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The thermal equilibrium state of a bipolar, isothermal quantum fluid confined to a bounded
domain Q ¢ R%d = 1,2 or d = 3 is the minimizer of the total energy &.;; &.; involves
the squares of the scaled Planck’s constant ¢ and the scaled minimal Debye length A. In
applications one frequently has 2> < 1. In these cases the zero-space-charge approximation
is rigorously justified. As 4 — 0, the particle densities converge to the minimizer of a limiting
quantum zero-space-charge functional exactly in those cases where the doping profile satisfies
some compatibility conditions. Under natural additional assumptions on the internal energies
one gets an differential-algebraic system for the limiting (4 = 0) particle densities, namely
the quantum zero-space-charge model. The analysis of the subsequent limit ¢ — 0 exhibits
the importance of quantum gaps. The semiclassical zero-space-charge model is, for small e,
a reasonable approximation of the quantum model if and only if the quantum gap vanishes.
The simultaneous limit e = 4 — 0 is analyzed.

1 Introduction

Quantum Hydrodynamic Models (QHD) give a fairly accurate account of the macroscopic
behavior of ultra-small semiconductor devices in terms of only macroscopic quantities
such as particle densities, current densities and electric fields [1].

The thermal equilibrium state of QHDs is the minimizer of the energy functional [2]
Eei(n,p) = €6 u(n,p) + Ei(n, p) + 27> Eu(n, p)
in
¢ = {(n,p) € LY(Q) x LY(Q) :n,p=0,n, Jp € Hl(Q),/anN,/Qp =P},

where all involved quantities are dimensionless, € is the scaled Planck’s constant, A is the
scaled minimal Debye length and

Sty = [ 1V + [ 9o
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is the scaled quantum energy,

fmmzéam+4@w

is the internal energy, and
1
satnp) =5 [ IVOl—p—CJ?
Q

is the scaled electrostatic energy.

The charge carriers of the semiconductor device are considered as quantum fluids. The
non-void, bounded domain @ < R%, d = 1,2 or d = 3, represents the semiconductor device.
The spatial variable x ranges through Q. The functions n = n(x) and p = p(x) are particle
densities of negatively-charged electrons and positively-charged holes. It is assumed that
the total number N of electrons and P of holes is prescribed. The internal energy &;
takes into account many-particle effects. The strictly convex functions G;, are primitives
of the enthalpy functions g, of the electron- and hole-gas, respectively. g;, are related
to the respective pressure functions! 1, : [0,00[— [0,0[ via g12(p) = flp(rﬁﬁz(t))/t dt. The
doping profile C € L*(Q) represents a fixed background charge density. It is assumed
that N = p; + fQ Ct and P = p; + fg C~ where p; > 0 is an intrinsic constant. The
scaled electrostatic potential ® equals @[n— p — C] where for f € L*(Q) with fQ f =0 the
function ®[f] is given as unique H'(Q)-solution of Poisson’s equation

—AGIf] = f, L¢=a

i.e. we assume that [, @ =0 and the validity of the variational identity?

Vo € H(Q) : Av¢m~ww=4f¢

The energy functional &, involves two dimensionless parameters, namely e, 1. In
applications one frequently has [3]

2 <.

One may expect that the smallness of 4> expresses some redundancy of the model
equations. The question arises whether the thermal equilibrium solution of the QHD
is close to the solution (if it exists at all) of a limiting model where A is set to zero.
Such models will be called Quantum Zero-Space-Charge (QZSC) models. Typical for
QZSCs is the involvement of quantum mechanical terms and the replacement of Poisson’s
equation by the ‘zero-space-charge assumption’ n—p—C = 0. Whether QZSCs are a good
approximation or not depends not only upon the order of magnitude of /%, but also on
the ration of €?> and 4> which equals
€ _ g SupelCl

pzﬁzK (T*)2 5

' Pressure functions are typically strictly increasing and continuously differentiable on [0, c0).
2 It is easy to see that ®[f] satisfies homogeneous Neumann-boundary conditions.
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where K is a constant, C* is the unscaled doping profile and T* is an unscaled reference
temperature of the charge carrier gases. Due to the orders of magnitude of C* and T*
one has to distinguish between three cases:

1. p € 1, which corresponds to high temperature and moderate doping. As
€2 € /> < 1 the model equations are ‘almost semi-classical’ and one is com-
pelled to analyse the consecutive limits ¢ — 0, 1 — 0.

2. At low temperature and moderate or high doping one has p > 1 and the limit
J2 — 0 has to be investigated. Depending on the order of magnitude of €> quantum
effects may play a major role if €> is not negligible or are of minor import-
ance if €2 <« 1. If €2 < 1 holds then the subsequent limit e — 0 will be of
interest.

3. If p ~ 1 then €> ~ 22 < 1 and we will be concerned with the simultaneous limit
A=0(e) — 0.

The limits of (1) have been analysed elsewhere [2].

The aim of this paper is to perform a rigorous analysis of the remaining limits. For the
first time, we will derive a quantum-zero-space charge model.

The several steps of the analysis are as follows. For €,4 €]0,00[ we denote the
(unique) minimizer of & in % by (ne,pe;). The corresponding ground energy is
E., = 8cj(ney, pey) = infy &c)(n, p). Theorem 2.1 is concerned with the case where € is
fixed and A tends to 0. One gets n.; — p., — C — 0 in an appropriate sense, ie. the
zero-space-charge approximation is asymptotically correct for 4 — 0. Theorem 2.3 deals
with the value E. = lim;¢ E.; € [0,00]. A reasonable QZSC can only arise in cases
where E. is finite, because otherwise the system’s ground energy tends to infinity when
A — 0. It turns out that E. < oo is equivalent to the assumption that the doping
profile C is a (Gi,Gy)-quantum doping profile. If C has an abrupt junction, then C
will not be a (Gy,Gy)-quantum doping profile. Hence it is not reasonable to employ
abrupt junctions in quantum models which include the zero-space-charge approxima-
tion.

Theorem 2.10 is concerned with a closer investigation of (ne, pe;) as 4 — 0. (ney, pes)
tends to the minimizer (n., peo) of a quantum zero-space-charge functional. The corre-
sponding Euler—Lagrange equations constitute the QZSC. It follows from Theorem 2.12
that (ne, peo) 1s a solution of this QZSC.

Concerning the consecutive limit € — 0, a consistency problem arises. It cannot be
excluded that the ground energy of the limiting semi-classical model is not the limit of
quantum ground energies. Whenever such a ‘quantum-gap’ appears, then the limiting
problem is inconsistent with the quantum picture and the semi-classical model gives no
justifiable approximation. Theorem 3.4 is concerned with the case where no quantum-gap
appears. Then the limit e — 0 leads to the semi-classical zero-space-charge drift-diffusion
equations and the limits (1) and (2) commute.

