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A Sárközy Theorem for Finite Fields

RANDALL McCUTCHEON

Department of Mathematical Sciences, University of Memphis, Memphis, TN 38152, USA

(e-mail: rmcctchn@memphis.edu)

Received 1 May 2002; revised 16 April 2003

A classical result of Sárközy states that, for any k ∈ N and any positive density subset E

of N, there exist elements x and y of E and n �= 0 such that x − y = nk . A version of this

result for finite fields is derived from a recent theorem of P. Larick, a short proof of which

is also given.

1. Introduction

A conjecture of L. Lovász in the 1970s stated that if A is a set of natural numbers having

the property that A − A = {a − b : a, b ∈ A} contains no squares, i.e., no member of the set

S = {n2 : n ∈ N}, then d(A) = lim supN→∞
|A∩ {1,...,N}|

N
= 0. This conjecture was affirmatively

established by A. Sárközy in [7]. Sárközy then in [8] indicated that his method also works

with S replaced by S ′ = {nk : n ∈ N}, where k ∈ N is arbitrary. In particular the following

is true.

Theorem A. Let ε > 0 and suppose k ∈ N. There exists a q ∈ N such that, for every N � q

and every set A ⊂ {1, . . . , N} satisfying |A| > εN, (A − A) ∩ {nk : n ∈ N} �= ∅.

Theorem A was given an independent proof via ergodic-theoretic methods by H. Fursten-

berg. Indeed, in [5] it is established that one may in fact obtain the conclusion (A − A) ∩
{p(n): n ∈ N} �= ∅, where p(x) ∈ Q[x] with p(Z) ⊂ Z and p(0) = 0.

Our first purpose is to give the following version of Sárközy’s theorem for finite fields.

(Here and throughout the paper, F∗ will denote the set of nonzero elements of a field F .)

Theorem B. Let ε > 0 and k ∈ N. There exists an M ∈ N having the property that, if F is

any finite field with |F | � M and A ⊂ F with |A| > ε|F |, then (A − A) ∩ {gk : g ∈ F∗} �= ∅.
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Recall that a sequence (Φn)n∈N of finite subsets of a countably infinite additive abelian

group G is a Følner sequence if, for every g ∈ G, |(g+Φn) ∩ Φn|
|Φn| → 1 as n → ∞. By a unitary

(respectively, measure-preserving) action of a vector space W on a Hilbert (respectively,

probability) space X we mean a homomorphism u → Tu of (W,+) into the group of

unitary operators (respectively, invertible measure-preserving transformations) on X (so

that Tu+v = TuTv).

Our proof of Theorem B depends heavily on the following recent theorem of P. Larick

[6]. Indeed, our second purpose is to disseminate a concise proof of this result (the original

proof, in addition to being not widely available, is prohibitively long).

Theorem C. Let F be a countable field, let (Φn)n∈N be a Følner sequence for F , and let

ri(x) ∈ F[x] with ri(0) = 0, 1 � i � l. If (Ug)g∈Fl is a unitary action on a Hilbert space H
then, for all f ∈ H,

lim
n→∞

1

|Φn|
∑
g∈Φn

U(r1(g),...,rl (g))f = Pf,

where P is the orthogonal projection onto {h ∈ H:U(r1(g),...,rl (g))h = h for all g ∈ F}.

In the final section we indicate that, using the full strength of Theorem C, one may

establish somewhat more than is guaranteed by Theorem B.

The proofs we shall present here are intended as an accessible and instructive blend

of the algebraic, functional-analytic, ergodic-theoretic and combinatorial methodologies

germane to ergodic Ramsey theory. For a more comprehensive treatment of polynomial

density combinatorics in vector spaces, the reader is referred to the forthcoming article [4].

2. Derivation of Theorem B

The following recurrence theorem for measure-preserving vector space actions is an easy

corollary of Theorem C.

Corollary 2.1. Let W be a finite-dimensional vector space over a countable field F , let

(Φn)n∈N be a Følner sequence for F , and suppose (Tw)w∈W is a measure-preserving action of

W on a probability space (X,A, µ). If r:F → W is a polynomial with r(0) = 0 and A ∈ A,

then limn→∞
1

|Φn|
∑

g∈Φn
µ(A ∩ (Tr(g))A) � µ(A)2.

If G is a commutative group and E ⊂ G, then we write d∗(E) for the supremum, taken

over all Følner sequences (Φn)n∈N, of lim supn
|E ∩ Φn|

|Φn| .

