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SUMMARY
This paper concerns the modeling and control of a mobile
manipulator which consists of a robotic arm mounted upon
a mobile platform. The equations of motion are derived
using the Lagrange-d’Alembert formulation for the non-
holonomic model of the mobile manipulator. The dynamic
model which considers slip of the platform’s tires is
developed using the Newton-Euler method and incorporates
Dugoff’s tire friction model. Then, the tracking problem is
investigated by using a well known nonlinear control
method for the nonholonomic model. The adverse effect of
the wheel slip on the tracking of commanded motion is
discussed in the simulation. For the dynamic model, a
variable structure control approach is employed to minimize
the harmful effect of the wheel slip on the tracking
performance. The simulation results demonstrate the effec-
tiveness of the proposed control algorithm.

KEYWORDS: Nonholonomic model; Dynamic model; Mobile
manipulator; Robust control.

1. INTRODUCTION
In recent years, there has been great effort made in the
development of tracking control algorithms of wheeled
mobile robots as nonholonomic systems that arise from
constraining the wheels of the robots to roll without
slipping. Most of the tracking control algorithms developed
in the literature are based on ideal models in which
nonholonomic motion is assumed. Interest in the area of
mobile manipulators has also increased significantly
because of their combined mobility and manipulability.
Although considerable amounts of research and develop-
ment have been performed in the area of motion control of
mobile manipulators, most of the models developed in the
previous work assume only planar motion and/or holonomic
constraints in which the complexity of the modeling and
control  problem is often excessively simplified.

Recently, Dugoff’s pneumatic tire friction model has
been employed to describe the longitudinal and lateral
forces acting on the wheels of a wheeled mobile robot for
high load and high speed applications.1 It was determined
that the use of a nonholonomic model must be limited to
lightweight vehicles which operate under very low speeds,
low accelerations, and under lightly loaded conditions. This
result motivates the dynamic modeling of the mobile
manipulator subject to wheel slip. 

Hootsmanns and Dubowsky2 developed the mobile
manipulator jacobian transpose control algorithm which

relies on vehicle motion sensing and kinematic models of
the system. Mobile manipulators with soft suspensions were
shown to be stable with limited vehicle sensory data.
However, only holonomic constraints were taken into
account. Liu and Lewis3 developed a robust controller for a
mobile manipulator by considering the platform and the
manipulator as two subsystems. Jang4 studied a single-
linked manipulator on a planar wheeled platform and
developed passive control systems to reduce the dynamic
coupling between the two subsystems. Yamamoto and Yun5

studied a two-linked planar mobile manipulator subject to
nonholonomic constraints and developed a coordination
algorithm based on the concept of a preferred operating
region. Chung et al.6 developed the nonlinear interaction
control algorithm for the redundant mobile manipulator to
resolve the kinematic redundancy.    

The motivation for much of other previous work7,8 stems
from identifying the stability criteria so that the vehicle does
not overturn. The work addressing mobile manipulators,
e.g., off-line optimization methods9, ignores the non-
holonomic characteristic of the mobile platform. Most of
the models described in the previous work2,3,5,6 analyze the
dynamic interaction in an explicit form. However, they
consider only planar motion and/or satisfy the assumption
of holonomic motion which is far from realistic in practice.

In this paper, we first develop the nonholonomic
equations of motion of a mobile manipulator using a
Lagrange-d’Alembert formulation. In this formulation, the
equations of motion are projected onto the subspace of
allowable motions. Then, we attempt to develop the
dynamic model of the spatial manipulator for high load and
high speed applications, in which slip of the wheeled
platform’s tires is considered. Then, the solvability of
tracking problems for the nonholonomic model is investi-
gated by using input-output linearization. Furthermore, a
robust control algorithm is developed for the dynamic
model to minimize the harmful effect of wheel slip which is
shown to act as a disturbance to the system.