Theorem 4.1 deals with the simultaneous limit A = e — 0. The proofs of the results are
deferred to the appendix.
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2 The quantum zero-space-charge model
The subsequent investigations are based on the following assumptions:

(aA) Q cR%d =1,2 ord = 3 is a bounded domain with 0Q € C%'.

(b) There exists a K > 0 such that for all f € L*(Q) with /Qf =0
1[Il < K| fll -

(A) (c) C € L¥(Q).

(d)N=pi+ [,C*, P=pi+ [,C, pi €]0,0]

(e) g12 € C(10,00[) N L .([0,00]) is strictly increasing,

limg;»(f) =00 and g = lim gi1(f) € [—o0, 0.
t—0o0 —_— t—0+

In accordance with (e) we can choose s1, € [0, 00[ such that for all s € [0, 0]

Guals) = / ¢12(0) do > 0,

2
As usual we identify f € L*(Q) with the functional

f:H'(Q)>R

o [ 19
Q
which obviously belongs to (H'(Q))'.
The proof of the following result can be found elsewhere [2]:

Assume (A). Then &.; has exactly one minimizer (n.;, pe;) in €. Furthermore,
(a) (nes, pes) is a weak solution of the Euler—Lagrange equations
A fi; = Jiei (A72Pe; + gi(ne;) + o)
€A Jper = Jpei (47 Pe; + g2(pes) + Per) (2.1)
—A®.; =ng —pe; —C

where o), fe) € R and / ne, = N, / pes = P, / ¢, =0.
Q Q Q
(b) Each of the three equations of (2.1) can be tested with any ¢ € H'(Q).
(C) Nejs Pels ¢6i € Hl (Q) N LOC(.Q)

We define for €, 4 €]0, o[ the ground energy E.;, = infy &.; = ming &,; and for € €]0, oo
let E. = lim,_, E,. Clearly E. € [0,00] and for fixed € €]0,00[ the function 4 — E; is
decreasing. Hence E. = sup;, ¢ Ees-

The asymptotic validity of the zero-space-charge approximation is the content of
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Theorem 2.1 Assume (A). Let € €]0,00[. Then:

(a) @, — 0 strongly in HY(Q) as /. — 0.
(b) nej — pe; — C — 0 strongly in (H(Q)) as A — 0.
(c) lim J2E.; = 0.

The zero-space-charge approximation is asymptotically correct. But to achieve a rea-
sonable limiting model the ground state energy has to be bounded as A — 0. This is
however not always the case.

Theorem 2.2 Assume (A). Then (i), (i) and (iii) are equivalent.

(1) For all € €]0,0[: E. < o0.
(i1) There is an € €]0,00[ with E. < o0.
(ii1) There exists (n*,p*) € € such that C =n* — p* and &;(n"*,p*) < co.

An equivalent formulation of the condition on C in (iii) is

Lemma 2.3 Assume (A). Then (i) and (ii) are equivalent.
(i) C =r*>—s*> withr,s € H(Q).
(ii) C = fif, with fi € HY(Q),f1 =0 and f, € H'(Q) N L*(Q).

Statement (i) deserves some further comments. To require that C is the difference of
squares of H'(Q)-functions is consistent with the quantum picture. The doping profile
C = C* —C~ represents a background distribution of charged particles. The densities C*
of these particles are given by squares of moduli of Schrddinger functions ¥ solving a
stationary Schrodinger equation on Q. Hence ¥ T naturally belong to H'(Q) and because
of C =CT—C~ = |¥*]>—|¥~|? the doping profile C is actually the difference of squares
of H'(Q)-functions. This observation motivates the following definition.

Definition 2.4 Assume (A). Then C is called a (Gy, G;)-quantum doping profile, provided
there exists (n*,p*) € € such that

C=n"—p and &', p)= / Gi(n) + / Ga(p') < 0.
Q Q

With this definition we can re-formulate Theorem 2.2 as follows: For fixed e €]0,00[
the ground energy is bounded independently of | €]0,00[ if and only if C is a (Gy, Gy)-
quantum doping profile.

In the sequel most of the results will concern (G, G)-quantum doping profiles. Hence
it is extremely important to have criteria which allow to decide whether C is a (Gy, G)-
quantum doping profile or not®. We recall that (A) implies that C € L*(Q).

3 The author is indebted to the anonymous referee for essential parts of the subsequent discussion.
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Lemma 2.5 Assume (A). Then:

(1) If d = 1, then C is a (G1, Gy)-quantum doping profile if and only if C € H'(Q).

(2) If C € H(Q), then C is a (G, Gy)-quantum doping profile.

B3)Ifd = 2 and if C is a (Gy,Gy)-quantum doping profile, then for all q €
[1,2[: C € Wh(Q).

(4) If d =3 and if C is a (G1, Gy)-quantum doping profile, then C € Wl’%(Q).

Maybe the most important consequence of Lemma 2.5 is the fact that piecewise constant
(or piecewise smooth) doping profiles with abrupt junctions are not (Gy, Gz)-quantum
doping profiles. This is surprising because due to Theorem 2.2 that these widely used
doping profiles do not allow for a physically acceptable quantum zero-space-charge model.

On the other hand, any doping profile in H'(Q) (e.g., each doping profile in C'(Q)) is
a (G1, Gy)-quantum doping profile and a reasonable limiting (4 — 0) model is available.

In applications one usually has two types of models for C. On the one hand there are
piecewise constant doping profiles with abrupt junctions. In the context of semiconductor
device modeling these doping profiles are admittedly approximations of the ‘realistic’
distribution of background charges. A close observation of the fabrication procedure
shows that the available doping profiles look much more like uniformly continuous
functions whose gradients are locally ‘large’ but globally bounded, ie. C € Wl*(Q).
Hence from an application’s point of view, Lemma 2.5 gives a satisfactory answer to the
question which doping profile is a (G, G;)-quantum doping profile and which is not.

From a mathematical point of view, Lemma 2.5 does not cover the question whether
each (G, G,)-quantum doping profile belongs to H'(Q) or not. While this is true in
one-dimensional settings, the case d > 2 is extremly complicated and far beyond the scope
of this paper. However, to get an impression of the difficulties in connection with this
question some aspects of the case d = 2 are discussed in the Conclusions.