Corollary 2.2. Let ε > 0, let W be a finite-dimensional vector space over a countable field F ,

and suppose (Φn)n∈N is an increasing Følner sequence for W consisting of additive subgroups.

If r:F → W is a polynomial with r(0) = 0, then there exists an N ∈ N such that, if E ⊂ ΦN

with |E| > ε|ΦN |, then (E − E) ∩ {r(g): g ∈ F∗} �= ∅.
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Proof. A routinely established consequence of Corollary 2.1 and Furstenberg’s corres-

pondence principle (see for example [1]) is that if E ⊂ W with d∗(E) > 0, then there exist

many (in particular, nonzero) g ∈ F with r(g) ∈ (E − E). We will assume the negation of

what we want to prove and derive a contradiction to this fact.

Suppose then for every N ∈ N we have EN ⊂ ΦN with |EN | > ε|ΦN | and (EN − EN) ∩
{r(g): g ∈ F∗} = ∅. We claim that, upon possibly shifting the ENs, we may assume in

addition that |EN ∩ Φj | � ε|Φj | for 1 � j < N.

Let us establish the claim. First note that EN must intersect some coset (in ΦN)

of ΦN−1 in a set of size at least ε|ΦN−1|. Shifting EN by subtracting a representative

of this coset and replacing EN by its shift yields the inequality |EN ∩ ΦN−1| � ε|ΦN−1|
without affecting the inequality |EN ∩ ΦN | � ε|ΦN |. Next, our shifted EN must intersect

some coset (in ΦN−1) of ΦN−2 in a set of size at least ε|ΦN−2|. Shifting EN again by

subtracting a representative of this coset and replacing EN by its shift does not affect

the prior two inequalities (we shifted by a member of ΦN−1) while yielding the new

inequality |EN ∩ ΦN−2| � ε|ΦN−2|. Iterating this process, we establish the truth of the

claim.

Now, choose D1 ⊂ Φ1 such that R1 = {N :EN ∩ Φ1 = D1} is an infinite set. According

to the claim above, |D1| � ε|Φ1|. Having chosen D1, . . . , Dt and R1, . . . , Rt such that Di ⊂
Φi, |Di| � ε|Φi|, and Ri = {N ∈ Ri−1 :EN ∩ Φi = Di} is an infinite set, 2 � i � t, choose

Dt+1 ⊂ Φt+1 with |Dt+1| � ε|Φt+1| and Rt+1 = {N ∈ Rt :EN ∩ Φt+1 = Dt+1} infinite. Note

that D1 ⊂ D2 ⊂ · · · and R1 ⊃ R2 ⊃ · · · . Let D =
⋃∞

i=1 Di. With respect to the Følner

sequence (Φn), we have d(D) � ε. However, by construction (D − D) ∩ {gk : g ∈ F∗} = ∅,

contradicting the observation made in the first paragraph.

We now consider the ring of polynomials Zp[x], where p is prime. For N ∈ N, let

KN = {f ∈ Zp[x]: deg f < N}. Then (KN) is an increasing Følner sequence consisting of

additive subgroups that exhausts Zp[x], and we have a corresponding notion of density

with respect to this Følner sequence: d(E) = lim supN→∞
|E ∩KN |

|Kn| for E ⊂ Zp[x]. Our first

step toward a proof of Theorem B is now the following lemma.

Lemma 2.3. Let k ∈ N and suppose p is prime. If E ⊂ Zp[x], d(E) > 0, then (E − E) ∩
{gk : 0 �= g ∈ Zp[x]} �= ∅.

Proof. Let Q be the field of rational functions f
g
, f, g ∈ Zp[x], and let {ΦN} be an

increasing Følner sequence for Q consisting of additive subgroups. Choose N as per

Corollary 2.2 (taking F = W = Q) with r(g) = gk and ε = d(E)
2

. Pick f ∈ Zp[x] with

fΦN ⊂ Zp[x] and let G = fkΦN . Then G is a subgroup of Zp[x] having the property that if

D is contained in any coset of G with |D| � ε|G| then (D − D) ∩ {gk : 0 �= g ∈ Zp[x]} �= ∅.

Now choose M so that G ⊂ KM and |E ∩ KM | � ε|KM |. Then |E ∩ (d + G)| � ε|G| for

some d ∈ KM , whereby we have (E − E) ∩ {gk : 0 �= g ∈ Zp[x]} �= ∅ by the observation

made in the previous paragraph.

