the set {|\"|,n € Z} is bounded above and so we must have || = 1.

Suppose that v € G(F) is unbounded. Let H be the Zariski closure of (y) in G. Then, ~ is
also unbounded in H. Let p: G — GL(V) be an algebraic representation with finite kernel. By
[KP23, Lemma 2.2.11], there is an eigenvalue A of p(7) such that [A\| > 1.

(i)<(iii). By [KP23, Proposition 2.2.13], any bounded subgroup of G(F') is contained in
a maximal bounded open subgroup. Therefore, the equivalence follows from [KP23, Theorem
4.2.15).

(iii)&(iv). Let IC G(F) be an Iwahori subgroup contained in P and suppose vy € PT. Let
Q;r) be the smooth O-model of G such that gl];((’)) =PT and let GI) be its special fiber. Let

¥ E G},(kz) be the image of v € PT under the natural reduction map. The image of I in Gp is a
Borel subgroup that we denote by Bp. By [Ste68, Theorem 7.2 on p. 49], the flag variety Gp /Bp
has a fixed point under the conjugation action of 4. Therefore, v is P! conjugate to an element
in It and we are done. O

DEFINITION 3.5. An element v € G(F)) is said to be the following.
— Strongly semisimple if it is semisimple and for any algebraic representation p of G (defined
over F'), each eigenvalue of p(7) lies in the set of Teichmiiller representatives [k*].

— Topologically unipotent if, for any algebraic representation p of G (defined over F) and any
generalized eigenvalue a of p(y) in F (i.e.  is a root of the characteristic polynomial of
p(7)), we have |a — 1| < 1.

— Strongly topologically unipotent if there exists a parahoric subgroup P C G(F') with pro-
unipotent radical P such that yeP,.
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An element v € G(F) is (strongly) topologically unipotent (respectively, strongly semisimple,
bounded) mod center if its image in G,q(F') has this property.

LEMMA 3.6. Suppose that the reductive group G is (essentially) tamely ramified over F' in the
sense of Definition 2.3. For any element s € G(F') that is strongly semisimple mod center, the
identity component of its centralizer G is also (essentially) tamely ramified.

Proof. We may assume that G is adjoint and tamely ramified. By [Spi08, Corollary 2.37], the
element s € G(F') is F-tame in the sense of [Spi08, Definition 2.4]. This means that, after passing
to a tamely ramified extension of F', we may and do assume that s is contained in a split torus.
Then, s is contained in a maximal F-split torus S. Let T be the centralizer of S in G. Then,
T is a maximal F-torus of G{ that splits over a tamely ramified extension, since G is tamely
ramified. This means that G is tamely ramified. O

LEMMA 3.7. Let G be a reductive group over F' and let kg : G(F)— m(G)r be its Kottwitz
homomorphism, where T'= Gal(F/F). Recall that F is complete and the residue field k is
algebraically closed.

(i) An element v € G(F') is topologically unipotent if and only if there exists a finite extension
E/F such that ~ is strongly topologically unipotent in G(E). In particular, any strongly
topologically unipotent element in G(F’) is topologically unipotent.

(ii) An element v € G(F) is strongly topologically unipotent if and only if it is topologically
unipotent and kg(y) = 1.

(iii) If the residue characteristic p does not divide the order of the torsion subgroup of m(G)r,
then an element v € G(F) is topologically unipotent if and only if it is strongly topologically
unipotent.

Proof.

(i) If v € G(F) is strongly topologically unipotent for some finite extension F/F, then v € P
for some parahoric subgroup P C G(E) and therefore lim, o 7v*" = 1. In other words, =y
is topologically p-unipotent in the sense of [Spi08, Definition 1.3]. This implies that 7 is
topologically unipotent. Conversely, if v € G(F') is topologically unipotent, then it is topo-
logically p-unipotent and hence by [Spi08, Lemma 2.21] there is a finite extension E/F such
that «y is strongly topologically unipotent in G(E).3

(ii) The implication ‘=’ is clear. Suppose that € G(F) is topologically unipotent and
kG(y) =1. By Lemma 3.4, there exists a parahoric subgroup P C G(F) such that v € PT.
Then, we must have v € P, since k() = 1. By [KP23, Theorem 8.4.19] there is a parahoric
subgroup Q C G(F') whose corresponding facet in the Bruhat—Tits building B(G) contains
the facet of P in its closure, such that v € Q4 and hence 7 is strongly topologically unipotent.

(iii) Suppose, moreover, that p does not divide the order of the torsion subgroup of m (G)r. Let
v € G(F) be a topologically unipotent element. Then, lim,, -, 7*" =1 and hence kg(7) lies
in the p-power torsion subgroup of 71 (G)r. By assumption, we must have kg(y) =1 and
hence 7 is strongly topologically unipotent by part (ii). O

Ezample 3.8. Suppose the residue characteristic of F' equals 2. Then, the element in PGLo(F)
represented by the matrix (2 }) is topologically unipotent but not strongly topologically unipo-
tent. Thus, in GLo(F'), this matrix is topologically unipotent mod center but not strongly
topologically unipotent mod center.

3In fact, this is the definition of ‘topologically F-unipotent’ from [Spi08, Definition 2.15].
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Finally, we state the following result of Spice [Spi08, Theorem 2.38] on the existence and
uniqueness of topological Jordan decompositions.

THEOREM 3.9 (Spice). For any bounded element v € G(F'), there exists a unique strongly
semisimple element s € G(F) and a unique topologically unipotent element u € G(F') such
that vy = su =wus. Moreover, we have s,u € G.(F), where G is the identity component of the
centralizer of s in G.

3.4 Arithmetic invariants of tori

In this subsection, we introduce a numerical invariant of a conjugacy class defined by the Artin
conductor of its centralizer. Then, we review a result of Chai and Yu [CYO01] on the Artin
conductor of tori. This result is used later in Theorem 7.9 to compute the dimension of the
regular locus of the Witt-vector affine Springer fiber for Lie algebras.

Let T be an F-algebraic group of multiplicative type. We are only interested in the case
of tori but the slightly more general setting would make no difference in most of the following
discussion. Let A := X.(T%) be the lattice of coweights of T defined over F, equipped with an
action of Gal(F/F) through a homomorphism pr: Gal(F/F)— GL(A) := Autz(A). We define
some isogeny invariants of T' associated to the representation

pro=pr ®7Q: Gal(F/F) — GL(Aq),
where Ag :=A ®7 Q.

DEFINITION 3.10. The Artin conductor of T, denoted Art(T), is defined to be the Artin
conductor of the representation prg. The defect of T' is the non-negative integer

def(T) := dimg Ag — dimg AG" /"),

which is the difference between the F-rank of T and the F-rank of 7.

The Artin conductor Art(T') equals def(7T) if and only if T' splits over a tamely ramified
extension of F. In general, Art(T) is always a non-negative integer by the Hasse-Arf theorem
(see [Ser68, Chapter VI.§2, Theorem 1]) and Art(7") > def(T). The difference Art(T) — def(T')
is the Swan conductor of the representation pr g and measures the wild ramification of 7'

We extend this definition to general reductive groups over F' as follows.

DEFINITION 3.11. The Artin conductor (respectively, defect) of a reductive group G over F' are
the integers

Art(G) :=Art(T), def(G) :=def(T),

where T'C G is a maximally split maximal torus defined over F', i.e. T is a maximal torus of
G defined over F' and contains a maximal F-split torus S C G. When G is quasi-split, then
T = Z(S) is the centralizer of S.

Now, let T" be a torus over F' and let t =Lie(T") be the Lie algebra of T', viewed either as an
F-scheme or an F-vector space. We specialize the discussion in §2.2 to the case where G=T.
Then, we get a unique smooth O-model T of T such that TT(©) is the maximal bounded
subgroup of T(F) and the fiberwise identity component T10 is the unique parahoric group
scheme of T. In fact, T is the finite-type Néron model of T in the terminology of [CYO1, §3]
and [Ngo10].* The Lie algebra t':= Lie(TT) is an O-lattice in ¢(F). Let L/F be a finite Galois
extension contained in F such that pr factors through Gal(L/F) and let Oy, be the valuation

“In [CYO01] it is denoted by TN® = T NR \whereas in [Ng610] it is denoted by T7.
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ring of L. Then, T is split over L and there is a natural homomorphism (T1)p, — (T7)' that
induces an embedding of @y-modules t' ®p O, C t}.

THEOREM 3.12 [CYO01]. Let e(L|F') be the ramification index of the extension L/F. Then, we
have

L length L = 1Art(T)
e(L|F) B0\ W eo 0L ) T 2 '
Proof. This follows by combining Proposition 10.2 and Theorem 11.3 in [CYO01]. O

Now, suppose that there exists a nondegenerate symmetric F-bilinear form (-, ) on A ®z F
that is invariant under Gal(L/F") (which acts on A via pr). Recall that the dual of an O-lattice
M C A ®z F is defined to be

MY :={reA®yF|(z,M)CO}.

We would also like to define the dual of O-lattices in t(F'). For this, we first extend (-,-) to
an L-bilinear form (-,-); on A ®z L. Since T splits over L, there are canonical identifications
t(L) =A®z L and

t(F) = (A @z L) E/F),

where Gal(L/F) acts diagonally. By Gal(L/F)-invariance of (-,-), the extended form (-,-)r,
restricts to an F-bilinear form on t(F). In other words, for any x,y € t(F'), we have (z,y)r, € F.
Then, for any O-lattice M C t(F), we define its dual to be

MY :={xect(F)|(z, M), cO}={zct(F)|(x, M), COL},
where the equality follows from the equality Oy N F = O.

COROLLARY 3.13. With notation as above. Assume, moreover, that A ®z O is self-dual under
(+,-). Then, we have
lengthy, (0" /t1) = Art(T).
Proof. First, we claim that for any O-lattice M C t(F'), we have
MY ®00p=(M®00)",
where the right-hand side means the dual of the Op-lattice under the pairing (-, -). Indeed, after

choosing an O-basis {m1,...,m,} for M and letting mY, ..., m, be the dual basis satisfying
(mj, m;/)L = 8;j, both sides are identified with the Oy, submodule of A ®7 L spanned by {m)’, 1<
i<}

Applying this identity to M = !, we get that
(tT ®o Or)Y

1
T,V /et - =
lengthy (£ /t") @0 Op = lengthy, o0 0,

lengthy (tHY /1) = <(LIF)

1
e(L|F)
Since T splits over L, we have t = Ay Op, which is self-dual by assumption. So, we have

oo 0 cth =tV c (tf 0o O1)"
and then, by Theorem 3.12, we conclude that

.I.
2 t

We end this section with a result on the behavior of the Artin conductor under restrictions of
scalars. Later, this is used in several reduction steps (see § 7.1 and Proposition 8.4) in the proof
of the main theorems.
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PROPOSITION 3.14. Let E/F be a finite extension field and let Discg,p C O be its discriminant
ideal. Let H be a reductive group over E with absolute rank r. Then, we have

Art(Resp pH) = val(Discg/p)r + Art(H).

Proof. We may assume that E C F. After replacing H by a maximally F-split sub-torus, we may
assume that H =T is a torus over E. Then, the Gal(F/F)-module X, (Resg, pT) is induced
from the Gal(F/E)-module X,(T) and the result follows from [Ser68, VI §2, Corollary to
Proposition 4]. O

4. Conjugacy classes in the Lie algebras

Let F,O,k be as in §2.1 and assume, moreover, that k is algebraically closed. Let G be a
connected reductive group over F' with Lie algebra g. Keep the notation from §2.2. In par-
ticular, G splits over F’ and is the twisted form of the split group G by the homomorphism
pc: Gal(F'/F) — Out(G).

In this section, we review some facts about conjugacy classes in g(F'). Most of the results
here are well-known if p = char(k) is sufficiently large, but not so otherwise. We have to pay
attention to the exact conditions on p throughout.

4.1 Chevalley quotient and regular semisimple elements

The Chevalley base for the Lie algebra g is the invariant quotient of g (viewed as an F-scheme)
by the adjoint action of G, denoted ¢ = g//G := Spec(F[g]®). It comes with a natural morphism

XGg:g—¢

called the Chevalley morphism. Similarly, for the split form G of G, we have its Chevalley
morphism xg : g — ¢ that is actually defined over Z.

The Out(G)-action and the adjoint action of G on g combine into an action of the semi-direct
product G x Out(G) on g, which then induces an action of Out(G) on ¢ making the morphism
XG equivariant under Out(G). Consequently, x¢ is the Out(G)-twist of xg over F’ defined by
the homomorphism pg : Gal(F'/F) — Out(G).

Recall that an element in g (respectively, g) is regular if its centralizer in G (respectively, G)
has minimal possible dimension (or equivalently, its adjoint orbit has maximal possible dimen-
sion). The regular elements in g form an open subscheme g™ C g that is G x Out(G)-stable and
descends to the open subscheme g®¢ of regular elements in g. Then, the Chevalley morphism g
is flat and its restriction to the regular open subscheme Xré:g 1 g"®® — ¢ is smooth. This follows by
Galois descent from the corresponding statements for the split group G.

Let g™ C g™ be the open subscheme of regular semisimple elements. There is an open
subscheme ¢™ C ¢ such that g™ = X(El(q:rs). The complement of ¢ in ¢ is the vanishing loci of
the discriminant function Ag. Let us recall its definition below. For this, we view the split group
G and related objects g, ¢, etc. to be defined over Z.

Let P(X) € Z[g][X] be the universal characteristic polynomial for adjoint actions of elements
in g. In other words, for any ring R and any v € g(R), viewed as a morphism v : SpecR — g,
the pullback v*P(X) is the characteristic polynomial of the endomorphism ad(y) on the free
R-module g(R). The characteristic polynomials are invariant under the action of G x Out(G)
and therefore we have P(X) € Z[c|°""®) the set of Out(G)-invariant polynomials on ¢ with
Z-coefficients. Moreover, P(X) is divisible by X", where r is the rank of G. The coefficient of
the X™ term is the discriminant Ay € Z[c]O"(®) that we also view as an element in Z[g]. Then,
the regular semisimple locus ¢™ is the complement of the principal divisor Ag = 0.
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The open subschemes g and ¢™ are stable under the Out(G)-action and descend to open
subschemes g™ C g and ¢ C ¢ of regular semisimple elements. Let Ay € F[c] = (F'[c])G1("/F)
be the image of Ag. Then, ¢** is the complement of the principal divisor Ay =0 on ¢.

LEMMA 4.1. For any regular semisimple element ~ € g*5(F'), we have

Ag(y) = det(ad(y) | a(F)/g,(F)),
where g, = ker(ad()) = Lie(G) is the centralizer of v in the Lie algebra. More generally, for

any semisimple element v € t(F') = t(F'), we have

Ag(r}/) = H da(7)7

aER

where R is the set of roots of T in g and da: t(F) — F is the differential of a root o € R.

Proof. We can work over F and, after conjugation, we may assume that v € t(F) is regular

semisimple. Then, g,(F") = t(F) and the first equality follows. The second equality follows from

the first for regular elements in t(F). If v € t(F') is not regular, then both sides of the second
equality are 0 and we are done. O

DEFINITION 4.2. The discriminant valuation of a regular semisimple element v € g™(F') is the
integer defined by

dg(7) = val(Ag(7)) = val det(ad(y) [ g(F) /g, (F)).

Assume, in the rest of this subsection, that the extension F’/F is tamely ramified of
degree e > 1 and identify Gal(F'/F) 2 u.. The construction in § 2.4 provides natural finite-type
O-models for the F-schemes g, g™, ¢, etc. We use the same symbol to denote the resulting
O-schemes of finite type. Then, we have

9= (Respjog)" =Lie(Go), §"*=(Resp 0™ ®)", c=(Resp oc)!".

We can talk about the O-points g(O), ¢(O), etc. In particular, from the definition we see that
g"¢(0) =g(0) Ng"e(0").

For any closed point v € g, we have dim G, > r, the absolute rank of G. The locus where
equality holds is the open subscheme g8 C .

DEFINITION 4.3. Let I be the universal centralizer group scheme over g whose fiber over any
point v € g is the centralizer G, of v in G. Let I be the restriction of I to g™®&. Similarly, we
let I be the universal centralizer group scheme over g and let 178 be the restriction of I to g'°8.

Then, "¢ is an open subscheme of the fixed-point subscheme of y. on (Rese,/ol"®)
base change of Resp:/0I™® along the closed embedding g™*® — Respr /0g™®.

g, the

PROPOSITION 4.4. Suppose G is tamely ramified and the residue characteristic p is not a torsion
prime for the root datum of G. We consider the O-schemes of finite type g**® C g and ¢ defined as
above. Then, the morphism chfg : g"°® — ¢ (between O-schemes of finite type) is smooth and there
exists a unique commutative group scheme J over ¢, equipped with an isomorphism (XrGeg)*J =

I7°8 that extends uniquely to a homomorphism of group schemes x*J — I over the g.

The group scheme J in the proposition is called the universal reqular centralizer for g (in G ).
In general, we need more assumptions on either p or the group GG to guarantee its smoothness.

Proof. When G is split, the smoothness of x5® follows from [BC22, Proposition 4.2.6] and the
other statements follow from [BC22, Theorem 4.2.8]. In particular, all the statements hold for

1335

https://doi.org/10.1017/S0010437X26103261 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103261

J. CHI

the split model G over O and we get the regular centralizer group scheme J over the O-scheme
¢ that satisfies all the statements.

In general, we deduce the smoothness of Resp, /O(ng) :Respr /08" — Resprjoc from the
smoothness of ng by the infinitesimal lifting criterion. Then, we apply Lemma 2.2 to the base
change of Resqy, /@(ngg) along the closed subscheme ¢ C Resp/oc to get the smoothness of
ng. The group scheme I is an open subgroup scheme of (Resp, sol)# and hence descends to
an open subgroup scheme J of (Resp /0J)!. The existence of the isomorphism (x'®)*J = [*®
that extends uniquely to a homomorphism y*J — I follows from the corresponding statements

for J. O

COROLLARY 4.5. Under the notation and assumptions in Proposition 4.4, the Chevalley mor-
phism ¢ restricts to a surjection g*¢(Q) — ¢(Q). More generally, for any parahoric subgroup
P C G(F), xq restricts to a surjection Lie(P) — ¢(O).

