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A classical result of Sarkdzy states that, for any k € N and any positive density subset E
of N, there exist elements x and y of E and n # 0 such that x —y = n*. A version of this
result for finite fields is derived from a recent theorem of P. Larick, a short proof of which
is also given.

1. Introduction

A conjecture of L. Lovasz in the 1970s stated that if A4 is a set of natural numbers having
the property that A — 4 = {a — b :a,b € A} contains no squares, i.e., no member of the set
S = {n*:n € N}, then d(A) = limsupy_,,, w = 0. This conjecture was affirmatively
established by A. Sarkozy in [7]. Sarkozy then in [8] indicated that his method also works
with S replaced by S’ = {n*:n € N}, where k € N is arbitrary. In particular the following
is true.

Theorem A. Let € > 0 and suppose k € N. There exists a q € N such that, for every N > q
and every set A = {1,...,N} satisfying |A| > eN, (4 — A)N {n*:n € N} # 0.

Theorem A was given an independent proof via ergodic-theoretic methods by H. Fursten-
berg. Indeed, in [5] it is established that one may in fact obtain the conclusion (4 — 4) N
{p(n):n € N} # 0, where p(x) € Q[x] with p(Z) = Z and p(0) = 0.

Our first purpose is to give the following version of Sarkozy’s theorem for finite fields.
(Here and throughout the paper, F* will denote the set of nonzero elements of a field F.)

Theorem B. Let € > 0 and k € N. There exists an M € N having the property that, if F is
any finite field with |F| > M and A < F with |A| > e|F|, then (A — A) N {gr:g € F*} # 0.
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Recall that a sequence (®,),cn of finite subsets of a countably infinite additive abelian
group G is a Falner sequence if, for every g € G, W — 1 as n — oo. By a unitary
(respectively, measure-preserving) action of a vector space W on a Hilbert (respectively,
probability) space X we mean a homomorphism u — T, of (W,+) into the group of
unitary operators (respectively, invertible measure-preserving transformations) on X (so
that T,., = T, T)).

Our proof of Theorem B depends heavily on the following recent theorem of P. Larick
[6]. Indeed, our second purpose is to disseminate a concise proof of this result (the original

proof, in addition to being not widely available, is prohibitively long).

Theorem C. Let F be a countable field, let (®y,),eny be a Folner sequence for F, and let
ri(x) € F[x] with ri(0) =0, 1 <i < L. If (Ug)gep is a unitary action on a Hilbert space #
then, for all f € A,

lim !
n—w |@,|

> Utnig).nienf = PF

g€D,

,,,,,

In the final section we indicate that, using the full strength of Theorem C, one may
establish somewhat more than is guaranteed by Theorem B.

The proofs we shall present here are intended as an accessible and instructive blend
of the algebraic, functional-analytic, ergodic-theoretic and combinatorial methodologies
germane to ergodic Ramsey theory. For a more comprehensive treatment of polynomial
density combinatorics in vector spaces, the reader is referred to the forthcoming article [4].

2. Derivation of Theorem B

The following recurrence theorem for measure-preserving vector space actions is an easy
corollary of Theorem C.

Corollary 2.1. Let W be a finite-dimensional vector space over a countable field F, let
(®y)nen be a Folner sequence for F, and suppose (Ty)wew is a measure-preserving action of
W on a probability space (X, .o/, u). If r: F — W is a polynomial with r(0) =0 and A € o/,
then 1imy. 7 3 cq, 1A N (Trg))A) = (A O

If G is a commutative group and E = G, then we write d"(E) for the supremum, taken

. EN®,
over all Folner sequences (®,),en, of limsup, ‘ ] iy
n

Corollary 2.2. Let e > 0, let W be a finite-dimensional vector space over a countable field F,
and suppose (®y)qen is an increasing Folner sequence for W consisting of additive subgroups.
If r: F — W is a polynomial with r(0) = 0, then there exists an N € N such that, if E < ®y
with |E| > €|®y|, then (E —E)N{r(g):g € F*} # 0.

https://doi.org/10.1017/50963548303005753 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548303005753

A Sarkozy Theorem for Finite Fields 645

Proof. A routinely established consequence of Corollary 2.1 and Furstenberg’s corres-
pondence principle (see for example [1]) is that if E = W with d*(E) > 0, then there exist
many (in particular, nonzero) g € F with r(g) € (E — E). We will assume the negation of
what we want to prove and derive a contradiction to this fact.