Part (a) of the next lemma follows immediately from the proof of the previous one.
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Lemma 2.4. Let k ∈ N and ε > 0. Suppose p is prime.

(a) There exists an R ∈ N such that if m � R and E ⊂ Km with |E| > ε|Km| then (E − E) ∩
{gk : 0 �= g ∈ KR} �= ∅.

(b) There exists an R ∈ N such that if F is a finite field having pm elements, m � R, then if

D ⊂ F with |D| > ε|F | we have (D − D) ∩ {gk : g ∈ F∗} �= ∅.

Proof. We need only prove part (b). Let R be as in part (a) and suppose D and F

are as stated. We may assume that Zp is a subfield of F . Let w be a generator for

(F∗, ·) (so that, in particular, the minimal polynomial of w over Zp is of degree m).

Then the map τ:Km → F given by τ(f(x)) = f(w) is a bijection and the set E = τ−1(D)

satisfies the conditions of part (a), so that there exists a nonzero g = g(x) ∈ KR with

gk = g(x)k ∈ E − E. In other words, E contains a configuration {e(x), e(x) + g(x)k}, from

which it follows that D contains {e(w), e(w) + g(w)k}. Finally g(w) cannot be zero, as

deg g(x) < m.

Proof of Theorem B. Let ε > 0 and k ∈ N and choose q as in Theorem A. Now, if F

is any field of characteristic p � q, then F contains a subfield G isomorphic to Zp, so if

A ⊂ F with |A| � ε|F | then A intersects some additive coset of G with relative density at

least ε, and Theorem A gives in turn the desired conclusion to Theorem B.

For any prime p < q, let R be as in Lemma 2.4 and put L(p) = pR . Then, if F is a

field of characteristic p with |F | > L(p), Lemma 2.4(b) applies to F , which again gives the

desired conclusion. Let M be the maximum of q and the largest of the L(p), p < q.

3. Proof of Theorem C

We need the following two facts. The first lemma follows Bergelson (see [2, Theorem 1.4],

[3, Proposition 5.7], [4], etc.) and is motivated by van der Corput’s difference theorem on

equidistribution.

Lemma VDC. Let (G,+) be an abelian group and let (Φn)n∈N be a Følner sequence for G.

Let (xg)g∈G be a bounded sequence in a Hilbert space, and suppose for all but finitely many

h ∈ G,

lim sup
n→∞

1

|Φn|
∑
g∈Φn

〈
xg, xg+h

〉
= 0.

Then limn→∞ ‖ 1
|Φn|

∑
g∈Φn

xg‖ = 0.

The next tool we introduce is the classical mean ergodic theorem.

Theorem MET. Let G be a countable abelian group and let (X,A, µ, {Tg}g∈G) be a

measure-preserving system with µ(X) = 1. If (Φn)n∈N is any Følner sequence for G, then
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for all f ∈ L2(X,A, µ) the limit

lim
n→∞

1

|Φn|
∑
g∈Φn

Tgf = Pf

exists in the norm topology. Moreover, P is the orthogonal projection onto the space of

{Tg}g∈G-invariant functions.

Let F be a countably infinite field of characteristic p and let w ∈ N. If r:F → Fw is

polynomial in each coordinate with r(0) = 0 and h ∈ F , put Dhr(x) = r(x + h) − r(x) −
r(h). Clearly Dh(r + s)(x) = Dhr(x) + Dhs(x). Define degp r(x) to be the minimal positive

integer n such that the n-fold iteration (Dhn(Dhn−1
(· · ·Dh1

r)) · · ·) = 0 for all choices hi. It is

an easy consequence of the binomial theorem that (taking w = 1) degp x
n = 1 if an only

if n is a power of p. More generally, one may show with a bit of effort that degp x
n is

equal to
∑∞

i=0 ai(n), where n =
∑∞

i=0 ai(n)p
i is the base-p expansion of n. However, we do

not need this fact, so we do not prove it here.

Theorem 3.1. Let t1 < · · · < tl ∈ N with p � |ti, 1 � i � l. If (Ug)g∈Fl is a unitary action on

a Hilbert space H and (Φn)n∈N is a Følner sequence for F then, for all f ∈ H,

lim
n→∞

1

|Φn|
∑
g∈Φn

U(gt1 ,...,gtl )f = Pf, (3.1)

where P is the orthogonal projection onto Hinv = {h ∈ H:Ugh = h for all g ∈ Fl}.

Proof. We use induction on d = max1�i�l degp x
ti . For d = 1 this is just Theorem MET.

