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Minimax lower bounds


In several of the previous chapters, we have been primarily concerned with pro­
viding upper bounds on the worst-case risk of specific procedures. Here, we seek 
instead lower bounds on the worst-case risk of any procedure. Such minimax 
lower bounds provide a benchmark against which we can measure the perfor­
mance of proposed methods. In (very) rare cases, the lower and upper bounds 
match exactly, and  reveal  a procedure that is minimax. This is regarded as strong  
theoretical support for the method that achieves the upper bound (though re­
call that its risk function may still be uniformly dominated by that of another 
procedure, as in the case of the James–Stein estimator). More frequently, we 
can only hope that the lower and upper bounds will match up to a universal 
constant, or even up to (poly-)logarithmic factors in the sample size. The three 
main types of minimax lower bound we consider arise from Le Cam’s two-point 
lemma, Assouad’s lemma and Fano’s lemma, and we will see several examples 
of how these results can be applied. Finally, we establish tools for controlling 
minimax quantiles, in an attempt to avoid the loss of information in reducing the 
(random) loss to its expectation (risk). In many cases, it is possible to characterise 
the dependence of minimax quantiles on the quantile level, thereby providing a 
finer-grained understanding of the difficulty of a statistical problem. 

8.1 Reduction to testing 

Let P denote a family of probability measures on a measurable space (X ,A). 
Let (Θ, d) be a (pseudo)-metric space,1

1 This is the same as a metric space (see Section A.8), except that we can have d(θ, θ′) = 0  
without having θ = θ′ . 

 and let θ : P → Θ denote a functional of  ⌠
interest. For instance, when X = Rd, we may  have θ (P ) =  X ‖x‖r2 dP (x), for some 
r >  0, or θ(P ) may denote the regression function of Y on X when (X,Y ) ∼ P . 
Suppose that we wish to estimate θ(P ) based on data X ∼ P with a loss function 
of the form 

L(θ′, θ) =  g
( 
d(θ′, θ)

) 
 

for θ, θ′ ∈ Θ, where g : [0,∞) → [0,∞) is an increasing function. Often in practice, 
it is natural to take g(x) =  xq for some q > 0. Let Θ̂ denote the set of estimators 
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222 Minimax lower bounds 

of θ(P ), by which we mean here the set of functions θ̂ : X → Θ such that  x →
d
(
θ̂(x), θ(P )

)
 
 
is measurable2

As an illustration, when Θ denotes a set of real-valued, measurable functions on a σ-finite 
measure space (Z, C, ν) and when d(h, h′) =  

 ∫
ℓ
(
h
 
(z)Z , h′(z) 

) 
dν(z)

 
 for some Borel measurable 

ℓ : R × R → [0, ∞), a sufficient condition for x → d
(
θ̂(x), θ(P )

)
 to be measurable for every 

P ∈ P  is that there exists a (jointly) measurable θ̃ : X × Z → R such that θ̂(x)( ) =  ̃θ(x,· · ). In 
particular, this condition is satisfied by the kernel density estimators of Chapter 4, the  local  
polynomial and spline estimators of Chapter 5, the kernel ridge regression estimators of

Chapter 6 and the shape-constrained estimators of Chapter 9.


 for each P ∈ P. 
{

Writing EP for expectation under the probability measure P , for  θ̂ ∈ Θ̂, we 
define 

M(θ̂) :=  sup E 
(
ˆ

P L θ, θ(P )
) 
 = sup E 

(
ˆ

P L θ(X), θ(P )
) 
 

P∈P P∈P 

to be the worst-case risk of θ̂ over P, and  write  

M := inf M(θ̂) = inf sup E ˆ
P L

(
 θ, θ(P )

 )
ˆ Θ ˆθ∈ ̂ θ∈ ̂Θ P∈P 

for the minimax risk over P. This quantifies the intrinsic difficulty of the statistical 
problem at hand, in the sense that no estimator can have a worst-case risk that 
outperforms this benchmark. We typically assume that we have data X1, . . . , Xn, 
where Xi takes values in a  σ-finite measurable space (Xi,Ai) for  each i  ∈ [n], 
and take 

ΠX = n
i=1 Xi, equipped with the product σ-algebra. We then take P

(our model) to be a set of possible joint distributions of X1, . . . , Xn, where P may 
be indexed by various parameters. For instance, in Chapter 4, we encountered 
Hölder classes, where P was indexed by smoothness exponent and Holder¨  ball 
radius parameters. Our interest is in determining the dependence of the minimax 
risk on the problem parameters, such as the sample size n, the dimension of each 
observation in multivariate problems, and additional class parameters that may 
index P. 

We aim to provide a lower bound on M by considering hypothesis tests. For an 
integer M ≥ 2 and for P1, . . . , PM ∈ P, let  T ≡ˆ T̂M denote the set of measurable 
functions from X to [M ]. This set can be thought of as a set of tests to determine 
which of P1, . . . , PM generated our data; equivalently, it can be regarded as a 
set of classifiers, with the interpretation that T (x) is the label of the class to 
which we assign x ∈ X . It is convenient to let θj := θ(Pj) for  j ∈ [M ] and define 
η := min1≤j<k≤M d(θj , θk)/2. 

Lemma 8.1. We have 

M ≥ g(η)

( 

 1 − sup 
1 Σ M 

Pj(T = j) 
) 

.
T∈T̂ M 

j=1 

Proof Given any θ̂ ∈ Θ̂, we can define a natural minimum distance test Tθ̂ ∈ T̂
by 

Tθ̂(x) := sargmin d
(
θ̂(x), θj

)
 ,

 
 

j∈[M ] 

2 

{
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θj 

θj′ 

θ̂ 
η 

η 

Figure 8.1 Illustration of the argument in (8.1) that reduces the problem 
of finding a minimax lower bound for estimation to a testing problem. If 
T  ̂ = jθ  then there exists j′ = j such that ˆd(θ, θj′ ) ≤ ˆd(θ, θj ), so by the 
triangle inequality,  ˆη ≤ d(θj , θj′ ˆ ˆ)/2 ≤ {d(θ, θj ) +  d(θ, θj′ )}/2 ≤ d(θ, θj ). 

⁄ ⁄

⁄

where sargmin is shorthand for the smallest element of the argmin set. Then (see 
Figure 8.1), ( ) ( ) 

sup EP L θ,̂ θ(P ) ≥ max E g d(ˆPj  θ, θj ) 
P ∈P j∈[M ] { ( ) } 

≥ max EPj g d(θ,̂ θj ) {Tˆ=j
j

}∈[M ] θ 

≥ g(η) max  Pj (Tθ̂ = j). 
j∈[M ] 

/

(8.1)

We conclude that 

M ≥ g(η) inf max Pj (Tθ̂ = j) ≥ g(η) inf  max Pj (T = j)
θ̂∈ ̂Θ j∈[M ] ˆT ∈ T j∈[M ] ( ) ( M ) 

1 Σ 
= g(η) inf  1 − min Pj (T = j) ≥ g(η) 1 

T ˆ j∈[M ] 
− sup Pj (T = j) , 

∈T T ∈T̂ M 
j=1 

⁄ ⁄

as required. 

From Lemma 8.1, we see that obtaining a good minimax lower bound will 
involve a trade-off in the choice of probability measures P1, . . . , PM . We want the  
corresponding parameter values θ1, . . . , θM to be well-separated, so that η is large; 
on the other hand, these probability measures must be close enough that it is 
difficult to detect from which distribution our data arose. More precisely, thinking 
of a classification problem in which the class label Y has a discrete uniform 
distribution on [M ] and  X |Y = j ∼ Pj , this proximity is measured through the 
Bayes misclassification error , given by infT ˆ M−1

ΣM 
j=1 P∈ j  T  (T = j). To bound this 

quantity from below, we will first introduce the notion of f -divergences between 
probability measures, and then return to this line of argument in Section 8.3. 
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224 Minimax lower bounds 

8.2 f -divergences


As discussed in Section A.2.5, given measures μ, ν on (X , A), we say μ is absolutely 
continuous with respect to ν, and  write μ  ≪ ν, if μ (A) = 0 whenever3

The Radon–Nikodym theorem (Theorem A.2.21) then states that, provided μ, ν are σ-finite, 
there exists an A-measurable function f , called the Radon–Nikodym derivative, such that  
μ(A) =  

∫
A f dν  for every A ∈ A. This function f is well-defined up to sets of ν-measure zero. 

See also the discussion in Section A.7. 

 ν(A) = 0.  
We say that μ and ν are (mutually) singular , and w rite μ  ⊥ ν, if there exists A ∈ A
such that μ(A) = 0  and  ν(Ac) = 0. The Lebesgue decomposition theorem (Theo­
rem A.2.22) states that if μ, ν are σ-finite measures on (X , A), then there exists 
a unique decomposition of μ as μ = μac + μsing, where the measures μac and μsing 

satisfy μac ≪ ν and μsing ⊥ ν. 
Let f : (0, ∞) → R be convex with f(1) = 0. Then for any y > 0 , the function 

x → f(x)−f (y)
x−y 

 is increasing on (y, ∞), and its limit as x → ∞  does not depend 
on y, so we may define its maximal slope by 
{

f (x)
Mf := lim 

x→∞ x 
∈ (−∞, ∞]. 

Observe that if we define f(0) := limx 0 f(x) ∈ (−∞, ∞]↘ , then f(x + y) ≤ f (x) +  
yMf for all x, y ∈ [0, ∞). 

Definition 8.2. The f -divergence Divf (P,Q) between two probability measures P 
and Q on (X , A) is defined to be ⌠ ( ) 

dP
Divf (P,Q) :=  f ac

dQ + Psing(  )  Mf . 
X dQ 

X · (8.2) 

The integral in (8.2) is well-defined in (−∞, ∞], because there exists a subgra­
dient c ∈ R such that f(x) ≥ c(x − 1) for all x ∈ [0, ∞), so that ⌠ ( ) ⌠ 

dPac dPac
f dQ ≥ c dQ  

dQ dQ 
− c ≥ −c− > . 

X X 
−∞

Note further by Jensen’s inequality that ( ) ( )
Divf (P,Q) ≥ f Pac(X ) + Psing(X )Mf ≥ f Pac(X ) + Psing(X ) = f(1) = 0.

When P and Q have densities p and q respectively with respect to a σ-finite 
measure μ, we often w rite Divf (p, q)⌠  in place of Divf (P,Q). In this case, we may 
take dPac = p 

 q>0  dQ q { } and Psing(A) =  p q=0   dμ
A { }  for A ∈ A  (see Exercise 8.3), so 

that4

Since we can have Mf = ∞, we adopt the convention in (8.3) that ∞ · 0 = 0.  

 ⌠	 ( ) ⌠ 
p 

Divf (p, q) =  f · q dμ  + Mf p dμ.  
{q>0  q } {q=0} 

(8.3) 

By virtue of the original definition (8.2), this quantity does not depend on the 
choice of base measure μ. 

3	

4 
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225 8.3 Le Cam’s two-point lemma 

Example 8.3 (a) If f (x) =  x log x, then  Mf = ∞ and ( ⌠ ( ) 
log dP dP if P  Q,

Div dQ 
f (P,Q) =  X ≪

=: KL(P,Q), ∞ otherwise 

the Kullback–Leibler divergence from Q to P . 
(b) If f(x) =  x2 − 1, then Mf = ∞ and ( ⌠ ( )2dP dQ 1 if P  Q, 

Divf (P,Q) =  X dQ
− ≪

=: χ2(P,Q), 
∞ otherwise 

the χ2-divergence from Q to P . 
(c) If f(x) = (x1/2 − 1)2, then  Mf = 1 and / ⌠ ( )2 

dP
Divf (P,Q) =  ac − 1 dQ + P (X ) =: H2

sing (P,Q),
 dQ X

the squared Hellinger distance between P and Q. 
(d) If f(x) =  |x − 1|/2, then Mf = 1/2, and 

Divf (P,Q) =  sup  P (A) 
A  

| −Q(A)| =: TV(P,Q), 
∈A

the total variation distance between P and Q. 
The total variation and (unsquared) Hellinger distance are metrics, while the 

Kullback–Leibler divergence and χ2-divergence are not (for instance, they are 
not symmetric in P and Q). If P and Q have densities p and q respectively with 
respect to a σ-finite measure μ, then the f -divergences above have the following 
expressions: ⌠ ( ) p 

KL(p, q) =  p log dμ, 
 q ⌠ 

⌠ 
(p q)2 

χ2(p, q) =  
−

dμ, 
q X⌠  

H2(p, q) = (p 1/2 − q 1/2)2 dμ, 
X 

X

 
1 

TV(p, q) =  
2 X 

|p − q| dμ. ♦ 

A useful property of all f -divergences is their joint convexity: 

Divf 

( 
(1 − λ)P1 + λP2, (1 − λ)Q1 + λQ2) ≤ (1 − λ)Divf (P1, Q1) +  λDivf (P2, Q2) 

for all λ ∈ [0, 1]; see Exercise 8.7. 

