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Abstract. A classical result in ergodic theory says that there always exists a topological
model for any factor map 7 : (X, X, u, T) — (¥, YV, v, S) of ergodic systems. That is,
there are some topological factor map 7 : ()A( , f) — (1? , 3’) and invariant measures [, D
such that the diagram

XX 0. T)—2= (X, 2.0, 1)

Y. V.0, 8 —L e (. P, 0. )

is commutative, where ¢ and i are measure theoretical isomorphisms. In this paper, we
show that one can require that in the above result 77 is either weakly mixing or finite-to-one.
Also, we present some related questions.

1. Introduction

In ergodic theory a natural question is how to endow a given measurable system with
a ‘nice’ topological structure without destroying the original measurable structure. This
kind of topological structure is called a topological model or realization. To be precise,
one has the following definition.

Deﬁnmon 1.1. Let (X, X, u, T) be a measurable system. We say that the system
(X X, i, T) is a topological model (or just a model) for (X, X', u, T) if (X T) is
a topological system, and there is some invariant measure [ such that the systems
(X, X, u, T)and ()2 , X , [, f“) are measure theoretically isomorphic.

In general, one has the definition of a topological model for a factor map between
measurable systems.
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Definition 1.2. Let w: (X, X, u, T)— (Y, V,v,S) be a factor map between two
measurable systems. We say that 7 : ()A(, f") — (I?, 3) is a topological model for
(X, X, u, T)— (Y,),v,S) when 7 is a topological factor map and there exist
invariant measures /1 and D such that the diagram

X, X, 0, T) —2= (R, &, 0, 1)

Y. V0. S) —L e (7.3.5.8)

is commutative (i.e. # o¢p =y om), where ¢ and  are measure theoretical iso-
morphisms.

A classical result in ergodic theory says that for each factor map 7 : (X, X', u, T) —
(Y, Y, v, S) of ergodic systems there is a factor map 7 : ()2, f) — (l?, 3’) of Cantor
systems such that 77 is a model for 7 (see [3, Theorem 5.15] or [5, Ch. 2]). A natural
question is whether one can add additional properties to 7.

For example, a consequence of a striking result by Furstenberg and Weiss [4] is that
each factor map between two non-periodic ergodic systems has an almost one-to-one
model. In this paper, we show that each factor map of two ergodic systems has a model
which is either weakly mixing or finite-to-one. A factormap  : (X, T) — (Y, S) between
two topological systems is called (fopologically) weakly mixing if (R,, T x T|g,) is
transitive, where R, = {(x, y) € X?: 7w (x) =n(y)}. For a natural number N, 7 is
‘N-to-1" if Card 7~ (7 (x)) = N for each x € X.

The notion of weakly mixing extension is important in both ergodic theory and
topological dynamics. For example, in ergodic theory, the Furstenberg structure
theorem [3] says that each ergodic system is a (measurable) weakly mixing extension
of a (measurable) distal system. And, in topological dynamics, the structure theorem of
minimal flows [2, 13, 16] says that the class of minimal flows is the smallest class of flows
containing the trivial flow and closed under (a) homomorphisms, (b) inverse limits and
(c) three ‘building blocks’: isometric extensions, proximal extensions and weakly mixing
extensions. One can find properties of weakly mixing extensions in [6, 8, 13, 16] and
constructions of weakly mixing extensions in [7].

To be precise, here is our main result.

THEOREM 1.3. Letm : (X, X, u, T) — (Y, Y, v, T) be a factor map with (X, X, u, T)

ergodic and let = fer Wy dv(y) be the disintegration of |1 over v. Then one of the

following statements holds:

(1) if wy is non-atomic for v-almost every (a.e.) y € Y, then there is a weakly mixing
factor map 7 - ()A(, T)—> (IA’, 3’) which is a model form : X — Y;

(2) if uy is atomic for v-a.e. y € Y, then there is an N-to-1 factor map 7 : (}A(, f’) —
(IA/, 3’) which is a model for w : X — Y, where N € N.

Remark 1.4. In this remark, we explain why there are only two possibilities. It is easy
to show that p : X — R, x > pz(x)({x}) is measurable and invariant. By the ergodicity,
we have that p is a constant function. Then we have two cases. The first is when p =0,
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so that 1, is non-atomic for v-a.e. y € Y. The second case is when p > 0, so that uy is
atomic for v-a.e. y € Y. For more details, please see the proof of Rohlin’s skew theorem
in [5, p. 70].

When Y is trivial, one has the following corollary immediately: each non-periodic
ergodic system has a weakly mixing model. Note that this corollary is a known result.
In fact, Lehrer [11] showed a much stronger result: every non-periodic ergodic system has
a uniquely ergodic and topologically mixing model.

A more interesting question is as follows, which is a generalization of Weiss’s theorem
on relatively uniquely ergodic models in [17, 18].

Question 1.5. In Theorem 1.3, can one require (X, T) to be uniquely ergodic?

We believe that the above question has a positive answer, but we cannot prove it yet. In
§4, we will present more related questions.