Suppose then for every N € N we have Ey < @y with |Ey| > €|®y| and (Exy — Ex) N
{r(g):g € F*} =0. We claim that, upon possibly shifting the Eys, we may assume in
addition that |[Exy N ®;| > e|®;| for 1 < j < N.

Let us establish the claim. First note that Ey must intersect some coset (in ®y)
of ®y_; in a set of size at least e|®y_1|. Shifting Ey by subtracting a representative
of this coset and replacing Ey by its shift yields the inequality [Exy N ®yn_1| > €|®y_|
without affecting the inequality |[Ey N ®y| > €|®y|. Next, our shifted Ey must intersect
some coset (in ®y_;) of ®y_, in a set of size at least e|®y_,|. Shifting Ey again by
subtracting a representative of this coset and replacing Ey by its shift does not affect
the prior two inequalities (we shifted by a member of ®y_;) while yielding the new
inequality |Ey N @y_j| > €|®y_»|. Iterating this process, we establish the truth of the
claim.

Now, choose D; = @; such that Ry = {N:Ey N®; = D} is an infinite set. According
to the claim above, |D{| > €|®;|. Having chosen Dy,...,D; and Ry,..., R, such that D; =
®;, |D;| > €|®;|, and R; ={N € Ri_1:Exy N®; = D;} is an infinite set, 2 <i < t, choose
Dyt © @pyq with |Dyyq| > €|®,44| and Ry = {N € R:ExyN®y = D,1} infinite. Note
that Dy Dy - and Riyo Ry > ---. Let D= Ufi] D;. With respect to the Falner
sequence (®,), we have d(D) > e. However, by construction (D — D) N {gk:g € F*} =0,
contradicting the observation made in the first paragraph. L]

We now consider the ring of polynomials Z,[x], where p is prime. For N € N, let
Ky ={f € Z,[x]: deg f < N}. Then (Ky) is an increasing Folner sequence consisting of
additive subgroups that exhausts Z,[x], and we have a corresponding notion of density
with respect to this Felner sequence: d(E) = limsupy_,., 'E‘?(fj“'l for E < Z,[x]. Our first
step toward a proof of Theorem B is now the following lemma.

Lemma 2.3. Let k € N and suppose p is prime. If E c Z,[x], d(E) > 0, then (E —E)N
{8104 g €Z,[x]} #0.

Proof. Let Q be the field of rational functions fé, f.g € Zy[x], and let {®y} be an
increasing Folner sequence for Q consisting of additive subgroups. Choose N as per
Corollary 2.2 (taking F = W = Q) with r(g) =¢* and e = d(—ZE) Pick f € Z,[x] with
fOy < Zy[x] and let G = fk®y. Then G is a subgroup of Zp[x] having the property that if
D is contained in any coset of G with |D| > €|G| then (D — D) N {gk:0 # g € Z,[x]} # 0.

Now choose M so that G — Ky; and |E N K| > €|Ky|. Then |E N (d 4+ G)| > €|G| for
some d € Ky, whereby we have (E —E)N{gk:0+# g € Z,[x]} # 0 by the observation
made in the previous paragraph. L]

Part (a) of the next lemma follows immediately from the proof of the previous one.
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Lemma 2.4. Let k € N and e > 0. Suppose p is prime.

(a) There exists an R € N such that if m > R and E <= K, with |E| > €|K,,| then (E — E)N
{g":0# g € Kg} #0.

(b) There exists an R € N such that if F is a finite field having p™ elements, m > R, then if
D < F with |D| > e|F| we have (D — D) {gk:g € F*} # 0.

Proof. We need only prove part (b). Let R be as in part (a) and suppose D and F
are as stated. We may assume that Z, is a subfield of F. Let w be a generator for
(F*,-) (so that, in particular, the minimal polynomial of w over Z, is of degree m).
Then the map 7:K,, — F given by t(f(x)) = f(w) is a bijection and the set E = t~!(D)
satisfies the conditions of part (a), so that there exists a nonzero g = g(x) € Kg with
g" = g(x)f € E — E. In other words, E contains a configuration {e(x), e(x) + g(x)*}, from
which it follows that D contains {e(w),e(w)+ g(w)}. Finally g(w) cannot be zero, as
deg g(x) < m. L]

Proof of Theorem B. Let ¢ >0 and k € N and choose g as in Theorem A. Now, if F
is any field of characteristic p > ¢, then F contains a subfield G isomorphic to Z,, so if
A < F with |A| > €|F| then A intersects some additive coset of G with relative density at
least €, and Theorem A gives in turn the desired conclusion to Theorem B.