Assume the conclusion holds for d − 1. As an immediate consequence of the induction

hypothesis, we have the following fact.

Fact 3.2. Let s1, . . . , sz ∈ N be distinct with p � |si, and degp x
si � d − 1, 1 � i � z. Then

{(gs1 , . . . , gsz ): g ∈ F} additively generates Fz .

The proof of Fact 3.2 from the induction hypothesis is immediate. If the set in question

was contained in a proper subgroup G ⊂ Fz , then it would be an easy matter to construct

a unitary Fz-action with G-invariant functions f that were not Fz-invariant. For such an

f we would have limn→∞
1

|Φn|
∑

g∈Φn
U(gs1 ,...,gsz )f = f, contradicting (3.1).

Let y = 1 and w = l if t1 > 1, and let y = 2 and w = l − 1 otherwise. Put q(x) =

(xty , . . . , xtl ). (So q(x) maps into Fw .) Recall next that we write Dkq(x) for q(x + k) −
q(x) − q(k).

Proposition 3.3. There exists a natural number R and a polynomial Π(x1, . . . , xR), such that

if k1, . . . , kR ∈ F with Π(k1, . . . , kR) �= 0 then {Dkiq(g): g ∈ F, 1 � i � R} spans Fw .
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Proof. First we separate the linear exponents from the nonlinear exponents in Dkq(x),

writing Dkq(x) = nk(x) + bk(x), with only nonlinear exponents occurring in nk(x) and

bk(x) =

w∑
i=1

ei

Ri∑
j=1

c(i, j)kti−pl(i,j)xp
l(i,j)

,

where each c(i, j) �= 0 and l(i, 1) = 0, 1 � i � w. Here e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0),

. . . , ew = (0, . . . , 0, 1).

Let z = (z1, . . . , zw) be an arbitrary element of Fw . Let R =
∑w

i=1 Ri and choose M so

that pl(i,j)|M for all i, j. For k1, . . . , kR ∈ F , we consider the system of equations (in variables

g1, . . . , gR)

R∑
s=1

c(i, j)k(ti−pl(i,j))M
s gp

l(i,j)

s = f
pl(i,j)

ij , 1 � i � w, 1 � j � Ri, (3.2)

where fij = zi if j = 1 and fij = 0 if j > 1. Observe that if equations (3.2) hold, then for

any h ∈ F ,

R∑
s=1

bkMs (gsh) =

w∑
i=1

Ri∑
j=1

hp
l(i,j)

eic(i, j)

R∑
s=1

k(ti−pl(i,j))M
s gp

l(i,j)

s

=

w∑
i=1

Ri∑
j=1

hp
l(i,j)

eif
pl(i,j)

ij = h

w∑
i=1

eizi = (hz1, hz2, . . . , hzw) (3.3)

(since fij = 0 if j > 1 and l(i, 1) = 0).

Recall that pl(i,j)|M for all i, j. Equation (3.2) will be true if

R∑
s=1

c(i, j)k(ti−pl(i,j))M/pl(i,j)

s gs = fij , 1 � i � w, 1 � j � Ri.

This linear system of R equations (recall that R =
∑w

i=1 Ri) in R variables g1, . . . , gR
will have a solution if its coefficient matrix has nonzero determinant. Letting m(i, j) =

(ti − pl(i,j))M/pl(i,j), this coefficient matrix is given by

A(k1, . . . , kR) =




c(1, 1)km(1,1)
1 · · · c(1, 1)km(1,1)

R
...

...

c(1, R1)k
m(1,R1)
1 · · · c(1, R1)k

m(1,R1)
R

...
...

c(w, 1)km(w,1)
1 · · · c(w, 1)km(w,1)

R
...

...

c(w,Rw)km(w,Rw)
1 · · · c(w,Rw)km(w,Rw)

R



.

Note first that Π(k1, . . . , kR) = detA(k1, . . . , kR) is a polynomial in variables k1, . . . , kR ,

which will clearly be nonzero if the exponents in different rows are distinct; that is, if

m(i, j) = m(x, y) implies i = x and j = y. To see that this is so, observe that if we start

with the equation m(i, j) = m(x, y), divide both sides by M, add 1 to both sides and
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cross-multiply, we get tip
l(x,y) = txp

l(i,j). Since neither ti nor tx has p as a factor, this does

it.