We organize the paper as follows: in §2, we give the basic definitions and facts used in
the paper. We prove the main result (Theorem 1.3) in §3. In the final section, we discuss
unique ergodicity and present some related questions.

2. Preliminaries
In this section, we introduce some notation used in this paper. For more details, please
refer to [3, 5].

2.1. A measurable system is a quadruple (X, X, u, T), where (X, X, u) is a Lebesgue
probability space and 7 : X — X is an invertible measure preserving transformation. A
measurable system is ergodic if all the T-invariant sets have measure either O or 1. For
an ergodic system, either the space X consists of a finite set of points on which u is
equidistributed, or the measure p is atom-less. In the first case the system is called
periodic, and it is called non-periodic in the latter.

A homomorphism (or factor map) from (X, X, u, T) to a system (¥, Y, v, S) is a
measurable map 7 : Xo — Yy, where X is a T-invariant subset of X and Yy is an §-
invariant subset of Y, both of full measure, such that w,u = @ o 7 l=vand So m(x)=
moT(x) for x € Xg. When we have such a homomorphism, we say that the system
(Y, Y, v, S) is a factor of the system (X, X, u, T). If the factor map 7 : Xo — Y can
be chosen to be bijective, then we say that the systems (X, X', u, T) and (Y, V, v, §) are
(measure theoretically) isomorphic. A factor can be characterized (modulo isomorphism)
by 71 ()), which is a T -invariant sub-o-algebra of X.

2.2. A topological dynamical system is a pair (X, T'), where X is a compact metric space
and T : X — X is a homeomorphism. A topological system (X, T) is transitive if there
exists some point x € X whose orbit O(x, T) = {T"x : n € Z} is dense in X. The system
is minimal if the orbit of any point is dense in X. The system (X, T) is topologically
weakly mixing if the product system (X x X, T x T) is transitive.

A factor of a topological system (X, T') is another topological system (Y, S) such that
there exists a continuous and onto map ¢ : X — Y satisfying S o ¢p = ¢ o T. In this case,
(X, T) is called an extension of (Y, S). The map ¢ is called a factor map.

https://doi.org/10.1017/etds.2014.95 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.95

Relatively weakly mixing models for dynamical systems 1207

2.3. Let (X, X, u, T) be a measurable system. A partition o of X is a family of disjoint
measurable subsets of X whose union is X. Let & and § be two partitions of (X, X, u, T).
One says that « refines B, denoted by o > § or B < «, if each element of 8 is a union of
elements of «.

Let o and B be two partitions. Their join is the partition « VB ={ANB: A €aq,
B € B} and we extend this definition naturally to a finite number of partitions. For m < n,
define

n
oy, = \/ Tla=T"avT " lagv...vT ",
o

where T la ={T'A: A ca}.

2.4, Let (X, X, u,T) be an ergodic system and o ={A;}i<j< a finite partition
(we usually assume w(A;) > 0 for all j). We sometimes think of the partition « as a
function &y : X — ¥ = {1, 2, ..., I} defined by &)(x) = j for x € A;. The pair (X, a) is
traditionally called a process. Let Q = Q) ={1,2,...,! }Z and let S be the shift. One
can define a homomorphism ¢, from X to €2, given by ¢y (x) = w € €2, where

wn =& (x) =60(T"x), n€Z.

We denote the distribution of the stochastic process, (¢q)« (1), by p = p(X, @) and call it
the symbolic representation measure of (X, o). Let

Xo = Supp(¢a )« = supp p.

Then we get a homomorphism ¢y : (X, X, u, T) = (Xy, Xy, 0, S). This homo-
morphism is called the symbolic representation of the process (X, o). This will not be
amodel for (X, X, i, T) unless \/?i_oo T o = X modulo null sets, but in any case this
does give a model for a non-trivial factor of X.

2.5. For the set of all finite partitions with the same cardinality, there is a complete metric.
Definition 2.1. Let (X, X, u,T) be a system. Let a={A;,...,A;} and B =
{B1, ..., Bi} be two [-set partitions (/ > 2) and define

!
1
dyur(@. B) = n(@AB) = 5 3 W(A;AB)).
j=1

Note that d{fart (o, B) will be different when the partitions are indexed in different ways.
3. Proof of Theorem 1.3
In this section, we will prove our main result (Theorem 1.3). First, we show the difficult

case: where the elements of the disintegration are non-atomic. Then we deal with the other
case.

3.1. Weakly mixing extensions. In this subsection, we prove the first part of Theorem 1.3.
That is, we will show the following result.
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PROPOSITION 3.1. Let 7w : (X, X, u, T)— (Y, V,v,8) be a factor map with
(X, X, u, T) ergodic and let =fer iy dv(y) be the disintegration of w over v.

If uy is non-atomic for v-a.e. y € Y, then there is a weakly mixing factor map 7 : X7
which is a model formw : X — Y.