Proof. The first statement follows from the smoothness of XrGeg. For the second statement, after
G(F)-conjugation we may assume that P contains the standard Iwahori subgroup I and thus it
suffices to show surjectivity of Lie(I) — ¢(O). This follows from the fact that any element in g(Q)
is G(O)-conjugate to an element in Lie(I), since G(O)-conjugates of I correspond bijectively to
Borel subgroups of Gy = G#=°. O

4.2 Topological Jordan decomposition for the Lie algebra

DEFINITION 4.6. An element v € g(F) = g(F) is:

— bounded if xa(7) € c(O);

— topologically nilpotent if it is bounded and the image of x(7) under the natural reduction
map ¢(O) — ¢(k) equals zero; and

— strongly semisimple if it is semisimple, bounded, and, for any root « € ¥ and any + € t(F)
that is G(F)-conjugate to 7, we have either da(y’) =0 or |da(y')|=1.

LEMMA 4.7. Suppose that G is tamely ramified, the residue characteristic p is good for G and
divides neither the order of 7 (G%") nor the order of mo(Zg). Then, an element v € g(F) is
topologically nilpotent if and only if there exists a parahoric subgroup P C G(F') such that
v € Lie(P4).

Proof. This follows from results in [AFV18]. Let us explain it using the notation and citations
from [AFV18]. By Remarks 16(a) and 8, the assumption on p implies that p is ‘n~-good’ in
the sense of Definition 15(a). Then, by Remark 16(b), we see that p is ‘g-good’ in the sense of
Definition 15(c). Moreover, the assumption on G implies that it is ‘not too wild’ in the sense
of Definition 17 (see also the paragraph following Definition 17). Then, our result is precisely
Remark 35. O

PROPOSITION 4.8. Suppose that G is tamely ramified, the residue characteristic p is good for
G and divides neither the order of 1 (G%") nor the order of mo(Zg). Let v € g(F) be a bounded
semisimple element. Then, there exists a decomposition v =y + y1 where vy, 71 € g,(F) satisfy
the following conditions.

— We have that g is strongly semisimple in g(F') and G(F')-conjugate to an element in t(O).

— The centralizer G, is an I'-Levi subgroup of G and 7 is a topologically nilpotent element
in Lie(G.,).

If, moreover, v is regular semisimple in g(F'), then v, is regular semisimple in Lie(G.,).
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Proof. Let F' C F be the minimal Galois extension of F' over which G becomes split. Let I' :=
Gal(F/F), I":= Gal(F/F'), and © := Gal(F'/F)=T/T". Let pg:T — Out(G) be the twisting
homomorphism of G as in §2.2. Then, pg is the composition of the projection I' - © and an
embedding © < Out(G). For each o €', we let o denote the Galois action on G(F) or g(F)
and simply use o(-) to denote the Galois action with respect to the split form G. We have

oc(g9) =pa(o)a(g), oc(x)=pa(o)o(z) forall geG(F),z€g(F).
Let T', C G4 be a maximal F-torus. Then, T’ is also a maximal F-torus of G since 7 is semisimple.
Let g € G(F) be an element such that Ad(g) ' Tx= T, % (where T is the maximal F-torus of
G, which is part of the pinning of G fixed in §2.2). Let 7' = ad(g)~. Since 7 lies in the center of

g+, we have 7 € Lie(T). Moreover, since ' is bounded, we get that 7/ € t(O). For any o €T, we
have g-0g(g)~! € Ng(T)(F) and we let w, denote its image in W. Then, we have

v =wy - o6(Y)=ws - pa(o)o(y’) forall o €T. (4.1)

Recall that t is the split O-model of t. Let 4’ € t(k) be the image of 4" under the reduction map
t(O0) — t(k). Since xg(7) = xg(') € ¢(O), we have xg(7) € c® (k).

We claim that the natural map t©(k) — c® (k) is surjective. By the assumption that G is
tamely ramified, the order of © is invertible in @. So t© and ¢® are both smooth O-schemes by
Lemma 2.2. In particular, any element in ¢® (k) lifts to an element in ¢®(0©) by [KP23, Lemma
8.1.3]. Since the morphism t® — ¢® is finite (hence proper), it suffices to show surjectivity of
the map t9(F) — ¢®(F). Thus, we are reduced to the characteristic-0 situation and the claim
follows from [Lev25]. Since W acts transitively on the fiber X(Ejl(x((;,(ﬁ’ )), after conjugation by
Ng(T)(F) we may and do assume that 5 € t©(k), so that pg(c)(¥') =4 for all ¢ €T

Let ¥; C X be the subset consisting of roots « such that val(da(y’)) > 0. Then, 3 is the
closed subsystem of Y consisting of the roots whose root hyperplane contains 5’. Moreover, X is
O-stable since 7’ is ©-invariant. Let W1 be the Weyl group of the root system X1 and let H C G be
the split reductive subgroup containing T and having root system ;. By assumption, p is good
for G and does not divide the order of 71 (G%°), so p is not a torsion prime for the root datum of
G. This implies that the centralizer k-group G5 = Gy 5+ is connected by Proposition 2.6. Then,
by [Ste75, Lemma 3.7], we get that Wy = Wx,, the stabilizer of 4" in W. From equation (4.1),
we deduce

¥ =wy - pa(o)(H) =wy -4 forallocel.

Therefore, the assignment o — w, defines a homomorphism
p,-y/ :F—)Wy :Wl.
Let t; C t be the vanishing loci of {da, o € 31} defined by

,_ o] Syme (X*(T') ®z O)
t1 := Spec doacsy) Spec @ aen) .

Then, we have QL/O =(X*(T)/Z%1) ®z O. Our assumptions on p imply that X*(7")/Z%; does
not have p-torsion. Indeed, ZX/Z¥; is p-torsion-free since p is good for G, while the order of the
torsion subgroup of (X*(7T")/ZY) equals the order of my(Zg), which is prime to p by assumption.

So, Q%l e is a free O-module of finite rank and hence t; is a smooth O-scheme. Moreover, t1 is

preserved by the ©-action and we have t; C t"*. The fixed-point locus ﬂ:? is a smooth O-scheme
by Lemma 2.2. By construction, we have 7' € t9 (k) and then by [KP23, Lemma 8.1.3] there
exists an element

7 €5 (0) C t(0)
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whose image under the natural reduction map t1(O) — t1(k) equals 7. Let 74 :=~" —7{. Then,
for any o € T, we have w, - o¢(7)) =~ and by (4.1) we get

we - 0(11) =1-

Let 7o :=ad(g) ~1(v}) and 71 := ad(g) "' (7}). Then, we have v = o + 71 and the above equations
imply that v, 1 € g (F).

For any root aw € ¥; we have da(y;) =0 and for any a € ¥\X; we have da(7’) € k*, so that
|da(v))] = 1. This implies that ~(, € t(O) C g(F) is strongly semisimple and hence vy € g(F) is
strongly semisimple. On the other hand, since the image of 7] under the reduction map t(0) —
t(k) equals 0, it is a topologically nilpotent element in g.; (F). So 1 is a topologically nilpotent
element in g, (F) = Lie(G,).

By our construction, 7o is G(F) conjugate to the element 7, € t(O). Let G, 4 be the F-
scheme classifying elements g € G such that ad(g)(v0) = 7). Then, G, ; is nonempty, hence a
G.,-torsor over F'. Since G., is connected reductive by Proposition 2.6, we have H'(F, G,,) =0
by Steinberg’s theorem and the fact that F' has cohomological dimension < 1. Thus, G, 4 is
a trivial G.,-torsor, which means that o is G(F)-conjugate to ~y € t(O). By Proposition 2.6,
G%f =Hg is a Levi subgroup of G7. In addition, G, contains the maximally split maximal
F-torus T of G since 7 € t(F'). Therefore, G.;, and hence G, is an F-Levi subgroup of G.

Finally, suppose that ~ is regular semisimple. Then, 7 is also regular semisimple and hence
da(y)) =da(y") #0 for all o€ Xq. So 71 is regular semisimple in Lie(G., ). O

4.3 Invariant pairing and quasi-logarithm

We review relevant facts from [KV06, §1.8] and generalize some results there to the case of
tamely ramified groups. Let G be an algebraic group over F' and let p: G — GL(V) be an
algebraic representation on a finite-dimensional F-vector space V. Let dp: Lie(G) — End(V') be
the induced representation of the Lie algebra. On End(V) we have the trace pairing defined
by (A, B):=Tr(AB). This induces a Guq-invariant symmetric bilinear form on g defined by
(X,Y),:=Tr(dp(X) odp(Y)). Suppose that (-,-), is nondegenerate. Then, we can define the
orthogonal projection pr,:End(V) — g such that pr (A) € g is the unique element satisfying
(pry(A), X),=Tr(Aodp(X)) for all X € g. Define a morphism ®,: G — g by ®,(g) :=pry(p(g) —
Id). Then, ®, is a quasi-logarithm map in the sense of [KV06], whose definition is as follows.

DEFINITION 4.9. A quasi-logarithm map for an algebraic group G with Lie algebra g is a G,q-
equivariant morphism ® : G — g such that ®(1) =0 and the differential d®; of ® at 1 € G is the
identity map. Here, the adjoint group G.q acts on G by conjugation and on g by the adjoint
representation.

LEMMA—-DEFINITION 4.10. Let G be a reductive group over F' with Lie algebra g and let
®: G — g be quasi-logarithm map. We say that ® is defined over O if the following equivalent
conditions are satisfied.
(i) For any parahoric subgroup P C G(F'), ® extends to a morphism of O-schemes Gp — Lie(P).
(ii) There exists a parahoric subgroup P C G(F') such that ® extends to a morphism of O-
schemes Gp — Lie(P).

Proof. This is part of [KV06, Lemma 1.8.7(b)]. Note that in [KVO06], it is assumed that G is
split, but this assumption is not necessary for the current result. Let us review the arguments
for (il)=(i).
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Suppose that ® extends to a morphism of O-group schemes Gp — Lie(P) for a parahoric
subgroup P C G(F). Let IC G(F') be an Iwahori subgroup contained in P. Then, ® induces
a quasi-logarithm map on the special fiber Gp and the image of I in the special fiber Gp
is a Borel subgroup. Then, by [KV06, Lemma 1.8.3(a)] (which holds also for non-reductive
groups), we deduce that ®(I) C Lie(I). For any parahoric subgroup P’ containing I, we have
P’ =J,cp 21z ! and Lie(P’) = J,cp ad(z)P’. By the G-equivariance of ®, we get that ®(P’) C
Lie(P’) and that this holds for any parahoric subgroup P’. Thus, ® extends to a morphism of O-
schemes Gp: — Lie(Gp/) for any parahoric subgroup P’ C G(F') by [BT84, Proposition 1.7.6]. [

We are interested in extending the pairing (-,-), and the map ®, to the parahoric group
schemes of GG. First, we consider the case where G is split.

LEMMA-DEFINITION 4.11. Suppose G is a split reductive group over F. Let p: G — GL(V) be
an algebraic representation such that the associated pairing (-,-), on g(F), defined as above, is
nondegenerate. We say that (-, ), is nondegenerate over O if the following equivalent conditions
are satisfied.

(i) For any parahoric subgroup P C G(F'), we have
Lie(P.) = Lie(P)* :={Y € g(F), (Y, Lie(P)), C wO}.
(ii) Then, there exists a parahoric subgroup P C G(F) such that Lie(P ) = Lie(P)" .

In this case, the associated quasi-logarithm map ®, is defined over O.
This is [KV06, Lemma 1.8.7(a)] and [KV06, 1.8.9].

LEMMA 4.12. Let G be a reductive group over F whose adjoint group G,q is simple and split.
Suppose that the residue characteristic p is good for G. Then, there exists a split reductive group
G? over O equipped with an isomorphism between adjoint groups Gaq = Gid, and a faithful
algebraic representation p: G* — GL(V) (defined over O) satisfying the following conditions.

(i) The trace pairing (-,-), defined by p is a perfect pairing on the O-module g* = Lie(G?).
(ii) The natural homomorphism Out(G%) — Out(G,q) between outer automorphism groups is
an isomorphism® and the trace pairing (-, -), is Out(Gaq)-invariant. In other words, for any
z,y € g°(F) and any 0 € Out(Gaq), we have (z,y), = (0(z), 0(y)),.
(iii) The residue characteristic p divides neither the order of 71(G*°")S nor the order of the
component group of the center of GY.

Proof. We take G? to be GL,, (respectively, SO2,11, Spay,, SO2y) if G is of type A,_; for n>1
(respectively, By, for n > 2, C,, for n >3, D,, for n >4) and let p be the standard representation
of G4, If G is exceptional, then we take Gf = G,q and let p be the adjoint representation of G
It is clear from the definition that Out(G?) 22 Out(Gyaq) and that the representation p naturally
extends to the hyperspecial O-model of G? (that we still denote by G7). By the proof of [SS70, I,
Lemma 5.3], the assumption that p is good implies that the induced trace pairing (-, -), remains

SNote that Out(Gaq) = Out(G*°) is isomorphic to the automorphism group of the Dynkin diagram of G. On the
other hand, Out(QG) is isomorphic to the automorphism group of the based root datum of G, which maps naturally
to the automorphism group of its Dynkin diagram, but the map may not be bijective. For example, the outer
automorphism group of the split SO(8) is Z/2Z, while the outer automorphism group of its simply connected
cover Spin(8) or its adjoint group PSO(8) is Sz, the symmetric group on three letters.

6Toghether with the assumption that p is good for GG, this implies that p is not a torsion prime for the root datum
of G".
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perfect on the special fiber of the hyperspecial O-model. Therefore, it is nondegenerate over the
hyperspecial point and hence nondegenerate over O by Lemma 4.11.

Next, we show that (-, ), is Out(G,q)-invariant. If G is exceptional, then (-, -), is the Killing
form and is easily checked to be invariant under any automorphism of the Lie algebra. If G is
of type A, _1, then any nontrivial outer automorphism of g = Mat,, is conjugate to =~ —'z,
which clearly fixes the usual trace pairing. If G is of type B or C, then Out(G,q) is trivial and
there is nothing to prove. If G is of type D,, for n > 5, then any nontrivial outer automorphism
of gf =50(2n) has order 2 and is induced by conjugation by an element in Oy, (which contains
G% = S0y, as a subgroup of index 2; see e.g. [Spr09, § 17.3.2]), hence it fixes the trace pairing (-, -),
for the standard representation p of G* = SOs,,. Thus, we are left with the case where G is of type
Dy. In this case, Out(Gaq) = S3 and the action of a generator of order 2 on gf = so(8) fixes the
trace pairing for the same reason as in the previous case. Finally, we refer to [MW15, Appendix]
for an explicit description of the action of an order-3 outer automorphism on g =50(8), from
which we easily check that it fixes the standard trace pairing.” O

Next, we generalize the statements on regular centralizers and Kostant sections to tamely
ramified groups. Following the notation in § 2.4, we consider a connected reductive group G over
F that splits over a degree-e tamely ramified extension F’/F, where p{e and we assume that G.q
is absolutely simple and p is good for G. Let G be the split form of G and let p¢ : e — Out(G) be
the twisting data of G. Then, we have the special integral model of G for which we use the same
notation G := (Resp: /0G)H<°. Let G’ be the split reductive group over @ associated to G¥ from
Lemma 4.12. Let pg,, : fte = Out(G,q) be the composition of pi with the natural homomorphism
Out(G) — Out(G,q). By condition (ii) in Lemma 4.12, we can lift pg,, to a homomorphism
tte — Out(GH), from which we obtain an outer twist G% of G that comes with an isomorphism
of F-groups Gad > Gaq. Moreover, we also get a special O-model G?:= (Resep, /@Gu)"e’ Let
g% = Lie(G?) = (Resol/og )#e be the Lie algebra and let ¢f = (Resol/oa:h)“e be the Chevalley
base for G, both defined over @. We have the Chevalley homomorphism y¢: : g* — ¢/ and the
universal centralizer group scheme I% over g'. By condition (iii) of Lemma 4.12, the residue
characteristic p is not a torsion prime for the root datum of G. Then, by Proposition 4.4, we have
the universal regular centralizer J? over ¢/, together with an isomorphism (XrGehg)*J =y b] ghivres -

COROLLARY 4.13. Let the notation and assumptions be as above. In particular, G,q is absolutely
simple and tamely ramified, and p is good for G. Then, the universal regular centralizer J¢ (for
g% in G%) is smooth over the O-scheme ¢*. Moreover, there exists a section k% : ¢? — &8 of Xreg
and an isomorphism of ¢f-group schemes (k%)*I% 22 J%, both defined over O.

Proof. Let J# be the universal regular centralizer of ¢ defined for the split form G? over O.
From the proof of Lemma 4.12, we see that if G is of type A,_1, then G! = GL,, and J’ can
be written as a Weil restriction of G,, from a finite flat cover of ¢’ (defined by the universal
characteristic polynomial) and hence smooth. If G is of other types, then the assumption on p
implies that p does not divide the order of the algebraic fundamental group of G ad and
hence J? is smooth over ¢ by [BC22, Proposition 4.2.11]. Then, J% is also smooth smce it is an
open subgroup scheme of (Resp, /@Jh)“e and the latter is smooth by Lemmas 2.1 and 2.2.

It remains to prove the existence of the section ? (the isomorphism (k?)*I% 22 J% then follows
immediately). Recall that we have fixed a pinning (B, T, (24 € 84(O))aca) of G. This uniquely

7 Actually, the invariance of the standard trace pairing on 50(8) under the order-3 outer automorphism is not used
in this article.
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determines a pinning (B, T%, (z4 € 84(0))aca) of GF, since we have a canonical identification of
root spaces g, = gi. Then, the action of Out(Gaq) fixes x4 := ) A T and hence preserves the
O-submodule 5% := ker(ad(z4 ) | g%(O)). By Lemma 4.12 there is a perfect pairing (-, -), on gf(O)
that is invariant under G,q X Out(G,q). Under this pairing, s7 is the orthogonal complement of
(24, 2(O)] in g9(O) and hence 2, + 57 is a section of xg: (see [BC22, §4.2.4, Remark 4.2.5]).
Since x, + s is stable under the Out(Gaq)-action, it induces a section on the twisted form c¢# — g°
and we are done. O

LEMMA-DEFINITION 4.14. Let G be a reductive group over F' with Lie algebra g and let ®:
G — g be a quasi-logarithm map. We say that ® is bijective over topologically nilpotent elements
if it is defined over O (in the sense of Definition 4.10) and satisfies any of the following equivalent
conditions.