For any prime p < ¢, let R be as in Lemma 2.4 and put L(p) = pR. Then, if F is a
field of characteristic p with |F| > L(p), Lemma 2.4(b) applies to F, which again gives the
desired conclusion. Let M be the maximum of ¢ and the largest of the L(p), p <q. [

3. Proof of Theorem C

We need the following two facts. The first lemma follows Bergelson (see [2, Theorem 1.4],
[3, Proposition 5.7], [4], etc.) and is motivated by van der Corput’s difference theorem on
equidistribution.

Lemma VDC. Let (G,+) be an abelian group and let (®,),en be a Folner sequence for G.
Let (xg)gec be a bounded sequence in a Hilbert space, and suppose for all but finitely many

heaq,
lim sup ! > (xgoxg4n) =0.
nooo | Dnl
geq),,
Then lim,_,., | ﬁ > eca, Xell = 0. O

The next tool we introduce is the classical mean ergodic theorem.

Theorem MET. Let G be a countable abelian group and let (X,.o/,p,{Ty}4ecc) be a
measure-preserving system with w(X) = 1. If (®,),en is any Folner sequence for G, then
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for all f € L*(X,.o/, ) the limit

. 1
lim ] > T.f =Pf
geD,

exists in the norm topology. Moreover, P is the orthogonal projection onto the space of
{Tg}eeq-invariant functions. U

Let F be a countably infinite field of characteristic p and let w e N. If r: F — F" is
polynomial in each coordinate with r(0) =0 and h € F, put Dyr(x) =r(x+h) —r(x) —
r(h). Clearly Dy(r + s)(x) = Dyr(x) + Dys(x). Define deg,r(x) to be the minimal positive
integer n such that the n-fold iteration (D, (Dy, (- Dy,r)) ) = 0 for all choices h;. It is
an easy consequence of the binomial theorem that (taking w = 1) deg, x" = 1 if an only
if n is a power of p. More generally, one may show with a bit of effort that deg, x" is
equal to Y2 a;(n), where n =Y~ a;(n)p' is the base-p expansion of n. However, we do
not need this fact, so we do not prove it here.

Theorem 3.1. Let t; <--- <ty € Nwithp [t;, 1 <i< L If (Ug)gep is a unitary action on
a Hilbert space # and (®y),en is a Folner sequence for F then, for all f € A,

. 1
nlglolc mgz: U(grn ..... gy = Pf, (3~1)
where P is the orthogonal projection onto #iny = {h € # :Ugh = h for all g € F'}.

Proof.  We use induction on d = max; ;g deg, x'i, For d = 1 this is just Theorem MET.
Assume the conclusion holds for d — 1. As an immediate consequence of the induction
hypothesis, we have the following fact.

Fact 3.2. Let s1,...,5, € N be distinct with p [si, and deg,x" <d—1, 1 <i<z. Then
{(g%,...,g%):g € F} additively generates F-.

The proof of Fact 3.2 from the induction hypothesis is immediate. If the set in question
was contained in a proper subgroup G < FZ, then it would be an easy matter to construct
a unitary F?-action with G-invariant functions f that were not F*-invariant. For such an

Let y=1 and w=1 if t; > 1, and let y =2 and w=1[—1 otherwise. Put g(x) =
(x™,...,x"). (So g(x) maps into F".) Recall next that we write Dyq(x) for q(x + k) —
q(x) — q(k).

Proposition 3.3. There exists a natural number R and a polynomial T1(xy,...,xg), such that
if ki,...,kg € F with TI(ky,...,kg) # O then {Dy,q(g):g € F,1 <i< R} spans F".
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Proof. First we separate the linear exponents from the nonlinear exponents in Djq(x),
writing Diq(x) = nkg(x) + br(x), with only nonlinear exponents occurring in ng(x) and

br(x) = Ze,ZC(l]kt’_p(/ ",

where each ¢(i, j) £ 0 and [(i,1) =0, 1 <i < w. Here ¢; = (1,0,...,0), & = (0,1,0,...,0),
.., e, =(0,...,0,1).