Now we need to deal with n(x). Recall that n(x) contained terms with exponents other

than powers of p, so we can write n(x) =
∑L

i=1 ai(k)x
sip

ni , with p � |si and si > 1, 1 � i � L.

Let l2, . . . , lz be an enumeration of the distinct sis and put l1 = 1.

By Fact 3.2, {(hl1 , hl2 , . . . , hlz ): h ∈ F} spans Fz , so there exist h1, . . . , ht such that∑t
j=1(h

l1
j , h

l2
j , . . . , h

lz
j ) = (1, 0, . . . , 0). This implies (recall l1 = 1) that

∑t
j=1 hj = 1 and∑t

j=1 h
si
j = 0, 1 � i � L, which in turn gives

∑t
j=1 h

sip
nl

j =
( ∑t

j=1 h
si
j

)pnl
= 0, 1 � i � L,

so that

t∑
j=1

nk(xhj) =

t∑
j=1

r∑
i=1

ai(k)x
sip

ni
h
sip

ni

j =

r∑
i=1

ai(k)x
sip

ni


 t∑

j=1

h
sip

ni

j


 = 0. (3.4)

So, by (3.3) and (3.4),

R∑
s=1

t∑
j=1

Dksq(gshj) =

R∑
s=1


 t∑

j=1

nks (gshj)


 +

t∑
j=1

(
R∑
s=1

bks (gshj)

)

= 0 +

t∑
j=1

(hjz1, . . . , hjzw) = (z1, . . . , zw) = z.

Since z was arbitrary this completes the proof of Proposition 3.3.

We now complete the proof of Theorem 3.1. Without loss of generality we may assume

that H is separable. For a subspace G ⊂ H, let P(G) be the assertion ‘(3.1) holds for all

f ∈ G’. It is easy to see that if (Hi)
∞
i=1 is a sequence of subspaces of H with Hi ⊂ Hi+1

for all i, then P(Hi) for all i implies P(
⋃∞

i=1 Hi). Thus by Zorn’s lemma and separability,

there exists a closed subspace Hm maximal with respect to the P property.

Let Q be the orthogonal projection onto Hm. As Hm must be Ug-invariant for all

g ∈ Fl , Q commutes with all Ug . For all 0 �= f ∈ H⊥
m , (3.1) does not hold. Our plan is to

show that if H⊥
m is non-empty, there exists 0 �= f ∈ H⊥

m such that (3.1) does hold. This

will complete the proof.

Suppose 0 �= f0 ∈ H⊥
m . Put λ(x) = (xt1 , . . . , xtl ), and for k ∈ F , let Pk be the orthogonal

projection onto {f ∈ H:Uλk(g)f = f for all g ∈ F}. One may show that Pk commutes

with Q for all k ∈ F . Let Π(x1, . . . , xR) be as guaranteed by Proposition 3.3. Let H0 = {k ∈
F : Π(k, x2, . . . , xR) �= 0}. If Pkf0 = 0 for all k ∈ H0, let z = 0, and stop. Otherwise, pick

k1 ∈ H0 such that f1 = Pk1
f0 �= 0.

Having chosen k1, k2, . . . , ky ∈ F and fy = (
∏y

i=1 Pki )f0 (where y < R), let Hy = {k ∈
F : Π(k1, k2, . . . , ky, k, xy+2, . . . , xR) �= 0}. If Pkfy = 0 for all k ∈ Hy , let z = y, and stop.

Otherwise pick ky+1 ∈ Hy such that fy+1 = Pky+1
fy �= 0, and continue.

If this process fails to terminate with some z < R, then 0 �= fR = f is in the range

of Pki , 1 � i � R, and, Π(k1, . . . , kR) �= 0. If t1 > 1 then q(x) = λ(x) and, according to

Proposition 3.3, {λki (g): g ∈ F, 1 � i � R} spans Fl . This implies f ∈ Hinv, a contradiction.

Hence t1 = 1, and Proposition 3.3 tells us that {λki (g): g ∈ F, 1 � i � R} spans {0} × Fl−1.

Thus Uλ(g)f = U(g,0,...,0)f for all g ∈ F and (3.1) holds by MET.
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Suppose on the other hand this process does terminate with some z < R. Let f = fz =

(
∏z

i=1 Pki )f0. Since f0 ∈ H⊥
m , and each Pki commutes with Q, then f ∈ H⊥

m , and of course

f �= 0. For all but possibly finitely many k ∈ F (namely, all k ∈ Hz), Pkf = 0. We now

utilize Lemma VDC. Put xg = Uλ(g)f. Then, for all but finitely many k,

lim sup
n→∞

1

|Φn|
∑
g∈Φn

〈
xg, xg+k

〉
= lim sup

n→∞

1

|Φn|
∑
g∈Φn

〈
U−λ(k)f,Uλk(g)f

〉
=

〈
Pk

(
Uλ(k)f

)
, Pkf

〉
= 0.