2. NONHOLONOMIC MODELING
The mobile manipulator shown in Figure 1 is considered.
This mobile manipulator is supported by two independently
driven wheels with a common platform-fixed axis and two
passive, self-aligning wheels (casters). The detailed config-
uration of the mobile manipulator can be found in the
freebody diagrams, Figures 2 and 3, which are also used in
deriving the dynamic equations of motion of the system
subject to wheel slip. In this first case, the wheeled platform
is modeled as a nonholonomic system in which wheel slip is
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neglected due to slow motions. Hence, we assume that no
lateral slip nor longitudinal slip occurs.

The equations of motion of a system subject to con-
straints can be written as

d
dt

­L
­j̇

2
­L
­j̇

+CT(j)l2t=0 (1)

where C(j)PRk3 n represents a set of k velocity constraints,
l=(l1, . . . , lk)

T are Lagrange multipliers, j=(j1, . . . , jn)
T

are a set of generalized coordinates for the system, and L is
the Lagrangian of the system.

In the absence of constraints, the robot’s dynamic
equations can be derived from the Euler-Lagrange equa-
tions. Given k such constraints, we can write them as a
vector-valued set of k equations:

Ci
j(j)j̇=0, i=1, . . . , k. (2)

Let the virtual displacement dj be a vector which satisfies
C(j)dj=0. Then, (CT(j)l)·dj=0 for C(j)dj=0 by D’Alem-
bert’s principle. Since (CT(j)l)·dj=0, Eq. (1) becomes

Sd
dt

­L
­j̇

2
­L
­j

2tD·dj=0 (3)

where C(j)dj=0. (4)

The mobile platform is subject to one holonomic constraint
and two nonholonomic constraints written as

f=
b
d

(j1 2j2), (5)

ẏm cos f2 ẋm sin f=0, and (6)

ẋm cos f+ẏm sin f=
1
2

r(j̇1 + j̇2) (7)

where f is the heading angle of the platform, (xm, ym) is the
position coordinate of the mid-point of the axle, j1 is the
angular displacement of the left wheel, and j2 is the angular
displacement of the right wheel.

We may write Eqs. (6) and (7) in the form of Eq. (2)
with a vector j defined as

j =[j1 j2 j3 xm ym] (8)

where j3 is the joint angle of the manipulator and C(j) is
given by

C(j)=F0
1
2r

0
1
2r

0
0

2sin f

2 cos f

cos f

2 sin fG. (9)

Substituting Eq. (6) into Eq. (7) and rearranging the
resulting equations gives a set of velocity constraints

Fig. 1. The mobile manipulator.

Fig. 2. Top view of the mobile manipulator.

Fig. 3. Side view of the mobile manipulator.
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ẋm =
1
2

r(j̇1 + j̇2) cos f and (10)

ẏm =
1
2

r(j̇1 + j̇2) sin f (11)

Now C(j) is rearranged as

C(j)=[Cu(j)Cc(j)] (12)

where

Cu(j)=F0
1
2r

0
1
2r

0
0G, (13)

Cc(j)=F2 sin f

2 cos f

cos f

2 sin fG, (14)

and Cc(j) is invertible and constrained.
Now, we derive the equations of motion using the

Lagrange-d’Alembert formulation. Let dj=(dj1 dj2 dj3 dxm

dym) represent a virtual displacement of the system. We
obtain Eq. (3) with the set of velocity constraints as

F0
1
2r

0
1
2r

0
0

2 sin f

2 cos f

cos f

2 sin fGdj=0 (15)

Solving Eq. (15) for dxm and dym gives

dxm =
1
2

r(dj1 +dj2)cos f and (16)

dym =
1
2

r(dj1 +dj2)sin f. (17)

We redefine dj as dju =dj1 dj2 dj3) and djc =(dxm dym)
where dju are the set of unconstrained variables where the
variables of djc are constrained. Using Eq. (12) and
dj=(dju djc), we obtain

djc =2C2T
c (j)Cu(j)dju. (18)

It can be shown that the equations of motion become

S d
dt

­L
­j̇u

2
­L
­ju

2tuD2

CT
uC

2T
c S d

dt
­L
­j̇c

2
­L
­jc

2tcD=0. (19)