(i) For any parahoric subgroup P C G(F), ® restricts to a bijection Py, — Lie(P),, where
Py (respectively, Lie(P)y) is the set of topologically unipotent (respectively, topologically
nilpotent) elements in P (respectively, Lie(P)).

(ii) There exists a parahoric subgroup P C G(F) such that ® restricts to a bijection Py, —
Lie(P)tn.

Moreover, when these conditions are satisfied, ® restricts to a bijection G(F)sty — g(F)tn
between the set of strongly topologically unipotent elements in G(F') and the set of topologically
nilpotent elements in g(F).

Proof. This follows from arguments in [KV06, proof of Proposition 1.8.16]. In [KV06], it is
assumed that G is split but this assumption is not necessary for the current result. Let us review
the arguments for (ii)=-(i). Note that, by Lemma 4.7, our notion of ‘topological nilpotent’ agrees
with the one used in [KV06].

Suppose @ restricts to a bijection Py, — Lie(P)¢,. Let I C G(F) be an Iwahori subgroup
contained in P. Then, It, = Py, NI and Lie(I)y, = Lie(P)s, N Lie(I) by [KV06, Lemma 1.8.15].
Thus, ® restricts to a bijection Iy, — Lie(I)y,. To prove statement (i) for any parahoric subgroup
P’, by G(F)-equivariance we may assume that I C P’. Then, by [KV06, Lemma 1.8.15], we have
f-éu(;/%JgEP/ gLiug™! and Lie(P')tn = U, cps ad(g)Lie(T)tn, so @ restricts to a bijection Py, E

1€ tn-

LEMMA 4.15. Let G be a tamely ramified reductive group over F obtained as an outer twist of
a split reductive group G. Suppose there is an algebraic representation p of G defined over O
such that the associated trace form (-, ), on the Lie algebra g = Lie(G) is nondegenerate over O.
Then, there exists a quasi-logarithm map ® : G — g = Lie(G) that is bijective over topologically
nilpotent elements.

When G is split, this is proved in [KV06, Proposition 1.8.16]. As far as we can see, the
arguments in [KV06] do not immediately generalize to the current setting. However, see [BKV 16,
Appendix C] for closely related results.

Proof. Let F'/F be the minimal tamely ramified cyclic extension such that Gg- is split and let
O’ be the valuation ring of F’. Fix a uniformizer w’ € O’ such that (@’)® =w is a uniformizer
of O, where e = [F’: F]. Then, there is an outer automorphism o of G that generates an action
of the cyclic group Gal(F'/F) 2 u. on G, from which we get the twisted form G. We extend G
to a smooth group scheme over O by taking the fiberwise identity component of (Resp, /0G)H-.
Then, the Lie algebra of G is g = Resp/ jog and G(O) is a special parahoric subgroup of G(F).
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For each i > 1, we denote k[t]; := k[t]/t* and in particular O'/(’)¢O’ 2 k[t]. Let G =Gy =
(Resgpy./£G)7° be the special fiber of G. Define a sequence of normal subgroups Up=U D U; D
-+ D Ue_1 DU, =11in G by the congruence condition

U; :=ker(G — Resyyy,,,xG) forall0<i<e

and let G;:=G/U;. Then, U:= Uy is the unipotent radical of G and Gy = G/U is the reductive
quotient. There are natural isomorphisms Go = (Gg)?° and G= U x Go.

The action of o on the Lie algebra g=Lie(G) leads to a decomposition of O-modules
g:@f;é @; where g; is the submodule on which o acts by the scalar ¢’; here (€O is a
primitive eth root of unity. Therefore, g(O) =go(O) & @f;ll (@')'ge—i(O). Moreover, we have
Lie(Gp) = go(k) and

Lie(G;) = go(k) ® P e (k)¢ forall 1<i<e.
j=1

Let p: G — GL(V) be the given representation on a finite rank-free O-module V. Let ®,:G — g
be the associated quasi-logarithm map, which is a morphism of O-group schemes. Define a
morphism between O-schemes ® : G — g to be the following composition:

Resopr /0P, 07

¢ : G — Respr /06 Respr /08 LN 9,

where py = (1/€) > ocice 1 o' is the averaging operator on g(Q’), with ¢ acting on both g and
the coefficient ring O’. From the fact that ®, is a quasi-logarithm map, we deduce that ® is a
quasi-logarithm map. For any g € G and u € U; we have

@, (gu) — @,(g) = prg(plgu) — plg)) €t g (kltle)
and, after applying pg, we get that ®(gu) — ®(g) € Lie(U;). Therefore, ® induces quasi-logarithm
maps

®,:G;=G/U; — Lie(G;) forall0<i<e.

Let U; C G; be the variety of unipotent elements and let N; C Lie(G;) be the variety of nilpotent
elements. We claim that, for any 0 <i < e, ®; restricts to an isomorphism U; — A;. When i =0,
Gy is reductive and this follows from the version of Luna’s étale slice theorem valid in all char-
acteristics, as in [BR85, Theorem 6.2] (cf. [BR85, proof of Corollary 9.3.4] and [KV06, proof of
Proposition 1.8.16]). Suppose now that, for some 0 < < e — 1, the morphism ®; induces an iso-
morphism U; = N;. We note that Ui/Uit1 = 8e—i—1 for any 0 <i<e—1 and that an element
in G;41 is unipotent if and only if its image in G; is unipotent. Therefore, U1 is a ge_;—1 r-torsor
over U; and similarly N;i1 is a 8e—i—1,k-torsor over N;. Fix an element v € U; 11 and examine
the restriction of ®;;1 to the fiber of U; 11 — U; through ~. For any = € g._;_1(k), we have

Pi1(2zy) =pg o prg(p(z)p(y) —1)

=pg o Prg((p(x) = 1)p(7)) + pgprg(p(y) — 1)

=pg o prg(dp(z) © p(7)) + (), (4.2)
where, in the last equality, we view z as an element in the Lie algebra g(k) and dp: g — End(V)
is the differential of p. Therefore, the restriction of ®;,1 to each fiber of U;11 — U; is given by
a linear endomorphism on g._;_; 5 and hence ®;,; is determined by a morphism of k-schemes
fi:U; — End(ge—_i—1 %) such that

fi(7)(z) = pg o pry(dp(z) o p(7)).

Since f;(1) =1d is the identity, there is a nonempty open subset §2; C I; that maps into the open
subscheme GL(ge—_i_1%) of invertible linear maps. If two elements v, y" € U; have the same image
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in Uy C Gy, then v =+/(mod t) and we see from the definition that f;(v) = f;(7’). Thus, €; is the
inverse image of a nonempty open subset {29 C Uy under the natural morphism U; — Uy. By the
Gp-equivariance of ®; (note that Go is a subgroup of G;), we see that € is an open Gp-stable
subset that contains the identity. Since the identity is contained in the closure of any Gg-orbits on
Uy, we must have Qg =Uy and therefore f;(U;) C GL(ge—i—1,). This implies that ®;, 1 restricts
to an isomorphism of k-schemes U; 11 l>./\/;+1 and we are done by induction.

In particular, when i =e we have shown that the special fiber ® of ® restricts to an iso-
morphism U = N between the unipotent variety &/ C G and the nilpotent variety A’ C Lie(G).
As a consequence, ® restricts to an étale morphism on an affine open neighborhood of U in G.
Then, by the arguments in the proof of [KV06, Proposition 1.8.16], we deduce that ® restricts
to a bijection G(O)ty — §(O)tn and hence ® is bijective over topologically nilpotent elements
by Lemma 4.14. O

PROPOSITION 4.16. Suppose that the residue characteristic p is good for G and that G,q is
tamely ramified over F. Then, there exists a reductive group G* over F, whose adjoint group is
isomorphic to G.,q, that satisfies the following conditions.

(i) The residue characteristic p divides neither the order of m (G%»3") nor the order of the
component group of the center of GP.

(ii) The natural homomorphism G*(F) — Gid(F) = (Gad(F) restricts to a surjection on the set
of strongly topologically unipotent elements.

(iii) There exists a quasi-logarithm map ® : G* — g% = Lie(G?) that is bijective over topologically
nilpotent elements in the sense of Definition 4.14.

Proof. We may assume that G is absolutely simple. When G is split, we take G? as in Lemma 4.12.
Then, G¥ extends to a split reductive group scheme over O (which we denote by the same symbol).
Moreover, there exists a faithful algebraic representation p: G% — GL(V) defined over O, from
which we construct an invariant pairing (-, -), that is nondegenerate over O. Then, statement (iii)
follows by Lemma 4.15, statement (i) is clear from the definition of G, while statement (ii) follows
from statement (i) and [KV06, Lemma 1.8.17]. (Note that, in [KV06], ‘topologically unipotent’
means strongly topologically unipotent in our Definition 3.5; see [KV06, Lemma 1.8.15].)

Next, we study the remaining case where G is quasi-split but non-split over F. There are
the following possibilities for the type of the split form G: A, (n > 1), D,(n>4), Eg. We have
either [F': F]=2 or [F':F]=3, and G is either adjoint or simply connected of Dy type (in
which case G is a tamely ramified triality group of type 3Dy).

We first consider the case where G is not of type *Dy. Then, [F': F]=2. Let G" be the
split reductive group scheme over O associated to G in Lemma 4.12. It comes with an algebraic
representation whose associated trace pairing on g? = Lie(G?) is nondegenerate over ©. From
the definition of G, we see that the outer automorphism o of order 2 on Gid > Gpq lifts to GP
and we let G be the fiberwise identity component of (Resqy /@Gh)" over O, where the action
of ¢ on the O-scheme Resy, /OGh is the composition of the outer automorphism on G? with the
automorphism induced by the nontrivial automorphism of the O-algebra @’. Then, we have an
isomorphism Gi g = Gaq. Statement (iii) follows from Lemma 4.15, while statements (i) and (ii)
are checked immediately.

Finally, we consider the case where G is of type 3Dy, so that [F': F]=3 and hence p >3
by the assumption that G is tamely ramified. We take G? = G,q and let p: ng — End(gaq) be
the adjoint representation. Since p > 3, statements (i) and (ii) are clear and, from [SS70, 1.4.8],
we deduce that the Killing form on g,q is nondegenerate over O. Then, statement (iii) follows
from Lemma 4.15. O
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5. Generalized affine Springer fibers and orbital integrals

In this section, we introduce a general class of perfect subspaces of Witt-vector affine flag varieties
and prove their basic finiteness properties under suitable assumptions. As special cases, we get
finiteness properties of the Witt-vector affine Springer fibers for the group and the Lie algebra.
Then, we discuss the relation between these spaces and p-adic orbital integrals.

The generalized affine Springer fibers that we study are defined in an analogous way to
classical transporter spaces. Let us recall this notion. Let H be a group acting on a set X. For
any two subsets 2, Q' C X, the associated transporter space is the subspace of H consisting of
elements h € H such that h) C Q. The affine analogue of these spaces occurs quite often in the
context of Harmonic analysis on reductive p-adic groups.

In this section, we let F' be as in §2.1 and let G be the connected quasi-split reductive group
over I’ with pinning as in §2.2.

5.1 Loop groups and affine flag varieties

Let P C G(F) be a parahoric subgroup and let Gp be the associated Bruhat—Tits group scheme.
Let LoG be the Witt-vector loop group and let L(Jggp be the Witt-vector positive loop group,
both of which are perfect ind-schemes over k. Recall that, for any perfect k-algebra R, we have
LEGp(R) = G(Wo(R)) and LoG(R) = G(Wo(R)[1/p]). See [Zhul7] for more details. Sometimes
we abuse notation and use P to denote ngp.

Let Flp := LoG/L{Gp be the Witt-vector affine (partial) flag variety for P. By [BS17],
we know that Flp is representable by an inductive limit of perfections of projective varieties
over k.

LEMMA 5.1.

(i) Suppose G =Gy x Gy is a product of two reductive groups over F' and P=P; x Py is a
product of parahoric subgroups P; C G1(F') and Py C Go(F'). Then, we have a corresponding
decomposition of the functors

LoG = LoGl X L@GQ, nggp = nggpl X nggp2, Flp = Flp1 X FIPQ.

(ii) Suppose F'/F is a finite extension and O is the valuation ring of F'. Let G' be a reductive
group over " and P' C G'(F) a parahoric subgroup. Let G =Resp /pG and P C G(F) the
parahoric subgroup that equals P’. Then, Gp = Resp, J09p: and we have

LoG=LoG', L5Gp =L, Gp, Flp=Flp.

This follows immediately from the definitions. In the following, when the base field F' is clear
from the context, we drop the subscript ‘O’ and simply write LG, LT Gp, etc.

5.2 Generalized affine Springer fibers

Let P C G(F') be a parahoric subgroup. Let S be an F-scheme with a right action of G and
let v € S(F). Let LS be the Witt-vector loop space and let Q C LS be a P-stable locally closed
subspace.

DEFINITION 5.2. The generalized affine Springer fiber for the triple (P, 2, v) is the subspace of
Flp defined by

FIp,:={g€G(F)/P|v-geQ}.
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Let G, be the F-group of the stabilizer of v in G and let LG, be the corresponding loop
group over k. Then, LG, acts on Fl%ﬂ) by left multiplication. When P = G(0O) is the special

parahoric, we denote Grf} = Flg(o) v

LEMMA 5.3. Let Q' CQ be an open (respectively, closed) subspace. Then, Fl%ﬁv is an open
(respectively, closed) subspace of Fl%v.

Proof. Consider the morphism Orb, : LG — LS defined by Orb,(g)=v-g~!. If ' CQ is an
open (respectively, closed) subspace, then Orb;1(€) is an open (respectively, closed) subspace
of Orb;1(Q). Then, we conclude by observing the natural isomorphisms

FIY, = Orb; () /P, FIE, 2 0rb, ! (Q)/P. .
Next, we establish a finiteness property for generalized affine Springer fibers in many cases.

THEOREM 5.4. Let S be an affine scheme of finite type over F' with right G-action. Let v € S(F)
be an element such that the stabilizer G, is a group of multiplicative type. Let P C G(F) be a
parahoric subgroup and let Q) C LS be a P-stable locally closed subspace that is bounded in the
w-adic topology. Then we have:

(1) Fl%v is represented by a perfect scheme locally perfectly of finite type (see Definition 1.3);
and

(2) if, moreover, G is tamely ramified and G, is a maximal torus in G, then Flg’v is finite-
dimensional.

Proof. (1) First we assume that G is split over F' and P =G(O) is a hyperspecial parahoric
subgroup. Let T'C B be a maximal torus contained in a Borel subgroup of G and let U C B be
the unipotent radical. Consider the ind-scheme

Zy, ={x € LU/LTU |v-z€Q}.
Let A:= X, (T) be the coweight lattice. From the Iwasawa decomposition

G(F) = T(F)U(F)G(0) = || N=)U(F)G(O),
AEA
we obtain a decomposition

G:I“i2 = |_| Zy\(w)- (5.1)
AEA

Then, it suffices to show that 7, ) is perfectly of finite type (and hence finite-dimensional)
for each A € A. Without loss of generality it suffices to prove this for Z,.

Choose a closed embedding S < A" into some r-dimensional affine space. Since €2 is bounded,
its image in LA" is contained in a closed subscheme ™" LT A" for m sufficiently large. Compose
this embedding with the orbit map U — S sending g to v - g; we obtain a morphism f:U — A"
defined over F. By assumption, we have G, NU =1. Then, the orbit map U — .5 is a closed
embedding by [Ros61, Theorem 2|. Hence, f is also a closed embedding.

Let {a1,...,an} =®" be an ordering of the positive roots of G. Then, we have an isomor-
phism of schemes AN = U under which the image of the ith coordinate is the root subgroup
U,, and any element v €U is expressed as a product u=wuq,...,uy, where u; lies in the
root subgroup U,,. We let v(® .=y and define inductively v® .= (=D .y, Then, v™) =0 - .
Using the coordinates given by the embedding S < A" we write each y € S as y=(y1, ..., yr)-
Then, the action map S x U — S is given by r polynomials { fi(u,y),1 <i<r} in the variables
u=(u1,...,un) and y=(y1,...,yr). If u represents a point in Z,, then v-u € Q, so that the
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valuations of its coordinates f;(u,v) = f;(0, ..., 0, uyn, v 1) are bounded below by a fixed con-
stant that is independent of u (equivalently, the absolute value is bounded above). This implies
that the valuation of uy and the coordinates of vV~ are bounded below by a constant Cly.
Now, the coordinates of v(¥=1) are given by UZ(N_I) = fi(0,...,0,un_2,0, U(N_2)) and this leads
to a lower bound on the valuation of uy_o and the coordinates of v(V=2) by a constant Cn_o.
Repeating this procedure, we see that the valuations of all the coordinates u;, 1 <7< N, are
bounded below by a constant Cy that only depends on €2, v €S, and the chosen embedding
S — A". This implies that Z, is representable by a finite-dimensional perfect scheme perfectly
of finite type and we are done with the special case.

Now, we consider the general case. By [PR08, Proposition 1.4], there exists a group scheme
closed embedding Gp — H := GL,, X G, (defined over O) such that the quotient H/Gp is quasi-
affine. (Although the setting of this proposition is over equal-characteristic discrete valuation
rings, the proof is valid also in the mixed-characteristic case.) Then, by [Zhul7, Proposition 1.20],
the induced map Flp — Gry is a locally closed embedding. Let Sg :=S x& H. Then, Sy is an
affine scheme over F' by [Alpl4, Proposition 9.7.8]. We let H act on Sy by right multiplication
on the second factor. Let w= (v,1) € Sy and let Qy be the image of Q x LTH under the
natural map LS x LH — LSy. Then, one checks that H, =G, and Qg is a bounded H(O)-
stable subspace of LSy. By construction, the image of Fl%v under the embedding Flp — Grgy
lies in GrﬁH, which is locally perfectly of finite type by the case we already proved. Thus, F I%U
is locally perfectly of finite type.