XX, 0. T) —2= (X, X, . 1)

| |

Y. Vv, S) —L e (7. 3.5.8)

Before going on, we need some preparations. Let (¥, ), v, S) be a factor of
(X, X, u, T). One can identify L2(Y, ), v) with the subspace L(X, 7)), n) of
L2(X , X, n) via f— fom. By using this identification, it is possible to define the
projection of L3(X, X, p) into L2(Y, Y, v): f > E(f|Y). The conditional expectation
E(f|Y) is characterized as the unique )Y-measurable function in L2(Y, Y, v) such that

/ GE(FIY) dv = f gonfdu 3.1
Y X

forall g € LZ(Y, Y, v).
The disintegration of | over v is given by a measurable map y > p, from Y to the
space of probability measures on X such that

ECf1) () =/deuy (3.2)

v-almost everywhere.
The self-joining of (X, X, u, T) relatively independent over the factor (Y, Y, v, S) is
the system (X x X, X x X, u xy u, T x T), where the measure u xy u is defined by

(u xy n)(B) :/ Hy X (y(B)dv(y) forall Be X x X. (3.3)
Y
This measure is characterized by

/X . f1® fadp xy p= /Y E(fLIVE(f21Y) dv (3.4)

forall f1, f» € L2(X, X, u), where f1 ® f>(x1, x2) = fi(x1) f>(x2).

Definition 3.2. Letm : (X, X, u, T) — (¥, Y, v, S) be a factor map. Let o and S be finite
partitions of X and Y respectively with @ > 8. Let

_ 1 N 1 52 1 Sk
a={Ay, ..., Al Ay L AT AL LAY

i
ﬂZ{BlaBZa~-~’Bk}, BZZUA{
j=1
The partition « is called 1-weakly mixing with respect to B if, for any U, V € {A], x Al :
1<t<k, 1 <m,n <s,}, there exists some [ such that

U Xy /,L(TIU Nnv)>0.
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Let m e N. A partition « is called m-weakly mixing with respect to B if aT(WL]) =

\/;";l(mfl) T™"a is 1-weakly mixing with respect to g7/ 171) = \/;"szl(mfl) S~7B.
A partition « is called weakly mixing with respect to B if, for any m € N, « is m-weakly
mixing with respect to 8.

Remark 3.3. By a classical abuse of terminology, we denote by the same letter the o -
algebra ) and its inverse image by . In other words, if (Y, Y, v, S) is a factor of
(X, X, u, T), we think of ) as a sub-o-algebra of X. Hence, in Definition 3.2, @ >
means that o > 71_1(,3).

By the definitions, it is easy to verify the following result.

PROPOSITION3.4. Letmw : (X, X, u, T) — (Y, Y, v, S) be a factor map. Let o be a finite
partition of X and B be a finite partition of Y with a > B. Then the symbolic representation
Xy of o is an extension of the symbolic representation Yg of B.

Let 7t be the factor map from X, to Yg. Then 7 is weakly mixing if o is weakly mixing
with respect to f.

The following result is the famous Rohlin lemma; please refer to [5, 18] for a proof.

THEOREM 3.5. (Rohlin lemma) Let (X, X, u, T) be a non-periodic ergodic system,
N a positive integer and € > 0; then there exists a subset B such that the sets B,
T-'B, ..., T-N=DB are pairwise disjoint and /L(Uj»v:_ol T-IB)>1—e.

To prove Proposition 3.1, we need a generalization of the Rohlin lemma.

LEMMA 3.6. Let (X, X, u, T) be a non-periodic ergodic system. For each B € X with
,u(B) > 0 and each n €N, one can find a subset B C B and ¢ =c(n) > 0 such that
B T 1B , T~ (= DB are pairwise disjoint, and ,u(B) > c,u(B)

Recall that two sets C, D being disjoint means that u(C N D) =

Proof. Let N > 4n/u(B), € < u(B)/4. By Theorem 3.5, there is a subset C such that

c,T'c,..., T~ N=D¢C are pairwise disjoint and ,u(U T JC) > 1 — €. Refine the
tower {C, T~ 1C, L, T~ W= 1)C} according to the partition {B, X\B}. That is, we have a
partition {C1, . .., Cy,} of C such that for each 1 <i < m, either T™/C; C Bor T~/ C; C
X\Bforall0<j <N —1.

Leti e{l,...,m}. Definen;; =min{k :0<k <N —-1—n, T_kCi C B} if this set

is not empty. Inductively, for j > 2, if {k:n; 1, +n<k<N—-1-n, T‘kCi C B} is
empty, then we are done; if not, then let

nji=min{k:nj_1; +n<k<N—-1-n, T‘kCi C B}.
Thus, we have a finite set {n1;, ..., ny ;} foreachi e {1, ..., m}.

Let

m S

B={Jrmic

i=1 j=1
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By the construction, é, T_lé, e, T=0=DPB are pairwise disjoint. Notice that
n—1 _ N-1 . N—1 ‘
BC (U T—JB) U ( U T—fc) U (X\ U T_JC>.
j=0 j=N-n Jj=0
Hence,

1w(B) < nu(B) + nu(C) + € < nu(B) + % te<nuB)+ %,u(B) n %M(B).
Then we have ,u(é) > cu(B), where ¢ = c(n) = 1/2n. O
Remark 3.7. From the proof of Lemma 3.6, ¢ = c¢(n) = 1/2n is independent of B.