Substituting the Lagrangian L(j,j̇) into Eq. (19), the
equations of motion of the mobile manipulator can be
written as

Dj̈u +Q=tu (20)

3. DYNAMIC MODELING
In the previous section, the equations of motion of the
mobile manipulator were derived based on the assumption
of nonholonomic motion which is never strictly achieved in
practice, especially for high load and high speed applica-
tions. By considering slip of the wheeled platform’s tires,
the assumption of nonholonomic motion is violated. In this
section, the dynamic equations of motion are derived using
the Newton-Euler method and incorporate Dugoff’s non-
linear tire friction model, an empirical model that has been
used for many years in the vehicle dynamics field.10 The
free-body diagrams of the mobile manipulator are shown in
Figures 2 and 3. For the dynamic equations of motion
derived below, the body centered frames for the platform
and the manipulator are used as shown in the figures.

Given the angular velocities of the left and right wheels,
vl and vr, we can write the longitudinal and lateral
velocities of the center of gravity, u and y, the yaw rate v, 
and the longitudinal and lateral velocities of the left and
right wheels’ axles, ul and ur as

u=
1
2

(ul +ur), (21)

y =
b
d

(ul 2ur)+y s (22)

v = ḟ=
1
d

(ul 2ur), (23)

ul =tvl 2us
l, and (24)

ur =rvr 2us
r (25)

where f is the angular displacement of the platform, y s is
the lateral slip speed of the wheel axle, us

l and us
r are the

longitudinal slip speed of the centers of the left and right
wheels, respectively, and r is the radius of the driving
wheels. Furthermore, these equations have assumed that the
platform is symmetric side-to-side such that the center of
mass lies along its centerline. Using three-dimensional
kinematics of rigid bodies, the acceleration of the center of
mass of the manipulator can be obtained as aP =axı̂+ay ĵ+azk̂
where

ax = u̇2yḟ2Lcü sin u2Lcu̇
2 cos u2Lcḟ

2 cos u, (26)

ay = ẏ+uḟ+Lcf̈ cos u22Lcu̇ḟ sin u, and (27)

az =2Lcü cos u+Lcu̇
2 sin u (28)

Using Eqs. (26)–(28), the reaction forces and moment can
be obtained as follows:

Fx =maLcü sin u+maLcu̇
2 cos u+

maLcḟ
2 cos u2mau̇+mayḟ (29)

Fy =maLcu̇ḟ sin u2maLcf̈ cos u2maẏ2mauḟ, and (30)

Mz =maL
2
cu̇ḟ sin u cos u2 (Ia +maL

2
c cos 2u)f̈2

maLcẏ cos u+maLcyḟ sin u. (31)

Now, the force and moment equations for the platform
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and the wheels can be written as

mp(u̇2yḟ)=Fxrl +Fxrr +Fx, (32)

mp(ẏ+uḟ)=Fyrl +Fyrr +Fy, (33)

Ipf̈=Mz +
d
2

(Fxrl 2Fxrr)2b(Fyrl +Fyrr), (34)

(Ia +maL
2
c)ü2maLcu̇ sin u+maL

2
cḟ

2 sin u cos u+

maLcyḟ sin u=ta 2magLc cos u (35)

Itv̇l =tl 2Fxrlr, and (36)

Itv̇r =tr 2Fxrrr (37)

where mp is the mass of the platform, ma is the mass of the
arm, Ip is the moment of the inertia of the platform about a
vertical axis, and Ia is the moment of inertia of the arm about
its center of mass. The distance between the center of mass
of the platform and the mid-point of the axle, b, is set to zero
to obtain the dynamic equations of motion in a more
tractable form for the control design to follow. Note that the
dynamic equations of motion are not in closed form. The
longitudinal and lateral forces on the wheels are calculated
by Dugoff’s tire friction model.10