(2) First, assume that G is split and P = G(O) is hyperspecial. If G, is a split maximal torus,
we may assume without loss of generality that G, =T. Then, in the decomposition (5.1) above,
we have v - A\(ww) = v for all A € A. Since we already proved that Z, is finite-dimensional, then Grf!
is finite-dimensional. In general, there is a finite Galois extension F’/F such that G, splits over
F'. Let O’ C F' be the valuation ring and let G":=Resp:j0Gor. Then, G is a closed subgroup
scheme of G’ by [KP23, A.3.20] and since G is a reductive group scheme over O, the quotient
G’ /G is an affine scheme over O by [Alp14, Corollary 9.7.7]. Then, by [Zhul7, Proposition 1.20],
the induced map Grg — Greg is a closed embedding. Let S := Resp//p(SF/) and let ' C LS’ be
a bounded LT G’-stable subspace containing 2. Then, the map Grg — Grg restricts to a locally
closed embedding CGr! — Gr¥'. Since Gr!’ is finite-dimensional by what we already proved, Gr??
is also finite-dimensional.

Next, we assume G is split and P=1C G(O) is the standard Iwahori subgroup. Let
be a bounded LTG-stable subspace of LS containing the I-stable subspace €. Then, Gr?/ is
finite-dimensional by the case already proved. Moreover, the fibers of the natural map Fl%v —

GrY" are subschemes of the (perfection of) flag variety G/B over k, and hence Fl, is finite-
dimensional.

Next, we treat the case where G is split and P is arbitrary. Without loss of generality, we may
assume that P D I. Since (2 is P-stable, it is also I-stable, and hence F l%v is finite-dimensional
by the case already proved. Observe that the natural map Fl%v — Fl%v is surjective with fibers
all isomorphic to (the perfection of) a flag variety P/I. So Fl%,v is finite-dimensional.

Finally, we consider the general case where G is tamely ramified. Let F’/F be a finite tamely
ramified Galois extension such that Gp is split and let O’ C F’ be the valuation ring. There
exists a parahoric subgroup P’ C G(F’) such that P =P’ N G(F) and Gp is the fiberwise identity
component, of (Reso//ogp/)Gal(F//F) (see e.g. [KP23, Theorem 12.7.1(4)]). In particular, Gp is a
closed subgroup scheme of Resp/0Gp. Let S":=Resp p(Sr) and let Q' C LS" be a bounded
P’-stable subspace containing 2. Then, we have a locally closed embedding Fl%v — Flﬂl,’v. In
fact, one can show that the natural map Flp — Flp: is a closed embedding by an argument
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similar to [PZ13, proof of Proposition 8.1]. Since Fl%l/?v is finite-dimensional by the case already
proved, we conclude that FI%U is finite-dimensional. O

We remark that, in [HKW23, Theorem 3.1], one finds a stronger version of the above result
in a special case.
In this article, we are mainly interested in the following two special cases.

— First, S =g with adjoint action of G. Any g € G acts by sending X € g to ad(g) " 'X. In
this case, we take Q2 =Lie(P) to be the Lie algebra of a parahoric subgroup P, which is an
O-lattice in g(F).

— Second, S = G with adjoint action of G. Any g € G acts by sending z € G to g 'zg. In this
case, we usually consider a parahoric subgroup P and take Q =P.

These examples, together with their slight variants in which one allows another group G’ with
the same adjoint group as G to act on GG or g, are studied in detail later. Before that, we explain
the relation between generalized affine Springer fibers and orbital integrals.

5.3 Orbital integrals

In this subsection, we assume that k =IF, is the finite field with ¢ elements, where ¢ is a power of
p. Then, F'is a finite extension of QQ, with ring of integers O and residue field k. For each integer
n =1, let k, =F 4 be the unique degree-n extension of k, O,, = Wo(k,), and F,, = Oy [1/p]. Then,
F,/F is the unique unramified extension of degree n.

We keep the notation from §5.2. Let fe€ C®(S(F)) be a locally constant function with
compact support and suppose that its support is contained in §2. Suppose we take v € S(F') such
that the stabilizer G,(F) is unimodular. We fix Haar measures dg (respectively, dg,) on G(F)
(respectively, G,(F')). They induce a G(F)-invariant quotient measure dg on G, (F)\ G(F).

The orbital integral of f at v is defined by

0u(f) = / f(v-g) dg.
G, (F)\G(F)

If we suppose, moreover, that f is P-invariant, then we can calculate it as

Ou(f) = > 1 fg) _gl);ogp,;zg)d ’
secu g g (9Pg v(F), dgy)
where the sum is over the set of G, (F)-orbits on Fl%v(k‘).

We would like to relate O,(f) and certain weighted counting on the quotient stack
[LGW\FI%W]. In most cases that we are interested in, including the case of the Witt-vector
affine Springer fibers, this quotient stack is essentially of finite type, which guarantees that the
sum in the formula above is finite. To proceed further, we make more assumptions.

— Assume that the stabilizer G, is a group scheme of multiplicative type (in particular,
commutative).
Let A, ::X*(GU,F) be the lattice of coweights of G, defined over F. Via the action of
Gal(F"/F) = Gal(k/k), we view A, as an étale group scheme over k. The uniformizer w
induces an embedding of k-group schemes A, — LG, sending A € A, to A\(w) € LG,. Then,
for any n > 1, Ay(ky) is a discrete cocompact subgroup of LG, (ky,) = Gy(F},).

- Replaging A, by a finite-index subgroup if necessary, we may assume that A, acts freely
on Flp .
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— Finally, we assume moreover that the quotient A,\Flp, is an algebraic space perfectly of
finite type over k.

In most examples that we are interested in, the function f has geometric origin. To explain
this, let us continue to make more assumptions.

— Suppose € is the set of k-points of an L+ Gp-stable perfect sub-indscheme, which we still
denote by €2, of the loop space LS.

— Suppose there is an object F € DY([LTGp\$], Q,) in the bounded derived category of L*Gp-
equivariant f-adic sheaves on ), where ¢ # p is another prime, which gives rise to f by
Grothendieck’s sheaf-function dictionary. In other words, for any x € Q(k) C LS(k) = S(F),
we have f(x)=Tr(Frob,, Fz), where Frob, is the geometric Frobenius at .

The sheaf F (more precisely, complex of ¢-adic sheaves) contains much more information than
the function f. For instance, by taking traces of geometric Frobenius on stalks of F, we get a
family of functions f, on LS(ky,) = S(F),) for each integer n > 1, among which f = f; is only one
of them. Denote P,, :=Gp(O,,). Then, we have

Oy(fn) = Z Jn(v - g)vol(Py, dg)

1(gP, g r
0EC(FNFIE (k) (gPng= N Gy(Fn), dgy)

VOI(].)n7 dg) Z
- fulv-g). (5.2)
vol(Ao(kn)\Gv (Fn), dgo) 9EA, (kn)\FIZ , (kn)

To proceed further and make this expression more geometric, one is confronted with the
discrepancy between the set-theoretic quotient

Ao (k) \FIB ,, (Kn)

and the set of k,-points of the geometric quotient

(ANFIB ) ().

The difference is measured by the cohomology group H!(k,, A,). Any ¢ € H!(k,, A,) defines a
twisted form Flg’f] of F I%U and we have the decomposition

ANFIB (k)= || Aullen)\FIRS (Kn).
EeH (kn,Ay)

Here, we have used that A, is commutative so that it does not have nontrivial inner forms. The
nonempty pieces in this decomposition are those £ that lie in the subset

HY(Fo, Ay — G) :=ker(H (kn, Ay) = HY (Fp, Ay) — HY(F,, G(F))).
Each such cohomology class ¢ can be represented by a cocycle of the form o™ — 0™ (g)g~!, where
o € Gal(k/k) is the arithmetic Frobenius and g € G(F). Then, gP, is a point in Flg’i(kn). Let

vg :==v - g. Then, we have a canonical isomorphism Flg’f} = Fl%vg, from which we deduce that

S, MG 5

2€(ANFIZ ) (k) E€H (F,,Ay—G)

We note that there is a natural surjection from the set H'(F},, A, — G) to the set of G(F},)-orbits
inside the G(F)-orbits of v. So, one can define a suitable notion of stable orbital integral, which
would be a certain multiple of the right-hand side above.
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In particular, when n is sufficiently large so that H'(k,, A,) =1, we have

VOI(PTM dg)
Ou(fn) = Tr(Frobs, 7).
(fn) vol(Ay (kn)\Go(Fp), dgy) ve(A \%; (k) | )

Here are some typical examples in which all the assumptions above are satisfied.

Ezample 5.5. Let S =G with the adjoint action of G. For simplicity, we assume that G is split
over F' and P C G(F) is a standard parahoric subgroup. Recall that we have the decomposition
of G(F) into P-double cosets

GF)= || PP,
weWp\W /Wp

where W is the extended affine Weyl group of G(F') and Wp is the Weyl group of the reductive
quotient of P. For any w € W, we use w € G(F') to denote a representative of w. We could take
€ to be a finite union of these double cosets and F to be the constant sheaf Q,. The resulting
spaces have been studied in [He25|. In fact, the Witt-vector affine Springer fibers for the groups,
which are introduced in § 6.3 and studied in detail in § 8, are special cases of these spaces where
) is a union of double cosets for certain length-0 elements w.

In particular, when P =G(0O) is a hyperspecial, we get the Cartan decomposition labeled
by the set of dominant coweights of a maximal split torus. In this case, the equal-characteristic
version of these spaces has been studied in [Boul5, BC18, Chi22], using global methods which
do not apply in the mixed-characteristic setting.

Ezample 5.6. Let S =g with the adjoint action of G. We take (2 = Lie(P) and the sheaf F to be
the constant sheaf Q,. Then, we get the Witt-vector affine Springer fibers for the Lie algebras
to be introduced in §6.2 and studied in detail in § 7.

6. Basic properties of Witt-vector affine Springer fibers

In this section, we introduce the Witt-vector affine Springer fibers for the group and the Lie
algebra, state the main theorems, and prove the nonemptiness criteria. During the reduction
steps in the proof of the main theorems, it will become necessary to slightly generalize the usual
definitions in § 1. We introduce the more general setup first.

6.1 The setup

Let (G',G) be a pair of reductive groups over F equipped with an isomorphism G/ = Gaq
between their adjoint groups. Then, G’ acts on G by conjugation and on g= Lie(G) through
the adjoint representation. Let P’ C G'(F) and P C G(F) be parahoric subgroups that have the
same image in their adjoint groups. Then, P’ and P are uniquely determined by each other
and P is preserved by the adjoint action of P’. Let P (respectively, P’) be the normalizer of P
(respectively, P’) in G(F') (respectively, G'(F)).

6.2 Witt-vector affine Springer fibers for the Lie algebras

We first introduce the Lie algebra version of the Witt-vector affine Springer fibers. We maintain
the assumptions and notation in §6.1.
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DEFINITION 6.1. The Witt-vector affine Springer fiber in Flp, = LG’ /P’ for an element ~y € g(F)
is the closed perfect sub-indscheme X3, . of Flp: = LG’ /P’ whose set of k-points is

Xp, (k) ={g € G'(F)/P'|ad(g)" 'y € Lie(P)}.

We simplify the notation in the following situations. When G = G’ and P = P’, we simply denote
Xp i =Xp p - If P =1is an Iwahori subgroup of G(F), we denote Y, := X7 1, If, moreover, G is
tamely ramified and P = G(0O) is the special parahoric subgroup defined in § 2.4, then we denote
X1 = XG0

First, let us make some initial reductions in the study of the spaces X gw'

Let G := G = (G')* be the simply connected cover of the derived group of G (and also G’)
and let P; be the inverse image of P in G (F'). Let g1 := Lie(G1) be the Lie algebra of G, which
is also canonically isomorphic to the Lie algebra of the adjoint group of G (and also G’). Let
v € g(F)™ be a regular semisimple element and let 7; € g;(F') be its image under the natural
map g — g1 = Lie(Gaq). Then, we haV(eA‘Ehe Witt-vector affine Springer fiber Xp, ,, = Xpl1 - I
Flp, = LG, /P;. For each element n € P’/P’, we define a map

in : XPl{h — Xl%/y’Y

sending ¢1P1 to 7’'(g1)nP’, where 7’ : G1 = (G')* — G’ is the natural homomorphism and n € P’
is a representative of n.

PROPOSITION 6.2. With notation and assumptions as above, the map iy, is a closed embedding
for each element n € P'/P’. Altogether, they induce an isomorphism

L i [ X = X3,

neP’ /P’ neP’//P’

Proof. The morphism iy, is the restriction to Xp, -, of the map Flp, = LG, /Py — Flp, = LG’ /P’
defined by g1 P1 — 7' (g1)nP’, the latter of which is an isomorphism onto a connected component
of the target by [Zhul7, Prop. 1.21]. Therefore, each i, is a closed embedding. Clearly, the images
of the different embeddings are disjoint.

It remains to show surjectivity on k-points. For any g € G'(F) representing a closed point of
Xlgj,ﬁ, we choose an element h € G1(F') such that the inverse image of ad(g)P in G1(F') equals
ad(h)P;. Then, from the condition v € ad(g)Lie(P), we deduce that v, € ad(h)Lie(P;) and hence
hP1 € Xp, »,. On the other hand, we have ad(n’(g1))P’ = ad(g)P’ and hence n'(h)~'g € P’. Let

n € P'/P’ be the class of 7/(h)~'g. Therefore, gP’ =i, (hP1) and we are done. O

THEOREM 6.3. Suppose G is essentially tamely ramified and the residue characteristic p is not
a torsion prime for G (e.g. this holds if p is good for G). Then, the space XE,,77 is nonempty
if and only if -y € g(F') is bounded in the sense of Definition 4.6. Furthermore, in this case it is
finite-dimensional if and only if «v is bounded and regular semisimple.

Proof. By Proposition 6.2, we may assume that G is tamely ramified, semisimple simply con-
nected. Then, p is not a torsion prime for the root datum of G and the first statement follows
from Corollary 4.5. It remains to prove the second statement.

If v € g"*(F), then Xp, is finite-dimensional by Theorem 5.4. Conversely, if v € g(F) is not
regular semisimple, then the centralizer GG, contains a nontrivial unipotent subgroup U and the
orbit of its loop group LU on Xp . is infinite-dimensional. O

Now, we state the main theorem on the dimension of XP, for a bounded regular semisim-
ple element ~. The formulae involve two numerical 1nvar1ants of the conjugacy class of ~: its
discriminant valuation dg(vy) and its Artin conductor Art, := Art(G.,).
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THEOREM 6.4. Let (G',G) be a pair of reductive groups over F equipped with an isomorphism
G' 4= Gaq between their adjoint groups. Suppose that G is essentially tamely ramified (see
Definition 2.3) and the residue characteristic of F' is not bad for G. Let P’ C G'(F) and P C G(F)
be parahoric subgroups whose images in G/ (F) = Gaq(F) coincide. For any bounded regular
semisimple element ~ € g*5(F'), the Witt-vector affine Springer fiber X g,y ., Is represented by a
finite-dimensional perfect scheme locally perfectly of finite type (see Definition 1.3). Its dimension
satisfies
dim Xp, < 3(dg(v) + Art(G) — Art,),

and if P is contained in a special parahoric subgroup of G(F), then equality holds:
dim X, = 2(dg(v) + Art(G) — Art,).
Furthermore, if P =1 is an Iwahori subgroup, then Xf, . is equi-dimensional.

Remark 6.5. We expect that the dimension formulae should hold for any parahoric subgroup P.
In the equal-characteristic case, when the residue field is C, the dimension formulae for general P
can be proved by the same methods as in [KL88, § 4], using the description of the representations
of affine Weyl groups on the homology of the affine flag varieties. If this description also holds for
the Witt-vector affine flag varieties, then the dimension formulae for general P would follow. On
the other hand, we do not know if the equi-dimensionality property holds for general parahoric
subgroup P. In the equal-characteristic case, the equi-dimensionality property can be proved for
hyperspecial parahoric subgroups by using the geometry of Hitchin fibrations (see [Ng610, 3.3.1,
4.16.2]).

The proof of Theorem 6.4 is presented in §7. Here, we make some initial reductions.

COROLLARY 6.6. Let (G,G',P,P’) be as in §6.1. Let (H, H') be another pair of reductive
groups over F' with an isomorphism between the adjoint groups Haq = H! ; and let Py C H(F),
P, C H'(F) be parahoric subgroups whose images in the adjoint group coincide. Suppose there
is an isomorphism G,q = H,q such that the images of P and Py in the adjoint group coincide. Let
b :=Lie(H) be the Lie algebra of H. Let v € g(F') and yg € h(F') be bounded regular semisimple
elements whose images in Lie(G,q) = Lie(H,q) coincide. Then, Theorem 6.4 holds for ng,,ﬁ if
and only if it holds for X3, _ .

Proof. By the assumptions and Proposition 6.2, both spaces are disjoint unions of the same affine
Springer fibers for the common derived group of G and H, and hence have the same dimension.
On the other hand, the invariant dg4(v) depends only on the image of 7 in the adjoint Lie algebra
and the difference Art(G) — Art, does not change when we replace G by its adjoint group (and
replace 7 by its image in the adjoint Lie algebra). O

Next, we show that Theorem 6.4 can be reduced to the case of topologically nilpotent ele-
ments. We employ this reduction procedure when comparing the group version and Lie algebra
version of Witt-vector affine Springer fibers (cf. §8.4).