We need the following generalization of Lemma 3.6.

LEMMA 3.8. Let (X, X, u, T) be a non-periodic ergodic system. Let By, B, ..., By be
k measurable sets with min| <;<x{(t(B;)} = d > 0 (we do not assume that By, By, . .., By

are pairwise disjoint). Then, for arbitrary n, there are subsets B; C B;, for all
ief{l,2,...,k}, such that

él, T_lél, R T_(n_l)él, éz, T_léz, e, T_(n_l)éz, e,
ék, T_lék, R T_(n_l)ék

are pairwise disjoint, and min]<i<k{u(1§,-)} > cd, where c = c(k, n) > 0 is a constant.
p ] <i<

Proof. We make the induction for k. The case k = 1 follows from Lemma 3.6. Assume
that the lemma is correct for k — 1; we now consider the case of k.

We use the inductive assumption on {B], By, ..., Bx_1}. Then there are k — 1 subsets
C; C B;j,1<i<k—1,such that

Cq, T_1C], o, T_(n_l)Cl, e, Cr_t, T_ICk,], o, T_(n_l)Ck,]

are pairwise disjoint and min<;<k—1{u(C;)} > c1dx—1, where c; =ci(k — 1, n) > 0 and
dr—1 = minj<;<x—1{u(B;)}. For By, by Lemma 3.6, there are a subset Cy C By and

¢3=cp(n) > 0 such that Cx, T1Cy, ..., T~ D¢y are pairwise disjoint and u(Cy) >
cait(Bg). The problem is that Cy, T=1Cy, ..., T~ Dy may intersect the elements
from C;, T~'Cy, ..., T~ VDCy, ..., Coer, T7'Cr_y, ..., T~ DCr_,. We should
deal with this problem to get what we need.

Let

Aij=T7'C;NC, AV=C;NT'C, O0<i<n-—1,1<j<k-1

and

Ak:Ck\( U (A,-,-UTiAij)>.

0<i<n—1,1<j<k—1

Each two elements in {A;;, Ax}o<i<n—1,1<j<k—1 are disjoint, in view of Lemma 3.6 and
the inductive assumption.
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For each A;;, find a subset D;; C A;; with u(D;;) = u(A;j)/2. Also, find a subset
DV C AV with u(DV) = u(AV)/2. Notice that Ag; = A%, so one may assume that

Doj = D% Let
n—1 )
Bj = Cj\(U(T'Dij U D"’)), l<j<k-1
i=0
and let
észku( U (DijUTiDij)).
0<i<n—1,1<j<k—1
Let
k—1n—1 k—1n—1
A= (T'A;; U AY), D=U U(T’DijUD”);
j=1i=0 j=1i=0

then p(A) =2u(D). And, u(ANC;)=2u(DNC;)forl < j <k — 1. Notice that
Ci=(C\NAUDNCHUWA\D)NC)), 1=<j<k-1

and
Bj=(C)\A)U((A\D)NC)), 1<j<k-1.

Then, for d = min; <<t {(B))},
w(Bj) > u(Cp/2>crde—1/2>c1d/2, 1<j<k—1.

And,
w(Br) = u(Cr)/2 = cop(Bi) /2 > c2d /2.

Hence, minlf,-fk{y,(é,-)} > cd, where ¢ = min{%cl, %cz} =c(k, n).

Now we prove that {]31, 3‘2, e, ék} satisfies the condition. We only need to consider
T-NBNT 2B, 1<i<k—1,0<j, jp<n—1.

If ji < jo, then w(T /1 B; N T~72B) = w(B; N T~U2=V By). First, notice that B; N
T-U2=i) B, ¢ Ai(2=JD) By the construction, we have that

DIV A By =g, D) ¢ T(miD

and
Ai(jZ*jl)\Di(jZ*jl) c éi, (Ai(jzfjl)\Di(jzfjl)) n T*(J’z*jl)f;k =0.

Then
w(B: NT=27I0 By = u((B; N A) N (T~Y27V B 0 A)) < n((A\D) N D) =0.

If ji > jo, then w(T /1 B; N T2 By) = w(T~1=72) B; N By). Similarly, one can show
that (T ~U1=72) B; N By) = 0 by the construction of D;j,—jy)- O

Remark 3.9. By Remark 3.7 and the proof of Lemma 3.8, one can see that c(k, n) may be
chosen as c(k, n) = 1/2k+1n, which is independent of By, Ba, ..., Bx.

Finally, we need a lemma by Rohlin.
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LEMMA 3.10. [14, Lemma 3, no. 3 of §4] Let u = fer Wy dv(y) be the disintegration
of ( over v. Suppose that (wy is non-atomic for v-a.e. y € Y. If B is a measurable set of X
with iy (B) > r > 0 for v-a.e. y € Y, then for any 0 < 0 < r there exists a measurable set
By such that By C B and j1y(Bgy) =0 for v-a.e. y €Y.