8.3 Le Cam’s two-point lemma 

The simplest way of obtaining minimax lower bounds is via Le Cam’s two-point 
lemma, which can often provide optimal rates for estimating real-valued param­
eters. It follows from the case M = 2 of the reduction in Lemma 8.1. 

Lemma 8.4 (Le Cam’s two-point lemma). In the setting of Lemma 8.1 with M = 2, 
the minimax risk satisfies 

g(η){ } 
M ≥  1 

2
−TV(P1, P2) . 
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226 Minimax lower bounds 

Proof Since any T ∈ T̂2 can take at most two values, we have { } { } 
sup P1(T = 1)− P2(T = 1)  = sup  P1(A) − P2(A) = TV(P1, P2). 
T ∈T̂ A

2 
∈A 

From Lemma 8.1, we therefore deduce that ( ) 
P (T = 1) + P (T = 2)  M ≥ g(η) 1 − sup
1 2

[ 
T ∈T̂2 

2 ] 
g(η) { } g(η){ } 

= 1 − sup P1(T = 1)− P2(T = 1)  = 1 −TV(P1, P2) ,
2 T  T̂2 

2∈

as required. 

In the proof of Lemma 8.4, we can regard T as a test of the null hypothesis 
H0 : P = P1 against the alternative H1 : P = P2. Moreover, since { } { } 

1 − sup P1(T = 1)− P2(T = 1)  = inf  P1(T = 2) + P 2(T = 1)  , 
T ∈T̂ T   

∈T̂22

we see that 1 − TV(P1, P2) is the minimal sum of Type I and Type II error 
probabilities for such a test; see also the discussion following Assouad’s lemma 
in Section 8.4. As a rule of thumb, when applying Le Cam’s two-point lemma,   
we should seek to choose P1 and P2 to make L

(
θ(P1), θ(P2) 

)
as  large as we can,  

subject to the constraint that this binary testing problem is non-trivial, in the 
sense that TV(P1, P2) is bounded away from 0 and 1 as the sample size n increases. 

Example 8.5 Suppose that we seek a lower bound on the minimax risk M of esti­
mating θ ∈ R with respect to squared error loss based on X1, . . . , Xn

iid
 ∼ N(θ, 1) =: 

Pθ. Let θ 1 = 0,  and  let  θ2 = cn−1/2 for some c >  0. Then, writing Pn
θj

 
 
for the 

n-fold product measure of Pθj for j ∈ {1, 2}, we have by Pinsker’s inequality 
(Exercise 8.2(b)) as well as  Exercises 8.4 and 8.5 that 

KL1/2(Pn , Pn ) n1/2
θ1 θ2 

KL1/2
n n (Pθ1 , Pθ2 ) c 

TV(Pθ1 
, Pθ2 

) ≤ = = . 
21/2 21/2 2 

Writing Eθ for expectation under Pn
θ

 and Θ̂ for the set of Borel measurable 
functions from Rn to R, we deduce by Le Cam’s two-point lemma (Lemma 8.4) 
that {( ) } {  

M := inf sup  
}

E ˆ 2 ˆ 2
θ θ(X1, . . . , Xn) − θ = inf sup  Eθ (θ

θ̂  ̂Θ R θ̂  ̂θ Θ θ R 
− θ)

∈ ∈ ∈ ∈ ( ) 
c2 c 2 ≥ sup 1 = , 

c>0 8n 
−

2 27n 

since the supremum is attained at c = 4/3. ♦ 

In fact, it can be shown in this problem that M = 1/n; see Exercise 8.1. Fol­
lowing the rule of thumb above, the separation between θ1 and θ2 in Example 8.5 
was chosen to be at the critical rate for testing a null hypothesis of Pn

θ1
 
 
against 

an alternative of Pn
θ2

 
 
(by choosing c close to zero, we can make the power of 

the Neyman–Pearson test close to the nominal level uniformly in n, while by 
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227 8.3 Le Cam’s two-point lemma 

choosing c large, its power can be made arbitrarily close to 1, again uniformly 
in n). 

Example 8.6 Consider the problem of estimating a density at a point based on 
an independent and identically distributed sample of size n, and recall the class 
F(β, L) of Holder¨  densities from (4.3). Let Θ̂ denote the set of Borel measurable 
functions from Rn to R. By the translation invariance of F(β, L), the minimax 
risk [{ }2] 

inf sup Ef θ̂ − f(x0) 
θ̂∈ ̂Θ f ∈F(β,L) 

is the same for all x0 ∈ R, so assume without loss of generality that x0 = 0.  
Letting m := ⌈β⌉ − 1 and taking K : R → [0, ∞) to be the infinitely differentiable 
density given by K(x) ∝ e−1/(1−4x2 ) {|x|<1/2}, we note that K has finite β-Hölder 
seminorm (see Exercise 8.13); that is, 

K(m)(x) K(m)(x′)  ‖K‖Cβ := sup 
| −

 ′ β−m 

|
< 

′
∞. 

x=x |x − x |/

Define L̃ := L/‖K‖Cβ , and for λ ∈ (0, 1] to be chosen later to depend on n and β, 
define g, h : R → [0,∞) by  (
 


g(x) :=  L̃1/(β+1)K L̃1/(β+1)  h(x) :=  λg(λ−1/β x , x). 
)

(8.4)


Then g is a non-negative function with

⌠ ∞

g  = 1−∞ ; moreover g ∈ H(β, L) because

it is m-times differentiable, and for x, x′
 ∈ R, 


  
|
g
(m)(x) |− g(m) ′  
(x ) =
˜
m+1 
β+1 |
L K(m) L̃1/(β+1)x
 −K (m) L̃1/(β+1)  x
′ |

m+1 | | 

˜ 
L β+1 K 
 |˜1/(β+1) ˜  |β1 
 m /(β+1) − β m
Cβ L x L x ′ = L
x  x 
′ 
 − .
≤ ‖ ‖ − | − |

| | | ( ) ( )| 

Similarly, h is a non-negative function in H(β, L) with
⌠ 
 ∞ 

h = λ(β+1)/β 
−∞ and

h ≤ λg. For a good minimax lower bound from Le Cam’s two-point lemma, we 
seek densities f0, f1 that belong to F(β, L) and that are close in total variation 
distance, but that take significantly different values at the origin. To this end, 
define f0, f1 : R → [0,∞) by  

(g + h)(x) +  g(2L̃−1/(β+1) x) 
f0(x) :=  , 

2 +  λ(β+1)/β 

−
(8.5)

g(x) + (g + h)(2L̃−1/(β+1) x)
f1(x) :=  

−
; 

2 +  λ(β+1)/β 
(8.6) 

see Figure 8.2. Since  g, h are zero outside the interval [−L̃−1/(β+1)/2, L̃−1/(β+1)/2], 
we deduce that f0, f1 ∈ F(β, L), and since K(0) ≥ 1, 

h(0) λL̃1/(β+1)K(0) λL̃1/(β+1) 

f0(0) − f1(0) = =  
2 +  λ(β+1)/β 2 +  λ(β+1)  

≥ .
/β 3 

In addition, writing I := [−λ1/β L̃−1/(β+1)/2, λ1/β L̃−1/(β+1)/2] for the support of h 
and I ′ := 2L̃−1/(β+1) +I, we have f 0 = f1 on R\(I ∪I ′). Thus, since log(1+λ) ≤ λ, 
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Figure 8.2 Illustration of the construction in Example 8.6. Left:  The  
functions g (solid) and h (dot-dashed) from (8.4). Right: The densities f0 
(solid) and f1 (dot-dashed) from (8.5) and ( 8.6). 

it follows that the product densities 
{ 
fn 
j : j ∈ {0, 1}

}
 

 
given by fn

j (x1, . . . , xn) :=Πn 
i=1 fj (xi)

 
satisfy  ⌠ ( )


 
KL(fn

0 , f
n f
1 ) =  0

nKL(f0, f1) =  n f0 log

f⌠ 


 ( I∪I
′ 1( ))  ) (  n g + h g 

= (g + h) log  + g log
2 +  λ(β+1)/β g⌠ 

I g + h ( ) 
n h 

= h log 1 +  
2 +  λ(β+1)/β ⌠ I g 
n n ≤ log(1 +  λ) h
2 I 

≤ λ(2β+1)/β. 
2 

Taking λ = n−β/(2β+1) ∈ (0, 1], Pinsker’s inequality yields that TV2(fn
0 , f

n
1 ) ≤

KL(fn
0 , f

n
1 )/2 ≤ 1/4, so by Le Cam’s two-point lemma, ( )[{ }2]    ( )1 

2
λL̃1/(β+1) 1

inf sup E θ̂f 
θ̂

− f(0) ≥ 1 
2 2 3 

−
2∈Θ̂ f∈F(β,L) ·

1 L2/(β+1) 

= · . 
 144‖ 2

K‖ /(β+1) 
Cβ 

n2β/(2β+1)

It follows from this and Theorem 4.6 that the kernel density estimator of that 
result achieves the minimax optimal rate for pointwise squared error loss, in terms 
of both its dependence on L and n. ♦ 

In fact, it is possible to deduce the dependence on L of the minimax rate for 
the problem in Example 8.6 from a simple scaling argument. Indeed, recall from 
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Exercise 4.2 that the Hölder density classes satisfy the property that 

{ } 
F(β, L) =  x → L1/(β+1)f(L1/(β+1)x) :  f ∈ F(β, 1) .{

It follows that 

[{ }2]  
[{ } ] 

inf sup Ef θ̂ − f(0) = L2/(β+1) inf sup ˆ 2
Ef θ − f(0) . 

θ̂∈Θ̂ f∈F ˆ(β,L) θ∈ ̂Θ f∈F(β,1) 

Such scaling relations can be used to simplify minimax lower bound arguments; 
see Example 8.14. 

8.4 Assouad’s lemma 

Assouad’s lemma provides minimax lower bounds over a class of 2m probability 
measures (hypotheses) indexed by the vertices of the hypercube [0, 1]m. It reduces 
the problem of finding a lower bound on the minimax risk to m problems of testing 
two hypotheses. 

Lemma 8.7 (Assouad’s lemma). Let m ∈ N, let Φ : =  {0, 1}m and let P := 
{ 
Pφ : }

φ ∈ Φ 
 
denote a family of probability measures on a measurable space (X ,A). For  

φ, φ′ ∈ Φ, write φ ∼ φ′ whenever φ and φ′ differ in precisely one coordinate, and 
φ ∼j φ

′ when that coordinate is the jth. Let Θ denote a set, and let θ : P → Θ denote 
a parameter of interest. Suppose that the loss function is of the form 

Σm  Σm  ( ) 
L(θ1, θ2) =  Lj (θ1, θ2) ≡ g dj (θ1, θ2) , 

j=1 j=1 

for θ1, θ2 ∈ Θ, where d 1, . . . , dm are pseudo-metrics on Θ with dj 

( 
θ(Pφ),

) 
θ(Pφ′ ) ≥ αj 

whenever φ ∼j φ
′, and where the increasing function g satisfies g(x+ y) ≤ A{g(x)+  

g(y)} for all x, y ∈ [0,∞) and some A > 0. Then  

( ) ( ) m  1 Σ
inf max EφL θ,̂ θ(Pφ) ≥ 1 − max TV(Pφ, P φ

 
′ ) g(αj ),

ˆ∈ ̂  φ∈Φ θ 2A φ,φ′∈Φ,φ∼φΘ
′

j=1 

where Θ̂ denotes the set of estimators of θ(P ). 