Let z = (zy,...,2y) be an arbitrary element of F. Let R =", R; and choose M so
that p'“)|M for all i, j. For ky,..., kg € F, we consider the system of equations (in variables
215> &R)

R

Dl R M = 1 <i<w, 1< <Ry (3.2)
s=1
where f;; = z; if j =1 and f;; = 0 if j > 1. Observe that if equations (3.2) hold, then for
any h e F,

R R
E b (gsh) = E E hp’(’”el (i, j) an_pum )
s=1

i=1 j=1 s=1

w R B y w
=SS e =0y ez = (hzi hza.. hzy) (3.3)
i=1 j=I i=1
(since f; = 0if j > 1 and I(i, 1) = 0),

Recall that p/¢)|M for all i, j. Equation (3.2) will be true if

R
S i R g = f 1 <i<w, 1< < R,
s=1
This linear system of R equations (recall that R =", R;) in R variables gi,...,gr
will have a solution if its coefficient matrix has nonzero determinant. Letting m(i, j) =
(t; — p"=D)M /p!'®-) this coefficient matrix is given by

_ C(l 1) m(ll . C(l,l)kg“’l) _
C(l, R )kll‘n(l,Rl) e C(l, R, )k;g(l’Rl)
A(kl,,kR)z
c(w, I)k’lﬂ(w,l) - c(w, l)kz(w,l)
Lc(w, Rw)k’l”(w,Rw) ce(w, Ry KDOR) |

Note first that Il(ky,...,kg) = det A(ky,...,kg) is a polynomial in variables ki,...,kg,
which will clearly be nonzero if the exponents in different rows are distinct; that is, if
m(i, j) = m(x,y) implies i = x and j = y. To see that this is so, observe that if we start
with the equation m(i, j) = m(x,y), divide both sides by M, add 1 to both sides and
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cross-multiply, we get t;p'*¥) = t,p'®). Since neither t; nor t, has p as a factor, this does
it.

Now we need to deal with n(x). Recall that n(x) contained terms with exponents other
than powers of p, so we can write n(x) = Zle a;(k)x*"", with p [s; and s; > 1, 1 <i < L.
Let [5,...,1, be an enumeration of the distinct s;s and put [; = 1.

By Fact 3.2, {(h",hll,...,h’Z):h € F} spans F?, so there exist hy,...,h, such that
S (R R, h’:) =(1,0,...,0). This implies (recall I, =1) that ;; L hi=1 and
Zjhlh;' =0, 1 <i<L, which in turn gives Y _ lh;’p' = (X 1hj’)p =0, 1<i<L,
so that

t t r r t
D om(xhp) =D " ak)x TR = " ak)x | Y BT | =0, (3.4)
j=1 i=1 j=1

j=1 i=1
So, by (3.3) and (3.4),

R t
ZZDkﬂ@shﬂ—Z an(gsh) +Z<Zbk g:h; )

s=1 J 1 s=1 =
=0+ Z(hjzl,...,hjzw) =(21,...,2y) = Z.
Since z was arbitrary this completes the proof of Proposition 3.3. Ol

We now complete the proof of Theorem 3.1. Without loss of generality we may assume
that s is separable. For a subspace ¥ — i, let (%) be the assertion ‘(3.1) holds for all
f €% Itis easy to see that if ()2, is a sequence of subspaces of # with #; < i
for all i, then 2(;) for all i implies 2(|J;—; #;). Thus by Zorn’s lemma and separability,
there exists a closed subspace ', maximal with respect to the & property.

Let Q be the orthogonal projection onto #,,. As #, must be U,-invariant for all
g € F', 0 commutes with all U,. For all 0 # f € #;;, (3.1) does not hold. Our plan is to
show that if #7; is non-empty, there exists 0 # f € #;; such that (3.1) does hold. This
will complete the proof.

Suppose 0 # fo € A5 Put A(x) = (x1,...,x"), and for k € F, let Py be the orthogonal
projection onto {f € # :U,,f = f for all g € F}. One may show that P, commutes
with Q for all k € F. Let I1(xy,...,xg) be as guaranteed by Proposition 3.3. Let Hy = {k €
F:TI(k,x2,...,xR) # 0}. If Py fo =0 for all k € Hy, let z =0, and stop. Otherwise, pick
ki € Hy such that f; = Py, fo +0.

Having chosen ki, ka,...,k, € F and f, = ([]_, Px,)fo (where y <R), let H, = {k €
F:I(ky, ko, ..., ky, k,xy42,...,xg) # 0} If Pf, =0 for all k € Hy, let z=y, and stop.
Otherwise pick ky, € H, such that f,,; = P, f, # 0, and continue.