The following proposition is the key to the proof of Proposition 3.1.

PROPOSITION 3.11. Let w : (X, X, u, T) — (Y, YV, v, S) be a factor map. Let u=
fy oy My dv(y) be the disintegration of p over v and assume that py is non-atomic for
v-a.e. yeY.

Given a finite partition B of Y and an arbitrary finite partition & of X which refines B,
for any € > Q there is a partition a of X satisfying:

1 a>p;
Q) dpy(@, @) <e;

(3) « is weakly mixing with respect to B.

Proof. Step 1. Since a > B, let

& al s1, 1 51,2 1 S1,ky
a={A}, ..., A Ay . LA ,...,Akl,...,Ak1 IR
S1,i
B=1{(Bi.By..... By}, Bi=|[]A]l
j=1
Lett; = max{sl,l, e, 51,k1}~
Since S is ergodic, for each B;, B; (i, j € {1, ..., k1}) there is some /;; such that

v(B; N S B;)> 0. Let A\j = minj<; j<x, {v(B; N S B))}.
We need the following fact: for each B € )/,

wxy uwx(B) x 17 1(B)) = v(B).
It follows from this that

wxy nx(B) x n7'(B) = fy iy (N (B py (e H(B)) dv(y)

and 1y (7 ~'(B)) = 1 when y € B, uy(7~!(B)) =0 when y € Y\B.
We will use the following claim frequently.

CLAIM. Foreach B € ), one can find C, D C n_l(B) such that

nxy u(C x D) > §v(B) and CND=9. (3.5)
Proof of the claim. By Lemma 3.10, there is C C 7~!(B) such that § > uy(C) > 1
for y € B. Then, by Lemma 3.10 again, there is D C 7 ~!(B)\C such that my(D) > %
for y € B. Hence, we have

1
u Xy u(C x D) =/ py(C)py (D) dv(y) = §V(B).
B

The proof of the claim is completed. O
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Now, for each i, j € {1, ..., k1}, by Lemma 3.8, there are tf disjoint subsets Blsj C
B; N S% Bj €Y, where s = (51, s2, 53 s) €fl.....0 }4, such that:
(1) each two elements in {Bi‘Yj’ S~ B }l ,j,5,5 are dlSJOlIlt
2)

0<v(B§)<min{ M € }
o 21} 24k31)

foralli, je{l,....k},5e{l,2,...,0}*
(3) we can choose €] > 0 such that 9¢; < v(Bl.Sj) foralli, j, §

By the claim, there are subsets cs ij

;L><yy,(CY xD )> v(B ) > €l
Now we modify the partition &. Let
7 5 —lij 5 —lij ¥
ki =]J;ubpjurici, uT DY)
i),5
Change A of @ to A’} as follows:

=(A§\K1)u( U C§m>u( U D§m>

sp=s sp=s

l<m=<k| l<m=<k|
—Ini S —Li S
u( Ur mcm.>u( Ur '”Dm).
S3:S S47T
1<n<ky l<n<k;
e A N s
Then we have a new partition &; = {A’}, AT At AL

Ay lkl }, which also refines 8. We have that d at.[(oc a1) < €/6, since

W(Ky) < 43t ma v(B° ) < 2

D?. C rr_l(B‘.?.) such that Cf] N ij = and

(3.6)

By the construction, for each § = (s1, 52, 53, S4) andeach i, j € {1, ..., k}, one has that

AT AP O(T x TYH(A x A% D CS; x DY
And, by (3.6),

pxy p(A x AN (T x T)li (A’f3 A”“)) > Xy M(c? X D ) > €1 >0.

In particular, & is 1-weakly mixing with respect to S.

By induction, we have a sequence of partitions &y =&, &1, ..., &,—1 of X and a

sequence of positive numbers €y =€, €1, .. ., €,—1 such that foreachi € {1, ...

(1) & > B,0 <€ < (&-1)/100;
(i) dpy (&1, di) < (€i-1)/6;

,n—1}:

(3;) foreach Ay, Ap, A3, Ay € (Ol,) (z H= \/[_ (i—1) T 'q; with Ay, Ay and Az, Ay

i—1

being subsets of the same element of ,670.71) =Vi——i-1 S~ B, respectively, there

is some [ such that
wxy w(Ap x Aa N (T! x TH(Az x Ag)) > €.

