
SOLUTION TO PROBLEM

Solution to Problem Posed in Volume 20(3)

04.3.1. An I(2) Model for VAR(1) Processes1—Solution

Paolo Paruolo~poser of the problem!
University of Insubria, Varese, Italy

Let a* be any basis of col~P! and b* be any basis of col~P ' ! ; we note
col~a4! 5 col~a*4!, col~b4! 5 col~b*4! so no distinction is made betweena4
anda*4, b4 andb*4 in the following discussion+

1+ Condition~b! is equivalent torank~a4
' b4 ! 5 s , p 2 r; this implies that

A :5 col~a4! ù col~b! has dimensionp2 :5 p2 r 2 s+ Becausep2 5 dim~A! #
min~r, p 2 r !, one has thatp2 # r+

2+ Condition ~b! can be written asa4
' b4 5 jh ' , with j, h ~ p 2 r ! 3 s full

column rank matrices; a4 can thus be chosen as follows:

a4 5 ~ Nb*, Nb4 !Sa b1

0 b2
D5 ~ Nb*, Nb4 ! q

p3~ p2r !
,

wherea is r 3 p2, p2 # r, b :5 ~b1
' : b2

' !' is p 3 s, andq is of full column rank+
The matrixa4

' b4 becomes

a4
' b4 5 S 0

b2
'D5S 0

Ip2
Db2

' ,

so thatj 5 ~0 : Ip2
!' andh 5 b2; thusb1 5 Nb4b2, b2 5 b4b24, a1 5 Ta4~0 : Ip2

!' ,
a2 5 a4~Is: 0!' 5 Nb*a+

Using orthogonal projections, one can representa* asa* 5 ~b*,b4!c; from
a4
' a 5 0 one deduces thatc 5 q4, wherec 5 q4 can be chosen as follows:

a* 5 ~b*,b4 !S a4 0

2~b4
' b4 !21b2~b2

' ~b4
' b4 !21b2!21b1

' a4 b24
Dv

5 ~b*a41 b1v : b2!v,

where v is a nonsingular square matrix andv :5 2~b2
' ~b4

' b4 !21b2!21b1
' a4+

Note that the second block of columns is equal tob2 5 b4k, where we have
namedk :5 b24+

Now let a :5 ~b*a41 b1v : b2! and defineb ' :5 Ta 'P; becauseb andb* are
two bases of col~P'!, they are related by the relationbu 5 b* for a nonsingular
matrix u+ Substituting withina one findsa :5 ~bw 1 b1v : b2! with w :5 ua4
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of full column rank+ Summarizing, the coefficients~a,b,V! are constrained as
follows:

a :5 ~bw 1 b1v : b2!, (1)

whereb1 5 Nb4k4, b2 5 b4k+ The I~2! model is thus indexed by the parameters
t :5 ~b, k, w, v, V!, which are freely varying+

3+ From the I~2! representation theorem of Johansen~1992!, one finds that
d :5 Ta 'b2+ By ~1! one sees thatd 5 ~0, Ip2

!' , which is full rankp2+ Let b1 :5
b~Ir2p2

: 0!' andb2 :5 b~0, Ip2
!' ; one sees thatb1'Xt are the CI~2,2! relations

andb2'Xt 1 ~b2
' b2!21b2

' DXt are the multicointegrating relations+
4+ By the I~2! representation theorem of Johansen~1992!, C2 5

b2~a2
' ub2!21a2

' , whereu :5 ~I 1 Nb Ta '!+ The choiceb is by construction con-
formable witha :5 ~bw 1 b1v : b2!+ Going back to the representation ofa2

one finds Nb*5 Nb~u'!21 and thusa2 5 Nb*a 5 Nbw4, where we note that~u'!21a 5
w4+ Thusa2

' ub2 5 w4
' Nb '~I 1 Nb Ta '!b2 5 w4

' Nb ' Nb Ta 'b2 5 w4
' Nb ' Nbd, given the struc-

ture ~1! of a, and hence

C2 5 b4kSw4
' ~b 'b!21S 0

Ip2
DD21

w4
' Nb '+ (2)

Note thatC2 depends onb, k, w and it does not depend onv, V+
5+ The likelihood function depends ont through the productab ' andV+ Spe-

cifically ab ' 5 ~bw 1 b1v!b1' 1 b4kb2' , whereb 5 ~b1 : b2! is partitioned
conformably witha+ It is simple to see thatt is not identified because one can
insert two square invertible matricesfi , i 5 1,2, and their inverses within the
two factors inab ' ; i+e+, t :5 ~b, k, w, v, V! and t* :5 ~bf ' , kf2

21, ~f'!21

wf1
21, vf1

21, V! give the same likelihood, wheref :5 diag~f1,f2!+ Moreover
becauseb4, b1 are any bases of col~b4! and col~b1!, one also needs to identify
them+

For any matrixg, let a be of the same dimensions such thata'g is non-
singular; definega :5 g~a'g!21 ~see, e+g+, Johansen, 1996, ch+ 5!+ To achieve
identification one can identifyb1, b2, b4, and b1 by defining ba1

1 , ba2

2 , b4a3
,

andb1a4
for appropriate matricesai , i 5 1,2,3,4+ This solves the identification

problem fort+

NOTE

1+ An excellent partial solution based on a state space representation has been independently
proposed by Dietmar Bauer, Vienna University of Technology~Austria!+

REFERENCES

Johansen, S+ ~1992! A representation of vector autoregressive processes integrated of order 2+ Econo-
metric Theory8, 188–202+

Johansen, S+ ~1996! Likelihood-Based Inference in Cointegrated Vector Auto-Regressive Models+
Oxford University Press+

666 SOLUTION TO PROBLEM

https://doi.org/10.1017/S026646660505036X Published online by Cambridge University Press

https://doi.org/10.1017/S026646660505036X

