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New modulation equations for hexagonal patterns in reaction—diffusion systems are derived
for parameter régimes corresponding to the onset of patterns. These systems include additional
nonlinearities which are not present in Rayleigh-Bénard convection or Swift-Hohenberg type
models. The dynamics of hexagonal and roll patterns are studied using a combination
of analytical and computational approaches which exploit the hexagonal structure of the
modulation equations. The investigation demonstrates instabilities and new phenomena not
found in other systems, and is applied to patterns of flame fronts in a certain model of burner
stabilized flames.

1 Introduction

Instabilities in many physical or chemical systems often lead to spatio-temporal patterns.
Typical systems in which these patterns occur include convection [1, 2], chemical reactions
[3-5], and nonlinear optics [6]. These patterns usually occur as the superposition of
periodic waves of some component of the system, such as temperature or concentration.
Borrowing the terminology from convection studies, a single such wave is usually called a
roll. Near the onset of instabilities, the dynamics of the periodic waves are well described by
amplitude equations for their envelopes. These amplitude equations are used to study the
modulations and instabilities of the patterns. Also, the computation of pattern dynamics
is often more straightforward using modulation equations rather than the full system, as,
for example, in the study of patterns on a reaction front in Kuske & Matkowsky [7].
Perfect hexagonal patterns appear as the superposition of three roll solutions with wave
vectors at 120°. Modulation equations for hexagonal patterns in general reaction—diffusion
models typically include additional nonlinear terms, which describe instabilities and new
phenomena not studied in Rayleigh-Bénard convection models [8] or Swift-Hohenberg
type models [9]. In this paper we derive new evolution equations for modulated hexagonal
patterns in general reaction—diffusion systems. These equations are written in a form in
which the hexagonal symmetries are apparent, i.e. the new coordinates are X, X, and X3,

1 3 1 3
X, = X, X2=—§X+%Y, X3 =—3 —%Y, (1.1)
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where (X,Y) = e !(x, y) are the usual two-dimensional Cartesian coordinates. Then the
coupled evolution equations for the amplitudes A4;(X1, X», X3), j = 1,2,3 of the three rolls
are
Aj, = adj+ cAA +dAj,  +DAGAR + FA (AP + [41)
+ihi(Ax Ay, + iha [(Ai)y A1 + (Ap)y, Ax], (1.2)

for permutations of j,k,I = 1,2,3. The subscripts #; for j = 1,2,3 denote differentiation
along the direction X, i.e. in the direction of the wave vector for roll j,

0 0 1 0 10
= 13
anj an 2an 26X, ( )

For some of the phenomena studied, we will also consider modulations to roll j in the
direction orthogonal to X (that is, modulations along the roll). For this, we introduce the
derivatives in the direction &;, orthogonal to #; with

o _3(o 2y (4
3¢, 2 \oxx ax;

Including those modulations, equation (1.2) become

£

ik,

Fihi (AAp)y, + iha [(Ai)y A1 + (A1), Ar]- (1.5)

2
Aj. = aAj+ cA A +d (a,“ + agl_) Aj + bA;A; + FA; (A + 1A%

The difference between these modulation equations and those studied by Hoyle [9] and
Suschik & Tsimring [10] are the terms with coefficients hy, h,, referred to as non-gradient
terms [2] or non-potential terms, as discussed further at the end of §2 and in Gunaratne
et al. [11], Golovin et al. [12] and Echebarria [13]. We employ a combination of analytical
and computational approaches which exploit the hexagonal structure of the modulation
equations to determine the stability and dynamics of patterns. We use a pseudo—spectral
numerical algorithm on a hexagonal grid that allows the removal of unwanted boundary
effects that arise from a rectangular mesh, as used in Suschik & Tsimring [10].

The analysis and computations demonstrate the stability differences between a general
reaction diffusion system and previously studied evolution equations for certain convection
problems [2, 9, 10]. In the reaction—diffusion systems we consider, there are additional
instabilities of both roll and perfect hexagons, which are also observed in Marangoni
convection [12-14]. There are also other stable modulated two dimensional patterns
which are a combination of rolls and hexagons, sometimes referred to as general hexagonal
patterns. The computational results validate and complement the stability criteria obtained
analytically.

In the linear stability analysis we perturb the three rolls forming the hexagonal pattern
with the same small wave number. We call such perturbations ‘symmetric’, in contrast to
the more general ‘asymmetric’ case of different wave number perturbations for each roll.
Although such asymmetric perturbations are analytically less tractable, we observe nu-
merically that in the case of h; & 0 and h; + 0, they lead to observable instabilities. These
instabilities are important since they may occur in parameter ranges where the pattern
is stable to symmetric perturbations. The application of these methods is demonstrated
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for a general reaction—diffusion system and in the specific problem of a burner-stabilized
flame front [7] which has the important features of the general system.

2 Modulation equations

We consider the general reaction—diffusion system, as motivated by various models [4, 15,

16]:

-~ 2~ 2~

0 _p (S0 00N L re), 10, —o<xy<on, 2.1)
0x2 = 0y?

it bounded as x,y — +o0,

where t and x, y are the temporal and spatial variables, respectively, and @(x, y,t; ) and
f(@i; A) are vector functions

b= (01,02, s ), f(054) = (f1, 02,5 fn)- (22)

The matrix D is diagonal with non-negative elements on the diagonal. The parameter A
is real. We assume that m > 2. We assume that f(0) = 0, so that there is a basic uniform
state of &# = 0. Then one can consider a perturbation &t = u + 0 to this basic state, such
as the deviation from a chemical reaction in which the species are kept constant and
uniform in space and time, as in the Brusselator model [16]. In the study of a pattern on
a reaction front, one can consider u as the deviation from a planar front [7].

The parameter 4 is a control parameter; for values of 4 above a critical value 4., the
basic state it = 0 loses stability to a periodic solution. To determine conditions for the
instability of the basic solution and the types of solutions which appear as a result of
the instability, we linearize (2.1) about the basic state, that is, for the perturbation u < 1.