Substituting Eqs. (29)–(31) into Eqs. (32)–(35) and
rearranging the resulting equations, the dynamic equations
of motion of the mobile manipulator can be written as

Mn̈ +N+G=F (38)

where n̈=(u̇ ṅ f̈ ü)T,

M=

mp +ma

0
0

2maLc sin u

0
mp +ma

maLc cos u

0

0
maLc cos u

Ip +Ia +maL
2
c cos 2u

0

2maLc sin u

0

Ia +maL
2
c

,

(39)

N=

2maLcu̇
2 cos u2maLcḟ

2 cos u+mpyḟ2mayḟ

2maLcu̇ḟ sin u+mpuḟ+mauḟ

2maL
2
cu̇ḟ sin u cos u2maLcyḟ sin u

maL
2
cḟ

2 sin u cos u+maLcyḟ sin u

, (40)

G=

0
0
0

maLcg cos u

, and (41)

F=

Fxrl +Fxrr

Fyrl +Fyrr
1
2d(Fxrl 2Fyrl)2b(Fyrl +FYrr)

ta

. (42)

Now, the state variables are defined as q1 =(xe ye ze)
T,

q2 =(u ḟ u̇)T, and q=(q1 q2)
T. Eliminating the tire force terms

and rearranging Eqs. (32)–(37), we obtain

q̇=m+jt+d (43)

4. INPUT-OUTPUT LINEARIZATION - THE
NONHOLONOMIC MODEL
In this section, we derive the control law for the spatial
mobile manipulator based on the model obtained using

Eq. (19), the nonholonomic model that neglects tire slip.
We first rewrite Eq. (20) as

j̈u =H+D21tu (44)

where H=2D21Q.
Now, the state variables are defined as

w=[ju j̇u]. (45)

Eqs. (44) and (45) can be used to write

ẇ=f(w)+g(w)tu. (46)

Now we select the output associated with Eq. (46),
y=f(ju), as the end-point of the manipulator. Then, differ-
entiating each element of y twice allows terms involving
elements of tu to appear. Thus, the first and second
derivative of the output can be written as

ẏ=J(ju)j̇u and (47)

ÿ=J(ju)j̈u + J̇(ju)j̇u. (48)

Now, with substitution of Eq. (44), Eq. (48) can be
rewritten as

ÿ=J(H+D21tu)+ J̇j̇u (49)

Then, the input-output description of the system Eq. (46)
can be linearized to cancel the nonlinearities in Eq. (49)
using the following feedback:

tu =F(w)+G(w)u (50)

where

F(w)=2DJ 21J̇j̇u 2DH and (51)

G(w)=2DJ21 (52)

Thus, the combined system Eqs. (49)-(52) reduces to

ÿ=g (53)

The term g represents a new input to the system which is yet
to be chosen. Eq. (53) is known as the double integrator
system as it represents n uncoupled double integrators.
Control system design of the mobile manipulator is then
equivalent to a design problem of decoupled linear sub-
systems.

5. ROBUST CONTROL – THE DYNAMIC MODEL
For the case of the dynamic model including tire slip, we
select the output associated with Eq. (43) as the end point
of the mobile manipulator and define the new sets of state
variables as x=(x1 x2)

T, x1 =(xe ye ze)
T, and x2 =(ẋe ẏe że)

T.
Then, transformation of the output equation is performed
into the global frame. Differentiating the state vector x, we
obtain the dynamic equation in the global frame as
follows:

ẋ=j (f, u, x, d)+F(f, u, d)t+h(f, u, x, d) (54)

where

F(f,u,d)=
033 3

G(f,u,d)
and (55)

G(f,u,d)=

cos f

sin f

0

2La sin f cos u

La cos f sin u

0

2La sin u cos f

La sin f sin f

La cos u

(56)
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Should the wheel slip be neglected, then the equations of
motion can be written as

ẋN =jN(f,u,x)+FN(f,u)t. (57)

Let us denote the following equations:

F(f,u,d)=FN(f,u)+DF(f,u,d) and (58)

j(f, u, x, d)=jN(f, u, x)+Dj(f, u, x, d) (59)

where Dj and DF are the uncertainty terms. Then, DF can
be written as

DF(f, u, d)=F 033 3

DG(f, u, d) G
=F 033 3

DGN(f, u) G DG21
N (f, u) DG(f, u, d)

=FN(f, u)DG21
N (f, u) DG(f, u, d)

=FN(f, u)F̃(f, u, d) (60)

Similarly, it can be shown that

Dj(f, u, x, d)=FN(f, u) j̃ (f, u, x, d) and (61)

Dh(f, u, x, d)=FN(f, u)h̃(f, u, x, d). (62)

Then, j, F, and h can be rewritten respectively as

j(f, u, x, d)=jN(f, u, x, d)+FN(f, u)j̃(f, u, x, d), (63)

F(f, u, d)=FN(f, u)+FN(f, u)
˜
F(f, u, d), and (64)

h(f, u, d)=FN(f, u)h̃(f, u, d). (65)

Then, Eq. (54) is rearranged as

ẋ=jN(f, u, x)+FN(f, u)t +r(f, u, x, d) (66)

where r(f, u, x, d)=FN(j̃(f, u, x, d)+F̃(f, u, d)+ h̃(f, u, x,
d)). Note that Eq. (66) is of the form of Eq. (57) with
uncertainty from tire slip.

Therefore, the dynamic equations of motion of the mobile
manipulator in task space satisfy the matching condition. It
is well known that the matching condition is the structural
form of a dynamic system to be satisfied for the application
of a wide class of robust control algorithms. With this
property satisfied, the dynamic model based robust con-
troller is designed based on the variable structure control
method. Variable structure control algorithms possess the
feature of sliding mode invariance to both system perturba-
tions and external disturbances.11,12

Now, the position error and the velocity error are defined
as

ep =x1 2xd
1 and (67)

ed =x2 2xd
2 (68)

where xd
1 and xd

2 are the desired trajectories. Then, the
tracking error dynamics can be described as follows:

ė=Ae+B{x+h2 ẋ d
2} (69)

where

e=(ep ed)
T (70)

The principle of the variable structure control method is to
design a control law to make the system reach the following
manifold:

S(e)=Ce =[Cp Cd]=F ep

ed
G (71)

Once the system reaches the switching manifold, it will
remain on it, which is said to be in the sliding mode. If Cd

is nonsingular, we have

ėp +C21
d Cpep =0 (72)

One of the conditions that ensures that the switching
manifold is reached can be described as

STṠ,0. (73)

Variable structure control usually takes the following form:

x=xe +Dx (74)

where xe is the equivalent sliding mode input, and Dx is the
additional term to satisfy the reaching conditions.

Now, the matrix C in the switching manifold is set to be

C=[Cp Cd]=[L I] (75)

where L=diag[l1 l2], (l1, l2.0). Then, the sliding mode
for the system can be written as

ėp =2Lep (76)

which shows the exponential convergence of the tracking
error. Now, we need to determine the control law for the
dynamic system to guarantee the reaching condition. Taking
the time derivative in the reaching condition along the
trajectory of the system, we obtain

STṠ=ST(CSe+x+r). (71)

The control design to follow is based on the premise that it
may be possible to estimate the norm bounds on its effect on
the tracking performance of the system. The control law x is
then designed to guarantee stability of Eq. (69). The norm
bound of the uncertainty term r is obtained as

i r i = i FN(j̃ +F̃+ h̃) i ≤ r̄. (78)

Then, it is not difficult to determine x which satisfies the
reaching condition as follows:

x=2Led 2Dx (79)

where

Dx=

S
i S i

r̄, for i S i≠0

0, for i S i=0
. (80)

Substituting Eqs. (79) and (80) into Eq. (77), it is seen that
when i S i≠0,

STṠ=2 i S ir̄+STr

≤2 i S ir̄+ i S i i r i

=2 i S i(r̄+ i r i)