Thanks to Corollary 6.6, we may assume that G =G’ and P = P’, and we have the freedom
to replace G by any reductive group whose adjoint group is isomorphic to G,q. Therefore,
by Proposition 4.16, we may assume that the assumptions in Proposition 4.8 are satisfied. In
particular, G is tamely ramified. Then, a bounded regular semisimple element v € g(F')"™ admits
a topological Jordan decomposition v =y + 1, where v € g(F') is strongly semisimple and
~v1 € g(F) is topologically nilpotent. By Proposition 4.8, after G(F')-conjugation we may and do
assume that vy € t(O). Let H =G, be the centralizer of vy and let h=g,, be its Lie algebra.
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Then, H is an F-Levi subgroup of G containing the maximal torus T, and 1 € h(F)™ is bounded
and regular semisimple. Let Py :=P N H(F'). Then, Py is a parahoric subgroup of H(F).

ProrosiTiON 6.7. With notation as above, there is a canonical isomorphism of perfect schemes
XPH”Yl = XPQ"

Proof. Since 7y € t(O) lies in the center of h(F'), we see that the natural embedding Flp, — Flp
induces an embedding Xp,, 5, = Xp . It remains to show that it is surjective.

Let gP be a point in Xp -, so that v € ad(g)LieP. Suppose that 7o ¢ ad(g)LieP, then gP # hP
for any h € H(F) and, by [KM03, Lemma 2.3.3], we get that 7 ¢ ad(g)LieP. This is a con-
tradiction and hence we must have vy € ad(g)LieP. Then, we deduce that gP =hP for some
he H(F) by [KM03, Theorem 2.3.1]. We get that € ad(g)LieP Nh=ad(h)Py and, since
v € ad(h)LiePy, we deduce that v, € ad(g)LiePg. Therefore, gP = hP lies in the image of
Xp, v — Xp, and we are done. O

6.3 Witt-vector affine Springer fibers for the groups

We proceed to introduce the group version of Witt-vector affine Springer fibers. Keep the
assumptions and notation in §6.1.

DEFINITION 6.8. The Witt-vector affine Springer fiber in Flp, = LG'/P’ for an element ~ €
G(F) is the closed sub-indscheme of Flp, whose set of k-points is

X (k) ={g€ G (F)/P'|ad(9)"'(7) € P}.

More precisely, for any perfect k-algebra R, ng(R) is the set of isomorphism classes of triples
(&', ¢, 1) in which:

— &' is a Gpr-torsor on SpecW (R), where Gp is the O-model of G’ whose set of O-points is
P’;
~ ¢ is a W(R)-point of the W (R)-scheme &' x9*' G5, where Gp is the O-model of G whose

set of O-points is P (here we form the contracted product using the action of Gp: on Gg
that uniquely extends the adjoint action of G’ on G); and

— ¢ is an isomorphism between the restriction of the pair (£, ¢) to SpecW (R)[1/p] and (&), ),
where &) is the trivial G'-torsor on SpecW (R)[1/p].

Although we are mainly interested in the case where G = G’ and P = P’ the current, slightly
more general, definition is convenient in certain reduction steps in the proof of the main theorems.
Two special cases are of particular importance. If G=G’ and P =1 is the standard Iwahori
subgroup of G(F), we denote Y, ::XI%. If G=G" is tamely ramified and P =G(0O) is the
special parahoric subgroup defined in §2.4, we denote X, := X g((’)),'y' In the following, it will be
clear from the context whether « is an element of the Lie algebra or the group, so the conflict
of notation in the two cases should not cause confusion.

First, we establish a nonemptiness criterion.

THEOREM 6.9. For any v € G(F), the Witt-vector affine Springer fiber XIG,W is nonempty if
and only if v is bounded mod center and k¢(v) € mo(P). In particular, when G =G’ and P =1,
we have Y, = Xy, is nonempty if and only if v is bounded mod center. Furthermore, suppose
that G is essentially tamely ramified (see Definition 2.3) and XIC;V,’7 is nonempty, then XIC;V,’7 is

finite-dimensional if and only if vy is regular semisimple.
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Proof. First, we show the nonemptiness criterion. The necessity is clear, since any element in P
is bounded mod center. It remains to show sufficiency. We may assume that P D I is standard. If
v € G(F) is bounded mod center, then there exists g € G(F) such that g~ 'vg € I by Lemma 3.4.
After multiplying by an element in I, we may assume that g is the image of an element g; € G*(F)
under the natural homomorphism G*(F) — G(F') (cf. [KP23, Definitions 7.4.1 and 7.4.5]). Let
g' € G'(F) be the image of g; under the natural homomorphism G*(F') — G'(F). Then, we have
ad(g')~1(y) € I. By assumption, we have rg(ad(¢’)~1(v)) € m0(P) and hence there exists = € P
such that kg (x) = rg(ad(g’) " (y)). After multiplying by an element of P, we may assume that
x € INP. Consequently, we have 2~ 1ad(¢’)(y) € IC P and then we get that ad(g')~!(y) € P.
This shows that ¢’P’ is a point in Xlg,,7 and, in particular, Xg,ﬁ is nonempty.

Now we prove the last statement. Suppose G is essentially tamely ramified and X§, - is
nonempty. By Proposition 8.4, we may assume that G is tamely ramified. (Note that this pré)po-
sition only depends on the first part of the current theorem that we already proved, so there is
no circular reasoning.) If v € G™(F) is regular semisimple, then ng is finite-dimensional by
Theorem 5.4. If ~ is not regular semisimple, then there exists a nontrivial unipotent subgroup
U C G and the LU-orbits on Xg,ﬂ are infinite-dimensional. O

Now, we can state the main theorem on the dimension formula for Xg, v It will involve the
following numerical invariants of the conjugacy class of v € G™(F).

— The discriminant valuation dg(7) (see Definition 3.1).
— The Artin conductor of v, defined by Art, := Art(G,) (see Definition 3.11).
— The Kottwitz invariant kg () and its defect def(rkg(y)) (see Definition 3.2).

THEOREM 6.10. Let (G', G) be a pair of reductive groups over F equipped with an isomorphism
G’ 4= Gaq between their adjoint groups. Suppose that G is essentially tamely ramified (see
Definition 2.3). Let P’ C G'(F) and P C G(F') be parahoric subgroups whose images in G’ j(F) =
Gad(F) coincide. Let v € G(F)™ be a regular semisimple element that is bounded mod center.
Then, the affine Springer fiber X§, 5 is represented by a finite-dimensional perfect scheme locally
perfectly of finite type (see Definition 1.3). Suppose, moreover, that the residue characteristic of
F' is not bad for G. Then, we have

dim X§, ., < 3(da(v) + def (kg (7)) + Art(G) — Art,).
If P is contained in a special parahoric subgroup, then equality holds:
dim X§, | = 3(da(v) + def(ka(y)) + Art(G) — Art,).

Furthermore, if P =1 is an Iwahori subgroup, then XIC,i7 is equi-dimensional.

This is established by reducing to similar statements for Lie algebras that we introduced in
the previous subsection. Similar to the Lie algebra case, we expect that equality should hold for
any reductive group with no assumption on residue characteristic and any parahoric subgroup
P, but we do not know if ng is equi-dimensional in general (cf. Remark 6.5).

To finish this subsection, we establish the equi-dimensionality property in some special cases,
which generalizes similar results of [KL88] in the equal-characteristic setting.

PROPOSITION 6.11. Let G be a reductive group over F and let G'=G*°. Let IC G(F) be
an Iwahori subgroup and let I' C G'(F) be the inverse image of I. Let v € G™(F') be a regu-
lar semisimple element that is strongly topologically unipotent. Then, the Witt-vector affine
Springer fiber Xy , = XIC,’VW in LG' /T is connected and equi-dimensional.
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Proof. We follow the arguments in [KL88, §4]. For a parahoric subgroup P C G(F') containing
I whose inverse image in G'(F) is denoted by P’, we consider the space

Xg = {g € C'(F)/P, |ad(g)\(7) € L.}
on which Bp =T1'/P’, acts by right multiplication. Since I;, =1 and 7 is topologically unipo-
tent, for each gI' € Xy, (i.e. g 1vg €1), we have automatically g~'vg € I,. Hence, X;,’,Y is a
Bp/-torsor over Xy . Consider the associated adjoint bundle on Xy  defined by

VP/:’Y = Xli_’,’y XBP/ Lie(I+/P+),

i.e. taking the quotient of XIJ;,F,,7 x Lie(I+/P,) by the diagonal action of Bp, =T1'/P’,.

Suppose that I, /P, has dimension 1, then Vp/ , is a line bundle. We fix an isomorphism
I. /P, = Lie(I+/Py). Then, the natural map XJF,77 — Lie(I; /P ) sending gP’ to the image
of g~ lvg in Lie(I;/P) descends to a global section of Vp. ., which we denote by vp: .. Let
Zp: 4 C Xy, be the vanishing loci of vp/ . Then, we have

2 71'1;1 (e (Zpr ) = WE},W(WP’VW(ZPW)% (6.1)
where 7p/  : X1/ — Xp- 4 is the restriction of the natural projection mp: : Flyy = LG’ /T — Flp, =
LG’ /P’. Indeed, the second equality follows from the first one and the first one follows from the
fact that g~lyg lies in Py if and only if the (classical) Springer fiber of the image of g~lvyg
in Gp =P /P equals the whole flag variety Gp/Bp =P /I=P’/I’". In other words, Zp - is the
union of the fibers of mp, that are completely contained in Xy .

For each simple affine root o with corresponding simple reflection s, € W, let P, =T UTs,I
be the corresponding parahoric subgroup of G'(F) and let P’a’ 4 be its unipotent radical. The
fibers of the natural projection m, : Flyy — Flp, are all isomorphic to the perfections of P! and
we call them lines of type a. -

Let gI', ¢'T € Xy, be two points in relative position w € W so that g71¢’ € TwI’. Let w=
s1,..., S be the reduced expression in simple reflections. For each 1 <i < r, let a; be the simple
affine root corresponding to the simple reflection s; and fix a representative $; € G'(F) of s;.
Then, we may assume that ¢~ '¢’ = $1,...,5,. We claim that there exists a unique sequence of
points {g;I',0 <i < r} in the affine flag variety Fly, = LG’/I’ satisfying:

—go=gand g, =g =gs1,..., 5
~ g7 hgielsT forall 1<i<r.

Indeed, the sequence g1 := go$1, g2 := 9182, - - ., gr := gr_15, clearly satisfies the above conditions
and the uniqueness follows from a general property of the Tits system (e.g. see [Kum02, 5.1.3(h)]).
Since G’ is simply connected, we may identify Flp as a connected component of the affine
flag variety for G, so that v € G(F)? acts on it by left multiplication. Then, the sequence
{v¢;I',0<i<r} also satisfies the above conditions, since ygoI' = goI' and vg,I' = g, I' by the
assumption that goI’, g,I' € Xy . Hence, by uniqueness, we get vg;I' = ¢;I', i.e. g;I' € X, for
all0 <i<r. Foreach 1 <i<r, {;:=g;—1P,,/Iis aline of type «; passing through g;_1I and g;I.
The intersection ¢; N Xy  is the perfection of a classical Springer fiber for a nilpotent element of
sly and contains at least two distinct points ¢g;_1I’, ¢;I’, as we have just seen. Since the Springer
fiber for a nilpotent element of sly is either a single point or the whole flag variety P!, we get
¢; C Xy, for all 1 <¢<r. Thus, we have shown that any two points in Xy, can be connected
by a sequence of lines of type « in Xy, for various affine simple roots «. In particular, Xy 5 is
connected.

To prove the equi-dimensionality of Xy ,, it suffices to show that for any irreducible com-
ponent Z C Xy  of dimension d =dim Xy , and any line ¢, C Xv , of type a (for some simple
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affine root «) such that £, N Z # @ and ¢ € Z, there exists an irreducible component Z' C Xy .,
of dimension d such that ¢, C Z’. To prove the claim, we consider the line bundle £, := Ve
on Xy . constructed as above. By (6.1) we have £, C Zp: ~ and hence Z is not contained in
Zp: -, since Lq g Z. Then, the intersection Z N Zp/ - has pure dimension d —1. Let Z; be an
irreducible component of Z N Zp, -, that has nonempty intersection with £,. Then, Z’":=7,1(Z;)
is contained in Zp: , by (6.1). Hence, Z' C Xy, and dim Z' = dim Z; + 1 =d. Therefore, Z’ is
an irreducible component of Xy . containing ¢, and we are done. ]

6.4 Comparison between the group case and the Lie algebra case

We relate the affine Springer fibers for the group and the Lie algebra by a quasi-logarithm map.
The comparison is based on the following simple observation.

LEMMA 6.12. Let G be a reductive group over F' with Lie algebra g and let P C G(F') be
a parahoric subgroup. Suppose that there exists a P-equivariant bijection ® : Py, — Lie(P)ty,
where:

— Py, is the set of topologically unipotent elements in P on which P acts by conjugation; and

— Lie(P)y is the set of topologically nilpotent elements in the Lie algebra Lie(P) on which P
acts by the adjoint representation.

Then, for any strongly topologically unipotent element € G(F), we have an isomorphism
between the centralizers G5 = Gg ;) and an identification between Witt-vector afline Springer
fibers Xg y= XEQ, B(y)’ i.e. they are the same subspace of the Witt-vector affine partial flag variety
Flp.

Proof. Since both spaces are closed in the perfect ind-scheme Flp, it suffices to check that they
have the same set of k-points. For any g € G(F’), we have the following equivalences:

g g eP & g yg € Py & ad(g) ' ®(y) € Lie(P)w, < ad(g) ' ®(v) € Lie(P),

where the middle equivalence follows from the assumptions. This shows that X{;‘ y= XI?, ®(y)"
After G(F')-conjugation we may assume that v € Py, and then ® induces an isomorphism

between the centralizers Gs = G s).- O

One also expects that the discriminant valuation functions dg on G(F) and dy on g(F)
should be compatible with a quasi-logarithm map. This is indeed the case, at least for strongly
topologically unipotent elements. Although there might be a straightforward proof of this fact,
we deduce it from Lemma 6.12 and special cases of the main theorems later (see Corollary 8.3).

7. Dimension of affine Springer fibers for the Lie algebras

In this section, we establish the dimension formula of the Witt-vector affine Springer fibers for
the Lie algebras and finish the proof of Theorem 6.4.

7.1 Further assumptions on the group

By Corollary 6.6, we may assume that G = G’ and we have the freedom of replacing G by any
reductive group over F' whose adjoint group is isomorphic to G,q. Meanwhile, the adjoint group
Gq is a product of F-simple groups and each simple factor of G,q is the Weil restriction of an
absolutely simple group (i.e. whose base change to F is simple). Let us examine the effect of Weil
restrictions on the numerical invariants in Theorem 6.4. Suppose G = Resj / G, where F//F is

a finite field extension. From the definition, we easily see that the discriminant valuation dg(v)
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does not change if we replace F (respectively, G) by F' (respectively, G). By Proposition 3.14, the
same is true for the difference Art(G) — Art(G5). In addition, it is clear that all these invariants
are additive when we decompose G into products of simple factors. Then, by Lemma 5.1, we
may and do assume that G,q is absolutely simple. Furthermore, we assume that G splits over a
tamely ramified extension F'/F of degree e > 1, pte. We use the notation and definitions from
§62.2 and 2.4. In particular, G is an outer twist of its split form G defined by a homomorphism
PG e — Out(G).

By Lemma 4.12 and Corollary 4.13, after replacing G by a group G7 with the same adjoint
group, we may assume that all of the following conditions are satisfied.

— First, G is tamely ramified, G.q is absolutely simple, and p is good for G.

— Second, there exists a G x Out(G)-invariant perfect symmetric bilinear form (-,-) on the
O-module g(O).

— Third, the regular centralizer J for G is smooth over the O-scheme ¢ = (Reso/oc)*e and
there exists a section k:¢— g (of the Chevalley morphism x¢) between O-schemes.

We impose these assumptions until the end of § 7.

Let v € g(F) be a bounded and regular semisimple element. By Corollary 4.5, v is G(F)-
conjugate to an element in g"#(0), since x(v)€¢(O). As G, is a torus over F, we have
H(F,G,)=1 by Steinberg’s theorem. This implies that v is G(F)-conjugate to an element
in g™&(0).

We assume, for the rest of this section, that v € g"&(O) N g™ (F). Let G, be the O-group
scheme of centralizers of 7. Let a:= x(v) € ¢«(F)® N¢(O). Let J, be the pullback of the regular
centralizer J along a, viewed as a morphism Spec(QO) — ¢. By Proposition 4.4, we have a canonical
isomorphism G = J, and then, by the assumptions above, GG, is a smooth commutative group
scheme over O whose generic fiber is a torus. Then, we have the Witt-vector loop group LG,
the positive loop group LG, and their quotient

P,:=Grg, =LG,/L*G,.

7.2 Centralizer action

The loop group LG acts on ng, . and we show that the action factors through the quotient P,.
LEMMA 7.1. The positive loop group L*G., acts trivially on Xp -

Proof. We may assume that P D I. Since the natural morphism Y, = X7 — Xp _ is surjective
and equivariant for the LG, -action, it suffices to prove the claim for Y,,.

Let gL €Y, so that §:=ad(g) !y € Lie(I) C g(O’). Since v € g™8(0), the restriction of the
homomorphism x*J —1 to § € g(O’) induces the inclusion

ad(g) 1G,(0) C G5(0') C G(O').

We need to show furthermore that ad(g)"*G.(O) CI. Let 6 € g(k) be the image of § under
the reduction map g(O') — g(k). It suffices to show that the image of G, (k) under ad(g)~!
lies in B(k). This follows from [Yunll, Lemma 2.3.1], which says that the restriction of the
homomorphism x*J — I (see Proposition 4.4) to Lie(B) factors through the universal centralizer

of elements of Lie(B) in B. O

As a consequence, the action of LG, on Xp , factors through the quotient P, = LG, /LT G,.
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Let us describe the LG-orbits on Xp - in more detail. For any v € Lie(P) N g(F')*, let Gp -
be the group smoothening of the schematic closure of G, in the Bruhat-Tits group scheme Gp.
Then, Gp  is a smooth commutative group scheme over O whose generic fiber is isomorphic to

the torus G, and whose group of O-points is Gp 5(O) =G (F)NP. Let Ql be the finite-type
Néron model of G.. Then, gi(@) is the unique maximal bounded subgroup of G.(F') and the
quotient LG,/ L+g:9 is discrete. We have natural inclusions of O-lattices in Lie(G.) = g (F),

Lie(Gp ) C g+(F) N Lie(P) C Lie(G1),

in which the first inclusion is an equality if and only if the schemetic closure of G (F') in Gp is
smooth. Indeed, by [KP23, Lemma A.2.3], the intersection g-(F') N Lie(P) is the Lie algebra of
the schematic closure of G in Gp.