This yields
Ou o’u  d%u
o P <6x2 + 8y2> ot 23

where o is the Jacobian matrix such that

_ <6fi(ﬁ;i)
wpu=| ——-

on/

) w, (i=1,...,m), (2.4)
=0

where superscripts indicate components of the vector u, and repeated superscripts indicate
summation over j = 1,...,m. We substitute

= MYy g g = (kP (2.5)

into equation (2.3) to obtain
—|k|*Dv + av = po. (2.6)
Here (kq,k,) and p are the wave vector and growth rate, respectively, of the perturbation u.
Equation (2.6) is an eigenvalue problem for the growth rate p(ky, ks, 1), with corresponding

eigenvector v,. Without loss of generality, we assume that the critical value is 4. = 0, and
that the following conditions hold for p:

(1) For 4 < 0 all eigenvalues p have negative real parts.
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(2) For A = 0 and |k| = k. + 0, there exists an eigenvalue p = 0, and all other
eigenvalues p have negative real parts.

(3) For a range of 1 > 0 there is a range of wave numbers k_ < |k| < k4 such that
for each |k| in this range there exist an eigenvalue p(ky,kz,4) > 0 and p < O for |k|
outside that range. In addition, the real parts of all other eigenvalues are negative.

These assumptions indicate that the basic solution, which is stable for 4 < 0, loses its
stability when 4 passes through the critical value 4, = 0 via a steady bifurcation. There
exists a continuous band of wave numbers of perturbations for the instability region
A > 0. The curves kq form the neutral stability curve which has a minimum at |k| = k.,
which corresponds to the first unstable mode as /4 is increased above A.. In the following
analysis we consider systems near critical, that is 2 — A, = O(e?) where ¢ < 1, p > 0.
In studying the patterns in this regime, one can consider any superposition of modes
as a solution for u. We are interested in patterns for which the interaction between the
modes are strongest, the simplest of these being hexagonal patterns. Evolution equations
for the slowly varying modulations or rolls have been used to study the stability of
two-dimensional patterns and the propagation of defects in patterns in convection [2]
and in reaction diffusion kinetics [3]. Here, we derive these amplitude equations for the
general setting of equation (2.1). At the end of this section, we compare the form of these
amplitude equations with related work.

Near criticality (4 < 1), we define a small parameter € < 1 and set

A=y +.... (2.7)
Also, the solution u is small and we expand it as
u~ eu + euy + e3u3 +.... (2.8)
We consider the interaction of three modes, by writing
u; = Ryejvg + Ryeavg + Rzesvg + complex conjugates, (2.9)

where v is the eigenvector in equation (2.6). The wave vectors of the modes e; are
separated by angles of ©/3, so that

e = ek, oy = eik(‘(—x/2+\/§y/2)’ or = eke(=x/2=33y/2) (2.10)

3

We assume the amplitudes R; are slowly varying in space and time, so that R; =
Ri(X,Y,T,t), where

X=ex, Y=ey, T=cet, 1=¢et (2.11)

Typically only one slow time scale is introduced in convection or Swift—-Hohenberg-type
models. Here the introduction of two time scales is necessary for the systematic derivation
of the amplitude equations, as seen below.

We expand the nonlinear function f(ii; A) about the basic solution & = 0, i.e. for small
perturbations u

f@; 2) ~opu+ Bo(u,u) + y,(u, u,u) + 6w, u, u,u) + ..., (2.12)
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where o u is defined in equation (2.4) and

1 [ fii; 2 .
Bi(u,u) = Bl { % Y “]uk} ) (2.13)
_ 1 63fi(774;/1) ikl
it = 5 { Gt | 219

where repeated superscripts indicate summation. Since o;, f; and y; are in general
functions of 4, we expand as

o ~ oy + Aog + ..., (2.15)
where oy = o;|;—0,
606/1
= — 2.16
u= 5 N (2.16)

and similarly for § and y. Substituting equations (2.7), (2.8), (2.12) and (2.15) into equation
(2.1), and collecting the coefficients of like powers of e yields

) 0?0
O(E) IL()Ml = |:at_D <axz+ay2> —OC():| uq =0,
O(e)) : Louj=rj.  j=23,..., (2.17)

where

ry = Polur,ur) + 2D (g xx + ury,) — i 7,
r3 = Ayoqquy + 2Bo(ur, uz) + yol(uq, ug, uy)
+2D (2, +2yy) + D (uixx + iyy) — Uar — Ui (2.18)

It is possible to solve for u;, j = 2,3,..., if the right-hand side of the equation for u; in
equation (2.17) is orthogonal to the homogeneous solutions (ve;, v5e2, vye3) of the adjoint
equation Lgu = 0. This solvability condition is applied with an appropriately defined inner
product. In this case, it is

27[//([ 2T[/k2
/ / (rj - eg)dy dx = (rj, ey) =0, (2.19)
0 0

where ki,k; are chosen to include a period of the integrand in equation (2.19). We
use the normalization (exvo, €vy) = k. These solvability conditions yield equations for
the slowly varying amplitudes R;. We outline this process in some detail to illustrate a
particular feature: that the appropriate terms in the amplitude equations are obtained at
two different orders in the perturbation expansion. (For the sake of clarity, the reader is
reminded that when k is used as a subscript it denotes indexing and not wave number.)

First, we consider the equation obtained at O(e?). Applying the solvability condition
yields

(ra,v5e1) = Rip — coRwR, =0, (2.20)
with

co = (Bo(@mvo, ento), E1y), (2.21)
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where [,m,n = 1,2,3 and cyclic permutations give us the three amplitude equations. Of
course, these are not the full evolution equations for R;, j = 1,2, 3. As is well known from
symmetry considerations (see, for example, Swift [1]) in the case when the modulations
are temporal only, the correct amplitude equations include cubic terms. In the context
of deriving the evolution equations from a perturbation expansion, including cubic terms
corresponds to including higher order terms, that is, those obtained from the solvability
conditions (2.20) and from the next order [7]. From a dynamical point of view, the cubic
terms play the role of stabilizing the hexagonal pattern which bifurcates subcritically from
the basic state.