When g(x) = x q for some q > 0 , we can take A = max(1, 2q−1). In that case, 
Assouad’s lemma, specialised to the case m = 1, can be regarded as a slight 
strengthening of Le Cam’s two-point lemma, with the lower bound being larger 
by a factor of min(2q, 2). 

Proof For any j ∈ [m] and φ  ∈ Φ, let φj denote the unique element of Φ such 
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that φ ∼j φ
j . Then for any θ̂ ∈ Θ̂, we have 

( ) Σm ( )
max EφL θ,̂ θ(Pφ) = max  EφLj θ,̂ θ(Pφ)
φ∈Φ φ∈Φ 

j=1 

m
1 ΣΣ ( )

≥ E θ,̂φLj θ(P )
2m φ  

φ∈Φ j=1 

1 Σm Σ{ ( ) ( )}
= E L θ,̂φ j θ(Pφ) + E ˆ

2m+1 φj Lj θ, θ(Pφj ) , 
j=1 φ∈Φ 

where the final equality holds because we have double-counted the contributions 
from each element of Φ and then divided by 2. Note that ( ) ( ) 1 ( ( ) ( ))

L ˆ
j θ, θ(Pφ) + L ˆ ≥ ˆ

j θ, θ(Pφj ) g dj θ, θ(Pφ) + d ˆ
j θ, θ(Pφj )

A
1 ( ( )) g(α )≥  j 
g dj θ(Pφ), θ(Pφj ) 

A
≥ . 

A
(8.7) 

Hence, writing F for the set of measurable functions from X to [0, 1], and mul­
tiplying and dividing by the left-hand side of (8.7) inside the expectations, we 
have ( ) ( ) g(α )

E L θ,̂ θ(P ) + E j L θ,̂ (
j 

φ j φ φ j θ Pφj ) ≥ inf (Eφf1 + Eφj f2)
A f1,f2 ∈F :f1+f2=1

g(α
= j ){ } 

1 −TV(Pφ, Pφj ) . 
A 

Here, the equality follows because if gφ and gφj denote densities of Pφ and Pφj 

with respect to a σ-finite dominating measure μ, then writing B := {x ∈ X  : 
gφ(x) > gφj (x)}, ⌠ ⌠ ⌠ 

sup f d(Pφ − Pφj ) = sup  f(gφ − gφj ) dμ = (gφ − gφj ) dμ 
f ∈F X f ∈F⌠ 

 X B 

1 
= gφ 

2  
| − gφj | dμ = TV(Pφ, Pφj ). 

X
(8.8)

We conclude that ( ) m 
1 1 Σ Σ{ } 

max EφL θ,̂ θ(Pφ) ≥ g(αj ) 1 TV(P
 ∈Φ 2  φ, Pφj ) 

 A m+1φ
j=1 φ∈Φ 

−

( ) m
1 Σ 

≥ 1 − max TV(Pφ, Pφ′ ) g(αj ),
2A φ,φ′ ∈Φ,φ∼φ′ 

j=1 

as required. 

Extending the discussion following the proof of Le Cam’s two-point lemma 
(Lemma 8.4), the quantity inff1,f2 :f1+f2=1(Eφf1 + E∈F φj f2) = 1 − TV(Pφ, Pφj ) 
appearing in this proof is the minimal sum of Type I and Type II error proba­
bilities for a randomised test of the null hypothesis that the true parameter value 
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is φ against the alternative that it is φj . The calculation (8.8) confirms that the 
optimal test is a Neyman–Pearson (likelihood ratio) test. 

Example 8.8 Suppose we want to estimate θ ∈ Rd with respect to squared 
Euclidean distance loss based on X1, . . . , Xn 

iid∼ Nd(θ,Σ) =: Pθ, where Σ ∈ R
d×d 

is a diagonal matrix with diagonal entries σ2
1 , . . . , σ

2 
d > 0. Fix c > 0,  and for 

φ ∈ {0, 1}d =: Φ, define θφ := cn−1/2Σ1/2φ ∈ R
d. Write  ̂Θ for the set of all Borel 

measurable functions from (Rd)×n to Rd. Given any θ̂ ∈ Θ̂, we have by Assouad’s 
lemma and Pinsker’s inequality that ( ) 

sup Eθ ‖θ̂(X1, . . . , X
2 

n) − θ‖2 ≥ supmax E θ̂ θφ 2
θφ ( 2) 

∈Rd  φ Φθ c>0 ∈  
‖ − ‖

(
 KL1/2 n ) d

1 (P  
θφ , Pn 

φ
 ′ ) Σ c2σ2 

≥ j sup 1  max θ
 1/2 

c>0 4 
−

φ,φ′∈Φ:φ∼φ′ 2 n 
j=1 ( )   Σd 

c2  c
= sup  1 − 2 4 

σj = tr(Σ). 
c>0 4n 2 27n 

j=1 

♦ 

Similarly to the remark after Example 8.5, the sharp minimax lower bound in 
this problem is tr(Σ)/n; see Exercise 8.1. By contrast, the best one could hope 
for by applying Le Cam’s two-point lemma in this example would be a minimax 
lower bound of order maxj∈[d] σ2

j /n. 

Example 8.9 For n ∈ N,
{ } 

let  Mn := θ = (θ1, . . . , θ  
R

n 
n)⊤ ∈ : θi ≤ θj for i < j  

denote the monotone cone in Rn. This set-up, which is an important example of 
a shape-constrained regression model, is studied in detail in Section 9.4.1. For  
θ = (θ1, . . . , θn)⊤ ∈ Mn ∩ [0, 1]n, consider the isotonic regression model Yi = θ i + εi 
for i ∈ [n], where ε1, . . . , εn

iid
 ∼ N(0, 1). Writing Θ̂ for the set of Borel measurable 

functions from Rn to Rn, we seek a lower bound for 

M := inf sup 
1
Eθ 
 ( 

‖θ̂(Y1, . . . , Yn) − θ‖2 
) 

n 2 . 
θ̂∈ ̂Θ θ∈Mn ∩[0,1]n 

Define θ ∈ Mn ∩ [0, 1]n by θi := i/n for i ∈ [n]; fix k ∈ [n] and l et  m := ⌊n/k⌋. For  
φ = (φ , . . . , φ )⊤ ∈ {0, 1}m1 m , define θφ = (θφ1 , . . . , θ

φ
n)
⊤ ∈ Mn ∩ [0, 1]n by

θφ 
i := θi −

Σm  
 φj (θi − θ(j−1)k+1) {(j−1)k+1≤i≤jk} 

j=1 

for i ∈ [n]; see Figure 8.3. Observe that for φ, φ′ ∈ {0, 1}m, with  φ ∼j φ
′, we have  

 
jk ( )2 k

1   1 Σ i (j 1)k + 1  1 Σ−  −1  
=

n
‖θφ − θφ′‖22 =  ℓ2

n n 
i

−
n n3 

=(j−1)k+1 ℓ=1 

(k − 1)k(2k 1) 
= . 

6n3 

−

Moreover, writing Pφ for the joint distribution of (Y1, . . . , Yn)⊤ when the param­
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k
/
n

 
2
k
/
n
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/
n

 
4
k
/
n

 
5
k
/
n

 

θ φ i
 

k 2k 3k 4k 5k 

i 

Figure 8.3 Assouad’s lemma construction in Example 8.9, with n = 21, 
k = 4 and m = 5. The dots illustrate φ φθ = (θ , . . . , θφ)⊤ 

1 n
 ∈ Mn ∩ [0, 1]n with

φ = (0, 0, 0, 0, 0)⊤ ∈ {0, 1}m, while the crosses illustrate θφ with
 

φ = (0, 1, 0, 1, 0)⊤ ∈ {0, 1}m. 

eter is θφ, we have when  φ ∼ φ′ that 

1 1
KL(Pφ, Pφ′ ) =  ‖θφ − θφ′ ‖2  k3

2 = (k
n2 

− 1)k(2k 1) 
2

− ≤ . 
12 6n2 

Now choose k = ⌊(
√
3n)2/3⌋. Then by Assouad’s lemma, ( 

1 (k − 1)k(2k − 1)m KL1/2 ) 
(P , P ) M ≥ · 1 − max

φ φ′ 

4 6n3 φ,φ′  ∈{0,1}m:φ∼φ′ 21/2

(k − 1)k(2k 1)m 
 

−≥ .
48n3

When n = 1, we know that M = 1 (see Exercise 8.1). But if n ≥ 2, then k ≥ 2, 
so k ≥ (

√
3n)2/3/2, m ≥ n1/3/(2 · 31/3), and 

k3m 32/3 

M ≥  −2/3 

64n3 
≥ n . 

210

We will see in Theorem 9.39(a) that this bound is optimal up to the univer­
sal constant, and is achieved by the isotonic least squares estimator defined in 
Section 9.4.1. ♦ 

Although the focus of our examples of Assouad’s lemma has been on prob­
lems with squared error loss, we could equally well have worked with ℓqq-losses for 
q ∈ (0,∞), because these losses decompose into additive contributions from each 
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233 8.5 The data processing inequality 

of the coordinates. Similarly, Assouad’s lemma can often be applied in function 
estimation problems with integral loss functions, for example Lq

q-loss functions 
for q ∈ (0, ∞) (so that the case q = 2 corresponds to the mean integrated squared 
error from Chapter 4), squared Hellinger distance and Kullback–Leibler diver­
gence. In such settings, it may be possible to partition the domain of integration 
and construct elements of the function class that combine separate ‘on’ or ‘off’ 
perturbations on each element of the partition. On the other hand, other loss 
functions such as supremum norm losses (either ℓ∞ or L∞) do not admit such 
decompositions, so it is unclear how Assouad’s lemma can be invoked. Fano’s 
lemma, studied in Section 8.6, is more versatile in this respect and provides an 
alternative approach to deriving minimax lower bounds; we will deduce it from 
the data processing inequality. 

8.5 The data processing inequality 

The origins of the data processing inequality are in information theory, where it 
is often summarised by the slogan ‘post-processing cannot increase information’. 
Let (X , A, μ) be a measure space and let (Y, B) be a measurable space. For a 
measurable function g : X → Y, we define the pushforward measure5

This is also known as the image measure of μ under g. 

 of μ under g, 
denoted μg, by  μg := μ ◦ g−1. In the case where μ is a probability measure, and 
when X ∼ μ, we have that g (X) ∼ μg. 

Lemma 8.10 (Data processing inequality). Let (X , A) and (Y, B) be measurable 
spaces, and let P,Q be probability measures on X . If  g : X → Y is measurable, then 
for any f -divergence, we have 

Divf (P g, Qg) ≤ Divf (P,Q). 

Thus, in this result, the ‘processing’ is the action of the function g, and ‘infor­
mation’ refers to our ability to distinguish the two distributions. 