On the other hand, we have the following result which shows that each (G, G;)-quantum
doping profile is ‘not far away from H'(Q). Let S be the unit sphere {¢ € R : |E|2 =1}
and for & € S let &+ = HeR!: 7 &= 0}. For &€ S and # € & we introduce

IED) ={tcR :d+t&cQ.
Then I(E, ?) is an open subset of R and we have
Lemma 2.6 Assume (A), d = 2 and let C be a (G, Gy)-quantum doping profile. Then for

all E € S: C has a representative ¢ (i.e. ¢ : Q@ — R is measurable and C = {d : Q - R :
¢ = d almost everywhere }) such that for almost all ¥ € EL with I ==1(€,5) = 0:

@+ t&) € H'(I) N L*(I).

Let us consider

Example 2.7 We set Q :=]0,1[x]0, 1[.

(a) It is easy to see that the function C; : Q@ — R (x,y) —» Ci(x,y) = —(%) + \/;c
belongs to W4(Q) N L*(Q) for all q € [1,2[. Hence we cannot decide by means of
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Lemma 2.5 whether C; is a (Gy, Gy)-quantum doping profile or not. However we have
for all y €]0,1[: The function 10,1[> x — C([.],y)(x) := Ci(x,y) = —(%) + \/;c does
not belong to H'(]0, 1[). Hence by Lemma 2.6 : C; is not a (G, G»)-quantum doping
profile.

(b) Similiar to (a), the reader may wish to verify that C; : Q — R, (x,y) — Cy(x,y) :=
—(%) + \/)Ty not a (Gy, Gy)-quantum doping profile.

(c) Since C3 : Q > R, (x,y) > —(3) + /x2 + 2 belongs to H'(Q) N L*(Q) we have: C3
is a (G, Gy)-quantum doping profile.

(d) Now consider

C4IQ—>IR

Lo<x<1

> ~ 2
Cy4 represents a doping profile with an abrupt junction. We already know that Cy is
not a (Gy, Gy)-quantum doping profile. One may however ask how to find appropriate
‘regularisers’ Cf of C4 which are (Gy, Gy)-quantum doping profiles. A possibility would
be

C):Q—-R

1, 0<x<(1/2)—9

2x—(3) +9)"
S RS O R

—1, (H+é<x<l1

(x,y)—= 41

where 6]0,(%)[ and o €]0,00[. According to the discussion of (a), we easily get: C3
is a (Gy, Gy)-quantum doping profile if and only if o > %

Physically reasonable quantum zero-space-charge models can only arise for uniformly
bounded ground energies which is the case iff C is a (G, Gz)-quantum doping profile.
But what happens if C is not a (G, G2)-quantum doping profile? A partial answer to this
question is given in the following lemma.

Lemma 2.8 Assume (A). Let € €]0,00[. Let q € [1,00[ such that L*4(Q) is continuously
embedded in H'(Q). Assume there is € €]0,c0[ such that

(i) limsup,_,., Gi2(t)/t? < 0o and limsup,_o & qu(hes, pes) < 0, oF
(i) limsup; o [A7?®c; + tezlloo < 00 and limsup, o | — 2Pz 4 feillon < 00, o

(i) limsup, ., G12(t)/t < oo and

hm S(l)lp H \/pji (_}Liz@e/l + gZ(pEl) + ﬁei) H(HI(Q))’ < o0.

Then C is a (G, Gy)-quantum doping profile.
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Remark 2.9

(a) The growth conditions imposed on G, in (i) and (iil) are rather natural in the context
of deriving the Euler—Lagrange equations [4].

(b) In applications pressure-functions of the types

ra(t) = 0(t),r1, = 0(t"™"), ast—0 . 5 7
ria(t) = 0(t"),r, = 0(t"™), ast— o0’ with a,b € {1,3, 5

(Phys) {

are frequently employed. For these pressure functions we have lim,_., G(t)/t> = 0. In
space dimensions d < 3 we have the continuous embedding H'(Q) = L%Q). Hence
statements (1) and (iii) apply in these physically relevant cases.

Assume that G satisfies the growth condition specified in (i) and assume that C is
not a (Gi, Ga)-quantum doping profile. Then (iii)) has a very remarkable consequence:
There is no possibility of passing to a QZSC at least weakly in (H'(Q)). Furthermore, the
shifted electric potentials 1 72®,; + a.;, —A>®,.; + B, which arise in equations (2.1) are
not simultaneously uniformly bounded in L*(Q2) as 4 — 0. These facts are in striking
contrast to semi-classical settings (cf. [3, 5]).

For (G4, Gy)-quantum doping profiles we can improve Theorem 2.1:

Theorem 2.10 Assume (A). Let C be a (Gi,Gy)-quantum doping profile. Then for all
€ €]0,00[:

(a) The quantum zero-space-charge energy functional 7. = €*& qu~+ &i has a unique min-
imizer (Neg, peo) in

%y=%n{(np) eL(Q)xL(Q):n—p—C=0}.

(b) The ground energies E.; converge to the ground energy of the quantum zero-space-
charge energy functional as /. — 0: lim;_,g E.; = E. = F(nc, peo)-

(¢) Gi(ner) = Gi(ne), Ga(pes) = Ga(peo) strongly in LY(Q) as 2 — 0.
(d) Ty >0, i — Jneo, Jper — /P strongly in H'(Q) as /. — 0.

The derivation of the Euler—Lagrange equations by the standard procedure of taking
directional derivatives of %, at (ne, p-o) meets some difficulties:

(1) If gi=-—Jj€ {1,2}, then G; is not differentiable at 0. It will however turn out

that this specific inconvenience can be handled whenever*

(B.1) zlifg}r Jigia(t) = cip € R

The physically relevant cases (Phys) are included.

(2) We observe that neither |ng; || nor ||pe;llo may remain bounded as 4 — 0:

4 We note that due to g, € L} ([0, 00[: lim sup,_, tg12(t) = 0.
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Lemma 2.11 Assume (A). Let € €]0,00[. Let C be a (Gy, Gy)-quantum doping profile. Then

C ¢ H'(Q) implies: 1im)_ [|ne; [0 = lim; o | pe; ]loc = o0.

By Lemma 2.11 and Theorem 2.10 it may happen that ne & L*(Q) or p.o ¢ L*(2). Hence
the internal energy &; may not be differentiable at (n.0, peo) unless Gy, satisfies some
growth condition (cf. Struwe [4]). As we shall see soon in space dimension d < 3 the
condition

(B.2) g12(t) = O(In(t)) as t — oo or g1»(t) = O(t") as t — oo with 0 < < %

is sufficient. Again the physically relevant pressure functions of the type (Phys) are
included.