If this process fails to terminate with some z < R, then 0 # fr=f is in the range
of Py, 1 <i<R, and, II(ky,...,kg) # 0. If t; > 1 then g(x) = A(x) and, according to
Proposition 3.3, {A,(g):g € F,1 < i< R} spans F'. This implies f € #iyy, a contradiction.
Hence t; = 1, and Proposition 3.3 tells us that {4(g):g € F,1 <i < R} spans {0} x F'~L.
Thus Uj,)f = Ugy,.0)f for all g € F and (3.1) holds by MET.
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Suppose on the other hand this process does terminate with some z < R. Let f = f, =
(IT:—; Px)fo- Since fo € #5, and each P, commutes with Q, then f € #;5, and of course

f # 0. For all but possibly finitely many k € F (namely, all k € H,), P,f = 0. We now
utilize Lemma VDC. Put x, = Uj(,)f. Then, for all but finitely many k,

. 1 . 1
lim sup Z (Xgs Xgtk) = limsup Z (U_siof, Up)f)
n—o0 ‘(Dn| n—o0 |(I)n|
g€, geD,
= (P (Usipf ), Pif ) = 0.
The conclusion of Lemma VDC now gives (3.1), since Pf = 0. L]

Proof of Theorem C. For ease of notation, we will write U(v) instead of U, in this short
proof. Write (ri(g),...,ri(g)) = > i e,cig™, where ¢; € F, x; € N, and 1 < t; < for each
i. (Here (e;)'_, is the standard basis for F'.) Next write x; = y;p*, 1 <i < w, where p [y,
and let {s1,...,80} = {¥1,-.., Yw}, With 51 <5 < -+ < 5,. Now, for 1 < j < n, put

Véj) =U Z el,-Cingi

1<i<w
Vi=sj

.....

The desired result now follows immediately from Theorem 3.1 (applied to the unitary
action V) and Fact 3.2, from which it follows that the V-invariant subspace of J# is
precisely the subspace invariant under each U((r1(g),...,r1(2))- U]

4. Some extensions

The following, a special case of a more general result in [4], extends Theorem B from the
Introduction.

Theorem 4.1. Suppose Fy is a finite field. Let € > 0, k € N and r;(x) € Fy[x] with r;(0) =0,
1 <i<k. Write r(g) = (r1(g),-..,rk(g)). There exists M € N having the property that if F
is any finite field containing Fy with |F| > M and A < F* with |A| > €|F|¥, then (A — A) N
((r(g):g € F') #0,

We will now give some idea of the principal modification necessary in order to obtain
Theorem 4.1 from Theorem C. Let us consider the special case k =1, Fy = Z,, r(x) =

3g? + 5g’. The first step is a version of Lemma 2.3.

Lemma 4.2. If E < Z,[x] with d(E) > 0 then (E — E)N {3g> +5g":g € Z,[x]} # 0.
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Proof. Pute= %L Let Q and {®y} be as in Lemma 2.3. Then {®y x @y} is a Folner
sequence for Q?, and we may choose by Corollary 2.2 some N having the property
that, if E < @y x @y with |E| > e|®y|?, then (E — E) N {(3g% 5¢7):g € Q"} # 0. Choose
f € Z,[x] such that f®y = Z,[x] and let G = f*®y x f'®y. Note that if E = G with
|E| > €G then (E — E)N {(3g%,5¢7):0 + g € Z,[x]} # 0.

Now let E' = {(y,z) € Z,[x] x Z,[x] :y + z € E}. For every n, pick j, > n such that for
every g € K, [(g+K;,)NK; | > (1 —¢€)|K; | Then, for large n,

[E'N(Ky xK;) =Y [{y:y €K, and x +y € E}|

xeK,

=Y K, N(E—x)

xekK,

> K, +x)NE|

xeK,

<Y (KaNE[=[(K), + %)\ K}, ) > elK, | K.

xeK,

Choosing n sufficiently large that G < K, x K, some coset of G intersects E’ in a set
of size at least €|G|, and hence E’ contains a configuration {(a,b),(a + 3g% b+ 5g7)},

0 # g € Z,[x]. Therefore {c,c + 3g> + 5g’} = E, where ¢ = a + b. O
The remainder of the derivation follows roughly along the lines of Section 2. L]
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