LEMMA 7.2. For any regular semisimple element ~ € g(F)™ and any g€ Xp,, let v4:=
ad(g) 1y € LieP. Then, the LG.-orbit of g € Xp , is isomorphic to Grg, , =LG,/L*Gp,, and
is represented by a perfect k-scheme locally perfectly of finite type of dimension

Lie(d},)
Lie(Gp,,) ) '

Proof. To ease notation, we may and do assume that g =1, so that v =+, € LieP. Note that
7o(LG, /L*Q;) is a free abelian group of finite rank (which is the free part of mo(LG,)).

Therefore, it is enough to study the L+g$-orbit of 1 and the equality follows from [LLRO04,
Lemma 2.6(c)]. O

dim Grg, | = lengthy <

Our next goal is to study the P,-orbits on Xp , of maximal dimension.

7.3 The regular locus

Let P C G(F) be a parahoric subgroup. After G(F')-conjugation, we may and do assume that
I CP. Let Gp be the reductive quotient of the special fiber of the associated Bruhat—Tits group
scheme Gp. The image of I in Gp under the reduction morphism is a Borel subgroup that we
denote by Bp. Let gp =Lie(Gp) and bp =Lie(Bp) be the Lie algebras. Let gp® C gp be the
open subset of regular elements, i.e. those whose centralizer has minimal possible dimension.
Let Lie(P)™ be the inverse image of gp® under the natural reduction morphism. Then, it is an
open subscheme of Lie(P).

DEFINITION 7.3. The regular locus of the Witt-vector affine Springer fiber Xp , is the subspace
defined by
Xpo ={9€LG/P|ad(g)”"(7) € Lie(P)"*}.

By Lemma 5.3, we see that Xp g is an open subspace of Xp,. We expect that Xreg i
always nonempty and we can see th1s 1mmed1ately when P =Py = G(0O) is the special parahorlc
subgroup fixed in § 2.4, in which case we simply denote

Xy = X80y, =19 € G(F)/G(O) |ad(g) " (7) € 5(0)}.

By the assumptions in §7.1, we have v € g"8(0), so that the base point 1€ Grg lies in X5
and, in particular, X} is nonempty.

Recall that a:=xg(y). In the following, we let g(O)q:=xg'(a) Ng(O) and g™8(0), =
Xg (@) N g™&(0). The following result is a coarse space version of [HKW23, Lemma 2.4] and
[GKO25, Lemma 7.5].

reg
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LEMMA 7.4. There is a natural bijection between the following sets:
{G,(F) orbits on X} +— {G(O) orbits on g(O).}
which restricts to a bijection between their subsets
{G+(F) orbits on X %} <— {G(O) orbits on g"¢(0),}.

Proof. The map is defined by sending the G, (F)-orbit of g € X, to the G(O)-orbit of ad(g) ~*(7),
which clearly is injective. For any +' € g(O)s®, since v/, v € g(F)™ are both generically regular
semisimple and g (7) = xg(7'), there exists g € G(F) such that ad(g)~*(y) =+'. Then, ¢G(O) €
X, and its G (F)-orbit is mapped to the G(O)-orbit of 4. This shows surjectivity. The second
statement follows directly from the definition of a regular locus. O

LEMMA 7.5. There is a bijection between the set ong) = G(O')H-orbits in g*8(0), and the set
ker(Hl (Mea G’Y<O/)) - Hl(uea G(O/) )

)
Here, G, is the centralizer group scheme (over Q') of v € g™8(O) C g™8(0’).
If G is split so that Po=G(O) is hyperspecial, then g*°(0), consists of a single
G(O)-orbit.

Proof. This essentially follows from the smoothness of the universal regular centralizer J over
c and the fact that [g"/G] is a BJ-gerbe neutralized by a Kostant section. Let us explain in
more concrete terms.

Let J, be the pullback of J along a=xg(y)€c¢(O)Cc(O), viewed as a morphism
SpecO®’ — ¢. By Proposition 4.4, we have G, =], and hence G, is smooth over O’ by the
assumptions in §7.1.

Let g5 ® be the O’-scheme defined by the following fiber product.

gzeg greg

SpecO' 4+ ¢

Then, the morphism of O’'-schemes f., : G — go™® sending g to ad(g) ™7 induces an isomorphism
G/G. = g, ®. Since the special fiber gg®(k) consists of a single G(k)-orbit, for any 7' € g *(0’)
there exists g € G(k) such that ad(g)(7) =4/, where 7 (respectively, 7') denotes the reduction of
7 (respectively, 7') in g™8(k). Since G, is smooth, the morphism f, is smooth and therefore we
can lift g € G(k) to g € G(O') such that ad(g)(y) =7

Now, suppose 7' € g*°8(0), = g, 2 (0’) N g(F) and we find as above an element g € G(O’) such
that ad(g)~'(y) =+'. Let 0 € pe be a generator. Then, o(v') =4 and () =+, from which we
get that go(g) ™1 € G, (O’). This defines a cocycle of p in G, (O’) that becomes a coboundary in
G(0"). Clearly, go(g)~" only depends on the G(O’)*<-orbit of 4. For another choice ¢’ € G(O')
such that ad(g’)~!(y) =7/, we have ¢'g~! € G,(0’) and hence go(g)~! and g'o(g’)~* differ by a
coboundary in G,(O’). Thus, the cohomology class of go(g)~! is well-defined and we obtain a
map from the set of G(O')*<-orbits in g*°8(0), to the cohomology set

ker(H' (pte, G (0)) = H' (e, G(O"))).

Then, one checks immediately that this map is bijective. When G is split, we have e=1 and
Pg =Py =G(0), so the cohomology set is trivial. O
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COROLLARY 7.6. The set of LG--orbits in X is finite nonempty and admits a surjection to
the set
ker(H' (e, G (O")) = H' (pte, G(0))).-
Moreover, each LG.-orbit in X5 is a Py-torsor and is open in X..
If G is split so that G(O) is hyperspecial, then X5 is a P,-torsor (and hence forms a single
LG -orbit).

Proof. The first statement follows by combining Lemmas 7.4 and 7.5. Now, we prove the second
statement. Note that G (0) =G, (O") NG(O). Let g € G(F'), whose coset gG(O) determines a
point in X}*. Then, 7/ :=ad(g) 'y lies in g™&(0O). To show that the LG,-orbit through ¢G(O)
is a torsor under P, we need to prove that the stabilizer of ¢G(O) in G (F) coincides with
G~ (0). By definition, this stabilizer equals G(F) N gG(O)g~!. We note that ad(g)~" induces
a canonical isomorphism G,(0’) =G,/ (O') =G,/ (F')NG(O’). Intersecting with G(F), we see
that ad(g)"'G,(0) =G,/ (F) N G(0O) and hence

G+(0) =ad(9)(Gy (F) N G(0)) = G4(F) N gG(O)g ™,

as desired. Since X} is open and a finite union of LG -orbits, each such orbit is also open.
When G is split, there is only one such orbit. O

Let us provide two simple examples of ramified groups to illustrate the description of regular
orbits.

Ezample 7.7. Suppose p > 2 and let F’/F be a tamely ramified quadratic extension. We consider
the associated special unitary group G = SU,, whose split form is G=SL,. Let @’ € O’ be a
uniformizer with @ := (’)? € O. For a square matrix A, we denote ‘A :=J'AJ~! where J is
the square matrix whose anti-diagonal entries are 1 and all other entries are 0. The group G is the
twisted form of G associated to the involution #(g) :=*g~! of G. This is an outer automorphism if
n>2, and if n =2, then 6(g) =ad[§ ] (¢) is an inner automorphism. Let o € Gal(F'/F) be the
nontrivial element and let o denote the Galois action (with respect to G) on G(F”') = SL,,(F").
It is given by the formula

oa(g)=0(g) = g7l forallge SL,(F"),

where g is obtained from the matrix g by applying ¢ on each entry. We have Gy = QS and, for
any O-algebra R with R/ := R®p O,

Go(R)={g € SLy(R'),"gg=1}.

The reductive quotient of the special fiber of Gy is G? 2 S0,,. The Lie algebra of G decomposes
into eigenspaces of 6 as g =gy ® g1, where gy (respectively, g1) consists of trace-zero anti-
symmetric (respectively, symmetric, with respect to the bilinear form defined by J) matrices.
Then, we have g(0) = g6(0) & ='g1(0) and g*¥(0) = (go N g™%)(0) & ' (O).

Take an element vy € g"#(O) Nt(F). Then, Gy =T as a group scheme over O and, after a
base change to O, we have Gy =T. An element ¢t =diag(ti,...,t,) € T(O') with [[;,t;=1
defines a cocycle in Z!(og, T(O')) if tog(t) =1, or equivalently t; =%,,1_; for all 1<i<n.
It is a co-boundary if there exists s=diag(si,...,s,) € T(O) with [[";s;=1 such that
s - 0(;(5)_1 =t, or equivalently t; = s;5,+1—; for all 1 <i<n. When n=2m + 1 is odd, we have
H'(0g, T(0)) = 1. Indeed, for a one-cocycle represented by t € T((') as above, we can take
Sma1=(t1,. .., tm)" L, s1=-- =8, =1, and, for i >m +2, s; :=t,41_;. Then, one checks that
[To,si=1land t=s-0¢c(s)"

Now, assume that n=2m is even. Suppose t = (t1,...,tm, tm, - - -, t1) € T(O’) represents a
cocyclein Z!(og, T(O)). Let u:=t1, ..., tm € (O')X. Then, we have uii =1 (so u =41 mod =)
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and one checks that ¢ is a coboundary if and only if there exists v € (O’)* such that u =vo~ 1, if
and only if u=1(mod @’). Indeed, suppose that such v exists, let s1 =---=s,,,_1 =1, 8, =,
Sm41 = tm /0, and s; =tom+1—; for all i = m + 2. Then, we have t; = $;5,11—; for all 1 <i<n.
Thus, if n = 2m, we have H!(og, T(0')) = Z/27Z. Now suppose, moreover, that n = 2m, where

m is odd. Suppose the element ¢t =diag(t,...,tm,tm,...,t1) € T(O') as above represents a
nontrivial cohomology class. Then, u=t1, ..., t;, = —1(mod ') and there exists v € (0’)* with
u=—vp~!. Take an element a € (0')* with a™ =v~t. Let g=[ 2 %] be the n x n matrix where

B=cq-diag(ty,...,t,) and C =a ! -1d,,. Then, one verifies that g € G(0’) = SL,(O’) and g -
oG (g)~! =t. This shows that ker(H!(og, T(O')) = H(0g, G(O'))) = Z/2Z.

The case where m =1 and n =2 is exotic, since we have G = SUy = SLs. In fact, conjugation
by [9 '] identifies G(F) with SLo(F) and takes Py = Gy(O) to an Iwahori subgroup of SLy(F).
So, Py is not a special parahoric in this case (there is no contradiction with §2.4 since F” is not
the minimal extension of F' that splits G in this exotic case). However, the discussion above is
still valid. Consider the element v=[§ %] € g"8(0) with a = xg(7) = —1 € ¢(O). Then, there
are two Py orbits in g"8(0), and it is easy to see that v and —v belong to different Pg-orbits.

Ezample 7.8. Let F'/F be as above and take G = Uy whose split form is G = GLy. We still take

v=1[% 91]. This time, Py has index two in P(TJ and PEF] acts transitively on g*°¢(0), but Py has
two orbits.

7.4 Dimension of the regular locus
From Corollary 7.6 and Theorem 5.4, we deduce that P, is a finite-dimensional commutative
k-group. In this section, we compute its dimension.

Let GQ be the finite-type Néron model of the generic fiber of G. Then, GL(O) is the maximal
bounded subgroup of G, (F). The O-modules Lie(G.,) (respectively, Lie(Gl;)) are identified with
O-lattices in g, (F') that we denote by g, (respectively, gL)

THEOREM 7.9. With notation as above, we have
dim X7 = lengtho(gl;/gy) = 2(dg(v) + Art(G) — Art,).
By Lemma 7.2, we have

dim X% = length@Lie(GL)/Lie(Gv) =length, (g,Ty/gw).

It remains to compute the length of the O-module QL /8- In the equal-characteristic setting, this
computation is done in [OY16, Appendix] (which generalizes results in [KL88] and [Bez96]) and
we follow the arguments therein.

Since G, is smooth over O and a fortiori flat over O, it is the schematic closure of its
generic fiber in G =Gy and hence g, =g,(F)Ng(O) by [KP23, Lemma A.2.3]. Let p(F):=
[v, 9(F)] be the image of the linear endomorphism ad(«y) on g(F). Since + is semisimple, we have
p(F)Ngy(F)=0 and hence a decomposition g(F') =g, (F) @ p(F).

Recall from our assumption in § 7.1 that there is a G(F') x Out(G)-invariant nondegenerate
symmetric F-bilinear form (-,-) on the split Lie algebra g(F') that is nondegenerate over O.
Extending scalars, we get an F’-bilinear form on g(F’) that is G(F’) x Out(G)-invariant. Thus,
its restriction to g(F')=g(F’)"e is a G(F)-invariant F-bilinear form that takes values in F. In
particular, for any z,y € g(F'), we have

(ad(7)(2), y) = —(z, ad(v)(y)),
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which implies that g (F') and p(F') are the orthogonal complements of each other and hence (-, -)
restricts to nondegenerate symmetric bilinear forms on g,(F') and p(F). Let V denote any of
the F-vector spaces g(F), g(F) or p(F). For an O-lattice LCV, let LYV :={v eV, (v,L) C O}
be its dual lattice.

We have a sequence of inclusions g, C gL C gi,’v C gly/ , and hence

length (! /g,) = Slengthy (g /g) — 2lengthy (gl /al). (7.1)

The action of pg(ue) on the O-module g induces a decomposition g = @f;& @;, where g; is
the O-submodule on which ¢ € p. acts by scalar multiplication by ¢¢. Then, we have

e—1
8(0) = £0(0) & P (=)~
i=1

and hence g(0)Y = @, (@) ‘gi(O) by the fact that (-,-) is Out(G)-invariant and nondegen-
erate over O0'.
For each 0<j<e—1, let g(O)¢;:=g(0) +Zl<i<j(w’)_igi(0). Then, we get a chain of
O-modules
5(0) = 9(0)<0 € 8(0)<1 € -+ € 5(O) o1 = 5(0)"

whose successive quotients are g(O)<;/9(0)<;j—1 =&;(k). From the definition, we see that each
9(0)g; is preserved by adjoint action of elements in g(O). We record the following result from
[OY16, Appendix].

LEMMA 7.10. For each 0 < j<e—1, the O-lattice [, 9(O)<;] in p(F) is saturated in g(O)g;.
In other words, we have [, g(O)<;] = g9(O)<; Np(F). As a special case, we get that

X

[v,8(0)"] = 9(0)" Np(F).

Proof. Let @ be the cokernel of the O-linear endomorphism ad(7y) of g(O)<;. We need to show
that @ is torsion-free, which would follow from the inequality dimy Q ®p k < dimp Q ®p F' (the
fact that @ is a finitely generated O-module implies the reverse inequality). Since v € g(F) is
regular semisimple, we have dimr Q ®o F =dimp g,(F') =, which is the absolute rank of g (i.e.
the rank of the split form g), and we are reduced to showing that dimy Q ®p k <.

We can write v =0 + Y71 (@) "y, where y; € g;(O) for each 0 <i<e— 1. Let 7 be the
image of v under the reduction map

9(0) —a(k @@gz )t Cg(0'/w0') = g(k[t] /1),

where t denotes the image of @’ € O’ in O'/wO'. Let 7y € go(k) be the image of 7o under the
reduction map go(O) — go(k). Since v € g(O) N g"8(O’), we have g € go(k) N g8 (k).

Consider the k-linear endomorphism ad(y) on g(O)<;/wg(O)<;j. We have dimy(Q ®o k) =
dimy, coker(ad(7)) = dimy, ker(ad(7)) and it suffices to show that dimy ker(%) <.

Consider the following chain of O-modules:

80(0)<; 29(0)¢j-12--28(0)<0=9(0) Dw@g(O)ge-1 D - Dwg(O0) <y,

whose successive quotients are

gj(k), gj_l(k:), Ce ,go(k), . 7gj+1(k)'

This induces a filtration on the k-vector space g(O)<;/wg(O)<; preserved by ad( ), which
induces the k-linear map ad(jo) on the associated graded space g(k)=@;_, ' &;(k). Since
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o € g"8(k), we get the desired inequality
dimy, ker(ad(7) [ 9(0)<;/@8(0)<;) < dimy ker(ad(0) | g(k)) =r- O
Consider the O-lattice p:= [, g(O)] in p(F). We have [y, p] Cp and hence [y,pY] CpY. On
the other hand, the dual lattice is described by
p ={zep(F), (z,[y,y]) €O, for all y € g(O)}
={zep(F), ([7,2],y) €O, for all y € g(O)}
={zep(F), [y, 2] €9(0)'}. (7.2)
Then, we get that
[ pY1C9(0) Np(F) =[1,8(0)"] C [v,9"],

where the first inclusion follows from (7.2), the middle equality follows from Lemma 7.10, and the
last inclusion is seen as follows. For any = € g(O)V, let x = x1 + x2 be its orthogonal decompo-
sition, where z1 € gy(F') and z9 € p(F'). Then, [y, x2] = [y, 2] € [, 6(0)"] C g(O)¥ and, by (7.2),
we have xo € p¥, so that [y, z] = [y, z2] € [, p"].