(3) The side constraints imposed by the set %, in which %, is to be minimized are rather
restrictive. It is therefore a cumbersome task to construct curves y:[0,1] — %,
1(0) = (ne,pep) along which the directional derivatives can be taken. A more
convenient way to get the Euler—Lagrange equations of %, is to pass to the limit
A — 0 in the Euler-Lagrange equations of &,.

Theorem 2.12 Assume (A), (B.1) and (B.2). Let € €]0,00[. Let C be a (G, Gy)-quantum
doping profile. Then there exists y. € R such that for all ¢ € W'2(Q):

EZ/QV /;ngopg()'VqS—f—Zez/Q(V\/ifo'V\/zfo)qﬁ
—/Q J1eoPeo (g1(nc0) + g2(peo) + Ve) ¢,

i.e. (neo, peo) is a weak solution of the quantum zero-space-charge model

(\/IfA\/F?-l— \/nie()A\/ITO) JNeoPeo (81(ne0) + g2(peo) +7e) s neo — peo = C. (2.2)

Furthermore, for all ¢ € H'(Q) :

iy [ i (72004 0) 6 = =€ [ Vi Vo€ [ Jiagina)s,

A—0

lim Q\/ﬁ( —072 D+ Per) ¢ /V\/zf Vo —é /\/pTogz (Pe0) -

Remark 2.13 The proof of Theorem 2.12 actually requires less than (B.2), namely

£ [g;(0]°

limsup,_,,

3 The semi-classical limit of the quantum zero space charge model

When setting € = 0 in %, one has to minimize &; in

@E{(n,p)eLl(Q)xLl(Q):n,p>0,n—p—C=0,/n=N,/p=P}.
Q Q

This variational problem has been analyzed elsewhere [2]:
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Assume (A). Then:

(a) &; has a unique minimizer (ngy, poo) in <.
(b) There is yo € R such that

g1(noo) + g2(poo) =0 on {ngo >0} N {poo > 0}.
g1(no) + g2(poo) =70 on  {ngo = 0} U {poo = 0}.

(c) 100, poo € L*(Q) and [, noopoo > 0.
It is very natural to expect that

lim E€ = lim inf 975 = 111’1(1) fe(neo,pso) = é)i(no(),poo) = inf 6‘7,'.
€ 9

e—0 e—0 %,

But in general we only have

Lemma 3.1 Assume (A) and let C be a (G, Gy)-quantum doping profile. Then

IimE, = inf & > min &;.
e—0 A 9

Hence two possibilities arise:

(A) infy, & > ming &;. The semi-classical ground energy cannot be approximated by
quantum ground energies. The limiting procedure ¢ — 0 is inconsistent with the
underlying quantum picture, i.e. the functional &; carries no information about its
quantum origin. One is compelled to call this phenomenon a quantum gap. In this
case the semi-classical model is not justified.

(B) infy, & = ming &;. In this case (n.o, peo) actually converges to (ngo, poo) as € — 0,
see the Theorem 3.4 below. The analysis of this limiting procedure can however
not be settled by uniform bounds of || \/@Hm(m, \|\/IEHH1(Q), because the limiting
densities ng, poo may only belong to L*(Q2). One way of controlling ng, peo is the
convergence of &i(neo, peo), but two auxiliary results are needed. The first Lemma
is essentially the well-known Dunford—Pettis Theorem. For the sake of a complete
presentation, a proof is given in the Appendix.

Lemma 3.2 Let (S,0,1) be a measure space. Let (f,)uen be a sequence in L'(S,o, ). Let
G : [0,00) > R. Then:

V1. w(S) < 0.
V2. LY(S,0,) is separable.
V3. G is bounded below and liminf,_,, G(t)/t = co.
V4. 3K €]0,00[ such that for all n € N: [; G(|fa]) < K.
= There exists a subsequence (fu)wen of (fn)nen and f € L'(S,a, ) such that

fw — f weakly in L'(S,0,1) as n' — 0.

The proof of the subsequent compactness-by-convexity principle can essentially be
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found elsewhere [2]. We leave the minor extension of the proof to the more general
measure-space setting to the reader.

Lemma 3.3 Let (S,0,1) be a measure space. Let (f,)uen be a sequence in LY(S, o, ). Let
feLYS,o,n). Let G : [0,00) = R. Then:

V1. w(S) < c0.

V2. VvneN:f, =0.

V3. f, — f weakly in L'(S,0,p) as n — oo.
V4. G is strictly convex and continuous.

V5. lim, fs G(fn) = fg G(f).
= f, — f strongly in L'(S, 0, ).

With the aid of Lemmas 3.2 and 3.3, we can carry out the semi-classical limit of the
quantum zero-space-charge model.

Theorem 3.4 Assume (A) and let C be a (Gi,Gy)-quantum doping profile. Furthermore,
assume that infy, & = infy &;. Then:

Al. n. — noo, peo — poo strongly in LY(Q) as e — 0.

A2, || /neolla@) | /Peoll @) = o(1/€) as € — 0.
A3. If (noo, poo) € %o, then

Jeo = \Jnoo, \/peo = /poo strongly in HY(Q) as e = 0.

4 The limit e =1 — 0
By a straightforward combination of the techniques employed to prove Theorem 2.10 and
Theorem 3.4 one easily establishes
Theorem 4.1 Assume (A) and let C be a (Gi,Gy)-quantum doping profile. Furthermore,

assume that infg, & = infg &;. Then:

Al. e — ngo, pee — poo Strongly in LY(Q) as e — 0.

A2, || fneellmiay I\ /Peellar@) = o(1/€) as e — 0.
A3. If (n()(),p()()) € b, then

Jee = 00, JPec = JPoo strongly in H'(Q) as e - 0.

5 Conclusions

In this paper, an asymptotic analysis of a bipolar quantum hydrodynamic model in
thermal equilibrium has been performed. The investigations apply in cases where the
scaled minimal Debye length / is at most of the order of magnitude of the scaled Planck’s
constant e.
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The limit 2 — 0 leads to a physically reasonable model — the quantum zero-space-
charge model — if and only if the doping profile C is a (G, G;)-quantum doping profile.
Doping profiles with abrupt junctions are not (Gy, G;)-quantum doping profiles. Their
employment in quantum models which incorporate the zero-space-charge approximation
is therefore doubtful.

Theorem 2.2 and Lemmas 2.3, 2.5, 2.6, 2.8 and 2.11 are concerned with several properties
of (G1, Gy)-quantum doping profiles. Lemmas 2.5 and 2.6 include discussions of ‘closeness’
of (G, G2)-quantum doping profiles to H'(Q)-functions. In one space dimension, (G, G,)-
quantum doping profiles and H'(Q)-functions coincide. However, in the case of d > 2 the
discussion is much more complicated (but compare Lemma 2.6). To give an impression of
the problems just consider d = 2 and assume that C is a (G, G;)-quantum doping profile.
According to assumption (A) and Lemma 2.3 there are f;,f, € H'(Q) with

fif2€e L*(Q), f1 =0, freL*Q).