<0. (81)
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Because the tracking error is governed by Eq. (69) on the
switching surface, the tracking error converges exponen-
tially to zero when the sliding mode is reached. Therefore,
the above control law is the variable structure control of the
mobile manipulator. Now, selecting Cp =I and Cd =L, the
error dynamics are written as

F ėp

ėd
G=F 2L

0
0

2L G Fep

ed
G. (82)

In practice, variable structure controllers result in input
chattering because high frequency switching action is
required in generating the control input. One common
method to overcome the chattering is to modify Eq. (80) as
follows:

Dx =

S
i S i

r̄, for i S i>e

S
r

r̄, for i S i≤0
. (83)

where 0<e#1.

6. SIMULATIONS
In this section, computer simulation is conducted to
examine the performance of the tracking controller designed
for each model of the mobile manipulator developed
throughout this paper. The parameters used in the simula-
tions are mp =300 kg, ma =50 kg, Ip =30 kg·m2, and
Ia =10 kg·m2 where mp is the mass of the platform, ma is the
mass of the arm, Ip is the moment of inertia of the platform,
and Ia is the moment of the inertia of the manipulator. The
longitudinal and lateral tire coefficients, Cx and Cy, are both
set to 40034 N/rad.

The following desired trajectory is used in the simula-
tion:

xd(t)=3 + sin t

yd(t)=3 + cos t

zd(t)=0.6854+0.1 sin t

In this simulation, the mobile manipulator is initially at rest
and the initial position of the end-effector is set to (3.3, 4.3,
0.7854) which is not on the desired trajectory. In simulation,
the end-point of the mobile manipulator is commanded to
follow the desired trajectory and the platform is responsible
for positioning the manipulator at a specified point in the
workspace to avoid singular configurations of the system.
The desired trajectory follows a circle in the xy plane with
a sinusoidal variation in the z direction. The mobile
platform is ordered to adjust its heading in a sinusoidal
manner to accommodate for the effects of the manipulator
motion in the xy plane due to the combination of the
manipulator’s vertical movements and the platform’s yaw.
Figure 4 shows the desired trajectory of the end-point of the
manipulator in task space. Figure 5 shows the tracking
errors of the nonholonomic model based controller in task
space and demonstrates the excellent tracking performance

as expected.
Many conditions exists for which the nonholonomic

model is insufficient. That is, inertial and/or external loads
can only be overcome with appreciable wheel slip. Figure 6
depicts the best tuned tracking performance of the input-
output linearizing controller for the mobile manipulator
subject to wheel slip. It is obvious that the tracking
performance of this controller, which was designed based
on the wheel rolling condition, degrades significantly in the
presence of wheel slip. Figure 7 shows the tracking
performance of the variable structure controller designed for
the realistic model of the mobile manipulator. L is set to
diag(0.5 0.5 0.5). It is observed that the tracking errors
quickly converge to very small values compared to the non-
robust control design.

Fig. 4. The desired trajectory.

Fig. 5. Position error - the nonholonomic model.
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7. CONCLUSION
In this paper, we have developed the nonholonomic
equations of motion of a mobile manipulator using a
Lagrange-d’Alembert formulation. In this formulation, the
equations of motion are projected onto the subspace of

allowable motions. Then, the dynamic model of the mobile
manipulator was developed for high load and high speed
applications, in which Dugoff’s tire friction model was
incorporated. For the nonholonomic model, the input-output
linearization method was utilized to solve the tracking
problem. This control approach provided excellent tracking
control for a system for which the wheel rolling condition is
valid. However, for highly loaded systems, wheel slip is
necessary, and the effect of wheel slip on the position
tracking was identified in the simulation. Based on the
degraded performance of the input-output linearization
approach, a robust controller was designed to eliminate the
harmful effects of the wheel slip which was shown to act as
a disturbance to the system. The effectiveness of the realistic
model based robust controller was then demonstrated
through computer simulation.
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Fig. 6. Position error without robust control - the dynamic
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Fig. 7. Position error with robust control - the dynamic model.
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