This complication is not encountered in the derivation of evolution equations in the
context of Rayleigh-Bénard convection. In that application, the symmetries are such that
the coefficient ¢y = 0 in equation (2.20). If the coefficient ¢y = 0, then it is appropriate
to consider modulations on the time scale 7 only, so that (R;)7 = 0. Then the solvability
conditions (2.20) are automatically satisfied, and the evolution equations will be given by
the solvability conditions at O(e?®). This is the procedure used in Kuznetsov et al. [2]. In
many applications ¢y + 0 [3, 7], so that the solvability condition at O(e?) is combined
with the O(e®) solvability condition to obtain the correct evolution equations, as we
discuss below. Regardless of the value of ¢, we determine u, which is used in the higher
order equations. We shall do this for the case ¢y # 0, since this is the general case for
reaction—diffusion equations.

The rest of the derivation is straightforward, and is outlined in Appendix A. After
solving for u; (A 3), we substitute in r3 and apply the solvability condition (2.19). This
yields solvability conditions of the form

Sy + Rj, = aR; + co(SkR + RiS)) +dR;,  +bR;|Rj|> + fRi(IRi|* + |RiI?)

+ihi(RkRy)y, + ih2[Riy, R + Ry Ry, (2.22)

and j,k,I = 1,2,3 with cyclic permutations to obtain the three solvability conditions.
Since R;, j = 1,2,3 are the amplitudes corresponding to the homogeneous part of

u; and S; is the amplitude for the homogeneous part of u,, we combine the solvability

condition from O(e?) and O(€?) in an equation for 4; = R; + €S, for j =1,2,3,

Ajp +edj, = ead;+ (co + ec) A Al + edA;, |+ ebAj| AP+ ef Aj(| AP + |41 )

+iehi (AxAp)y, + ieha [(Ak)y A1 + (A1) Ak] + O(€). (2.23)

Truncating at O(e) and writing ¢o + ec; = ¢,0; = O + €071, b = eb, and similarly for
a, f,d, hy, and hy, we obtain equation (1.2) (after dropping the hats). These equations are
written in a form in which the hexagonal symmetries are apparent, using equation (1.3).
These equations describe the dynamics of modulated hexagonal patterns, as discussed
further in §3.1. In §3.2 we use equation (1.2) to determine the stability of rolls to
hexagonal perturbations. To describe instabilities to other perturbations, such as the
zigzag instability to perturbations transverse to the rolls, it is necessary to include higher

order derivative terms, corresponding to modulations along the rolls. In this case, the
2

term dAf'?m/ in equation (1.2) is replaced by d (6,7]. + (E/Zikc)agj) A; (see equation (1.5)).

This is discussed further in the following section.
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We comment on the fact that the terms in equation (2.23) come from O(e?) solvability
conditions and the O(e?) solvability condition, so that there is a factor of e in front of some
of the terms. As mentioned above, the cubic terms such as bA;|4;*> and fA;(|Ax|* + |A?)
are crucial in describing the stability of hexagons, since these nonlinear interactions
stabilize the hexagonal patterns which bifurcate subcritically from the uniform state.
These terms are obtained from the solvability conditions at O(e?), that is, at the next
higher order from equation (2.20). Therefore, for consistency, we include all terms obtained
from the solvability conditions at that order. In the case of ¢y + 0 in equation (2.20),
we obtain the terms ihi(AyA,),, and ihy[(Ay)y, A + (A1), Ax] in the amplitude equations.
As shown in the following stability analysis and computations, these terms also have an
effect on the stability of the patterns.

Since there is a coefficient of € in the equations (2.23) we discuss how these terms may
be balanced. The coefficient ¢y can take small values, so that all terms may be of the
same order for certain physical parameter values. In this case, as in the case when ¢y =0
in equation (2.20), one can set ¢y = ec, and allow 4 to be a function of the slow time
only, not of T. In general for ¢y = O(1), one applies the method of Bernoff et al. [15]
to combine contributions at different orders, as shown above. In Bernoff et al. [15] this
approach was used to study mean field effects described by evolution equations which
include higher order terms. In the case when the additional higher order terms describe
instabilities or stability not determined from the lower order equations, these terms must
be included. This is the case in this paper, as well as in Bernoff et al. [15].

The main difference between equation (1.2) and the evolution equations studied by
Lauxeral et al. [3] and Suschik & Tsimring [10] are the nonlinear terms with coefficient
h;, the non-gradient terms. Envelope equations with non-gradient terms have also been
derived for Rayleigh-Bénard convection models. In the context of non-equilateral hexag-
onal patterns hy = 2h, [2], and in the context of non-Boussinesq effects h; = 0 [18]. The
non-gradient terms with coefficient h; have been discussed by Gunaratne et al. [11] in
the context of generalized Swift-Hohenberg models with nonlinear gradient terms. Equa-
tions of the form (1.2) for general h; and h, are obtained in the context of Marangoni
convection, as shown by Golovin et al. [12] and references therein, and by Echebarria [13].

In the stability analysis below we consider symmetric perturbations to perfect hexagons
and rolls for arbitrary coefficients in equation (1.2). Stability of these patterns to other
types of perturbations and the stability of non-equilateral hexagons has been studied by
Nuz et al. [14]. In Golvin et al. [12] the stability was considered for coefficients consistent
with Marangoni convection. In the case when hy = h, = 0, as in Lauzeral et al. [3] and
Suschik & Tsimring [10], it is useful to consider 4; = r;e’s. With the assumption that the
amplitude evolves adiabatically with the phase it is possible to derive phase equations for
6; describing the hexagonal patterns, thus reducing the complexity of the stability analysis
[9, 10, 17]. When h; #+ 0 and h; + 0, there are additional complications in these coupled
phase equations so that it is not necessarily advantageous to pursue such an approach.

3 Stability

In this section we consider the stability analysis of simple finite amplitude solutions to
equation (1.2). We first consider the stability of perfect hexagons to long wave perturba-
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tions, and then the stability of a single roll to general perturbations. In both cases we
show that when hy, h, are non-zero, there are new stability constraints. The analysis uses
equation (1.2), without transformations which normalize some of the coefficients. This
allows a comparison with previous analyses, such as those of Kuske & Matkowsky [7]
and Suschik & Tsimring [10], to understand the effects of the additional quadratic terms.