With respect to Lemma 2.11 (one may expect that the particle densities are uniformly
bounded as 4 — 0) it seems apropriate to try a verification of ‘C € H!(Q) first. But then
one has to prove:

If fi,f> € HY(Q), f1f2 € L¥(Q), f1 =0, f2 € L*(Q), then f1Vf> € L2(Q : R?).

The (sharp!) Sobolev imbedding Theorem assures f;Vf, € LI(Q : R?) for all g € [1,2].
Since f; € L(Q) for all t € [1,00][, it remains to consider the cases where f; € H!(Q),
f1 & L(Q), fr € L(Q), f1f2 € L*(Q), Vf> € L*(Q : R?) but Vf, ¢ L*7(Q : R?) for all
¢ €]0, oo[. These assumptions imply: For all My, M, €]0,0[: The sets A(M;) := {f1 = M}
and B(M,) := {|Vf2| = M,} have nonzero measure. Two possibilities arise: If there are
My, M, €]0,00[ such that the measure of A(M;) N B(M,) is zero, then f;Vf, € L*(Q). In
this case we are done. The remaining — and rather complicated — situation concerns cases
where the set A(M;)N B(M;) has nonzero measure for all My, M, €]0,c0[. The assumption
fif2 € L*(Q) only implies that f, has to become smaller and smaller on 4(M;) N B(M;)
as M; tends to infinity, but from this one can get no information about the behaviour
of sz

In this phase of the investigations some doubts may arise whether each (G, G,)-quantum
doping profile is in H'(Q) and one may think of constructing a counter example’. The
previous investigations show that one has to find fy, f> € H'(Q) with f; =0, f» € L*(Q),
fif» € L*(Q) and f1Vf, ¢ L*(Q : IR?). Then one has to look for f; ¢ L*(Q) and
Vi, € LX(Q : R?) but Vf, ¢ L>*(Q : IR?) for all ¢ €]0,00[. Standard functions fi, f>
satisfying the last two conditions are well-known — but just these two conditions do not
imply f1Vf, ¢ L?(Q). Indeed, if — as above — the sets where f; and Vf, are ‘infinite’ are
separated, then f{Vf, € L*(Q). If these singular sets intersect, then f, has to tend as fast
to zero as fi tends to infinity to ensure that f;f, € L*(Q). Considering the standard
example fi = |In|In(r)||, this requirement is in competition with the orders of growth of
f1 and Vf, (the well-known examples for f, involve hard-to-estimate infinite series).

For (Gy, G»)-quantum doping profiles the quantum zero-space-charge model is a rea-

5 A counter example may be easier to find in dimension d = 3, but the problems are the same as
ford = 2.
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sonable approximation in cases where 2> < €. If additionally €> < 1 holds, then the
subsequent limit € — 0 (performed in §3) will be of interest. It cannot be excluded that a
‘quantum gap’ appears, i.e. the limiting energy (as € — 0) is less than the energies of the
approximating quantum models. A discussion of this phenomenon may be helpful®.

(1) If (oo, poo) € %o, then trivially infy, &; < ming &; = &i(neo, poo) and no quantum
gap can arise.

(2) The condition of (1) applies in cases where ngo,poo € H'(Q) with nog, poo = p,
p €]0,00[, because then /g € H'(Q) and _/poo € H'(Q) and therefore (ngo, poo) €
.

(3) It is easy to see that a quantum gap will appear if and only if for all sequences
(K, pk)ken in 6o we have

ligglf &i(ng, pr) > &i(noo, poo)-

(4) Let us consider the cases C € H(Q) and
V(t) = rLZ(I) = taa ac [1700[

now.

(a) In the case a = 1, the reader will have no difficulties to deduce from the auxiliary
result at the beginning of §3 that

nOQI%(C+\/C2+4pz), p()()=%(—c+\/cz+4p2),
where p €]0,0[. Due to the discussion of (2) no quantum gap can arise.
(b) In the case a > 1 there exists, due to the auxiliary result at the beginning of §3,
a p €]0,00[ with
C = ngo — poo

and

n%, +piy = p> on  {ng >0} N{poo > 0}.

gy + pgo = p> on {ngo = 0} U {poo = 0},
where o :=a — 1 €]0,00[. We get an algebraic equation for pgo:

1/
D(poo) == poo — ([p2 —p80]+) =C.

It is easy to see that @ is strictly increasing on [0,00[. @~ : [—p*/*, co[— [0, 00[ is
uniformly Lipschitz-continuous. Since C € H'(Q) N L¥(Q) we get poy € H'(Q)
as well as ngy € H'(Q) and we conclude with the aid of (2): If ngo, poo are
uniformly bounded below by a positive constant, then there will be no quantum
gap.

(c) When is a quantum gap in case of a > 1 possible? With respect to (b) the
appearance of vacuum sets (subsets of Q where nyy or pgo vanishes) is a good
starting point’. Furthermore, \/% (or \/1%) does not belong to H!(Q) (this is,

¢ Notations as in §2 and §3.
7 Such thermal equilibrium densities actually exist — see elsewhere [6, 7].
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for instance, the case when ny is piecewise affine with a vacuum set of nonzero
measure). Finally, it is not possible (and this is the least transparent condition)
to approximate \/17.0 and \/IR by non-negative functions n; and p; such that
(ni, Pk )keN 1s a sequence in 6o with limy_,o [ — noollL«@) + Pk — pooll La@) = 0.
Indeed: an approximation of nyy and pgy by non-negative functions n; and py,
respectively, whose square-root belongs to H!(Q) and which converge strongly
in L%(Q2) to ngy and pgo, respectively, is always possible — but then it has to be
expected that ny, px violate the additional requirements

C = ng — px = noo — Poos /nk=/nooa/Pk=/Poo
0 Q 0 Q

for all k € N, i.e. (n,pr) ¢ €. This observation makes it plausible to expect
quantum gaps in certain situations.

In §4 the simultaneous limit € = 4 — 0 is considered. The limiting model coincides with
the classical model whenever C is a (Gj, Gy)-quantum doping profile and whenever no
quantum gap appears.
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Appendix A Proofs

Proof of Theorem 2.1 We observe that (n;, pe;) is the unique minimizer of
PEoy = 2EE 0+ 126+ Ea.