Proof By the Lebesgue decomposition theorem, we can write P = Pac + Psing, 
where Pac ≪ Q and Psing ⊥ Q. We first show that (Pac)g ≪ Qg, with Radon– 
Nikodym derivative γ, where  

dP
=  

( 
ac

γ(y) : E  
||  

Q (X)
| 

 g(X) =  
) 

y . 
dQ | 

To see this, observe that for every B ∈ B, we have  ⌠ ) dP
(Pac)

g 
( 

(B) =  Pac g −1(B)  
= ac

g−1(B) dQ
dQX ( ( | )) ( ) dPac | 

= E   
B g(X) EQ (X) |Q g(X)

dQ | ⌠ { ( ) ( )} 
= B g(X) γ g(X) = γ dQg

EQ .
B 

5 
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This establishes the claim. We can now determine the absolutely continuous and 
singular parts of the measure P g with respect to Qg. Since  

 P g = (Pac)
g + (P( 

sing)
g ) ( ) 

= (    P )g g
ac + (Psing) + (P

ac sing)
g , 

sing

it follows by uniqueness of Lebesgue decomposition that (P g)ac = (P g 
ac) + ( 

(Psing)g 
) 
ac 

and (P g )sing =
( 
(Psing)g 

) 
sing 

. Hence ⌠ ( ( ) 
 ) 

 d(P )g d 
  ac (P g

 
sing) ( ) 

Div (P g, Qg) = f + ac dQg g 
f + (P )

dQg dQg sing (
sing

Y) ·Mf ⌠ 
Y (  

d(P )g ) ( ) } 
≤ ac

f dQg 
{( ) 

+ (P )g 
sing (Y) +  (Psing)

g (Y) 
sing

·M  
dQg fac⌠Y  

= f ◦ γ dQg + (Psing)
g(Y) ·Mf ⌠ Y 

= f γ g dQ+ Psing( ) Mf 
X 

◦ ◦ X ·[ ( ( ) | )] 
dPac | |≤ E E  

Q Q f (X) |
g(X) + P (
dQ sing X ) ·Mf ⌠ ( )


dPac 
= f dQ+ P

 sing( ) 
 dQ

X ·Mf = Divf (P,Q), 
X

where the second inequality is an application of the conditional version of Jensen’s 
inequality (Proposition A.9.2(f)). 

8.6 Fano’s lemma 

Fano’s lemma can be used in conjunction with our reduction in Lemma 8.1 to 
obtain minimax lower bounds. 

Theorem 8.11 (Fano’s lemma). Let P1, . . . , PM , Q1, . . . , QM denote probability 
measures on (X ,A), and suppose that A1, . . . , AM ∈ A satisfy the condition that 
0 < M−1 

ΣM
j=1 Qj (Aj ) < 1. Then  Σ

1 ΣM  M−1 M ( Σ  ) 
j=1 KL( M

 P 1 
j , Qj ) + log  2 

( )  
−M−

 ≤ ( Σ ) 
j=1 Qj (Aj ) 

Pj Aj  . 
M − log M−1 M

j=1 j=1 Qj (Aj )

In particular, if M ≥ 2 and A1, . . . , AM form a partition of X , then  

ΣM 
1  M−1 

ΣM infQ  j=1 KL(Pj , Q) + log(2− M−1) 
P

∈Q
j (Aj ) 

M
≤ , 

log M
j=1 

where Q denotes the set of all probability distributions on X . 

Proof For p, q ∈ [0, 1], it is convenient to write 

kl(p, q) :=  p log
( 

 
p 
) 

+ (1− p) log

( 
1 p 

 
) −
= KL

(
 Bern(p),Bern(q)

)
 
 
, 

q 1 − q 
(8.9) 
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(X , A, Pj) 

Aj 

g = Aj 

{0, 1} 

Figure 8.4 Illustration of the application of the data processing inequality 
in the proof of Theorem 8.11. The pushforward measure gPj

 of Pj under 
g = Aj is the Bern

 (
 Pj (Aj )

)
 
 
distribution. 

where we adopt the convention that 0 log 0 := 0 =: 0 log(0/0) and a log(a/0) := ∞
for a ∈ (0, 1]. By direct calculation (see also Exercise A.6.7), { ( )} 

kl(p, q) = sup  tp − log qet  + 1−  q ≥ p log(1/q) − log(2 − q), 
t>0 

(8.10) 

where the inequality follows by setting t = log(1/q). The function kl inherits 
joint convexity from that of Kullback–Leibler divergence (Exercise 8.7), because 
for λ, p1, p2 ∈ [0, 1] and q1, q2 ∈ (0, 1), 

kl (1 − λ)p1 + λp2, (1 − λ)q1  λq(  + 2 
 ( ) ( ))  

= KL  Bern (1 − λ)p1 + λp2 , Bern (1 − λ)q1 + λq2 ( ) 
= KL  (1 − λ)Bern(p1) +  λBern(p2), (1 ( ) ( 

− λ)Bern(q)1) +  λBern(q
 

2) 

≤ (1 − λ) ·KL Bern(p1, q1) + λ · KL Bern(p2, q2)

= (1−  λ) · kl(p1, q1) +  λ · kl(p2, q2).

Hence, by Jensen’s inequality together with the data processing inequality with 
g = Aj (see Figure 8.4), we have 

( M M ) M
1 Σ 1 Σ 1 Σ ( ) 

kl Pj (Aj ), Qj (Aj ) ≤ kl P
M M j (Aj ), Qj (Aj ) 

M
j=1 j=1 j=1 

M
1 Σ 

≤ KL(P
M j , Qj ). 

j=1 

The result follows from this and (8.10). 

Putting Fano’s lemma together with the reduction in Lemma 8.1, we arrive at 
the following immediate corollary: 
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Corollary 8.12. In the setting of Lemma 8.1 and Theorem 8.11, we have ( ΣM ) 
M−1 infQ  j=1 KL(Pj , Q) + log(2− M−1) 

M ≥ g
∈Q

(η) 1 − .
log M 

Example 8.13 Returning to the isotonic regression setting of Example 8.9, we  
present an alternative approach to deriving a minimax lower bound of the same 
order using Fano’s lemma instead of Assouad’s lemma. Recalling the definition 
of m from Example 8.9, by the G ilbert–Varshamov lemma ( Exercise 8.10) there  
exists a subset {Φ of 0, 1 mΣ }  of cardinality M ≥ em/8 for which the Hamming 
distance ′ m

dH(φ, φ ) :=  j  {φj =φ  
=1 j

′
 } > m/4 for distinct φ = (φ  

1, . . . , φm)⊤, φ′ = 
(φ′ , . . . , φ′ 1 m)

⊤ ∈ Φ. With the same construction as in Example 8.9, for  φ, φ′ ∈ Φ,
/

⁄

/

1
KL(Pφ, Pφ′ ) =  

2
‖θφ − θφ′ ‖2 1 k3m

2 = (k 1)k(2k 1)d (φ, φ′)  ,
12n  

− H2
− ≤

6n2 

and, when k ≥ 2 and  φ = φ′ , 

1 ‖θφ − θφ′ 2 k3m
2 > .

n
‖

32n3 

Now choose k = ⌊(n/2)2/3⌋. Then by  Corollary 8.12, when n ≥ 171 (so that m ≥ 9 
and k ≥ 2), 

3
3

( m ) 
k m 

 k  
6n2 + log 2 M > 1 − 

27 · n3 m/8
  

22/3 ( )
m/24 + log 2 22/3 

≥ 1   .
213 · n2/3 

−
m/8 

≥
213 · 5 · n2/3 

Finally, observe that the minimax risk is a decreasing function of n, because we 
can always ignore additional data points. Thus, for any n ∈ N, we have  

22/3 

M ≥  ; 
213 · 5 · 1712/3 · n2/3 

in other words, up to the universal constant, we recover the same bound as we 
obtained from Assouad’s lemma. ♦ 

In contrast to the squared error loss of Examples 8.9 and 8.13, where either 
Assouad’s lemma or Fano’s lemma could be applied, our second application fea­
tures the supremum norm loss, whose lack of additivity means that Fano’s lemma 
is the more appropriate technique. 

Example 8.14 Let β > 0 and  let  β0 := ⌈β⌉−1. Let Cβ0 denote the set of functions 
f : R → R that are β0-times differentiable, and for f ∈ Cβ0 , define 

|f (β0)(x) − f (β0)(x′)| ‖f‖Cβ := sup ,
x ′ |x− x′|β−β0 
=x

so that 
{ } 

H(β, L) =  f ∈ Cβ0 : ‖f‖Cβ ≤ L . For  i ∈ [n], let 

Yi := f(i/n) +  εi 
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for some f ∈ H(β, L), where iid
ε1, . . . , εn ∼ N(0, σ2). Suppose that we wish to 

estimate f with respect to the loss function 

(f ,̂ f) → sup |f̂(x) − f(x)| =: ‖f̂ ,
x

∞
∈[0,1] 

− f‖{

and write M(n, β, L, σ) for the minimax risk over f ∈ H(β, L). Consider trans­
forming the problem by defining Zi := Yi/σ for i ∈ [n], and g(·) := σ −1f(·), so 
that 

Zi = g(i/n) +  ξi, i ∈ [n], (8.11) 

with ∼iidξ1, . . . , ξn N(0, 1). Then g ∈ H(β, L/σ). Moreover, given any estimator f̂n 

of f , we can define ĝn(·) = σ −1f̂n(·), which satisfies ‖ĝ 1 ˆ
n − g‖  = σ− ‖fn − f∞ ‖∞.

We can also run this argument in the other direction, starting with Z1, . . . , Zn 

satisfying (8.11) and transforming the data to have variance σ2, and it follows 
that M(n, β, L, σ) =  σM(n, β, L/σ, 1). We therefore initially consider the case 
where σ = 1.  

 For n ≥ 4  , set 
[
 { 
 }

 ∨ 
  ∨  
1/(2β+1)] 

M = 3 C nL2/ log(nL2
0 e) ∧ n for some C0 > 0 

to be chosen later, set h ≡ hn = 1/M , xj = (j − 1/2)/M for j ∈ [M ], K(u) =  
e−1/(1−4u 2) {|u|<1/2} and 

β
(
 ) 


Lh  x − xj
fj (x) =  K
 , 
 j  ∈ [M ];
‖K‖Cβ h 

see Figure 8.5. Let  Pj denote the distribution of (Y1, . . . , Yn)⊤ when f = fj , and  
let Q denote the distribution of (Y1, . . . , Yn)⊤ when f ≡ 0. 
We first claim that fj ∈ H(β, L). To see this, note by Exercise 8.13 that 

‖K‖Cβ < ∞ and for x, x′ ∈ (xj − h/2, xj + h/2), 

| ) 
  
  | β β

(  ( ||



0   )
 


(β0) (β )
|

 Lh − | |

 x x  fj (
j x
′ xj

x) f 0 (x ′) | =
 |− |K(β0) K |
j 


−
‖
 β 

− (β0)
 

− |
K‖C
 h 
 h 
| 
β x  | ′ | | | β−β

 | 0

 
xj x x≤  Lh −β0 j| h

−  

−



− |
 = L|
x  −x  ′|
β−β0 ;


 h 


on the other hand, if x′ ∈/ (xj − h/2, xj + h/2) then (β
f 0)
j (x′) = 0, so the same 

bound holds for all x, x′ ∈ R. This establishes our claim. Moreover, for distinct 
j, j′ ∈ [M ], 

sup fj (x) − fj′ (x)
x [0,1] 

| | = β Lh vβ (K), 
∈
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x 

Figure 8.5 Illustration of the construction in Example 8.14 with M = 10. 
The lines display the regression functions f1 (solid), f2 (dot-dashed), f6 
(dotted) and f8 (dashed). 

where vβ (K) :=  K(0)/‖K‖Cβ . Finally, since nh ≥ 1, we have for n ≥ 4 that  

∑  1 M  M n
1 ∑∑

KL(Pj , Q) = f2
 (i/n) M log M 2M log M j

j=1 j=1 i=1 

  L2h2βv2 (K n
β ) ∑ 

≤ max 
2 log  i/n x

M j <h/2
j [

{| − | }∈M ] ∫ i=1 

L2 h2β v 2 
β (K)(nh+1)

M < n≤ 2 log  M if ,

0 if M = n,
  ⎧ ⎪ 

2 nL2 v (K)⎨⎪ β  

32β+1 log 3 if M  = 3,  
≤ 

 log(nL2∨e)v2 (K) ⌈ { }
 

1/(2β ⌉ 
     +1)⎪⎪ β if M = C nL2

 +1 0 / log(nL2
2β  e) ,⎩  

C0 log M 
∨

0  if M = n.  