3.1 Stability of hexagons
First, we consider the stability of symmetric hexagonal modulations,

X, (3.1)

Aj = roei”
as solutions of equation (1.2). In the following we find it useful to define the quantity
B = ¢ —hiq + 2hyg, (3.2)

The stationary solutions (3.1) exist for ry and ¢ satisfying

a+ Bro+ (b +2f)r§ = dg* > 0. (3.3)
That is,
_ 2 A4 —da?
o — B+ \/B?—4(a—dq )(b+2f), (3.4)
2(b +2f)
where rg is real for
BZ
dg* <a— ——rr. 3.5
T =T bt 2p) (3.3)
Then one can determine the stability of such solutions for
Aj = (ro + pj)e Xt (3.6)

Substituting in equation (1.2) and linearizing about p; = 0 and QJ- = 0 yields coupled
linear equations for p; and Q;. With the ansatz that

A At+iy X+ip Y
pj=pje TR,
0 = QjeAt+w‘X+W2Y, (3.7)

we obtain stability conditions for the regular hexagonal patterns in terms of the eigenvalues
A of the matrix given in Appendix B. That is, the regular hexagons are stable to small
perturbations for Re(4) < 0. The perturbations in equation (3.7) are symmetric in the
sense that the three rolls are modified by the same wave number (y;, y2). This corresponds
to perturbing the hexagonal pattern as a whole with a long wave modulation.

We consider the limit of long wave perturbations, ie. y; < 1 and y, < 1. To leading
order (y; = y, = 0) the eigenvalues of the matrix are

A12=0 (multiplicity 2),

/13 = —3BV(),
Ag = Bro+ 2br5 + 4fr(2),
Asg = —2Brg + 2brg — 2fr? (multiplicity 2). (3.8)
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FiGure 1. Existence and stability of perfect hexagonal patterns (3.1) for c =d =1, b = —1,
f =-=2, hy =—1, hy = 1. Perfect hexagonal patterns exist above the curve (H). The shaded region
corresponds to stability to zero mode perturbations (y; = 7y, = 0 in (3.7)). For these values of ¢ and
a the eigenvalues 4; <0, j = 3,4,5.

For ¢ = hy = hy = 0, the stability conditions are the same as those obtained for perfect
hexagons in Kuske & Matkoswky [7]. The conditions 4; <0, j = 3,4,5 are shown in the
a—q plane in Figure 1. For the case of h; # 0 and h, #+ 0, when the additional non-gradient
nonlinearities play a role in the dynamics, there is a region of instability which is not
found for the case of hy = hy, = 0.

To determine all stability conditions, one must determine the O(y?) and O(y3) corrections
to the eigenvalues 4 = 0. Scaling A4 = O(y}) or A4 = O(y3) we determine the higher order
corrections. For 0 < y; =y, < 1, the conditions for 4 < 0 are

n 4dq* — (hy + hz)zré -

d A

0,

AgAsd + 4d*q*(2br§ — Bro) + ((2b — 4f)r§ — 3B)(hi + h3)rd
+4dqAs(hy — hy)rg — 2hyhord(4brg — 2fr§ — 3Brg) > 0. (3.9)
These conditions are shown in Figure 2. In Figure 2(a), the stability region is shown for
hy = hy = 0, the case of Rayleigh-Bénard convection or Swift-Hohenberg-type models.

In Figure 2(b), the stability region is shown when non-gradient nonlinearities influence
the pattern dynamics.
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(a)

0.5

®)

FIGURE 2. Effect of non-gradient terms on the stability of perfect hexagonal patterns for c =d =1,
b = —1, f = —2. Perfect hexagonal patterns exist above the curve (H). (a) For values of ¢ and a
in the shaded region and h; = h, = 0, as in Suschik & Tsimring [10], perfect hexagonal patterns
are stable to long wave perturbations (y; < y, < 1 in equation (3.7)). (b) For values of ¢ and a
in the shaded region and h; = —1 and h, = 1, perfect hexagonal patterns are stable to long wave
perturbations (y; < y, < 1 in equation (3.7)).
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3.2 Stability of rolls

Some of the numerical computations demonstrate that hexagons may lose their stability
to rolls. We therefore consider the stability of rolls in the context of (1.2), i.e. the stability
of rolls to hexagonal perturbations. Proceeding as in the previous analysis, we consider
perturbations on a roll 4; = rye'?*!, 4, = A3 = 0, with solutions of the form

Ay = (ro + p1)e ™™,

Az = p3eds, (3.10)
The roll solutions satisfy a — g°d + br3 = 0, and exist for

a—q’d
—b

> 0. (3.11)

Writing the perturbations as

i)j — pjeat+iy1X+iy2Y’ (312)

we determine the stability for all y; and y,, using the notation

V3 (3.13)

1 N 1
F =1 F = — —1 _— F = —— _ .
1=71 2 2/1 + 5 Y2, 3 2?1 5 Y2
The conditions are

g > ¢’d, (Eckhaus stability criterion),

—24y +d(I' +T3) +2qd(I's — I'y) >0,
(haT's + Ty & B)(T's + hal'y) 4+ B)rd
+(4(Ay — T'Ed) + 2qdI'3)(+(Ay — T'3d) — 2qdIy) > 0, (3.14)
where
Ay = =2(b— f)rg. (3.15)

Figure 3 shows the region in the a-g plane for which rolls are stable to hexagonal
perturbations. We note that most of this region corresponds to g < 0. However, for
q < 0 rolls are unstable to transverse perturbations, the so—called zigzag instability. As
discussed in Section 2, this instability can be observed using the equations (1.5) instead of
equation (1.2).

4 Burner-stabilized flames

In this section we consider a three-dimensional model of burner-stabilized flames, in which
the flame is treated as a two-dimensional surface. Then, two-dimensional patterns of this
surface (see equation (4.15)) can be studied with the methods discussed in §2. The model
we employ is a straightforward extension to three dimensions of the two-dimensional
models used in Matkowsky & Olagunju [19] and Olangunju & Matkowsky [20], and the
details are given in Kuske & Matkowsky [7]. As discussed in Kuske & Matkowsky [7] and
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(@)

(b)

25

FiGure 3. Stability of rolls to hexagonal perturbations. (a) Existence and stability of rolls for
c=d=1,b= -1, f = =2, hy = —1, hy = 1. Rolls exist above the curve (R). The Eckhaus
stability boundary (stability to longitudinal perturbations) is given by (E). In (a) the shaded region
corresponds to stability to zero mode perturbations (y; = 7y, = 0 in (3.12)). In (b) the shaded region
corresponds to stability to hexagonal perturbations (y; = y, = 0.3 in equation (3.12).)
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Olangunju & Matkowsky [20], an analysis based on this model has no restriction on the
wavelength of the pattern, in contrast to the analyses of Buckmaster [21] and Shtilman
& Sivashinsky [22] which consider only long wavelength instabilities.