Therefore, we deduce that

p="0700)]Ch,8(0)]=[,p"lcp’

and we can compute

lengthy (p”/p) =lengtho(pY /[y, p"]) + lengtho ([v, p]/p)
=lengthe (" /[v,p"]) + lengthe ([v, 8(0) ]/ [, 8(O)]). (7.3)

We have lengthy(pY/[7,p"]) =dg(7). Indeed, by the definition of dg(7), this equality is even
true if p¥ is replaced by any O-lattice in p(F). Then, from the exact sequence

5,(F)ne(0)"  9(0)" ad), [v,8(0)"]

' e (B)ne0)  9(0) . 9(0)]

— 0,

we get that
lengtho (p*/p) = dg(7) + lengtho (8(0)”/9(0)) ~ length <m>

For each 1 < j <e— 1, we have the following diagram in which the rows are exact.

0——9(0)gj-1 —8(0)g; (k) 0
Jad(’y) ladm Jad(%)
0——9(0)<j—1 ——8(0)g; g;(k) 0

Since coker(ad(y)) is torsion-free by Lemma 7.10, the connecting homomorphism in the
associated long exact sequence vanishes and hence we get a short exact sequence

0= g4(F)Ng(0)gj—1 = 8+(F) N g(O); — ker(ad(Y0) | g;(k)) — 0.
This implies that

0,(F)N9(0)"\ _ o)l
length,, <W> = ; dimy, ker(ad (7o) | g;(k))
= dimy, ker(ad(%0) | g(k)) — dimy, ker(ad (%o | go(k)) =1 —r = Art(G),

(7.4)
where we use the fact that 5 € g'8(k) for the second equality.
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Then, we get
lengthe (b /p) = dg(7) +lengthp (8(0)"/g(0)) — Art(G).

Now, consider the following chain of O-lattices in g(F'):

g, ®pCg(0) Cg(0) C (g, @p) =gy @p".
We note that ad(y) induces an isomorphism g(O)/(g, @ p) = p/ad(y)(p) and hence

lengtho ((gg(f,i)’“)) ~ length (;ﬁ)p) — lengtho(p/ad(+) (b)) = dy ().

v
From the above discussions, we get that

lengtho (g5 /8+) = 2dg(7) + lengthy (g(0)”/g(0)) — lengtho (p”/p)
=dg(v) + Art(G). (7.5)
Finally, by Corollary 3.13, we have
lengthy (gh" /gl) = Art,

and, when combined with (7.1) and (7.5), we get
lengtho(gi//gfy) = 2(dg(7) + Art(G) — Art,).

Note that the assumptions in Corollary 3.13 are satisfied since the restriction of the bilinear
form on the split Lie algebra g(F') to any split Cartan subalgebra induces a W-invariant perfect
pairing on the O-module A ®7 O, where A = X, (GA/ %) is the coweight lattice.

7.5 Finishing the proof of the main theorem in the Lie algebra case

ProproSITION 7.11. Suppose G is essentially tamely ramified and the residue characteristic is
good for G. For any regular semisimple element v € g(F')'®, the Witt-vector affine Springer fiber
Y, is equi-dimensional. If, moreover, G is semisimple simply connected and v is topologically
nilpotent, then Y., is connected.

Proof. By Propositions 6.2 and 6.7, we may assume that G is tamely ramified semisimple simply
connected and -y is topologically nilpotent. By Lemma 4.11 and Proposition 4.16, there exists a
reductive group G? over F with an isomorphism Gid >~ (F,q and a quasi-logarithm map @ : G? —
Lie(G%) that is bijective on topologically nilpotent elements in the sense of Definition 4.14. Since
G is semisimple, we can view y as an element in Lie(G") via the natural embedding g < Lie(GHY).
Let 6% € G*(F) be the regular semisimple strongly topologically unipotent element such that
v =®(6%) and let § € Goq(F) = Ghad(F) be the image of 6%, Let I,q be the image of I in Gaq(F).
Then, by Lemma 6.12, we have

Y, = XG5 = {g € G(F)/1| g~"6g € La}
and we conclude by Proposition 6.11. O

COROLLARY 7.12. For any vy € g(F)"™ and any parahoric subgroup P C G(F), we have
dim Xp , < dim Y, and equality holds if P is contained in a special parahoric subgroup. Moreover,
in the case where P = G(QO) is a special parahoric subgroup, we have

dim X, =dim Y, =dim Xﬁeg.

Proof. We may assume that P D1 is a standard parahoric subgroup. Consider the natural map
TP~ : Yy — Xp . For each gP € X, let 4, be the image of ad(g) ~!(v) under the reduction homo-
morphism Lie(P) — Lie(Gp). The conjugacy class of 7, is well-defined and the fiber ngv(gP)
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is isomorphic to the perfection of the classical Springer fiber B5, of 44 in the flag variety of Gp.
Since the classical Springer fiber B5, is always nonempty and is 0-dimensional if and only if 7,
is regular, we see that 7p , is surjective and is quasi-finite above the regular open subset X;,e’i.
In particular, we have

dim X;,efy <dim Xp , <dimY;,

When P = G(0) is a special parahoric subgroup, the regular locus X5°® is nonempty (since, by
the assumptions in § 7.1, we have v € g**8(0O) so that 1 € X;°®) and then by Proposition 7.11 we
deduce that dim X, = dim Y, = dim X}.

More generally, if the parahoric subgroup P is contained in a special parahoric subgroup
Py =G(0O), the natural mp,:Y, — X, factors into a composition Y, BLEN Xpy— Xy from
which we deduce that dim Xp , =dim X, =dim Y. O

Finally, by the remark at the beginning of this section, Theorem 6.4 follows from Theorem 7.9,
Proposition 7.11, and Corollary 7.12.

8. Dimension of affine Springer fibers for the groups

In this section, we establish the dimension formula of the Witt-vector affine Springer fiber for the
groups, and thus finish the proof of Theorem 6.10. After a series of reductions, this eventually
follows from Theorem 6.4, the main result in the case of Lie algebras.

8.1 The case of hyperbolic conjugacy classes

We first consider the special case of a split regular semisimple conjugacy class that can be studied
more directly. In the equal-characteristic setting, we have proved a more general result in [Chi22,
Corollary 3.5.3], the argument in [Chi22] applies also in the current mixed-characteristic case.
Here, we give a more straightforward argument in the current setting, which is similar in spirit
to the proof of [KL88, §5, Proposition 1].

We assume that G is a split reductive group over F', T'C G is a split maximal torus over F,
and B=TU is a Borel subgroup of G containing 7', with unipotent radical U. Let P = MN be
a standard parabolic subgroup of G with Levi M and unipotent radical N. Then B C P and
T C M. Following [GHK™06, §5.3], or [Chi22, §3.4], we have a decreasing filtration of N by
normal subgroups P:

N=N[1]2N[2]2--- 2 N[ 2 N[ +1] =1

such that:

— the successive quotients N (i) = N[i]/N[i + 1] are abelian; and
— the commutator satisfies [N, N[i]] C N[i+ 1] for all 1 <4 <I.

The second point can be deduced from, for example, [Stel6, §3, Lemma 15]. Each N (i) is
a product of certain root groups U, for roots a of T occurring in Lie(/N). In particular, we
have N = H§:1 N (i) as a scheme. Moreover, for each 1 <i <, the adjoint action of M on N
restricts to an action on N (i) and there is a natural M-equivariant isomorphism of group schemes
N (i) =2 Lie(N (7).

Let P C G(F) be a parahoric subgroup corresponding to a facet in the apartment of T'. Then,
we have

l
NF)NP =[] NG@F)nP.
=1
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Let N be the O-model of N such that N(O)=N(F)NP. Then, we get O-models
NTi] (respectively, N (7)) for N[i] (respectively, N(i)) such that NTi](O)= N[i](F)NP and
N{(@)(O) = N{@i)(F)NP. We have the associated Witt-vector affine Grassmannians LN/LTN,
LNTi|/LTNTi], and LN (i)/LTN (i) that are perfect indschemes.
For each element v € M (F'), define
rn(7y) :=val(det(1 —ad(v) | Lie(N))) € ZU {0}
and for each 1 <7</,

ri(7y) := val(det(1 — ad(y) | Lie(N(i)))) € Z U {oco0}.

Then, we have ry(v) = Zizl i (7).

PROPOSITION 8.1. With notation as above, let v € M (F) be an element such that ad(y)N(O) C
N(O) and ry(v) < co. Then, the subspace

Z:={ue LN/L"N|uv yuy t e LY N}
is represented by a perfect scheme perfectly of finite type (see Definition 1.3) of dimension rx (7).

Proof. Define a right action of N on itself by requiring that any v € N acts by = * u := v zyuy ™!

for any x € N. This also defines an action of the subgroups N[i] and N (i) on themselves.
Define a morphism of indschemes f, : LN — LN by

1

fry(w) i=utyuy Tt = 1w

Then, f, preserves the sub-indschemes LN[i| and LN (i) and restricts to morphisms
fILLN[i) = LN, f$9: LN (i) — LN (i).
By assumption, we have inclusions
FLTN)C LN, fILTNT]) € LINTE], £ (LN ) € LTNG).
For each 1 <1i <, we consider the perfect indschemes
il (plily-1 ~ ~ i) . (i1 : .
20 = (AN THLENED /LN, 29 = () THLEN (@) /LN ).
In particular, when i =1 we get Zl) = Z = f-1(LTN)/LtN.
More generally, for each x € N(F') we consider the perfect indscheme
Zll .= {ue LN[i]/L*NTi], z xue L*N}.
For any u € Za[f], we have
cru=u"tzu- (Txu)=[u" 2] 2 (1*xu),

1 1

where [u~!, 2] ;== u"truzr~! is the commutator. Note that, since u € LN|i], we have [u™! z] €
LNJ[i+1]. So, when x € LYN - LN[i + 1], the condition z xu € LT A implies that 1xu e LTN -
LN[i+ 1] and hence 1€ Z%, where @ is the image of u in LN (i). Thus, the map u+ @
induces a map

1

g Z:Li] NyAUN
CLAIM. For any 1<i<! and any z€ L*N -LN[i+1], the map m;, above is surjective.
Moreover, for any u; € LN|[i] with @; € Z), we have ﬁz_gcl(uz) = Z:[CZ,:ZI]

Proof of claim. We prove the surjectivity by descending induction on . When i = [, this is clear

since Zg[gl] =7 = Z®  Suppose the claim is true for i 4+ 1. For any u; € LN [i] representing an ele-
ment @; € Z'", we have 1% u; € LYN[{]LN[i + 1] = LN[i + 1]LT N'[i]. We want to find an element
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uj+1 € LN[i + 1] such that uu;11 € Zg[ci]. In other words, we look for ;1 such that
T K Uiy ] = uZHui_l:ruiuiH(l * Ujllip1) = u;rllui_lxui(l * Ui)’yuz‘+1’}/_1 e LTN.
Write 1 xu; =yz with y € LY N[i] and 2z € LN[i + 1], then we have
v i=xxu;=[u; !t wlayz € LYN - LNi + 1].
Thus, we can write 2’ =y'z’ with ¢/ € LY N and 2’ € LN[i + 1]. Then, for any v’ € LN[i + 1] we

have
o' =[(u) 7 2Ty (1 ).
]

Since v is regular semisimple, the action map N[i+ 1](F) — N[i + 1|(F) sending u+ 1 u is
injective. So, it defines a transitive action of N[i 4+ 1|(F') on itself and we can find u’ € LN[i + 1]
such that 1 # ' = (2/)~1. Then, we have 2’ * v’ € LN[i + 2]LTN. By the induction hypothesis, the
space Z[ *u], is nonempty, so we can find v € LN[i + 2] C LN[i + 1] such that 2’ % (v/v) € LTN.
Taking u;11 = u'v, we finish the proof of the surjectivity of m;,. The description of its fiber is
immediate by definition. O

Now, we analyze the structure of Z = ZW . Let x1=1. Take any u; € Z and let o :=1%u; €
LTN, then we have ﬂiil(ﬂl) = Zﬁ]. Take any us € Zg[fj and let z3:=x9 xus € LTN, then we

-1 _
have Ty, =

Zg[fﬂ] CLN[i+1]/LTNTi+1],1 <i <, where the last one Zg[ﬁm} is a single point. Note that,
for each 1 <i <1, Z% is the perfection of an affine space of dimension r;(7). Then, we deduce by

descending induction on i that Z = Z[Y is a perfect scheme perfectly of finite type of dimension
!
ry(y) =22z 7i(Y)- O

COROLLARY 8.2. Let G be a split reductive group scheme over O and let T C G be a split
maximal torus defined over O. For any bounded regular semisimple element v € T'(O) N G*(F),
the Witt-vector affine Springer fiber in the affine Grassmannian

Xy =Xy, ={9€LG/LTG|g ' vg e LTG)
is represented by a perfect scheme locally perfectly of finite type (see Definition 1.3) of dimension
dim X, = 3da (7).

Z:[ci]. Continuing in this way, we get a descending sequence of spaces xl (u;) =

Proof. Let B be a Borel subgroup of G containing 7" and let U be its unipotent radical, both
defined over O. By the Iwasawa decomposition, X, can be decomposed into a disjoint union of
X.(T)=T(F)/T(O) translates of
Z={ue LU/LTU,uv ‘yuy~' € LTU}.
By Proposition 8.1, it is a perfectly of finite type perfect scheme of dimension
r17(7) = val(det(1 — ad(y) | Lie()) = 3 val(1 ~ (),
acdt

where ®* is the set of positive roots. Since v € T(O), we have val(1 — a(y)) = val(1 — a(y)™!)
for any root a.. This implies that 7y () = (1/2)dg(y) and we are done. O

COROLLARY 8.3. Let GG be a reductive group over F'. Suppose there exists a quasi-logarithm
map ®:G — g that is bijective over topologically nilpotent elements. Then, for any strongly
topologically unipotent and regular semisimple element u € G™(F'), we have dg(y) = dg(®(7)).

Proof. When computing the invariants dg(y) and dg(®(7y)), we may pass to a finite extension
and hence assume that G is split and -y is contained in a split maximal torus. By Lemma 6.12, we
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have an isomorphism of the centralizers G = G(,), which is a split maximal torus. In addition,
there is an identification of affine Springer fibers in the affine Grassmannians X = Xg(,). Then,
the equality follows from Theorem 6.4 and Corollary 8.2. O

8.2 Harish-Chandra descent

In this section, we reduce Theorem 6.10 to the case of topologically unipotent elements. We
follow the method of [BV21, Appendix B] in the equal-characteristic setting.

We maintain the notation and assumptions in Theorem 6.10 and assume that the affine
Springer fiber XI(,;,:7 is nonempty. Then, by Theorem 6.9, the element ~ is bounded modulo
center and after G (F)-conjugation we may assume that -y el by Lemma 3.4. Let v = su=us be
the topological Jordan decomposition, where s € I is strongly semisimple mod center and v €1
is topologically unipotent mod center.

Let H :=(G%)* be the simply connected cover of the identity component G% of the cen-
tralizer of s in G’ and let 7’ : H' — G’ be the natural homomorphism. Let P’ := G’ (F) NP’ and
Pp = (7/)"Y(P,). Then, Py is a parahoric subgroup of H'(F). Let H := H!,=G?_, be the
common adjoint group of H’ and G%. Let Py be the image of PN G(F) in H(F). THen, Py is
also the image of P’; in H(F') and is a parahoric subgroup of H(F). Let Py be the normalizer of
Py in H(F). Let ug be the image of u in H(F'). For any g € G,(F), we have ad(g) 'u € P if and
only if ad(g) ~'up € Py. We relate the Witt-vector affine Springer fiber Xg,ﬁ to the Witt-vector

affine Springer fiber X{{hug whose set of k-points is

X8 o (k)={he H'(F)/Pg |ad(h) " ug € Py}

Let P’ be the normalizer of /(P ) in G/,(F). Then, we have P’, C P/, and the quotient group
P’ /P’ is discrete.

PROPOSITION 8.4. Let the notation and assumptions be as above. For any n € f’s/Ps, we con-
sider the morphism 1, : X{,{HUUU — X§,77 defined by sending hP . to ©'(h)nP’. Then, the disjoint
union of the i,, defines an isomorphism of perfect schemes

S ;o H G
1= |_| in - |_| XPHHUO — XP/’,Y.
neP’ /P, neP’ /P,
Moreover, we have dg(7v) = dp(up) and

Art(G) + def(ka (7)) — Art(Gy) = Art(H) + def(kp (ug)) — Art(Hy,)-

Proof. First, we show injectivity. Suppose there are ny, ng € P, /P, with i,, (hPg) = in, (hoPy)
so that 7/(h1)n1 P’ = ' (hg)naP’. Then, we get ©'(hy 'he) € «'(H'(F)) Nn1P'ny ', which implies
that ny =ny (using the Kottwitz homomorphism) and h1 Py = haPp. N

Next, we show surjectivity. Let gP’ EXg,ﬁ so that ¢~ 'vg € P. Then, we have ¢ 'sg e P
and gflugef’. By [Spi08, Proposition 2.33, Corollary 2.37], this implies that g € G (F) and
therefore

X§  ={g € GL(F)/P,|g 'ug e PNG(F)} = {g € GL(F)/P | g 'uog € Py}.

Take an element h € H'(F) such that hPyh~! = (7') "1 (gP’g™") and let n:=7'(h)"'g. Then,
we get that n € P, and gP' =i, (hPg).

It remains to relate the numerical invariants of v € G(F') and ug € H(F'). Note that G is a
maximal torus of both GY and G. Let ®¢(G,) be the set of roots of G (over F) with respect
to G. Then, the set of roots of G with respect to G is o (G4) = {a € ®g(G,), a(s) = 1}.

1367

https://doi.org/10.1017/S0010437X26103261 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103261

J. CHI

We have
da(v) = valdet(1 —ad(y) [ a(F)/g,(F)) = Y val(l—a(y))
acdq(G,)
= Y wval(l-a(y)= > val(l-o(uw)=dg(u) (8.1)
a€Dgo (G) A€o (Gy)

since, for a € ®¢(G~) such that a(s) # 1, we have val(1 — a(vy)) = val(1 — a(s)a(u)) = 0 because
val(a(u) — 1) > 0. By definition, we see that dge(u) = dg(ug) and therefore dg(v) = dp(uo).