In particular, &; is i-weakly mixing with respect to S.
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Step n. Now let us construct &,. Since &,_1 > 8, we have (&n,l)':rffl) > ﬂfznlfl). Let

Bty =1{F1, Fa, ..., Fi,},
A~ —1 1 Sn,1 1 Sn,2 1 Sn,kn
@)y =1{El. ... E\"VE}, .. EY?. L EL L. BN
such that Fj = U;":’l Eij, 1 <i <k, Lett, =max{s, 1, ..., Sux,}
Since Y is ergodic, for each F;, F; (i, j €{1, ..., k,}) there is some h;; such that
v(F; N S"iFj) > 0. Let Ay = minj <, j <k, {v(F; N S"5 F))).
Now, for each i, j € {1, ..., k,}, according to Lemma 3.8, there are t;f disjoint subsets
F, CFnN ShiF; €Y, where 5 = (s1, 52, 53, 4) € {1, 2, . . ., t,,}*, such that:
(1) each two elements in {S*’Ffl., S*hii*thj/ c—(m—1)<t<n-—1,i,j, 5 are
disjoint;
2
- . An €n—1 €n—1
0 < v(F’) < min , <
( ’/) {2c(kn, n)td’ 242n — Dk2t? } 24
foralli, je{l,..., ky}, 5€{1,2,..., tn}4, where c(k,, n) is a constant as in
Lemma 3.8;
(3) we can choose €, > 0 such that 9¢,, < v(Fl:;.) foralli, j,s.
By the claim, for all i, j €{l,...,k,} and 5€{l,...,1,}* there are ij, Hfj C
/s s s _
T (Fl.‘j) such that Gl?j N Hfj =@ and
uxy w(G}; x HY,) = v(F}) > €. (3.7)
Now we modify the partition &, = (U1, Uz, ..., Up} to &, ={U], U, ..., UI’,},

where p = 3", 51,5, since all d; have the same cardinality. Let
i,j,—(n—1)<t<n—-1,§

To get &, we cut K, away from every element of &, to get a set {U\K,, Us\K,,
..., Up\K,}. Then we add some suitable elements from

—t S —t s p—hij—t A —hij—t 15
{T Gf],T HlSI,T 1 Gf/,T 1 Hiiv/}i,j,f(nfl)gtgnflj

to each U;\ K, such that the resulting sets meet our needs.
For each i € {1, ..., k,} and s €{l,...,s]'}, Ei € (&n,l)':,:q) has a {1,2,...,

P}~ ! name with respect to &,_1. Denote it by (d—(n—1), d—(4—2), - - - , du—1). That is,
E‘lX = Tn_lUd—(n—l) N Tn_sz—(n—Z) n---N T_(n_l)Udn—l *

Then, foreach —(n — 1) <u <n — 1, if d, = j, we add the following set to U;\ Kj,:

( U T”G§r> u( U T”Hﬁ) u< U T"—”n‘Gf,.) u( U T”_h”’Hfi).
s1=s §p=s

s3=s sq=s
1<r<kn 1<r<kn 1<t<kn 1<t<kn
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That is, for the resulting partition &, = {U{, U, . . ., U;,}, we have

(U\Kn) u( U T”Gfr> u( U T“Hﬁ)

S| =5 S2=S
1<r=<kn 1<r=<kn
—hsi S —hsi 1758
u( U tG;,.>u( U fH;l.)ch’.. (3.8)
S3:J‘ S4:J
1<t<kn 1<t<kp
Now we show that the partition &, = {U{, U}, ..., U 1’,} is what we need. First, notice

that d{);n(&n,l, ) < €,_1/6, since

< €n_
w(Ky) < 4@n — Dk2t? max v(F}) < ”Tl'
Let
A e 1 Sn, 1 Sn, 1 . kn
@)y ={E 1 BV E B E B,
where E’f has the same {1, ..., p}” name with Ef for each i € {1,...,k,} and
sefl,2,...,s,;}. Denote the name of E’f by (d—(u-1), d—(n-2), - - -, dn—1). Then,

by (3.8), we have

( g Gf,) u( g Hﬁ) U( U T—Mci) u( U T—hn-Hfi)

s3=s sa=s
I<r<kn 1<r<kn 1<t<kn 1<t<kn
cr'uy,  NT"UL o N-nT 0Dy
=E"}.

Thus, for each i, j € {1, ..., k,}, s1,s2€{l, ..., 5.} and 53,54 € {1, ..., 5, j}, we

have
/51 152 hii (/53 154 s s
ES X EP0(T x T (E"; xEj)Dijfoj,
where § = (s1, 52, 53, 54). Hence,

1 Xy w(ES x E"2 0 (T x T (E/‘;-3 X E/‘;-“)) > Xy /L(ij X H;/) >e, > 0.

That is, &, satisfies conditions (1,), (2,)) and (3,), and we finish our induction.

To sum up, we have a sequence of partitions {&,}° | of X and a sequence of positive
numbers {€,};° | satisfying conditions (1), (2,) and (3,) for each n. Notice that, by (1,),
Do €n <€/2.

By (2,), dgart(&n—l , &ty) < €,1/6 and hence {&,} is a Cauchy sequence, since ), €, <
€/2. Since d{;m is a complete metric, let @ = lim,, &,. Then dr’fm(oc, @) < € and, by (1),
o refines 8. Now we show that « is weakly mixing with respect to §.