We mention a few of the aspects of this model which are pertinent to the following
discussion. The burner is modelled as a heat sink [23], with assumptions of weak thermal
expansion of the gas and large activation energy. Then the reaction zone is a narrow
region of width O(1/Z), where Z is the (non-dimensional) Zeldovich number, which is
proportional to the activation energy and typically large in combustion models (Z > 10).
For large Z, As Z — oo, this zone can be approximated by a front whose location is
given by

X3 = <D(t,x1,x2). (41)
We employ non-dimensional cartesian coordinates (xi, X2, x3), with the burner located at
x3 = 0. We also assume that there is a single deficient component of the reaction so that
only its mass fraction evolves, while the mass fractions of all other components are so
abundant that they can be considered to be constant. The reaction—diffusion model is
based on perturbations expansions in powers of Z~! of the non-dimensional temperature
T and the mass fraction Y of the deficient component. The Lewis number L, which is the
ratio of thermal to mass diffusivities, is assumed to be close to unity and the coefficient
H describing heat loss to the burner is assumed to be small. Then L and H are scaled as
A K

L_1+Z’ H_Z' (4.2)

Employing a coordinate system which moves with the flame front

z=x3—®(t,x1,X2), X=Xx1, y=X2, (4.3)

and secking solutions of the form

1 1
Y=Y0+Y1+0(>,

Z Z
1 1
S=Ti+Y, (4.4)
the model is given by
0+Y, =1, (4.5)
1/2
a—@—i— m—a—d3 a—@—A@vL 1+ @ 2-1— & 2 /ex 5 0(z)
ot o ) oz ox 3y Pl7 )
oS 0d\ 0S X
&t <m_ az) 5= AS + 2460 —KO(z + D) (4.6)

with boundary conditions

O =1forz>0, 2—2‘*0 as z — 4o
®—->0 S—>0 asz—o—om,

O] <o, |S]<oo as x,y — Foo. (4.7)
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Also, assuming that the reaction goes to completion at the flame front, we set ¥ = 0
behind the flame (for z > 0). In equation (4.6), the parameter m is the flow rate of the
fuel, and ¢ is the Dirac delta function. The operator 4 is the Laplacian in the moving
coordinate system.

A steady solution of equations (4.6)—(4.7), termed the basic solution, is given by

1, z>0
o1 ={ b 1o (@)
B, z>0
So(z) = B — Amze™, —h<z<0
Be"Eth — Jmze™, z < —h,
&y = h, (4.9)
where
B =2lIn(m), h=1m(_K>. (4.10)
m Bm

The basic solution (4.8)—(4.9) represents a stationary planar flame located at the standoff
distance x3 = h. Since, Y; = 0 behind the flame, B in equation (4.10) is the O(1/Z)
correction to the flame temperature. As shown in Kuske & Matkowsky [7], the standoff
distance h in equation (4.10) is a U-shaped function of m, whose minimum approaches
zero as K approaches 2/e. We note that the basic solution becomes unbounded as m — 0.
Hence only values of m bounded away from zero are considered. In addition, we consider
values of the heat loss parameter K > 2/e [19], in order to avoid flashback (h < 0) for
certain values of m. The behaviour of this basic solution is discussed further in Matkowsky
& Olangunju [19].

To determine the linear stability of the basic solution we introduce perturbations of the

form
p=a—h
w=0 —By(z) — (f)%,
U=S—So(z)—¢)%. (4.11)

The linear problem for these perturbations is obtained by substituting equation (4.11) into
equations (4.6)—(4.7) and linearizing about ¢ =w =v =0,

w) [0 07 (w 2t N\ [1 0\ [w
o(0)=laema] () -G m) G ) ()0 e

for z + 0,—h, with jump conditions which are linear in w, v, and ¢ (see Appendix C),
which we denote

¢
7w |=0 (4.13)
v
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and boundary conditions

w=0 forz >0, 2—5—»0 as z — +oo,

w—0, v—>0 as z—o —o0,

lw| <o0, Jv]<oo as x,y — foo. (4.14)

In this model, we consider flows in the z-direction only, and allow the domain to extend
to infinity in both the x and y directions. Thus, we expect to obtain two dimensional
patterns which do not have a preferred orientation in the x—y plane.

We find that equations (4.12)—(4.14) have solutions of the form

W %
v | = RewtHikix+tikoy 1% +c.c., (4.15)
¢ (Wlo

where k?+k3 = k%, R is an arbitrary complex constant, and c.c. denotes complex conjugate.
The expressions for W(z) and V(z) and the dispersion relation are in Appendix C. For
R(w) < 0 (> 0) the basic solution is stable (unstable). The neutral stability boundary
corresponding to w = 0 is shown for selected values of m and K = 1 in [7]. This boundary,
given explicitly by

2 K —hy
j=—p_gh | 2Kve

= =m? 44k (4.16)
m2 - m(m— )

delineates the region of cellular instability of the basic solution.

For admissible values of the flow rate m, the neutral stability curve has a local
maximum at (4, |k|] = k.), where k. + 0 corresponds to the most rapidly growing
mode of the perturbation (4.15). We perform a local analysis in a neighbourhood of the
point (4., k.) seeking stationary non-planar solutions which represent time-independent
two-dimensional cellular flames which bifurcate from the basic solution (4.8)—(4.9). We
employ an expansion in terms of ¢, as described in the previous section,

o~ (L 4+ver +..), (4.17)
W~ ew; + €2wy + € ws + ... (4.18)

and similarly for v and ¢. Accordingly, we employ the scaled temporal and spatial
variables as in equation (2.11), T = et, 1 = €’t, n = ex and { = ey. The expansion of 1
implies that the basic solution Sy(z) is expanded in € as well.

