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SOLUTION TO PROBLEM
Solution to Problem Posed in Volume 20(3)

04.3.1. An 1(2) Model for VAR(1) Processes— Solution

Paolo Paruoldposer of the problem
University of Insubria, Varese, Italy

Let @, be any basis of c¢IT) and 8. be any basis of cdIl’); we note
col(a, ) = col(a,, ), col(B,) = col(B.,) so no distinction is made between
andea,,, B, andp,, in the following discussion

1. Condition(b) is equivalent taank(a| 8,) = s < p — r; this implies that
A := col(a;) N col(B) has dimensiom, := p — r — s. Becausg, = dim(A) =
min(r,p — r), one has thap, = r.

2. Condition (b) can be written as| 8, = én’, with &, n (p — r) X sfull
column rank matricesx;, can thus be chosen as follows

_ _ (a b -
al = (IBX’BL) 0 b = (IB*’BL) q ’
2 pXx(p—r)
whereaisr X p,, pp =1, b:= (bj:b}) is p X s, andq is of full column rank
The matrixa; B, becomes

0 0
aib=p, )=, Je

SO that§ = (0 |p2): and’)’] = bz; thusﬁl = BLbZ’ Bz = BJ_bZJJ a = c_vl(O: Ipz)”
ar, = a,(ls:0) = B.a

Using orthogonal projection®ne can represent, asa., = (B, 3,)c; from
a) a = 0 one deduces that= q,, wherec = ¢, can be chosen as follows

a, 0
@ BBy <—(,3iﬁl)1bz(bé(ﬁiﬂl)lbz)lbi a bzl) )

= (B.a, + Biw:By)v,

wherev is a nonsingular square matrix amd:= —(by(8] 8,) b,) tbja,.
Note that the second block of columns is equaBto= B, k, where we have
namedk := by, .

Now leta := (B.a, + Brw: B,) and defingB’ := a'Il; becaused andp. are
two bases of cqlll’), they are related by the relatiggu = 8., for a nonsingular
matrix u. Substituting withina one findsa := (B¢ + Biw: B,) with ¢ 1= ua,
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of full column rank Summarizingthe coefficienty «, 8, () are constrained as
follows:

a:=(Be+ Brw:By), (1)

whereB; = B, «,, B2 = B.«. The I(2) model is thus indexed by the parameters
7= (B, k, ¢, w, Q), which are freely varying

3. From the [2) representation theorem of Johang&892, one finds that
8 := a'B,. By (1) one sees that = (0,1,,)’, which is full rankp.. Let gt :=
B(l;—p,:0) andB? := B(0, Ip,)"; one sees thagg¥' X, are the C(2,2) relations
andB? X, + (B5B8,) 1B5AX, are the multicointegrating relations

4. By the 1(2) representation theorem of Johanséh992, C, =
Bo(a50B,) tab, whered := (I + Ba’). The choiceB is by construction con-
formable witha := (B¢ + Biw: B>). Going back to the representation @f
one finds@, = B(u’)~! and thusx, = 8.a = B¢, , where we note thatu’)la =
.. Thusas08, = @ B'(I + Ba') B, = ¢, B'Ba'B, = ¢} B' B3, given the struc-
ture (1) of @, and hence

0\\-1
.- .ofeisr (O s
P2

Note thatC, depends o1B, k, ¢ and it does not depend an, Q.

5. The likelihood function depends anthrough the produckB’ and(. Spe-
cifically «8’ = (Be + B1w)BY + B.kB?, whereB = (B1:3?) is partitioned
conformably withe. It is simple to see that is not identified because one can
insert two square invertible matricés, i = 1,2, and their inverses within the
two factors inaB’; i.e, 7 := (B, k, ¢, w, Q) and7* := (B¢’, kp, 1, (¢') 1
ept, wprt, Q) give the same likelihogdvheree := diag(¢q,¢,). Moreover
because, , B, are any bases of c@8, ) and col 8,), one also needs to identify
them

For any matrixy, let a be of the same dimensions such tla&y is non-
singulat definey, := y(a'y)™! (see e.g., Johansen1996 ch. 5). To achieve
identification one can identify?, B2 B,, and B, by defining B3, B2,, Bia,»
andp,, for appropriate matrices;, i = 1,2,3,4. This solves the identification
problem forr.

NOTE

1. An excellent partial solution based on a state space representation has been independently
proposed by Dietmar Bauevienna University of TechnologyAustria).
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