We now assume that C0 ≥ 3 and consider three cases. If nL2 ≤ (3/C0)2β+1, then  
 nL2 2 2β+1

log(nL2 e) = nL ≤ (3/C0)∨ , so M  = 3 and j KL( β K1
∑  v2

 M  ( )

  =1 Pj , QM logM
) ≤ 2β+1 

 
C0 log 3

.
 

 

If (3/C0)2β+1 < nL2 ≤ e, then
⌈ {  }1/(2β+1)⌉
 C  nL

2
0 / log(nL2 ∨ e) ≥ 4, so M ≥ 4, 

and 
 

1 ∑  v2
M ) 

Pj , Q  β (K

M log M j=1 KL( ) ≤ 2β+1 C0 log 4 
. Finally, if nL2 > e, then since we have 
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log x/(log x − log log x) ≤ 2 for  x > e, it follows that 

M
1 ∑	  2(2β + 1)v2β(K) 

KL(Pj , Q) ≤ . 
M log M 

j=1 C2β+1 
0

We deduce that by choosing C0 ≡ C0(β) ≥ 3 sufficiently large, we can ensure that 
1 ∑M 

M log M j=1 KL(Pj , Q) ≤ 1/10 for all n ≥ 4. Hence by Corollary 8.12, for n  ≥ 4,( ∑
 −1 M β

) 
Lh v M

M   ≥ β(K) 
 − j=1 KL(Pj , Q) + log 2  

(n, β, L, 1) 1
2 log M ( ) 

Lhβvβ(K) 1 log 2 ≥ 1 
 
− 

2
− 

10 log 3 (	
v (K) L L1/(2β+1) logβ/(2β+1) 2

) 
β (nL   e) L ≥ ∧  . 
8 3β (2C )β	nβ/(2β+1)

∨
0

∨
nβ 

In general, then, there exists c ≡ c(β) > 0 such that for all n ∈ N, we have  

M(n, β, L, σ) =  σM(n, β, L/σ, 1) ( (	   )
  

β/(2β+1) /β
) 

L1 σ2 log(nL2/σ2 e) L ≥ c 
∨· L ∧ 

n
∨ . 

nβ 

Moreover, Le Cam’s two-point lemma (Lemma 8.4) applied with the constant 
regression functions f0 ≡ 0 and f ≡ σ/n1/2

1 , with independent N (0, σ2) errors, 
yields that ( ) 

σ 1 σ M(n, β, L, σ) ≥ 1 − = ,
4n1/2 2 8n1/2 

so the maximum of these two lower bounds holds. To simplify the resulting ex­
pression, we can now observe that if σ/n1/2 ≥ L, then  ( 

L1/βσ2 log(nL2/σ2 )∨ e) 
β/(2β+1)	 ( σ Ln1/2 )1/(2β+1) σ 

=  
n	 n1/2 σ 

≤ .
n1/2

On the other hand, if σ/n1/2 < L, then  ( )β/(2β+1) 2 (L1/βσ  log(nL2/σ2 ∨ e) σ Ln1/2 )1/(2β+1)

= logβ/(2β+1)(nL2/σ2 ∨ e) 
n n1/2 σ


σ

> , 

n1/2 

and moreover (	 )∨ 	
β/(2β+1) 1

( )β/(2β+1)
L /βσ2 log(nL2/σ2  e) σ2 log(nL2/σ2 ∨ e) 

= L  
	

·  
n 2 

≤ L.
nL

We conclude, by reducing c ≡ c(β) > 0 if necessary, that ( ( )β/(2β+1) ) 
σ L1/βσ2 log(nL2/σ2 ∨ e) L M(n, β, L, σ) ≥ c · 

n1/2
∨ 

n
∨ . 

 nβ 
♦ 
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We see from Example 8.14 that, compared with the upper bound on the L2-loss 
studied in Corollary 5.6, we necessarily incur an additional logarithmic penalty 
in the middle regime when estimating with respect to the supremum norm loss 
function. 

8.7 High-probability minimax lower bounds 

In this section, we revisit one of the early choices in the development of the 
minimax paradigm in Section 1.3.3, namely the reduction of the random loss ( )
L θ̂(X), θ

 
 to the deterministic risk function. This simplification may fail to tell 

the whole story regarding the variability and tail behaviour of the loss function 
for different data realisations. Working in the setting of Section 8.1, we can  retain  
this information via the following definition: 

Definition 8.15. For δ ∈ (0, 1], the  minimax (1 − δ)th quantile is { { }  ( ) } 
MQ(δ) ≡ MQ(δ,P, L) :=  inf  sup inf r ∈ [0,∞) :  P ˆ

P L θ(X), θ(P ) > r   . 
θ̂∈Θ̂ P ∈P 

≤ δ
 

It is often the case that upper bounds on the minimax risk are obtained by 
finding an estimator θ̂ ∈ Θ̂ and integrating a tail bound of the form {  ( ) } 

sup PP L θ̂(X), θ(P ) > rδ ≤ δ; 
P ∈P 

in such circumstances, we immediately have MQ(δ) ≤ rδ , so upper bounds on 
the minimax quantile are frequently implicit in upper bound arguments for the 
minimax risk. Here we introduce tools to facilitate lower bounds on MQ(δ); we 
give examples where these lower bounds match corresponding upper bounds up to 
constants, and thereby provide a finer-grained understanding of these statistical 
challenges. 

In the high-probability minimax framework, an estimator achieving an upper 
bound on the minimax quantile MQ(δ) may in principle depend on δ. Neverthe­
less, there is the potential for a single estimator θ̂ to match the minimax quantile 
(up to constants) simultaneously over a wide range of quantile levels. Such adap­
tation to the quantile level may be interpreted as a further justification for the 
use of θ̂. 
The following basic result shows that a lower bound on the minimax quantile 

MQ(δ) implies a lower bound on the minimax risk. 

Proposition 8.16. For δ ∈ (0, 1], we have ( ) 
inf sup E ˆ

P L θ, θ(P ) ≥ δMQ(δ).
θ̂∈ ̂Θ P ∈P

Proof For P ∈ P  and θ̂ ∈ Θ̂, define { { }  ( ) } 
r(P, θ̂) := inf  r ∈ [0,∞) :  P L θ,̂ θ(P ) > r  ≤ δ . (8.12) 

https://doi.org/10.1017/9781009160421.008 Published online by Cambridge University Press

https://doi.org/10.1017/9781009160421.008


{ } 

{ } 

241 8.7 High-probability minimax lower bounds 

Then by Markov’s inequality, ( ) { ( ) } 
inf sup E L ˆP θ, θ(P ) ≥ inf sup P L θ,̂ θ(P ) r(P, θ̂)
 r(P, θ̂)
ˆ∈ ̂   ∈P ˆ∈ ̂θ Θ P θ Θ P 

≥ ·
∈P


≥ inf sup δ · r(P, θ̂) =  δMQ(δ), 
ˆ∈ ̂θ Θ P ∈P 

as desired. 

A key notion is that of a lower minimax quantile, which turns out to be more 
amenable to direct analysis. 

Definition 8.17 (Lower minimax quantile). For δ ∈ (0, 1], we define the lower 
minimax (1 − δ)th quantile of the loss L over P as { { }  } 

MQ, (δ) ≡ MQ, (δ, P, L) := inf  r ∈ [0, ∞) :  inf sup P L(θ,̂ θ) > r   . − −
θ̂∈Θ̂ P ∈P 

≤ δ
 

The following theorem relates minimax quantiles to their lower analogues. In 
particular, it reveals that the lower minimax quantile is not only a minorant of 
the corresponding minimax quantile, but also that the two quantities coincide 
almost everywhere. 

Theorem 8.18. For all δ ∈ (0, 1] and ξ ∈ (0, δ), we have 

MQ, (δ) − ≤ MQ(δ) ≤ MQ, (δ − − ξ). (8.13) 

Moreover, MQ(δ) =  MQ, (δ)−  at all but countably many points δ ∈ (0, 1]. 

Proof We begin with the lower bound on MQ(δ). Recalling the definition of 
r(P, θ̂) from (8.12), we have 

{ ( ) } 
P L θ,̂ θ(P ) > r(P, θ̂) ≤ δ. Thus  

 ( ) 
P L θ,̂ θ(P ) > sup  r(P ′, θ̂) ≤ δ, 

P ′ ∈P 

for all P ∈ P, so that  {  ( ) } 
sup r(P, θ̂) ≥ inf r ∈ [0, ∞) :  sup P L θ,̂ θ(P ) > r  ≤ δ =: r(θ̂).
P ∈P P ∈P 

(8.14) 

Further, if r > inf  ̂ r(θ̂ˆθ Θ )∈ , then there exist θ̃ ∈ Θ̂ and ϵ > 0  such that r(θ̃) ≤ r −ϵ, 
so { ( ) } { ( ) }

inf sup P L θ,̂ θ(P ) > r  ≤ sup P L θ,̃ θ(P ) > r  
θ̂∈ ̂Θ P ∈P P ∈P {  ( ) } 

≤ sup P L θ,̃ θ(P ) > r(θ̃) +  ϵ δ. 
P ∈P 

≤

Hence, { { }  ( ) } 
MQ, (δ) = inf  r ∈ [0, ∞) :  inf sup P L θ,̂ θ(P ) > r  ≤ δ − { ˆ Θ 

 
θ∈ ̂ P ∈P } 

≤ inf r ∈ [0, ∞) :  r >  inf r(θ̂) 
ˆ ˆθ∈ Θ 

= inf r (θ̂) ≤ inf sup r(P, θ̂) =  Q(δ), 
ˆ∈ ̂  ˆ∈ ̂θ Θ θ Θ P 

M
∈P
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where the second inequality follows from (8.14). 
For the upper bound, let ϵ > 0 and ξ  ∈ (0, δ). There exists r ≤ MQ, (δ− − ξ)+ ϵ  

such that {  ( ) } 
inf sup P L θ,̂ θ(P ) > r  ≤ δ − ξ. 
θ̂∈ ̂Θ P ∈P 

It follows that there exists θ̃ ∈ Θ̂ such that 

sup P L θ,̃ θ(P ) > r  ≤ δ,
P ∈P 

so MQ(δ) ≤ r ≤ MQ, (δ − ξ) + ϵ − . Since  ϵ >  0 was arbitrary, we deduce that 
MQ(δ) ≤ MQ, (δ− − ξ). 

For the final claim, observe that δ → MQ, (δ)−  is a decreasing function on (0, 1],
so it has at most countably many discontinuities. But if MQ, ( )− ·  is continuous 
at δ, then we must have MQ(δ) =  MQ, (δ)− , by (8.13). 

The convenience of the lower bound in Theorem 8.18 arises from the fact that 
if {  ( ) } 

inf sup P L θ,̂ θ(P ) > r  > δ,  
θ̂∈ ̂Θ P ∈P 

then MQ(δ) ≥ MQ, (δ) − ≥ r. 
With these notions in place, we now establish high-probability versions of 

information-theoretic tools developed earlier in this chapter, beginning with a 
high-probability variant of Le Cam’s two-point lemma. 

Lemma 8.19 (High-probability Le Cam’s two-point lemma). Let δ ∈ (0, 1/2), 
and suppose that P1, P2 ∈ P  satisfy TV(P1, P2) < 1 − 2δ. Then, writing θj := θ(Pj ) 
for j ∈ {1, 2} and η := d(θ1, θ2)/2, we have MQ, (δ) − ≥ g(η). 

Proof There is nothing to prove in the case g(η) = 0, so we may assume without 
loss of generality that g(η) > 0. For a ∈ (0, 1), define g̃a : [0,∞) → {0, 1} by 
g̃a(x) :=  {g(x)>ag(η)}, so that  g̃a is an increasing function. By Le Cam’s two-point 
lemma (Lemma 8.4), we have { ( ) } { ( )}

inf sup P L θ,̂ θ(P ) > ag(η) = inf  sup E d(ˆP g̃a θ, θ(P )) 
θ̂∈ˆ ˆΘ P ∈P θ∈ ̂Θ P ∈P 

g̃≥ a(η)( ) 
1 

2
−TV(P1, P2) > δ.  