Finally, let us prove the last equality involving Artin conductors and Kottwitz invariants.
By construction, we have G = (G}), and Hy, = (GY)u/Z(GY). Let S C G be a maximal F-split
sub-torus. Let S be a maximal F-split torus in G containing S and let T" be the centralizer of
S in G. Recall our assumption that G is essentially tamely ramified. We first claim that

Art(GY) — Art(G) = dim Sg — dim S = def (kg (s)). (8.2)
To show this, we make the following observations.
— All invariants in (8.2) do not change if we mod out a central subgroup of G, so we may
assume that G is adjoint.

— All invariants in (8.2) are additive when we decompose G into products of smaller groups,
so we may assume further that G is the Weil restriction of a tamely ramified absolutely
simple adjoint group.

— If G=Resp /Fé for a finite extension ﬁ/F, then by Proposition 3.14 the difference
Art(G3) — Art(G) does not change if we replace F' (respectively, () by F (respectively,
G). In addition, it follows easily by definition that the remaining quantities do not change
if we make this replacement.

Thus, to show (8.2), we may assume that G is tamely ramified. Then, by Lemma 3.6, the group
G is also tamely ramified. So, the Artin conductors Art(G§) and Art(G) become the difference
between the absolute rank and the F-rank and the first equality in (8.2) follows. The second
equality follows by definition and therefore (8.2) is proved.
Since H =G4 /Z(GY) and Hy, = (G9)./Z(G) =G, /Z(GY), we deduce from (8.2) that
Art(H) — Art(Hy,) = Art(G3) — Art(G4) = Art(G) + def (kg (s)) — Art(G,).
We have an embedding B(H) < B(G) between the (reduced) Bruhat—Tits buildings (see [Spi08,
Proposition 2.33]). Let ag € B(H) be an alcove in the apartment corresponding to S and let
a € B(G) be the alcove containing ay in the apartment corresponding to S¢. Using the notation
from Definition 3.2, we let
wy = w (ka(7)),  wsi=w{(ka(s)),  wai=wg (ka(w).
Then, we have w., = w,w, and w, has order prime to p while w,, has p-power order. In particular,
both w, and w, can be expressed as certain powers of w, and we deduce that

X.(56)gy" = (Xu(Sa)g ) = X.(S)g".
This implies that
def (7)) = def (i (s)) + dim X,(S)g — dim X.(S)3.

Let w € GY(F) be an element that stabilizes the alcove ay (and hence also a) and satisfies
kGe () = Kge (u). Then, we also have kg (@) = kg(u) by the functoriality of the Kottwitz homo-
morphism. We see that dim X, (5)g — dim X, (S5)g" equals the codimension of the fixed-point

1368

https://doi.org/10.1017/S0010437X26103261 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103261

WITT-VECTOR AFFINE SPRINGER FIBERS

loci a% in ag, which, by Lemma 3.3, equals kg (ug). Combined with the above equations, we are
done. O

As an immediate consequence, we obtain the following.

COROLLARY 8.5. Let (G,G',P,P’) be as in §6.1. Let (H, H') be another pair of reductive
groups over F' with an isomorphism between the adjoint groups Haq = H! ; and let Py C H(F),
P, C H'(F) be parahoric subgroups whose images in the adjoint group coincide. Suppose there is
an isomorphism G,q = H,q such that the images of P and P in the adjoint group coincide. Let
v € G(F)"™ and vy € H(F)™ be bounded regular semisimple elements whose images in G,q(F') =
H,q(F) coincide. Then, Theorem 6.10 holds for XGW if and only if it holds for Xg,H -

Consequently, the study of the Witt-vector affine Springer fiber X§, . associated to a regular
semisimple element v € G(F') can be reduced to the case where 7 is topblogically unipotent. We
would like to reduce further to the case where v is strongly topologically unipotent to make
connection with the Lie algebra affine Springer fibers.

8.3 A study of the case of general linear groups

Under the assumption that the residue characteristic p is good and the group is absolutely simple
and tamely ramified, the only possible case where there exists topologically unipotent but not
strongly topologically unipotent elements is when G is split of type A,_1 and p divides n. In
this section, we study this specific case and prove the following result.

THEOREM 8.6. Suppose G,q = PGL,, and p divides n. Let v€ G(F) be a bounded regular
semisimple element that is topologically unipotent but not strongly topologically unipotent.
Then, for any parahoric subgroup P C G(F), the Witt-vector affine Springer fiber Xp ., is repre-
sented by a finite-dimensional perfect scheme, locally perfectly of finite type (see Definition 1.3),
whose dimension is®

dim Xp , = §(do(7) + def(kG (7)) + Art(G) - Art,).

Furthermore, if P =1 is an Iwahori subgroup, then Y, = Xj  is equi-dimensional.

We finish the proof by the end of this subsection. Most of the following discussions are
valid in more general situations and we impose various assumptions in the statement only when
necessary.

By Corollary 8.5, we may assume that G = GL,. Let Zg be the center of G and let B
(respectively, T') be the standard Borel subgroup (respectively, maximal torus) consisting of
upper-triangular (respectively, diagonal) matrices. Let I C G(O) be the standard Iwahori sub-
group consisting of matrices whose reduction mod w is upper triangular. Let II,, € GL,,(F') be
the matrix whose (n, 1)-entry is @, whose (i,4+ 1)-entry is 1 for i=1,...,n —1, and all the
other entries are zero. Then, the normalizer I = Ng(r)(I) is generated by I and II,,.

Let P C G(F)=GL,,(F) be a parahoric subgroup. Then, P is contained in a hyperspecial
parahoric subgroup and after G(F')-conjugation we may assume that I C P C G(O). Then, the
normalizer P of P in G(F') is generated by P and a certain power of I1,,. For example, if P = G(O)
is hyperspecial, then P = Z5(F)G(0O) is generated by G(O) and (II,)" =w € Zg(F).

Let v € G(F) be a bounded mod center regular semisimple element and let a = val(det(y)) € Z.
Assume, moreover, that v is not contained in any parahoric subgroup (topologically unipotent
but not strongly topologically unipotent elements that we are currently interested in satisfy

8 Although Art(G) =0 when G is split, we write the formula in this form in accordance with the general case in
Theorem 6.10.
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this assumption). Then, after multiplying by a scalar matrix in Zg(F), we may assume that
0 <a <mn. Let 7:= (II,,)*. Suppose, moreover, that 7 € P. Then, the Witt-vector affine Springer
fiber

X8, ={9€G(F)/P|g g eP}={g€G(F)/P|g 'y € Pr}
is nonempty. In the case P =1, we get
Y = X{ ={g€G(F)/1|g g €1r}.
In general, the natural map Fly = LG/I — Flp = LG /P restricts to a morphism
B, YO = XE

whose fibers can be described as follows. The image of I under the natural homomorphism
P — P/P =Gp is a Borel subgroup Bp C Gp. Since the automorphism Ad(7) on P preserves
the subgroup I, after passing to the integral model and then the reductive quotient of the special
fiber we get an automorphism on Gp preserving the subgroup Bp. Therefore, Ad(7) induces an
automorphism of the flag variety Gp /Bp that we simply denote by 7. For any gP € Xgﬁ, let v4 :=
g tvgr~1 € P and let g € Gp be the image of v, under the natural map P — P /P = Gp. Then,
the fiber (Wgﬁ)_l(gP) is the perfection of the fixed-point locus of the composite automorphism
g o T on the flag variety Gp/Bp, in particular it is nonempty by [Ste68, Theorem 7.2 on page
49]. Therefore, ’R'g,,y is surjective.

8.3.1 The case of elliptic conjugacy classes. We first consider the case where a is coprime
to n. Since valdet v = a, the F-subalgebra E:= F[y] C Mat,(I") generated by 7 is a degree-n
totally ramified field extension of F. On the other hand, we recall that I is the stabilizer of a
complete periodic chain of O-lattices {L;;i € Z} in F", where:

~ Lo=0"and L;=0"""@ (wO)! for 1 <i<n—1; and
— forall i e 7, LD £i+1 and £i+n =wl;.

Then, there is a subset J C Z/nZ such that P is the stabilizer of the partial periodic lattice
chain {L;;i+nZ € J}. Since 7 = (1I,,)® € P and a is coprime to n, we must have J =7Z/nZ and
hence P =1 is the standard Iwahori subgroup. Equivalently, one could also deduce this from the
description of P/Zg(F)P in terms of the local Dynkin diagram (see [Tit79, §3.5]).

Choose integers j, 7 such that aj —nr =1. Let 7' := @ "7, Then, we have val(det(y')) =1,
which means that 4/ is a uniformizer in O and Op = O[y']. Consequently, we have v = (7/)%h,
where h € O} can be written as a polynomial in 4" with O-coefficients.

For any g€ G(F), we claim that g g el if and only if g~ lvg el First, assume that
g~ ''g € I. Then, we have g~ 'hg € Lie(I) and det(g~'hg) € O, since h € OF. Therefore, g~ *hg €
I and hence gilfyg:i Conversely, if g~ lyg ef, we get g 1y g=w " (g 1vg) € 1. This shows
that

Y=Y ={geGF)/1|g 'Ygel}.

Since a is coprime to n, the images of 7= (II,,)* and II,, in W = S,, generate the same subgroup
and therefore

def(kc(7)) = def (ks (7)) = def(ke(IL)) = def(ra (7)) =n — 1.

Now, assume that p|n so that a and j are coprime to p. Then, we have dg(v) =dg(1?) =dg ().
In addition, it is clear that G, = G» = Resg,pGy,. Thus, we may assume from now on that a =1
and 7 =11,
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By assumption, « is topologically nilpotent as an element in g(F') = Mat,, (F). We consider
the Lie algebra affine Springer fiber associated to ~:

_ ~1 .
YP={geG(F)/lg ng cLie(I)}
together with its companion in the affine Grassmannian:
X$:={geG(F)/G(0)| g~ \vg€a(O)}.
Let 7§:Y.® — X§ be the natural morphism. Since I7 C Lie(I), we have a natural embedding

Y,YG CY7. Recall that the regular open subspace Xgree C XY consists of points 9G(0O) e Xy
such that the reduction mod w of g~ !v¢ is regular and 74 restricts to an isomorphism above

X3ree,
We claim that Y.% = (78) 1 (X§"). It is clear that the reduction mod @ of a matrix in the
coset It is regular nilpotent and hence we have the inclusion Y. C (78)~*(X§"°®). Conversely,

for any g € (78) 1 (X5"*), we have g~'~yg € Lie(I) and its reduction mod w is a regular nilpotent

upper-triangular matrix and then we deduce that ¢ 'vg7~' €I and hence gI € YWG. Therefore,
by Theorem 6.4, we get that YWG is equi-dimensional of dimension

dim Y,YG = dim X" = $(dg(y) — Art,).
By assumption, val(dety) =1 and we get that
dg(v) =da(7) + n = L=dg(7) + def(ra (7).

Combining the two equalities above, we get
dim Y = 3(dg(7) + def (kg (7)) — Art,)

and this proves Theorem 8.6 in the case where 7 is elliptic.

8.3.2 Reduction to the elliptic case. Now, we treat the general case. Recall that
a=val(dety), 7= (I1,)% and 0<a<n. Let c:=ged(a,n), n':=n/c, and o :=a/c. Then,
™ = (I1,,)™ = (I,,)" = w® is central. We have an isomorphism of F-algebras F[y] =[] E;,
where each Ej; is a finite totally ramified extension of F' of degree n; such that »_ n; =mn. Then,
after G(F')-conjugation, we may assume that 7 is a block-diagonal matrix in [[ GLy, (F') whose
blocks are v; € GL,, (F). Let a; := val(det ;). Then, we have 3 a; = a. Since v € I7" = Iw?,
we get that a;n’ = a’n; for all 4. Then, since (a’,n’) = 1, we must have a; = a’ and n; =n’ for all 4.
Let M C G be the standard Levi subgroup isomorphic to (GLy/ )¢ (which is a product of ¢ copies
of GL,/). Let Q C G be the standard parabolic subgroup (consisting of block upper-triangular
matrices) with Levi factor M and let N C @ be the unipotent radical of ). Then, we see that
is an elliptic element in M (F).

On the other hand, the standard parahoric subgroup P C G(QO) corresponds to a standard
parabolic subgroup P with Levi factor L. More precisely, the special fiber of L is the reductive
quotient of the special fiber of the parahoric group scheme Gp associated to P. Let W = S,, be the
Weyl group of G and let Wy, C W (respectively, Wi, C W) be the Weyl group of M (respectively,
L). We choose a representative w € Ng(T')(F) N G(O) for each element w € W. We have disjoint
union decompositions

aF)= || ewrui= ||  QuP

wEWM\W wEWM\W/WL

where, in each (double) coset of W, we have arbitrarily chosen a representative in W and the
resulting decomposition is independent of such choices. Accordingly, there are decompositions
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of the (partial) affine flag varieties

Fl=LG/I= || F9" Flp=LG/P= || Fg"
’lUGW]\/[\W wGWAl\W/WL

where F19% = LQwI/I and Flg’w = LQuwP /P are the semi-infinite LQ-orbits. These induce
decompositions of the Witt-vector affine Springer fibers YWG and Xlg7 into finitely many locally
closed subschemes

VY =Y NFI% = {ge Q(F)wl/I|g 'vgelr}={he Q(F)/Q(F)N"I|h™'yh € wlri '},
X8 =X§ NFIgY ={g€ QF)wP/P | g 1yg e Pr}
={heQ(F)/QF)N“P|h~yh e wPTw '},

where “I:=1wIw~! and “P :=wPw~'. The structure of Y}’ and ng can be understood by
their closed subschemes

Y= {m e M(F)/*Iy | m™tym € wlrw™ 0 M(F)},
Xp:={m € M(F)/"Py |m~'ym € wPri~" 0 M(F)},

where the intersections “In :="INM(F), “Py:="PNM(F) are parahoric subgroups of
For each double coset w € Wy, \W/W7, the inverse image (Fgﬁ)_l(Xgﬁ) is a union of certain

pieces YV’“’/ for some w’ € W)/ \W in the double coset of w. Suppose X i%’w is nonempty. Since wgﬁ

is surjective, there exists a representative in the double coset of w, which we still denote by w,
such that Y* is nonempty. Let “'7:= Wi~ and let o be its image in W = S,,.

We claim that “7 € M (F). The nonemptiness of Y}" implies the nonemptiness of wltw™' N
M(F'), so there exists an element x €I such that z-“7¢€ M(F). Choose an element ¢=
diag(t1,...,t,) € T(F) such that M is the centralizer of ¢ in G. Then, we have t(z - “7)t~! =

z-*7 and hence tzo(t)”! ==, where o(t)=diag(ty-1(1),- -, to-1(n)). Since z€®I, so that
w~tzw €1, the diagonal entries of x are nonzero and we deduce that t; = to-1(;) for all
i=1,...,n. This shows that ¢ € W), and hence 7 € M (F'). Moreover, 7 lies in the normalizer

of “Ips and also “Pjs in M (F). Consequently,
X ={m e M(F)/"Py |m ™ ym € "Py "7}

is the Witt-vector affine Springer fiber for M associated to v and the parahoric subgroup “P .
Similarly, we have

Y ={me M(F)/“TInr | m™ ym € "Iy "7}

,w

There is a natural morphism Xg y lel/[ ,’Yw whose fiber over a point in lel/[ )
me M(F) is

represented by
Zm ={u€N(F)/*PAN(F)|u ypucwPri '}
={ue N(F)/"PAN(F) | v yuy,, € “PNN(F)}, (8.3)

where 7, :=m ™ ym € ¥Ip;¥7. Then, we have ad(y,,)(N(F)N*I) C N(F)N*I and thus we can
apply Proposition 8.1 to conclude that Z,, is a perfect scheme perfectly of finite type of dimension

ry () :=val(det(l — ad(y) | LieN (F))).

Therefore, we get the formula
dim Xp ., = Xé‘,/{,’yw +ry(y).
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When 7 is topologically unipotent, we check that

da(v) =dm () +2rn (7).

Since 7 is elliptic in M (F), by the case already proved we get that
dim Xé\,{;yw = 2(def(kar (1)) + da () — Arty) = L (def (ka (1) + dar(7y) — Arty).

Combining the three identities above, we see that whenever X{{ . is nonempty, its dimension does
not depend on w and equals (1/2)(def(kg(7) + dg(v) — Art,). Hence, this is also the dimension
of Xp, and if P=1 we also see that Y, is equi-dimensional, since each piece YVM’w is equi-
dimensional by the elliptic case we already proved. This finishes the proof of Theorem 8.6
(keeping in mind that Art(G) =0 for the split group G).

8.4 Finishing the proof of the main theorem in the group case

Now, we can finish the proof of Theorem 6.10. By Proposition 8.4, we may assume that G is
simply connected and v € G(F) topologically unipotent regular semisimple. By Lemma 5.1, we
may assume that G is absolutely simple and tamely ramified. Recall that p is a good prime for G.
If ~v is not strongly topologically unipotent, then G,q = PGL, and p divides n. In this case, the
result follows from Theorem 8.6. Now assume that v € G(F') is strongly topologically unipotent.
By Proposition 4.16 and Corollary 8.5, we may assume that there exists a quasi-logarithm map
®: G — g that is bijective on topologically nilpotent elements (see Definition 4.14). Then, we
have Xf(’;ﬁ = Xlg,cb(y) by Lemma 6.12.

On the other hand, the numerical invariants of v and ®(-y) occurring in the dimension formu-
lae coincide. Indeed, by Lemma 6.12, there is a canonical isomorphism between the centralizers
G = Gg(y) and hence Art, = Artg(,). By Corollary 8.3, we have dg(v) = dg(®(7)). Finally, since
~ is strongly topologically unipotent, we have def(kg(v)) =0. Therefore, Theorem 6.10 follows
from Theorem 6.4 and Proposition 6.11.
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