The conclusion of Lemma VDC now gives (3.1), since Pf = 0.

Proof of Theorem C. For ease of notation, we will write U(v) instead of Uv in this short

proof. Write (r1(g), . . . , rl(g)) =
∑w

i=1 eti cig
xi , where ci ∈ F , xi ∈ N, and 1 � ti � l for each

i. (Here (ei)
l
i=1 is the standard basis for Fl .) Next write xi = yip

zi , 1 � i � w, where p � |yi,
and let {s1, . . . , sn} = {y1, . . . , yw}, with s1 < s2 < · · · < sn. Now, for 1 � j � n, put

V (j)
g = U


 ∑

1�i�w
yi=sj

eti cig
pzi


.

Finally, let V(g1 ,...,gn) =
∏n

j=1 V
(j)
gj

. Then (Vg)g∈Fn is a unitary action, and we can easily check

that

V(gs1 ,...,gsn ) = V
(1)
gs1 · · ·V (n)

gsn = U

(
w∑
i=1

eti cig
yip

zi

)
= U((r1(g), . . . , rl(g)).

The desired result now follows immediately from Theorem 3.1 (applied to the unitary

action V ) and Fact 3.2, from which it follows that the V -invariant subspace of H is

precisely the subspace invariant under each U((r1(g), . . . , rl(g)).

4. Some extensions

The following, a special case of a more general result in [4], extends Theorem B from the

Introduction.

Theorem 4.1. Suppose F0 is a finite field. Let ε > 0, k ∈ N and ri(x) ∈ F0[x] with ri(0) = 0,

1 � i � k. Write r(g) = (r1(g), . . . , rk(g)). There exists M ∈ N having the property that if F

is any finite field containing F0 with |F | � M and A ⊂ Fk with |A| > ε|F |k , then (A − A) ∩
{(r(g): g ∈ F∗} �= ∅.

We will now give some idea of the principal modification necessary in order to obtain

Theorem 4.1 from Theorem C. Let us consider the special case k = 1, F0 = Zp, r(x) =

3g2 + 5g7. The first step is a version of Lemma 2.3.

Lemma 4.2. If E ⊂ Zp[x] with d(E) > 0 then (E − E) ∩ {3g2 + 5g7 : g ∈ Zp[x]} �= ∅.
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Proof. Put ε = d(E)
2

. Let Q and {ΦN} be as in Lemma 2.3. Then {ΦN × ΦN} is a Følner

sequence for Q2, and we may choose by Corollary 2.2 some N having the property

that, if E ⊂ ΦN × ΦN with |E| > ε|ΦN |2, then (E − E) ∩ {(3g2, 5g7): g ∈ Q∗} �= ∅. Choose

f ∈ Zp[x] such that fΦN ⊂ Zp[x] and let G = f2ΦN × f7ΦN . Note that if E ⊂ G with

|E| > εG then (E − E) ∩ {(3g2, 5g7): 0 �= g ∈ Zp[x]} �= ∅.

Now let E ′ =
{
(y, z) ∈ Zp[x] × Zp[x]: y + z ∈ E

}
. For every n, pick jn > n such that for

every g ∈ Kn, |(g + Kjn) ∩ Kjn | > (1 − ε)|Kjn |. Then, for large n,

|E ′ ∩ (Kn × Kjn)| =
∑
x∈Kn

|{y : y ∈ Kjn and x + y ∈ E}|

=
∑
x∈Kn

|Kjn ∩ (E − x)|

=
∑
x∈Kn

|(Kjn + x) ∩ E|

�
∑
x∈Kn

(|Kn ∩ E| − |(Kjn + x) \ Kjn |) > ε|Kn| |Kjn |.

Choosing n sufficiently large that G ⊂ Kn × Kjn , some coset of G intersects E ′ in a set

of size at least ε|G|, and hence E ′ contains a configuration {(a, b), (a + 3g2, b + 5g7)},
0 �= g ∈ Zp[x]. Therefore {c, c + 3g2 + 5g7} ⊂ E, where c = a + b.

The remainder of the derivation follows roughly along the lines of Section 2.
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