Substituting equations (4.17)—(4.18) into equations (4.5)—(4.7) and equating like powers
of € we obtain the sequence of equations

$<Wf> = <rj1)z:|:0,—h, (4.19)
Uj Fj2
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with jump conditions

0
b, ZJO
gl ow | =" (4.20)
Pj2
vj
Pj3
Pja

and boundary conditions (4.14). To leading order, (O(¢)) this yields the linear problem
(4.12)-(4.14) with ry; = ri2 = p1o = p11 = p12 = p13 = p14 = 0. Then

wi W(z)

ke 3k,
U1 = (Rye; + Ryey + Rzez +c.c.) Vi) |, =—= k, = \/; s (4.21)
$1 1/m

where W(z) and V(z) are given in equations (C)—(C) with 4, k and w replaced by A,
k. and zero, respectively, and ey, e; and e3 are as in equation (2.10). Since we perform
our analysis in the neighbourhood of the local maximum (4.,k.) of the neutral stability
curve, all other modes decay exponentially in time. At this order the complex coefficients
R,(T,r,Y,Z) (n=1,2,3) are undetermined.

We proceed as in §2 to determine the amplitude equations for R,. The non-zero
inhomogeneous terms rj1, ¥j2, pjo, Pj1, Pj2. Pj3> Pja Tor j = 1,2,3 are given in [7] for the
case of no spatial modulations (R; is a function of 7 only). Here, there are additional
terms from the spatial derivatives.

The solvability condition is applied, as in equation (2.19). In this case it is

ri1 w*
(n)-(5))=o 62

where the vector (w*,v*)7 is the steady solution to the problem adjoint to (4.12)—(4.14)
with A = 4¢. This adjoint solution is given in Kuske & Matkowsky [7].
At O(€?), we obtain the solvability condition (2.20) with

o (S0 —8mo? +3mPa  aKe ™™  Ke 'P(—m? 4 o?)
co = % < i S— + i ) . (4.23)
The solution for j = 2 is determined as described in Appendix A, where the coefficients
B, are
W2n(z)
B, = Van(z) | (4.24)
[WZn]O /m
where W», and V>, for n =1,2,3,4 are given in Kuske & Matkowsky [7] and
ow oV

Wy ==, Vis= -5 (4.25)

o(k2)’ o(k2)

For j = 3 we apply the solvability condition to obtain the amplitude equations (2.23). The
graphs of the coefficients for K = 1 are given in Figures 4(a) and (b). Accordingly, the
stability region for perfect hexagonal patterns on the reaction front is given in Figure 5
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FIGURE 4. (a) The coefficients ¢ (dot-dashed), b (dotted), f (dashed) and h, (solid) for K =1 in §4.
(b) The coefficients d (solid) and h; (dotted) for K = 1 in §4.

https://doi.org/10.1017/5095679259800360X Published online by Cambridge University Press


https://doi.org/10.1017/S095679259800360X

174 R. Kuske and P. Milewski

FIGURE 5. Stability region of perfect hexagonal patterns as predicted by the analysis of §3 for
the model described in §4 with m = 0.7 and K = 1, so that ¢ = —0.28 7079 (¢ = c¢o/e, € = 0.1),
b= —0.410856,d = 0.994014 f = —0.625134, hy = 1.509 53 and h, = —0.245025. Perfect hexagonal
patterns exist above the dotted curve. For values of ¢ and a in the shaded region perfect hexagonal
patterns are stable to long wave perturbations (y; < y, < 1 in equation (3.7)).

for these parameter values. We note that it is necessary to take ¢ = ¢y/e to account for the
fact that the terms in the amplitude equation are obtained from two solvability conditions
at different orders, as in (2.23).

5 Numerical experiments

In this section we present numerical computations of equations (1.2) and (1.5). These
experiments demonstrate the new behaviour described by the evolution equations (1.2)
in the general model of §2 and for the application of §4. The method used to solve
the amplitude equations is described in detail in §6. In the figures we present the actual
pattern u; defined in equation (2.9). In doing so, we must choose the critical wavenumber
k. discussed in §2. For a particular application of the form (2.1) one has to calculate this
wavenumber. For our purposes we choose an appropriate k. for the general model and
calculate k. for the model of burner stabilized flames. Since the modulations equations
(1.2) and (1.5) govern slow modulations of the rolls, k. > €gax, Where guq. 1s the highest
Fourier mode resolved by our numerical scheme. This is consistent with the form of
equation (2.9), since R; gives a slowly varying modulation to the pattern with wave
number k.. The figures shown are approximately the size of the computational domain
in the X, Y plane (recall that the computational domain is hexagonal). The computations
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FIGURE 6. Snapshots of the pattern from a computation of equation (1.2) with parameters a = 1.5,

c=10,b=-10,d =10 f = -20, hy =

—1.0 and h, = 1.0. The initial data is a roll ¢ = 0.5

with a small random perturbation. From the analysis in §3, the roll is unstable (see Figures 3(a)
and (b)). The figures show the contours of u; in equation (2.9). For the purposes of the figure, we
choose k. = 8.0. The final state consists of asymmetric hexagons. The solution is shown at (a) t =0,

(b) t =225, (c) t = 30, (d) ¢ = 90.

validate the stability analysis of §4 and demonstrate additional instabilities to asymmetric
perturbations occurring for hy, hy # 0 and parameter ranges for which the pattern is stable

to symmetric perturbations.

Figure 6 shows the evolution of equation (1.2) for a case in which the initial rolls
would be Eckhaus-stable if iy = h; = 0. According to Figures 3(a) and (b), these rolls
are unstable. This is confirmed by the computation, in which the final state consists of
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1.0. The initial data is a perfect hexagon

0, (b) t =6, (c) t = 10, (d) ¢ = 300.

—1.0 and h,
(¢ = —0.25) with a small random perturbation. From the analysis in §3, the hexagon is unstable
(see Figure 2). The figures show the contours of u in equation (2.9). For the purposes of the figure,

we choose k. = 6.0. The solution is shown at (a) ¢

(- Since the fast variation in the figure is due to k., this asymmetry is not

3
3,
immediately apparent.