Let n €N and let Ay, A, A3, Agea™ ) =\ | T™'a with A}, A and
A3, A4 being subsets of the same element of ,33”1_1), respectively. There is some m > n
such that d{fart(&m, a) < €41 Let Ay, As, Az, As € (&m)':nl_l) be the corresponding sets

of A1, Ay, Az, A4 in Olri?nl_l).
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Notice that for any set K, A, B € X with u(K) < €/6, we have
€
m xy w((A\K) x (B\K)) > u xy u(A x B) =3u(K)=p xy u(A x B) — ok

By the construction, we have

A A i Ing 2 A €n €m—1
mxy u(Ap x Ay N (T XT)(A3><A4))>€n—E ————— 7
Thus,
Xy (AL x A2 N (T x TN (A3 x Ag))
> xy w(Ar x Ay N (T x T)(A3 x As)) — 3enpy
>E_e_n__6m_—l_3e >0
n ) ) n+1 s
since €41 < €;/100 for arbitrary j. This means that o is weakly mixing with respect to
B. The proof is completed. O

Now it is time to finish the proof of Proposition 3.1. To finish the proof, we need use
the proof of Proposition 3.11 to get an increasing sequence of required partitions y;, such
that the inverse limit of the corresponding symbolic representations is what we need. This
part of the proof is standard (see for example [11, 15]).

Proof of Proposition 3.1. Let w: (X, X, u, T)— (Y, Y, v,S) be a factor map with
(X, X, u, T) ergodic. Let {a,}, {8} be two increasing sequences of partitions such that
ap > Py foralln e Nando (8,) /' YV, 0 (o) 7 X, where o (y) is the o -algebra generated
by the set y.

For o1, we adjust a1 as in Step 1 of the proof of Proposition 3.11 to get a new partition
yll. We replace o by ap \/ yll and thus we have yll < a. We adjust \/1-1:_1 T ar
as in Step 2 of the proof of Proposition 3.11 to get a new partition y22. Inductively, we
replace o, by o, \/ y:_]l and we adjust \/l”;l (1) T~ 'a, as in Step n of the proof of
Proposition 3.11 to get a new partition ;.

Now we define inductively y;' for k <n. When n =1, there is nothing to say. We
assume that we have done this forn — 1 (n > 2), i.e. the partitions yln_l <0< y:__ll are
given.

Letk <n,an ={A1, ..., A}, v ={A], ..., AL} and yk”_l ={Bi, ..., By}. Since

ap > )/,:’_1, there is a function

é:{1,..., b} —2lahg
such that Ay C By, means that x € ¢(y). And, let
1€P(s)

Hence, we have partitions {y;'}seN,1<k<n Via {y,'}n. Let X} denote the corresponding
symbolic system of ;. The array shows the induction.

1
R
o
X] X2 X3
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Let {€,},eN be as appearing in the proof of Proposition 3.11. Then, for k > n, we have
d(y,f, y,’f_l) < %ek. This means that for each n, {y,’f}kzn is a Cauchy sequence. So, there
is a partition y;, such that y,{‘ — v, as k — o0o. Now we have an increasing sequence {y, },
satisfying for each n:

@ vn> Bns

() dh (Va otn) < § Y02, €&

()  yn is n-weakly mixing with respect to S,,.

Let X, = X,, be the symbolic representation of y,. Since o(a,) /X and using (b),
we have o (y,) / X. Denote 7 : ()A(, f‘) — (}A’, S‘), the inverse limit of , : (X,, T;;) —
(Yn, Sp), where ¥, =Yg, .

X, T) — - —— (X3, T3) — (X2, o) — (X1, T)

T

(Y, 8) —= - ——= (Y3, $3) —= (Y2, o) — (Y1, 81)

Then 7 : (X, T) — (¥, §) is a model for 7 : (X, X, u, T) — (¥, Y, v, S) and, by (c), #
is weakly mixing. The proof is completed. O

3.2. Finite-to-one extensions. In this subsection, we show the second part of Theorem 1.3.

PROPOSITION 3.12. Let w: (X, X, u, T)— (Y, V,v,S) be a factor map with
(X, X, u, T) ergodic and let u = fer Wy dv(y) be the disintegration of |1 over v. If 1y is

atomic for v-a.e. y € Y, then there is an N-to-1 extension factor map 7 : X, T)— (¥, 8)
which is a model form : X — Y.

Proof. By Rohlin’s skew-product theorem, we may assume that
X, X, u, T)=Y xo, U, p)=¥ xU, Y xU,v xp, T,)

and w : X — Y is the projection. Recall that w : Y — Aut(U, p) is a measurable cocycle
and

To(y, u) = (Sy, o(y)u).
By our assumption in the proposition, we have that U = {1, 2, ..., N} is a finite set,
U=2Yand p({i}) =1/N foralli e U.
Since U is a finite set, Aut(U, p) is also a finite set. Assume Aut(U, p) =
{n1, m, ..., nk} and let

Ei=o ') =yeY w(=mO), 1<is<k

Then E; is measurable for each 1 <i <k and & ={E1, E,, ..., E¢}is a partition of Y.
Let {y,}» be an increasing sequence of finite partitions with o(y;,) ). Let 8, =

vn V &. Then we also have that o (8,) /' V. Let ¥, = Y, be the symbolic representation

of B, and v, = p(Y, B,). Then the inverse limit Y= l(iI_nY,, is a model for (Y, Y, v, S).
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Let p, : Y — Y, be the corresponding factor map. Now we deduce a cocycle wy, : ¥,, —
Aut(U) from w. Since, for each y €Y, p;l(y) C Ej for some je{l,... k}, itis
reasonable to define w,, : Y, — Aut(U) as follows:

(M) =), z€p; .