We deduce that MQ, (δ) ≥ ag(η)− . Since a ∈ (0, 1) was arbitrary, the conclusion 
follows. 

In applications, we will typically apply this lemma to two product distributions 
for which the total variation distance may be difficult to compute. The following 
corollary provides a more user-friendly version of the above lemma, stated in 
terms of the Kullback–Leibler divergence. 

Corollary  8.20. Let δ ∈ (0, 1/2), and suppose that P1, P2 ∈ P  satisfy KL(P1, P2) < ( )
log 1 

4δ(1−δ) 

 
. Then, writing η := d(θ1, θ2)/2, we have MQ, (δ) ≥ g(η)− . 
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Proof By the Bretagnolle–Huber inequality (Exercise 8.2(d)), √ {  } 
TV(P1, P2) ≤ 1 − exp −KL(P1, P2) < 1 − 2δ. 

The result then follows by Lemma 8.19. 

In several examples, the minimax quantile decomposes into a sum of a term 
reflecting the dependence on the quantile level δ, and another capturing the min­
imax risk (which is therefore independent of δ). Lemma 8.19 and Corollary 8.20 
are effective for controlling the first of these terms. On the other hand, Exer­
cise 8.18 is well-suited for the minimax risk term, providing lower bounds on the 
minimax quantile via a specialisation of Fano’s lemma. Moreover, our next result 
obtains lower bounds on the lower minimax quantile MQ,− from local minimax 
risk lower bounds, thereby facilitating the use of other tools such as Assouad’s 
lemma. 

Theorem 8.21. Let P)0  ⊆ P be non-empty and suppose that D := 
supP1,P2∈P0 

d θ(P1), θ(P2) satisfies g(D) > 0. Let Δ  ∈ [0, ∞) be such that 
 (

inf sup E ˆ
P0 L θ, θ(P0) ≥ Δ.

θ̂∈ ̂Θ P0∈P0

( ) 

Then for every ϵ > 0  and 
( 

 ∈  Δ−g(ϵD) )δ 0,
g((1+ϵ)D) 

 
, we have MQ, (δ) − ≥ g(ϵD). {  }

Proof For θ ∈ Θ and r  ≥ 0, let B(θ, r) :=  θ′ ∈ Θ : d (θ, θ′) < r
 
 be the open 

ball in Θ centred at θ with radius r. Let  Θ  := θ(P )0 0 , fix ϵ >   0 and define ⋃ 
Θ1 := θ0 Θ 0

0 
B(θ , ϵD)∈ , so that d(θ0, θ1) < (1 + ϵ)D for all θ0 ∈ Θ0 and θ1 ∈ Θ1.

Let Θ̂1 denote the set of all measurable functions from X to Θ1. For any θ̃ ∈ Θ̂1, 
we have ( ) 
Δ ≤ sup E  θ,̃P0 L θ(P0) 

P0∈P0 { { ( ) }  } { ( ) } 
= sup  EP0 L θ,̃ θ(P0) { ˜

˜
˜L(θ,θ  + EP0 L θ, θ(P00)

 ) ≤g(ϵD)} {L(θ,θ(P0 ))>g(ϵD)
P0∈P0 

}( ) { ( ) } 
≤ g(ϵD) +  g (1 + ϵ)D sup P0 L θ,̃ θ(P0) > g(ϵD) . 

P0∈P0 

Hence, { ( ) } Δ g(ϵD) 
inf sup P ˜

0 L θ, θ(P0) > g(ϵD)  ( 
− ) .

˜∈ ̂θ Θ1 P0

≥
∈P0 g (1 + ϵ)D 

(8.15) 

Now for θ̂ ∈ Θ̂, let {  } 
S(θ̂) :=  x ∈ X  : θ̂(x) ∈ Θ1 ∈ A. 

Fix θ(1) ∈ Θ1 and θ̂ ∈ Θ̂, and define a new estimator θ̂(1) ∈ Θ̂1 by
 

θ̂(1)
θ̂(x) i f x 

(x) :=  
(1) 

∈  S(θ̂), 

θ if x /∈ S(θ̂); 

∫

243 8.7 High-probability minimax lower bounds 
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θ̂(x) 

ϵD 

Θ0 

Θ1 

θ(1) 

θ0 

Figure 8.6 Illustration of the construction of θ̂(1) in the proof of 
Theorem 8.21. If  ˆx ∈ S(θ), then we set ˆ ˆθ ;(1)(x) := θ (x)  otherwise we set 
θ̂(1)(x) := θ (1) ∈ Θ1. 

see Figure 8.6. Then for any ξ > 0 and  P0 ∈ P0, writing θ 0 := θ(P0), we have ( ) 
g d(θ̂(x), θ0) ≥ g(ϵD) > g(ϵD) − ξ for all x ∈ S(θ̂)c. Hence ( ) ( ) ( { })    

(ˆ ) ( ) −  = ( )̂c P L θ, θ > g ϵD ξ P S θ + P S(θ̂) ∩ L(θ,̂0 0 0 0 θ0) > g(ϵD) 
 

− ξ (  
= ( )̂c 

) ( { })
P θ (1)
0 S + P( 0 S(θ̂) ∩ L(θ̂ , θ) 0) > g(ϵD) 

  
− ξ 

≥ P0 L(θ̂
(1), θ0) > g(ϵD) − ξ . 

Therefore, {  ( ) } 
inf sup P ˆ

0 L θ, θ(P0) > g(ϵD) − ξ 
θ̂∈ ̂Θ P0∈P0 {  ( ) } 

≥ inf sup P0 L θ̂(1), θ(P0) > g(ϵD) ξ 
ˆ ˆθ

−
∈ Θ P0∈P0 {  ( ) } Δ g(ϵD) ≥ inf sup P0 L θ,̃ θ(P0) > g(ϵD) − ξ  ( 

−≥ ) , 
˜  ̂θ  (1 +∈Θ1 P0 ϵ)∈P0 g  D

where the final inequality follows from (8.15). We conclude that MQ, (δ) − ≥
g(ϵD) − ξ for all 

( )
δ ∈ 0, Δ−g(ϵD)

g((1+ϵ)D) 

 
, and  since ξ > 0  was arbitrary, the result 

follows. 

Example 8.22 Let P denote the Hölder class F(β, L) of densities on R from (4.3). 
Consider nonparametric density estimation over P at a point  with loss x0 ∈ R

function (f, g) → {f(x0) − g(x0)}2, based on a sample of size n. We claim that 
there exists c > 0 , depending only on β, such that for δ ∈ (0, 1/4], 

{

(( )2β/(2β+1) ) 
log(1/δ) MQ(δ) ≥ c · L2/(β+1) · 

n
∧ 1 . 
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To see this, consider the densities f0, f1 ∈ F(β, L) constructed in Example 8.6, but  

take 
{  (  

λ = 1 log 1 
)}β/(2β+1)

 ∧ 1 ∈ (0, 1]
n 4δ(1−δ) . Then ≤ −)  

( ) 
KL(fn, fn  1 1 

0 1  <
2 log 

4δ(1 δ)  

log 
( )

1 
4δ(1−δ) , so by  Theorem 8.18 and Corollary 8.20, for δ  ∈ (0, 1/4],

( 
λL̃1/(β+1) )2 

MQ(δ) ≥ MQ, (δ) − ≥ 
2 · 3 (( )2β/(2β+1) ) 

L2/(β+1) log(1/δ) ≥ ∧ 1 , 
·  36 5 /(β+1)2β/(2β+1)‖K‖2 n 

Cβ

as required. ♦ 

Example 8.23 Consider the isotonic regression setting of Example 8.9, so that  
P = {Nn(θ, I) :  θ ∈ M ∩ [0, 1]nn }, where M ⊆ R

n
n 

 denotes the monotone cone, 
and let L(θ, θ′) :=  n−1‖θ − θ′‖22 for θ, ′ θ ∈ Mn ∩ [0, 1]n. We claim that there exist 
universal constants c >  0 and  δ0 ∈ (0, 1] such that for δ ∈ (0, δ0], (( ) ) 

1 log(1/δ)MQ(δ) ≥ c · + 
n2/3 n 

∧ 1 . (8.16) 

 To see this, first consider the case where δ ∈ [e−n/3, 1/4]√ . Let (1) θ := 0 and  ( ) 
θ(2) := 1 log 1 

  1− nn 4δ(1 δ)
, so that  P ( ℓ) := N ( ℓ) 

n(θ , I) ∈ P  for  ℓ ∈ {1, 2}. Then  

( ) ( ) 
1 1 1 

KL(P (1), P (2)) =  log < log . 
2 4δ(1 − δ) 4δ(1 − δ) 

Therefore, by Theorem 8.18 and Corollary 8.20, 

‖ (1) θ − θ(2)‖2 
2 log(1/δ)MQ(δ) ≥

4n 
≥ , 

20n
(8.17) 

for δ ∈ [e−n/3, 1/4]. Next, for the case where δ ∈ (0, e−n/3), we have by  (8.17) 
that 

n 1 MQ(δ) ≥ MQ(e − ) ≥ . 
20 

(8.18) 

Combining (8.17) and ( 8.18) yields ( ) 
1 log(1/δ)MQ(δ) ≥ 
20 n 

∧ 1 , (8.19) 

for δ ∈ (0, 1/4]. 
For the second part of the lower bound, we let 

{  } 
P m

0 := Pφ : φ ∈ {0, 1}  ⊆ P
denote the finite set constructed in Example 8.9, where m  = ⌊n/k⌋ and k = √
⌊( 3n)2/3⌋, so that as in that example, 

( 
1   

) 1 
inf max EPφ n − ‖θ̂ − θφ 2 −2/3

2  n . 
θ̂∈ ̂ φ∈{ 9 1/3 

Θ 0,1}m 
‖ ≥

2
·· 3
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In this construction, φ
⌈

    
 

′
D := max φ

⌉
n 1/6 1/6

φ,φ′ ∈{0,1 m ‖θ − θ ‖2  } ∈
23

, n·31/6 

 
. Hence by 

Theorem 8.21 with ϵ = 2−6, we obtain that for δ ∈ (0, 1/1000], 

1MQ, (δ) − ≥ n −2/3 .	
218 31/3 

· · (8.20)

The claim (8.16) follows from (8.19) and ( 8.20). ♦ 

8.8 Exercises 

Exercise 8.1 Fix a positive definite matrix ∈Σ  Rd×d , and for τ > 0 let  Πτ 

denote the Nd(0, τ2Σ) distribution. Let θ ∼ Πτ and let  
iid

X1, . . . , Xn θ  Nd(θ,Σ)| ∼ . 
Find the Bayes estimator θ̂τ of θ with respect to the loss function L(a, θ) :=  ‖a−
θ‖	22, namely the estimator that minimises the expected posterior loss. Compute  
the corresponding Bayes risk 

( )
r(π ˆ ˆ 2 

Eτ , θτ ) :=   ‖θτ (X1, . . . , Xn) − θ‖2 , where t he  
expectation is taken over the joint distribution of X1, . . . , Xn, θ. Deduce that 

1
∑− n

X̄ := n  
i=1 Xi is minimax, in the sense that (now regarding θ as non-random), 

( ) 
sup Eθ ‖X̄ − θ‖2 tr(Σ) ( ) 

2 = = inf  sup E  ‖θ̂ − θ‖2θ 2 , 
ˆθ∈Rd	 n θ∈ ̂Θ θ∈Rd 

where Θ̂ denotes the set of all Borel measurable functions from (Rd)×n to Rd . 
What happens if Σ is only non-negative definite? 

Exercise 8.2 Let P,Q be probability measures on a measurable space (X ,A). 

(a)	 Prove that 
  

TV2(P,Q) ≤ H2(P,Q) ≤ KL(P,Q) ≤ log 1 +  χ2(P,Q) ≤ χ2(P,Q). 
)

Hint: For the second inequality, you may find the fact that (1/2) log x ≤ x1/2 − 1 
for all x > 0 helpful. 