0 b

4,

2
Figure 7 shows the evolution of equation (1.2) for a case where the initial hexagons

are unstable according to Figure 1. For hy = h, = 0 such hexagons would be stable. Here
the solution does not seem to reach a uniform final state, but a state in which a patch of

irregularities coexists with a region hexagons.

asymmetric hexagons, i.e. hexagons of the form (2.9), for which the modulations R; are
0 b

not all equal. In the notation of equation (6.5) the final state has most of the energy in

1

FIGURE 7. Snapshots of the pattern from a computation of equation (1.2) with parameters a = 2.0,

c=10,b=-10,d=10, f =-20, Iy

2,
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Figure 8 corresponds to the evolution of equation (1.5) for a roll which is stable
according to the calculations performed in Section 3, but with e £ 0 is zigzag unstable
in equation (1.5). The zigzag instability is not apparent since there are other asymmetric
perturbations that grow faster. If the run is repeated with hy = hy = 0 then the zigzag
instability is observed. The final pattern is composed of perfect hexagons. We have not
performed a systematic study of the appearance of asymmetric instabilities as h; and h,
are varied. For certain values of h; and h; the zigzag instability is still observed.

Figure 9 shows the evolution of equation (1.2) for the model of burner-stabilized flames
discussed in §4. The coefficients in the evolution equations are determined for m = 0.7 and
K = 1. This choice of parameters is representative of a range of values of m and K for
which the analytical stability results are similar. In this case a perfect hexagonal pattern,
which is stable under symmetric perturbations, is perturbed asymmetrically. The pattern
is unstable to this perturbation, and Figure 9 shows the evolution to a stable asymmetric
hexagonal pattern.

6 Numerical method

Equations (1.2) and (1.5) were solved numerically using spectral differences in space and
finite differences in time. The method used differs from previous methods in two important
ways, which improve accuracy and speed. Since these improvements are applicable to a
large class of problems, we explain them in detail here.

Consider equations (1.2). They are usually written in the form

OR; _

5 =
where permutations of j,k,[ yield the three amplitude equations, and repeated indices no
longer denote summation. For numerical purposes, the linear operators %; may contain
any combination of X, Y derivatives, and the nonlinear term ./~ may also contain terms
where R;, Ry, R; are differentiated.

In integrating equation (6.1), one is interested in the dynamics of one or a few adjoining
hexagons (recall that these equations govern long modulations of some hexagonal solution
with wavenumber k. in equation (2.10)). To simplify the computations, the solution is
usually assumed periodic in (X, Y). Then, to minimize the effects of a rectangular domain
on solutions with hexagonal structure, one must make the rectangular computational
domain large enough so that the central hexagons are unaffected by the boundaries.

To overcome this problem, we choose to solve the equations with the hexagonal
symmetry apparent (1.2, 1.5), and assume that the solutions are periodic in (X7, X, X3).
Those equations have the general form

OR;
ot
Considering (X, X», X3) as independent variables, we can solve equation (6.2) with peri-
odic boundary conditions on (X, X5, X3) (i.e. solving the equations on the 3-torus). This
increases the dimension for the problem by one, but it is easy to show that it does not
increase the computational work for a given resolution in the X,Y plane. The method

Zj(0x,0y)R; + N (R}, R, Ry), (6.1)

= Z(3y,;,0¢)R; + N(R}, Ry, Ry). (6.2)
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FiGURE 8. For legend see facing page.
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(b)

FIGURE 9. Snapshots of the pattern from a computation of equation (1.5) for the combustion model
of §4 with parameter values m = 0.7 and K = 1, so that k. ~ 3.9. The initial pattern, corresponding
to a =1 and g = —0.5, is stable to hexagonal perturbations, as shown in Figure 5. For sufficiently
large asymmetric perturbations, the pattern destabilizes and evolves to an asymmetric hexagonal
pattern. The snapshots are at times t = 0, t = 35 and ¢t = 250. The shading variation corresponds
to the variation of u; in equation (2.9).

FIGURE 8. Snapshots of the pattern from a computation of equation (1.5) with parameters a = 2.0,
c=10,b=-10,d=10,¢ =10, f =—2.0, hy = —1.0 and h, = 1.0. The initial data is a zigzag
unstable roll ¢ = —0.5 with a small random perturbation. The shading variation in the figures
shows the variation of u; in equation (2.9). For the purposes of the figure, we choose k. = 6.0. The
solution is shown at (a) t =0, (b) t =3.1, (c) t =6, (d) t = 11.45, (e) t = 11.6, (f) t = 12.
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does, nevertheless, preserve the hexagonal symmetry of the problem, and is equivalent to
integrating the problem on a hexagonal grid in space. Once a solution in terms of a triple
Fourier series for (X1, X3, X3) is computed, we map it back to a double Fourier series in
(nj,¢5), to graph and interpret the results. Recall that (5, ¢;) are coordinates parallel and
perpendicular to the wave-vectors in equation (2.10), and thus have clear significance as
modulations parallel or perpendicular to the rolls. For mode j, and even permutations of
Jj,k,1, we have

1 J3 1 3
Xj=mnj,  Xe=—znj+-C,  Xi=—on— ¢ (6.3)
Thus, from a solution in terms of the Fourier decomposition of R; in (X1, X», X3) of the
form
R{(X1, X2, X3,7) Z Z Z al,,, (1)1 ¥1Hmetnts) (6.4)
—N m=—N n=—

we can reconstruct the solution in (4, &;) as

4N
R =3 3 by melimren) (6.5)
p=—4N q=—2N

The coefficients b/, (7) are found in terms of al, (z) by the relation

N
Jo—= J
b= 2 Ui S a-pri—Lg+py (6.6)
|=—N

for g + p even and —N < l+2(q+p) N, and b,, =0 for g + p odd.