Given 6 > 0 choose a H!(Q)-regularizer (n°,p°) € % N (L¥(Q) x L*(Q)) of
(Ct4(pi/meas(Q)), C~ + (p;/meas(Q))) with |n® —p® —C||, < 6. Set #° = d[n’ —p° —C].
Then there exists due to Poincare’s inequality a K €]0,00[ (independently of ¢, 1) such
that

Ea(n®,p°) = HIVE |3 <K n° —p° — C|3 < Ko™
Hence

0 <lim §u1:0> JPE.; < liin(l) izéag,z(n‘i,p&)
A— -

=lim 22626 000, p°) + 226:(n’, p°) + Eu(n®, p°)
=&q(n’,p°) < Ko2.

Since 6 €]0,00[ was arbitrary it follows that lim;_ A’E,; = lim;_ &¢;(ne;, pe;) = 0. This
settles (c). Furthermore, we have shown that lim; o &,(n;, pe;) = 0, which proves (a).
Concerning (b) let ¢ € H'(Q). Then [, (ne; — pe; — C)p = [, V@c; - V. Hence (b) follows
from (a). O
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Proof of Theorem 2.2 (i) = (ii) is clear. (ii) = (iii): By assumption there are ¢ €]0, 0]
and K €]0, o[ such that for all A €]0, o0[:

“V\/nei‘|2> ”V«/pe/l”Z P édi(ndspe)v) <K.

Due to || /e |12, | /Pesll < N+ P we have by passing to a subnet: There exists (n*, p*) € €
such that

Jher = N N2 V/p* weakly in H'(Q) as 2 — 0,
ne, — n*, pe;, — p* strongly in L*(Q) as A — 0.

Due to Theorem 2.1 we have n* — p* — C = 0 and by weak lower semi-continuity we have
&i(n",p") <K < .
(iii) = (1): Since @[n" — p* — C] = 0, we have for all €, 1 €]0,c0[

EE). < @@E).(n*ap*) = Gquu(n*’p*) + éﬁi(n*rp*) = K6 < CX),

where K. €]0,00[ depends on € but is independent of A. O

Proof of Lemma 2.3 (i) = (ii): We have C = |r|> — |s|> where |r|,|s| € H'(Q), since |.|
maps H'(Q) into H'(Q). Hence we may assume without loss of generality that r,s > 0.
Let fi =r+sand f, =r—s. Then C = f,f, and f1,f, € H'(Q) and f; > 0. It remains
to be shown that f, =r —s € L*(Q). Let K > /[|C| . Then for all x € Qx = {f» = K}:
C(x) = fi(x)f2(x) = (r+5)(x)(r—s)(x) = (K+25(x))K = K* > | C|.. Hence meas(Q) = 0
and therefore ||f2]., < K.

(i) = (i): Set r = (f1 + f2)/2 and s = (f1 — f2)/2. O

Proof of Lemma 2.5 (2) If C € HY(Q), then C* +1 € H'(Q) and C~ +1 € H(Q) as well
asr:=.,/Ct+1€ H(Q) and s := ./C~ +1 € H(Q). In this case we have C = r? — s’
with r,s € H'(Q) N L*(Q). Hence [, G1(r?) < oo and [, G(s?) < co. This shows that C is
a (G1, Gy)-quantum doping profile.

(1) Because of (2) it suffices to prove that each (Gy, G;)-quantum doping profile is in
H'(Q). Since d = 1 we have the inclusion H'(Q) = L*(Q) — see Adams [8]. On the
other hand, we have C = r> — s> and therefore C € W!(Q), which implies [9] that
C' = 2rr' — 2ss. Since .5’ € L*(Q) and r,s € L*(Q) we get C' € L*(Q) and therefore
C e H\(Q).

(3) If C is a (Gy, G>)-quantum doping profile, then C = r> — s> for some r,s € H'(Q).
According to Adams [8] we have r,s € LY(Q) for all t € [1,0[. Furthermore, r2,s*> €
WL(Q) and therefore C € W1(Q). Hence VC = 2rVr — 2sVs. Since r,s € LY(Q) for all
t € [1,00[ and since Vr,Vs € LA(Q : R?), we get from Holder’s inequality VC € L7 (Q)
for all t € [2,00[, i.e. VC € L4(Q) for all g € [1, 0.

(4) Follows by an argument similiar to the proof of (3) by employing H(Q) = L%(Q)
in case of d = 3. OJ

Proof of Lemma 2.6 By Lemma 2.3: there are f1, > € H'(Q) such that C = fif5, f1 =0,

f2 € L*(Q). By standard properties of Sobolev functions (e.g. see Ziemer [9]) there are
representatives f; of fi, i € {1,2}, such that for almost all 4 € & with I(£,) + 0: The
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mapping
fi6 +1.18) :1¢8) >R
t > fi(® + t&)
is absolutely continuous (e.g. see Rudin [10]). We can assume without loss of generality:
f1 > 0 and f, is bounded. Hence (see again Rudln [10]) for almost all v € EL with
( ,0) + 0 and almost all t € I(é v): fi(d + [.]€ ) is differentiable at ¢, the respective
derivation f, (0+t. é) = f, @+]. ]f)(t) is Lebesgue integrable on I({ v) and the mtegratlon
by parts formula holds, where i € {1,2}. From these properties of fi@®+[.18),i€ {1,2}
it is easy to deduce that for almost all v € ﬁL with I(é v) + 0: fi(+ [. ]é) belongs
to WU(I(3,&)) (where f; (8 + [.]€) coincides with its distributional derivative). Now we
shall prove: For almost all 3 € & with I(&,8) + 0: f; (& + [.1€) € L2(I(&,5)). Let u;5 be
representatives of the directional derivations & - Vf 12, respectively. Then we have for all
¢ € CX(Q) by Fubini’s Theorem for i € {1,2} the identities

Aﬁ@ww) /u¢— /"/ (6 + 1E)p(6 + 1B),

while on the other hand,
[s@vor= [ [ 7+ i@ vore+ b - /1 T B+ )
Q & JI1(Ep) 1E3s

From these two identities we get by a standard density argument for almost all ¥ € CL
with I(E ?) #+ (: There is a nullset N; < I(E v) such that u;(d + tE) f’(v + tf) for all
te I(é v)\ N3. While this result does not imply that the mapping Q Sx— fl (v(x)+t(x) )
is measurable, we nevertheless have for almost all # € &~ with I(&,5) # 0 and i € {1,2}:

/¢ﬁﬁ+£ﬁ=/#w%+@ﬁe&wL
I(E9) I(E.9)

On the other hand, u; is for i € {1,2} square integrable over Q. Hence, again by Fubini’s

Theorem,
Lo+ = [ <
L JIED) Q

and therefore for almost all ¥ € El:

/# |u(v+t§)\ < o0.
1(89)

We conclude: for almost all # € & with I(é,3) + 0 and i € {1,2}:
i+ .18 € LU (E,9)),
and therefore

fils +1.18) € H'I(E9)).
fifa is a representative of C. We set ¢ := fif, and get for almost all 4 € El with
I(Z’,T)) #+ 0 and i € {1,2}: The one-dimensional function ¢(¥ + [.]2) is the product of two
one-dimensional H!(I(&,#)) functions f; and f>, where the first function is non-negative
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and the second one belongs to L“’(I(Z‘, v)). By Lemma 2.3: ¢ is a (Gy, G;)-quantum doping
profile and it readily follows from Lemma 2.5: ¢ € H'(I(&,7)). O

Proof of Lemma 2.8 (i) By assumption the H!(Q)-norms of \/@, \/pT; are bounded as
A — 0. Hence the internal energy &; is due to the assumptions on G;» bounded, too.
By weak H!(Q)-convergence of a subnet of (\/K, \/ﬁ) we have due to Theorem 2.1
that C is the difference of squares of H'(Q)-functions whose internal energy is by weak
convergence bounded. The result follows from Theorem 2.2.

(i1) Due to the maximum principle and g1, = oo, the L*(£2)-norms of \/@,\/[E are
bounded. It is also easy to see that the right-hand sides of equations (2.1) are uniformly
bounded in L*(Q). Therefore, the H'(Q)-norms of Jheis \JPei are uniformly bounded.
The result now follows similar as in (i), since the internal energy is due to the uniform
L*(Q)-bounds of  /nc;,  /pe; uniformly bounded, too.

(iii) Let Ac(2) = \fie; (277 Pe +gi(ne) + o) and let ¢ € H'(Q). Then we have
(Ac()]gp) = —€ [, V /ne; - V. Hence for all 2 €]0, 0],

| /neillgi@y = sup /V«/nsi'vd)—i_/«/neid)‘
1l10y=1 /2 o

< (/e[ Ac(Dll (1 @)y +  sup IH«/nszﬂz\\(ﬁHz

101 10)=

= (1/)|Ac(D) a1y + VN.

In analogy we get the estimate || /peilni) < (1/€)l|Be(A)llm1 o)y + \/17, where B.(4) =
/Pei (—/1’2@,1 + g2(pes) + ﬁd). Let (4 )rew be a sequence in ]0,00[ with limy_,, 4 = 0.
Then there exists a K €]0,00[ such that for all k € N:

(/) Ac(A) 1@y A/ Be(Zi) |10y < K.

Hence for all k € N: || /e M 510y, | fPesy 1) < K + \/N—i— \/F Passing if necessary to
a subsequence — which 1s again denoted by (4 )ren — We get

e, — \/1?, Pes. — /p* weakly in H'(Q) ask — oo,
2k sk

Nej, — N, pes, — p* strongly in L*(Q) as k — co.

We deduce from Theorem 2.1 that n* — p* — C = 0. Due to the assumptions on Gy, we
get by weak lower semi-continuity &;(n*, p*) < co. Hence C is a (G, G;)-quantum doping
profile. O

Proof of Theorem 2.10 (a) By assumption we have Z.(n,p) £ oo and %, = 0 on ¥%.
Let (m,px) be a minimizing sequence in %, of #.. The H!(Q)-norms of nk,\/;Tk are
uniformly bounded as k — oo. Hence there exists a (1.0, peo) € L3(Q) such that, possibly
after passing to a subsequence,

Sk = fneo, \Jpk = /peo weakly in H{(Q) as k — .

We easily check (n.0,pe0) € %o. By weak lower sequential semi-continuity of #., the pair
(neo, peo) 18 actually a minimizer of %, in %y. The uniqueness of this minimizer follows
from the strict convexity of Z..
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(b)~(d) For all A €]0,00] we have the inequalities F.(ne),pe;) < Eei(Bes, Per) <
& e;(Neo, Pe0) = F (o, peo)- Hence the H'(Q)-norms of /i, . /pe; are uniformly bounded
as 2 — 0. We conclude that there exists (n*, p*) € %, such that

S =", Jpe — \/p* weakly in H'(Q) as 4 — 0.
By weak lower sequential continuity of ., Theorem 2.1 and the previous estimate we get
im &¢;(ne;, pez) = Fe(neo, Peo). (A1)
Due to the weak lower sequential continuity of &, and &; we get from (A 1):
llm é)qu(ns/apeA) = & qu(ne0, Peo)s }l_f}(l] Ei(Neis Per) = Ei(Nev, Peo)-
From these identities and (A 1) we get:

(1) (n*,p") is a minimizer of #, in ¥ and therefore (n*, p*) = (neo, Peo)-
(i) lim;—0 A2&i(1es, pe;) = 0, which settles lim;_,o [Pe/ A H1(@) = 0.
(ii1) lim;—o || /nezllgr@) = H«/nGOHHl @) im0 || /Peillaie) = | JPeollmi(@)- Hence by the

uniform convexity of H'(Q):

\/@—> \/ﬂ, \/ﬁe \/lfostrongly in HY(Q) as 2 — 0.

(iv) We have

/QG1 () — /Q Gi(neo) , /QGz(pez) - /Q Ga(peo) as 4 — 0, (A2)

as well as due to the continuity of G;»
G1(ne;) = Gi(ne0), G2(per) = Ga(peo) p-a.e. as 4 — 0.
As 0 < E. < oo we have — maybe after passing to a subnet
VGi(nez) = V/Gi(neo). v/ Galpez) = /Galpeo) weakly in L3(2) as 2 — 0,

while (A2) gives [v/Gi(ne1)l2 = 1V Gi(neo)ll2, 17V Ga(pea)llz = 1/ Ga(peo)l2 as

/. — 0. Due to the uniform convexity of L*(Q) we get c. O

Proof of Lemma 2.11 If limsup,_ g |ne]lec < o0 or limsup;_ g ||peillc < o0, then by
L*(Q)-weak*-convergence and Theorem 2.10, n.y € L*(Q) or p.o € L*(2). Due to
neo — peo = C € L*(Q) we get neo, peo € L*(L2). Hence \/rf, \/ﬂ € H'(Q) N L*(Q) gives
N0, peo € H'(Q) and therefore C = n. — peo € H'(Q). Contradiction. O

Proof of Theorem 2.12 Step 1. We wish to prove that there exists an # €]0,1[ such that
for all sufficiently small A: fg MeiPer €10, 1/n[. To prove this statement we observe that
by strong L*(Q)-convergence of (s, pe;) to (neo, peo) (Theorem 2.10) we have

<ty [ i = [ s <.