(b)	 Define ψ : [0,∞) → [0,∞) by  

ψ(x) :=  x log x− x+ 1, 

with the convention that 0 log 0 := 0. Show that ( ) 
4	 2x

(x− 1)2 ≤ + ψ(x) 
3 3 

for all x ≥ 0. Apply this inequality and Cauchy–Schwarz to deduce Pinsker’s 
 

inequality :
{ 

T  
1/2

V(P,Q) ≤ KL(P,Q)/2 
}

, with equality if and only if P = Q. 
Hint: If P ≪ Q have densities p and q respectively on a measurable space ∫  (X ,A)
with respect to a ∫ σ-finite measure μ, then

 
TV (P,Q) = (1/2) |p X − q| dμ = 	

(1/2)  { } |p/qq>
− 1|q dμ

0
. 

(c)	 Give an alternative proof of Pinsker’s inequality by first considering Bernoulli 
distributions and then applying the data processing inequality. 

Minimax lower bounds
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(d)	 Prove the Bretagnolle–Huber inequality , which states that 

TV2(P,Q) ≤ 1 − e −KL(P,Q). 

This bound is worse than Pinsker’s inequality when KL(P,Q) < log 2 but has 
the advantage of always being non-vacuous, in particular when KL(P,Q) ≥ 2. 
Hint: Let μ be a σ-finite measure such that P ≪ μ and Q ≪ μ, and l et  p := 
dP/dμ and q := dQ/dμ. With X  ∼ p, let  U := q(X)/p(X), V := (U − 1)+ and 
W := 1 + V − U = (1− U)+. Find expressions for TV(P,Q) and KL(P,Q) in 
terms of these quantities and apply Jensen’s inequality. 

(e)	 Prove that TV2(P,Q) ≤ χ2(P,Q)/4. 

Exercise 8.3 Let μ be a σ-finite measure on (X , A), and let P,Q ≪ μ with p := 
dP/dμ and q := dQ/dμ. Prove that we may take dPac p

dQ = q>0q { } and Psing(A) =  ∫ 
p  q=0} dμA {  for A ∈ A.

Exercise 8.4 For i ∈ [n], let Pi and Qi denote probability measures on a σ-finite 
measure space (Xi, Ai, μi). Let P := P1 ⊗ · · · ⊗ Pn and Q := Q1 ⊗ · · · ⊗Qn denote 
the corresponding product measures. Prove that 

∑n  
KL(P,Q) =  KL(Pi, Qi). 

i=1 

Derive corresponding (not identical) formulae for H2(P,Q) and χ 2(P,Q) in terms  
of the respective divergences between the marginal distributions. 

Exercise 8.5 Let P = Nd(μ1, Σ1) and  Q = Nd(μ2, Σ2), where Σ1 and Σ2 are 
positive definite. Show that ( ( )	 )  

1 det(Σ ) ( ) 
KL(P,Q) =  log 2 − + tr  Σ−1 d  

2 Σ1	 + (μ  
2

2
⊤Σ−1 . 

 det(  Σ ) 
− μ1) 2 (μ2 − μ1) 

1

Exercise 8.6 (a) Let P,Q denote probability measures on a measurable space 
(X , A). Prove that 

TV(P,Q) =  inf  P(X = Y ), 
(X,Y )∼(P,Q) 

⁄

where the infimum, which is taken over all pairs of random variables X ∼ P 
and Y ∼ Q defined on the same probability space, is attained. 

(b)	 For i ∈ [n], let Pi, Qi denote probability measures on a measurable space 
(Xi, Ai), and let P := P1 ⊗ · · ·  ⊗  Pn and Q := Q1 ⊗ · · ·  ⊗  Qn denote the 
corresponding product measures. Prove that 

Πn	  ( ) ∑n  
TV(P,Q) ≤ 1 − 1 

i=1 

−TV(Pi, Qi) ≤ TV(Pi, Qi). 
i=1 

Exercise 8.7 (a) Suppose that the convex function  f : (0,∞) → R satisfies 
f(1) = 0 and is strictly convex at 1 in the sense that 

{  } 
f(1−δ)+f(1+δ) /2 > 0 

for all δ ∈ (0, 1). Prove that if Divf (P,Q) = 0  then  P = Q. 
(b)	 Prove that all f -divergences are jointly convex. 
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Exercise 8.8 Let P , Q and R be Borel probability measures on a topological 
vector space X . The  convolution6

6 If X ∼ P and Y ∼ Q are independent, then X + Y ∼ P ∗ Q. 

 of P and Q is the probability distribution P ∗Q 
on X given by 

∫ ∫ 
P ∗Q)(A) :=   A(x+y) dP (x) dQ(y)X X(  for Borel subsets A ⊆ X .

Prove that 

Divf (P ∗R,Q ∗R) ≤ Divf (P,Q). 

Exercise 8.9 Prove that if P1, . . . , PM are probability measures on a measurable 
space (X ,A) and  if A 1, . . . , AM ∈ A form a partition of X , then  ⁄ ⌈ 

M ( )| 
1 ∑ 1 1 1 | M

1 ∑ 
P √ 
j (Aj ) ≤ + 1 inf χ2(Pj , Q),

M M M 
−

M M Q
j=1 

∈Q
j=1 

where Q denotes the set of all probability distributions on X . 

Exercise 8.10 (Gilbert–Varshamov lemma) Let m ∈ N. Use Hoeffding’s inequal­
ity to prove that there exist φ , . . . , φ m

1 M ∈ {0, 1}  with M ≥ em/8 such that 
dH(φj , φk) > m/4 for every 1 ≤ j < k ≤  M , where d H denotes the Ham­∑
ming distance, given by ( m

dH x, y) :=  j=1 {xj =yj } for x = (x1, . . . , xm)⊤, y  = 
(y1, . . . , ym)⊤ ∈ {0, 1}m . 

⁄

Exercise 8.11 (a) Fix n ∈ N with n ≥ 2, and let xi := i/n for i ∈ {0} ∪ [n]. Let 
θ0 := 0 and let ( ) 

θ θ θ θ
Cn :=  θ = (θ1, . . . , θn)

⊤ ∈ n 
R : i+1 − i ≥ i − i−1 

for i ∈ [n− 1] 
xi+1 − xi xi − xi−1 

denote the convex cone in Rn. Consider the convex regression model 

Yi = θi + εi 

for i ∈ [n], where θ = (θ  
1, . . . , θn)⊤ ∈ C [0, 1]nn ∩  and iid

ε1, . . . , εn  N(0, 1)∼ . 
Let Θ̂ denote the set of Borel measurable functions from Rn to Rn, and de­
fine θ ∗ = (θ∗, . . . , θ∗ )⊤ ∈ C ∩ [0, 1]n1 n n 

 by θ∗ 2
i := (i/n)  for i ∈ [n]. By considering 

piecewise linear perturbations of θ ∗ , or otherwise, prove that there exist uni­
versal constants c > 0 and  n0 ∈ N such that 

1 ( ) 
inf sup Eθ θ̂(Y1, . . . , Yn)  θ 2

2 c n −4/5

θ̂∈ ̂Θ θ C

− ‖
∈ n

n 
‖ ≥ ·

∩[0,1]n 

for all n ≥ n0.

Hint: For each k ∈ [n] and for m := ⌊n/k⌋, the squared Euclidean distance

between such perturbations that differ on only one segment of the form {i ∈ [n] : 

(j − 1)k + 1  ≤ i ≤ jk} does not depend on j ∈ [m]. Also, 


∑k−1  1 
 ℓ2(k − 1 −  ℓ)2 =  k(k − 1)(k − 2)(k2 − 2k + 2)  

30 
 ℓ=0 

for k ∈ N. 
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(b)	 Writing Mn for the monotone cone in Rn, could there exist an estimator θ̂ ˆ∈ Θ
and universal constants C > 0, γ > 4/5 such that 

1 ( ) 
sup ‖θ̂(Y , . . . , Y ) − θ‖2 −γ 

E
n θ 1 n 2 ≤ C · n 

θ∈Cn∩M ∩[0,1]n 
n

for all n ∈ N? Justify your answer briefly. 

Exercise 8.12 Consider the linear regression model Y = Xθ + ε, where X  ∈
R

n×p is deterministic and has rank 	 r, and w here ε  ∼ Nn(0, σ2I). For δ > 0 , let { √ }
Γδ := γ ∈ Image(X) : ‖ γ‖2 ≤ 8δ n . Prove that there exist γ1 , . . . ,γM ∈ Γδ 

with M ≥ 4r and γ
√‖γj − k‖2 > 2δ n for each j = k. Use Fano’s lemma to deduce 

that there exists a universal constant c > 0 such that 
⁄

1 { ‖ ( )‖ } rσ2 

inf 
2

sup Eθ 
‖X θ̂(Y  ) ‖− θ 

2 
≥ c , 

θ̂∈ ̂Θ θ∈Rp	 n n

where Θ̂ denotes the set of Borel measurable functions from Rn to Rp. 
Using Exercise 8.1, prove  that c  = 1 is optimal. 

Exercise  8.13 Define the bump function K : →  R R by ) :=  −
2

K(u e 1/(1−u   ) {|u|<1}.
Prove that K is infinitely differentiable on R, and that, for every β > 0,  the β­

 seminorm of Hölder K, given b y  

K(β0 )(x) K(β0)(x′)‖K‖Cβ := sup 
| − |

,
x |x− x′|β−β0 
=x′ ⁄

is finite, where β0 := ⌈β⌉ − 1. 

Exercise 8.14 For i ∈ [n], let 

Yi = m(xi) +  εi, 

where xi = i/n and where ε1, . . . , εn are independent N(0, σ2) random variables. 
Let Θ̂ denote the set of Borel measurable functions from Rn to R. Use Le Cam’s 
two-point lemma to prove that there exists c > 0, depending only on β, such that ⌈{ }

 
2⌉ 

inf inf sup Em θ̂n(Y1, . . . , Yn) m(x0) 
x0∈[0,1] ˆ ˆθn∈ Θ m (

−
∈H β,L) ⌈ (  (  

2  1/β 2 ) L
β )⌉

σ σ
2

≥ max ,min 
2β+1  c , σ2 , 

n n 

and ⌈{ }2⌉ 
sup inf sup Em θ̂n(Y1, . . . , Yn) 

n

−m(x0) 
 ˆx0∈[0,1] θ ∈ ̂Θm∈H(β,L) (	 )  

2	 ( 1/β 2  2 )
σ L σ

β 
L2 

≥ 2β+1 

cmax , , . 
n n n2β 

Hint: Consider the cases where x0 is a design point, and where x0 is halfway between 
design points. 
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Exercise 8.15 For β, L > 0, recall the definition of the class F(β, L; [0, 1]) from 
Exercise 4.10. For  x0 ∈ [0, 1], let M denote the minimax risk for estimating f(x0) 

with respect to squared error loss based on 1 n
iid

X , . . . ,X  ∼ f ∈ F(β, L; [0, 1]). Prove 
that there exists c ≡ c(β) > 0 such that for every x0 ∈ [0, 1]: 

(i) When β ∈ (0, 1], (  
L2/(β+1) ∨ L2/(2β+1) )

M ≥ c · ∧ L2 . 
n2β/(2β+1) 

(ii) When β ∈ (1, 2], ∫ 
L2/(β+1)∨L2/(2β+1) 1/2 

M ≥ c · n2β/(2β+1) if L ≥ n− ,

L2 ∨ (x0 −  1/2)2

 if L < n 1/2 
n

− . 

(iii) When β > 2, (  
L2/(β+1) ∨ L2/(2β+1) )

1 M ≥ c · . 
n2β/(2β+1)

∨
n 

Hint: For suitable C ≡ C(β) > 0, first consider separately the cases L ≥ C(β) and 
L < C(β). In the former case, refer to Example 8.6; in the second, apply Le Cam’s 
two-point lemma to similar perturbations of the U [0, 1] density. Next, for β > 1  
consider the U [0, 1] density f0 and let f1(x) := 1 + ϵ (x − 1/2) for x ∈ [0, 1] and 
suitable ϵ >  0. Finally, for β > 2 , define also f 2

2(x) := 1 − ϵ + 12ϵ(x − 1/2)  for 
x ∈ [0, 1]. 