We now briefly describe the method used to compute triply periodic solutions to
equation (6.2). We use a method which consists in computing directly the solution of the
Fourier transform of equation (6.2), and which computes the linear part of equation (6.2)
exactly [24]. For nonlinear problems with stiff linear parts this spectrally accurate method
has the advantage of circumventing the stiffness by treating the linear part analytically.
By denoting % the Fourier transform operation from (X1, X5, X3) to the Fourier variables
K = (K1,K»,K3), Z ! its inverse, and ﬁj(K, 7) the Fourier transform of R;, the transform
of (6.1) is then

dR
dt

Here, :Z,(K) is the Fourier symbol of . in (6.2), i.e. for even permutations of j, k, I,

LK) = & (i <Kj - %(Kk +K1)> . (f(Kk —K1)>> . (6.8)

The nonlinear term ./ in equation (6.7) is computed in real space. If 4" contains terms,
where Rj, Ry, R; are differentiated, these derivatives are first computed in the Fourier
domain before computing A"

— PR+ 7 (). (6.7)
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We now use an integrating factor to eliminate the linear part of (6.7). Defining ﬁj =
SJ(K, 7)e?’", equation (6.7) becomes

ds; o
dT-J =e LI F (N, (6.9)

If one considers the initial value problem on a periodic domain (3-torus), and discretizes
(X1, X1, X3) with N x N x N points, then equation (6.9) becomes a set of N? first order,
ordinary differential equations for the amplitudes of the Fourier modes. Thus, (6.9) can
now be integrated in time with a standard finite difference method such as Runge—Kutta.

The greatest advantage of using equation (6.9), is that the linear part is integrated
exactly (clearly, if 4" = 0, we recover the exact solution to the partial differential equation
(6.1)). Thus, this method has no stability restrictions arising from the linear operators in
equation (6.1).

7 Conclusion

We have derived new evolution equations for hexagonal patterns in general reaction—
diffusion models (1.2). These equations are obtained using a perturbation expansion in
which the new non-gradient terms appear at the same order as the usual cubic terms which
stabilize the bifurcating hexagonal pattern. We study the new instabilities described by
these nonlinearities using both analytical and computational methods. A stability analysis
gives the stability criteria for perfect hexagons and rolls, which are confirmed by the
computations. Furthermore, we demonstrate computationally that there are other stable
patterns composed of both rolls and hexagons. The numerical method is based on the
hexagonal structure of the equations, thus removing boundary effects that can arise from
a rectangular grid. We have computed these patterns for both a general reaction—diffusion
system and a specific model of burner—stabilized flames. These results show a rich variety
of modulated two dimensional patterns described by these evolution equations.
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Appendix A
The solvability condition obtained at O(e?) is
(r2,v0e1) = Rir — coRuR, =0, (A1)
Assuming that equation (A 1) is satisfied, u, is determined from

3
Luy = urr — folu,ur) = 2D(urxx + uryy) = (2,25 ervo. (A2)
I=1
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The solvability condition obtained at O(e?) has been used strategically to add zero to the
equation for uy. It is then straightforward to solve for u; from equation (A 2). Substituting
equation (2.9) in equation (2.1), we find that
uy = Bi[Rje} + R3e3 + R3e3 +c.c] + By[RiR; + RyR;, + RyR,]

+B3[RiRseie, + R{R3eie; + R3Rre38; + c.c

+B4[RiRye12, + R R3¢ 23 + R3R,e32; + c.c

+2ik.Bs[Ry,,e; + Ra,,es + Rs,e3 +c.c

+S1e1v9 + Srerv9 + Sze3vg + c.c., (A3)
where we have used the derivative notation of (1.1). The coefficients B; can be obtained
explicitly from the equation (A 2) and we perform this computation in §4 for the com-

bustion application. The expression for u, is used in r3 to obtain the solvability condition
(2.22).

Appendix B
The stability of hexagonal modulations (3.1) is obtained from considering the system

p: = Mp, (B 1)
where p = [p1, 2, p3, 1,22, Q23]" and M is

myy(I'y) mpy mi mu(ly)  mys(Iy, ) mys(Iy, I3)
mia mi1(12) mi mis(Ia, ') myg(I2)  mys(D2, T3)
M — mis mpy my(I'3)  mys(F3, 1) mis(F3,12)  mya(13)
mar(l')  map(I', 1) map(,13)  maa(l) mys mys
myp(l, 1) mar(I)  magp(ls,T3) Mys mas(12) Mys
| map(I'3,171) map(I'3, 1) ma(I'3) s s ma(I's) |
(B2)

Here we use

V3 (B3)

'y =y, F2=—%V1+§Vz, F3=—%V1—7V2,
and the entries of M are given by
mi(I') = a+ 3brg +2fry —dI'* — ¢°,
mi> = Bro + 2frg,
myy(I') = —2irgdql,
mys(I, y) = ihardy + ihyrdl,
ma(I') = 2idqI" /ro,
map(L,x) = ihyy + i I,
mas(I') = —Bro —dI'?,
mys = —Bry. (B4)

For hy = hy = 0 this yields the same stability results as in Suschik & Tsimring [10]. For
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h; # 0, determining the stability results in terms of the coefficients is considerably more
tedious than in Suschik & Tsimring [10], since the matrix M is full.

Appendix C
Denoting [f], the jump in f across z = q,
[f]a:f([9a+:x:y)_f(t9a_:an): (Cl)

the jump conditions at z = 0, —h, written generally in equation (4.13), are specifically

1
¢ = —[wlo, (C2)
m
[vlo + Blwlo =0, (C3)
[aw] —mwlo + 2 o(t,0%,x,) = 0, (C4)
0z |, 2
0 0
o +p5 o + Bm[w]p =0, (C53)
0z |, 0z |,
[v]_n =0, (Co)
[av} — Kw(t,—h,x,y) =0. (CT)
oz |_,
The basic mode of equations (4.5)—(4.7), for which we study the evolution has compo-
nents 0 0
b Z > b
w={ 2 120
Azelz, z >0,
V= Cel* + Dyeb? + Dyzet?, —h<z <0,
EeP? + DyzeP?, z < —h, (C8)
where
1 /2 2
pZE{WH— m+4a)+4k}, l=m—p, (C9)
21 21 WP —k?)
A, = = -4, /)
2 12 .2
Di =)+ %l —C, D= L; _lk ) E =D, +cev, (C 10)

The solution (4.15) is non-trivial if and only if the dispersion relation

211 — p)? + Im(I> —k?) + Km(l — p)e™"P=D =0 (C11)
is satisfied.
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