To get a lower bound for [, /icpe; and sufficiently small 4, it suffices to prove that
Jo J/heopeo > 0. This is shown in an indirect way. If [, /ncopeo = O, then it follows
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from n. — peo = C that nog < C*,py < C™, and therefore it follows from (A)(d) that
N=[yno< [,CT <N, P=[,p0< [,C” <P. Contradiction.

Step 2. Due to Theorem 2.10 we have /., — /i, ./Pe; — . /peo strongly in H'(Q) as
A — 0. Due to assumptions (B) we have — maybe after passing to a subnet

Jneigi(ne;) = (fneogi(neo) . \/peig2(pez) — /peog2(peo)

weakly in L83(Q) as 2 — 0. Let ¢ € W'*(Q). Testing the first two equations of (2.1) with
¢ Jpes> ¢ /ne;, respectively, and subsequent addition gives

—? /Q V. Jheipei - Vo — 262/9 (V\/@ ' V\/”T’) ¢

= /Q Sheaper (g1(ner) + g2(per) + %es + Pes) ¢
On the other hand,

‘/QV1 /NejPes V(f) - /quneopeo : V¢5
| (v i) b [ (v v pa) o,
/Q«/nelpel (g1(ne;) + g2(pez)) & — /Q Jeopeo (g1(ne0) + 82(pe0)) &

as 4 — 0. Choosing ¢ = 1 we have for all 2 >0

(aei + ﬁd)\/g /NeiPe) = _262 /Q (Vne}. : Vpel) — [2 /NeiPel (gl (ne).) + gZ(pei)) .

As the right-hand side of this equation is uniformly bounded as A — 0 and since there
exists an n €]0, 1[ such that for all sufficiently small 4 > 0 the estimate [, /fepe; €]n,1/n(
holds (see Step 1), we get — maybe after passing to a subnet

hII(l)(O(M + ﬁei) =7 € R.

The proof of the remaining propositions can be left to the reader now. O

Proof of Lemma 3.1 Certainly, for all € > 0:
I}glof Ei < Ei(neo, peo) < Fe(neo, pep) = Ee,
hence liminf._,g E. > infg, &;. On the other hand, for all (n,p) € %:
Ec = F (neo, peo) < Ze(n,p) = €28 3u(n, p) + &i(n, p),

and therefore lim sup,_,g E. < infy, &;. O

Proof of Lemma 3.2 Due to Yosida [11] it is sufficient to prove: There exists a subsequence
(fw)wen of (fu)nen such that

(i) There exists a K| €]0,00[ such that for all ' € N': ||f» |1 < K;.
(ii) For all B € ¢ :limy_ [ fn € R.
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Let m = min,er G(t). For L € N let M, €]0, 0] such that Vt > My : G(t) = Lt.

(@) We have [ [ful = Jyp, cany Vol + Sypsmnny ol < ygyeany M1+ Jypany 607D <
Mip(S) + K =K;.

(i) We have for all L € N: The sequence (fuly,<um,}),o 18 uniformly bounded in
L*(S,0,1) = (L'(S,0,p)). As L'(S, 0, p) is separable, the unit sphere in L*(S, g, 1)
is L*(S, 0, pn)-weak* sequentially compact. By a diagonalization procedure one can
therefore extract a subsequence (f,)rven such that for all L € IN: There exists a
hy, € L*(S,0,p) such that

fn’l{\f,.\<ML} _— hL weak* in LW(S,O', p.)

Let B € . We shall prove: ([, fw)wen is a Cauchy sequence in R. Let 6 > 0. Take
Lo = Lo(d) € N such that 4sup,cn [g G(Ifn]) < Lod. Then for all ' € N':

' [ feting| < [ igal<osa (A3)
B Ufwl=Muy}

As u(S) < oo we have 13 € L!(S,0,1) and therefore there exists by weak* convergence of
(fu Ly 1<m, Pwen in L*(S,0,pn) an n* € N’ such that for all n',m’ € N': If n* < n',nt,

then
‘/fn {fw|<My,) —/fm {1f | <Miy}

Combining equations (A 3), (A4) we conclude that ([, fy)wen is actually a Cauchy
sequence in RR. N

<6/4 (A4)

Proof of Theorem 3.4 Let (e;)ren be a sequence in ]0, oo[ with limy_, . e, = 0. To simplify
notations let ny = ne, pk = peo0. To prove (A1) it is sufficient to show that there exists a
subsequence (e )ren' such that

N — Moo, P — Poo strongly in L'(Q) as k' — oo.

As lim._, E. = inf4 &; there is K €]0, o0[ such that for all k € IN: &;(ny, pr) = fQ Gi(ni) +
fg Ga(pr) < K. Tt follows from Lemma 3.2 that there exists subsequences (1 ) e, (Pr/ )ireN'
and n*, p* € L'(Q) such that

ne — n*, pp — p* weakly in L'(Q) as k' — co.
Clearly, (n*, p*) € 9. By lower sequential continuity of &; we have
&i(n*, p*) < liminf &;(ng, pr) = inf &;.
k' —o0 9

As (ngo, poo) is the unique minimizer of &; in & we have n* = ngyg, p* = poo. It follows from
the lower sequential continuity of &; and from &;(ng, poo) = limy ., &;(ny, pr) that

tim [ Gin) = [ Gat), fim [ Ga(oe) = | Gatpw).
Q k' =0 1o) 0

k- Jo
Hence we get from the compactness-by-convexity principle (Lemma 3.3)

ng — Noo, i — poo strongly in L(Q) as k' — oo.
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This settles (A 1) Proposition (A 2) follows immediately from lim._g &4u(nc0, peo) = 0. To
prove (A 3) assume that (ngo, poo) € %o. Then for all k' € N':

AT NN Ry
<eb [ IVyimP+ ek [ 1V ol + 6l po.
Q Q

As (oo, poo) is the minimizer of &; in & we get from this estimate [, [V /i |+ [, [V, /p]* <
Jo IV oo P+ [, IV JPo |, where the right-hand side is bounded independently of k' € IN'.
By passing to a subsequence (mr, pr )kren We have weak H'(Q)-convergence of (nyr, pir)
to (ngo, poo) and we deduce from lower sequential continuity

v+ [ 9wt <tmine ([ 9w+ [ v ).
Q Q —®© Q Q

hence
2 _ -2 2 _ -2
/Q|V«/noo| —klgnwAIV«/nk | ,/Q\V«/Pool kl,l_ﬂo/glvs/pk )
and the result follows from the uniform convexity of H'(Q). O
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