Exercise 8.16 Show that each of the bounds in the previous question is tight up 
to multiplicative terms depending only on β. 
Hint: Recall Exercise 4.10. 

Exercise 8.17 For d ≥ 2, let n1 ≥ d and let n = nd
1. For u  = (u1, . . . , ud)⊤, v  = 

(v d
1, . . . , vd)⊤ ∈ R , write u  ≤ v if uj ≤ vj for every j ∈ [d], and define the lattice 

L  := {1/n1, 2/n1, . . . , 1}dd,n . Show that if W is a maximal antichain7

We say W is an antichain if for every u, v ∈ W we have u ≰ v and v ≰ u; see  Section 9.4.1. It  
is a maximal antichain if no strict superset of W is an antichain. 

 in Ld,n, then   
we can write Ld,n as the disjoint union of W− , W and W+, where

{ 
 W− := v ∈ 

Ld,n : v ≤ u for some 
}

u ∈ W \ {v} and 
{  

W+ := v ∈ Ld,n : v ≥ u for some u ∈ 
W \ {v}

}
.

Now define a set of uniformly bounded vectors satisfying a monotonicity con­
straint on Ld,n by {  } 

M(Ld,n) :=  θ = (θv)
 

v Ld,n ∈ [−1, 1]|Ld,n | : θ∈ u ≤ θv whenever u ≤ v . 

Given θ = (θ  ∈ M(Lv)v d,n)∈Ld,n
, let Yv = θv + εv for v ∈ Ld,n, where  iid

(εv)v∈Ld,n ∼
N(0, 1). Use Assouad’s lemma to prove that there exists a universal constant 
c > 0 such that, if W is an antichain in Ld,n, then  

1  c W
inf sup Eθ ‖θ̂(Y ) 

| |
θ̂  ̂Θ θ M(Ld,n) n 

−  θ‖22 ≥ , 
n∈ ∈

( )
7 
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where Θ̂ denotes the set of Borel measurable functions from  
R
|Ld,n| to R|Ld,n|, and  

where Y := (Yv)v∈Ld,n . Deduce that there exists cd > 0, depending only on d, such  
that 

1 ( ) c
inf sup Eθ θ̂( )  Y  θ 2

2  d
. 

1/d 
θ̂∈ ̂Θ θ∈M(Ld,n) n 

‖ − ‖ ≥
n

Exercise 8.18 In the setting of Section 8.7 and Theorem 8.11, let M  ≥ 2 and  
P1, . . . , PM ∈ P. Suppose that there exists ϵ ∈ (0, 1] such that ∑

M−1 inf M 
Q  j=1 KL(Pj , Q) + log(2− M−1)∈Q

log M	
≤ 1 − ϵ. 

Then, writing 
( ) 

η := min1 j<k M d θ(Pj), θ(Pk) /2≤ ≤ , prove that MQ,− ≥(δ) g(η) for  
all δ ∈ (0, ϵ). 

Exercise 8.19 Let n, d ∈ N, and l et  Σ ∈ Rd×d be positive definite. Let P = 
{Nd(θ,Σ) : θ ∈ R

d}  and consider estimating θ ∈ R
d with squared Euclidean norm 

loss function L(θ, θ′) =  ‖θ − θ′‖22. Prove that there exist universal constants c > 0 
and δ0 ∈ (0, 1] such that for δ ∈ (0, δ0], (	 )  

tr(Σ) ‖ΣMQ(δ) ≥ c · + 
‖op log(1/δ) 

. 
n n 

Exercise 8.20 (a) Consider the general framework of Section 8.1. Let  
g : [0,∞) → [0,∞) be given  by g (x) :=  x2, so that the risk (i.e. mean squared 
error) of an estimator θ̂ : X → Θ at  P ∈ P  is {  ( )

R(θ,̂ P ) :=  E ˆ
P d θ, θ(P ) 

2} 
. 

Prove that for any P,Q ∈ P  and estimator θ̂, √ √ ( ) ( ) 
R(θ,̂ P ) +  R(θ,̂ Q) 1 +  χ2(P,Q) ≥ d θ(P ), θ(Q) .

(b)	 Recall the definition of the Hölder class of densities from (4.3). Given x R0 ∈ , 
let θ̂ :  

R
n → R be a Borel measurable function for which there exists C ∈

(0,∞) such that ⌈{ }2⌉ 
sup Ef θ̂ − f(x0) ≤ Cn−2β/(2β+1). 

f∈F(β,L) 

Show that for any β′ ∈ (0, β), there exist L′ ≡ L′(β, β′, L) > 0 and  c′ ≡ 
c′(β, β′, L, C) > 0 such that 

( )⌈{ } 2β′/(2β′+1) 

sup Ef θ̂ − 2⌉ log(en) 
f( )  x0 ≥ c ′ . 

f∈F(β′ ,L′)	 n 

Hint: Adapt the construction in Example 8.6, defining g as before, and defining h 
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 by  and  and  by f1f0
 

(
′

h x) :=  λg(λ−1/β x)

g(x) +  g(2L̃−1/(β+1) − x)
f0(x) :=  ,

2 
(g + h)(x) + (g 

f1(x) :=  
− h)(2L̃−1/(β+1) − x) 

. 
2 

8.9 Bibliographic details and background 

Introductions to minimax lower bounds can be found in Tsybakov (2009, Chap­
ter 2) and Wainwright (2019, Chapter 15); see also the review article by Kim 
(2020). The origins of the subject (particularly Fano’s lemma and the Gilbert– 
Varshamov lemma) can be traced back to information theory, a field introduced 
by Shannon (1948); see Cover and Thomas (1999) for a standard textbook. Lind­
ley (1956) provides an early connection between information theory and statistical 
estimation problems. 

The notion of f -divergences was introduced by Csiszár (1967); a detailed ac­
count of their properties can be found in the books by Pardo (2006, Chapter 1) 
and Polyanskiy and Wu (2023). See also Ali and Silvey (1966) and Gerc hinovitz 
et al. (2020). Of course, special cases of f -divergences had been studied earlier, 
including the (squared) Hellinger distance, which can be defined in terms of the 
Hellinger integral (Hellinger, 1909), and the Kullback–Leibler divergence (Kull­
back and Leibler, 1951). 
The technique for deriving minimax lower bounds now known as Le Cam’s 

two-point lemma was introduced by Le Cam (1973). Pinsker’s inequality from 
Exercise 8.2 was derived in a weaker form by Pinsker (1964); the result given in the 
exercise follows from independent bounds obtained by Kullback (1967), Csiszár 
(1967) and Kemp erman (1969, Theorem 6.1). Assouad’s lemma (Lemma 8.7) was  
proved by Assouad (1983); see also Bretagnolle and Huber (1979). Our proof is 
similar to that given by Yu (1997), and Example 8.9 is based on Chatterjee et al. 
(2015, Theorem 5.3). 

The data processing inequality (Lemma 8.10) is often presented in the discrete 
case, or for the special case of Kullback–Leibler divergence, but it appeared in 
general form in Ali and Silvey (1966). Our proofs of both this result and Fano’s 
lemma follow Gerchinovitz et al. (2020). A version of Fano’s lemma appeared 
in Robert Fano’s 1953 notes for his course on Statistical Theory of Information 
and later in his textbook (Fano, 1961). Gerchinovitz et al. (2020) provide alter­
native versions of Fano’s lemma that exploit different f -divergences, such as the 
inequality given in Exercise 8.9. In the context of minimax lower bounds, Fano’s 
lemma is often applied in conjunction with the Gilbert–Varshamov lemma (Ex­
ercise 8.10), versions of which were proved independently by Gilbert (1952) and  
Varshamov (1957). See Birgé (1983) and Y ang and Barron (1999) for derivations 
of general minimax lower bounds in terms of the metric structure of the under­
lying parameter space. Yu (1997) provides a comparison of Le Cam’s two-point 
lemma, Assouad’s lemma and Fano’s lemma. 
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In terms of specific statistical problems, early results in nonparametric mod­
els include that of Čencov (1962), who established a lower bound in density 
estimation with L2-loss, while Farrell (1972), Stone (1980) and Ibragimo v and 
Has’minskii (1981) derived corresponding results for pointwise loss. Nonparamet­
ric regression with fixed design and various losses was treated by Korostelev and 
Tsybakov (1993, Chapter 2). 

The systematic study of high-probability minimax lower bounds was initiated 
by Ma et al. (2026+b) (on which Section 8.7 is based), though isolated results in 
certain settings had started to appear earlier. The importance of the dependence 
on the quantile level of upper bounds on the minimax quantile has been empha­
sised in the literature on robust and heavy-tailed estimation (e.g. Catoni, 2012; 
Lugosi and Mendelson, 2019; Hopkins, 2020). On the other hand, lower bounds 
are scarcer, though Devroye et al. (2016) established a lower bound on MQ, (δ)− in  
univariate mean estimation, and Depersin and Lecué (2022) extended this result 
to the multivariate case; Ma et al. (2026+a) recognised the importance of mini­
max quantiles for estimation problems with missing data. A quantity similar to 
the lower minimax quantile MQ, (δ)−  was introduced by Donoho (1994) to study  
minimax confidence interval length in the setting of linear functional estimation. 
Recently, in a different yet still univariate setting, Wang and Ramdas (2024) 
and Duchi and Haque (2024) invoked information-theoretic techniques to obtain 
lower bounds on the minimax length of an anytime-valid (1 − δ)-level confidence 
interval. Tsybakov (2009, Theorem 2.3) established a lower bound on MQ, (δ)−  
in the context of univariate nonparametric regression, while Chhor et al. (2024) 
prove a similar result to Theorem 8.21. 
An upper bound that matches the lower bound in Example 8.22 up to a mul­

tiplicative factor depending only on β is achieved by a kernel density estimator 
that does not depend on the quantile level δ (Ma et al., 2026+b, Lemma 29). On 
the other hand, a matching upper bound (up to universal constants) in the iso­
tonic regression setting of Example 8.23 is attained by the isotonic least squares 
estimator (9.24) projected onto the interval [0, 1] (Bellec, 2018, Corollary 3.3). 
The minimaxity of the sample mean in Exercise 8.1 follows from Kiefer (1957). 

Stein (1956) nevertheless established that it was inadmissible with respect to 
squared error loss for d ≥ 3; see also James and Stein (1961), where the famous 
James–Stein estimator was introduced. The bound in Exercise 8.2(d) is due to 
Bretagnolle and Huber (1978); see also Canonne (2022). T he first part of  Ex­
ercise 8.12 is similar to Wainwright (2019, Example 15.14), while Exercise 8.17 
is based on Han et al. (2019, Proposition 1) and Exercise 8.20 is based on the 
constrained risk inequality of Brown and Low (1996). 
Finally we mention that although the focus of this chapter has been on min­

imax lower bounds in which the infimum is taken over all estimators, over the 
last decade there has been an interesting line of work where the class of allowable 
estimators is further constrained to have other desirable properties not accounted 
for by the original loss function (Wainwright, 2014). For instance, we may want to 
insist that an estimator is computable in polynomial time (Berthet and Rigollet, 
2013; Ma and Wu, 2015; Wang et al., 2016), or preserves privacy (Duchi et al., 
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2013) or communication (Zhang et al., 2013) constraints. These works and others 
often seek to establish that the additional constraints on the class of estimators 
can lead to strictly slower statistical rates of convergence. Such results may rely 
on conjectures from computational complexity theory on the hardness of partic­
ular tasks (typically meaning that they cannot be solved in polynomial time);8

See for example Arora and Barak (2009) or the supplementary material to Wang et al. (2016) 
for an introduction to computational complexity theory. 

 

an example of such a conjecture is the planted clique hypothesis (Jerrum, 1992; 
Kučera, 1995; Feige and Krauthgamer, 2003; Feldman et al., 2017). 

8 
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