Y —2 > Aut(U)

Yy
LetX, =Y, xU, X, =Y, xU, pp =v, x pand Ty, : X, = X, be given by
Ty, (y, u) = (Sy, wn(y)u).
Since ¥ =limY, is a model for (Y, ), v, §), X = limX,, =limY,, x U is a model for
<— <— <— A )
X, X, u, T)= xU,Y xU,v x p, Ty,), and the projection 7 : X — Y is a model

form: (X, X, u, T)— (Y, Y, v,S). Since, for each y € Y, A7y ={y} x U, # is an
N-to-1 extension. The proof is completed. O

4. Unique ergodicity and questions
The theory of uniquely ergodic models plays a very important role in ergodic theory and
topological dynamics. In some sense it makes ergodic theory embed into topological
dynamics. Please refer to [S, 8, 17, 18] for more information on this topic.

First, recall the definition of unique ergodicity.

Definition 4.1. A topological system (X, T) is called uniquely ergodic if there is a unique
T -invariant probability measure on X. It is called strictly ergodic if it is uniquely ergodic
and minimal.

The famous Jewett—Krieger theorem [9, 10] says that every ergodic system has a
uniquely ergodic model. Weiss generalized this theorem to the relative case.

THEOREM 4.2. (Weiss [17)) If 7 : (X, X, u, T) —> (Y, YV, v, S) is a factor map with
(X, X, u, T) ergodic and (1?, )A/ v, 3‘) is a uniquely ergodic model for (Y, Y, v, S), then
there are a uniquely ergodic model ()2, X, a, f") for (X, X, u, T) and a factor map
AiX—> ?whichisamodelforn X Y.

X—¢>)A(
nl \Lﬁ
YL?

It is natural to ask whether one can add some additional properties to 77. For example, in
the absolute case, Lehrer [11] showed that one can strengthen the Jewett—Krieger theorem
as follows: every ergodic system has a uniquely ergodic and topologically mixing model.
And, in [8], lots of these kinds of results are discussed.

As to the relative case, there are not too many results. As mentioned in §1,
a consequence of the Furstenberg—Weiss theorem [4] says that in Weiss’s theorem
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(Theorem 4.2) one may require 7 being almost one-to-one when Y is non-periodic.
Recently, Béguin er al showed that one can say more about 7 in Weiss’s theorem. For
example, openness can be achieved.

THEOREM 4.3. (Béguin et al [1, Theorem A.2]) If, in Weiss’s theorem, (I?, ji, D, f") isa
Cantor system, then & can be open in addition.

As mentioned in Question 1.5, it seems reasonable to add unique ergodicity in
Theorem 1.3. We also think that the following properties are reasonable to be added in
Weiss’s theorem.

Question 4.4. Ts it possible to require 7 satisfying one of following conditions in Weiss’s
theorem when Y is non-periodic and 7 is not measure finite-to-one:

(i) proximal and open;

(i) weakly mixing and RIC (relatively incontractible).

Remark 4.5.

(1) Recall that for a factor map n : (X, T) — (Y, S), & is proximal if, for all xp,
X2 € Ry ={(x, y) € X?: (x) = (y)}, x1, xp are proximal, i.e. liminf, d(T"x,
T"xp) = 0; 7 is distal if, for all x1, x, € Ry, x1, xp are not proximal; and 7 is RIC
(relatively incontractible) if it is open and for every n > 1 the minimal points are
dense in the relation

Ry ={(x1,....,x) e X" :m(x)) =m(x;),V1<i<j<n}

(2) In Question 4.4, the condition in (i) implies weak mixing, i.e. any open proximal
factor map of minimal systems is weakly mixing [6]. The difference between (i) and
(i1) is that in (i) the diagonal Ay is the only minimal set of (R, T x T'), but in (ii)
minimal points are dense in (R;, T x T).

Note that not all dynamical properties can be added in the uniquely ergodic models. For
example, Lindenstrauss showed that every ergodic measure distal system (X, X, u, T) has
a minimal topologically distal model [12]. This topological model need not, in general, be
uniquely ergodic. In other words, there are measure distal systems for which no uniquely
ergodic topologically distal model exists [12]. For more information, please refer to [8].

Acknowledgements. ~We would like to thank Prof. Wen Huang and Xiangdong Ye for
very useful suggestions. We thank the referee for the very careful reading which helped us
to improve the writing of the paper and simplify some proofs, especially Lemma 3.6. The
authors are supported by NNSF of China (11171320).

REFERENCES

[1] F. Béguin, S. Crovisier and F. Le Roux. Realisation of measured dynamics as uniquely ergodic minimal
homeomorphisms on manifolds. Math. Z. 270 (2012), 59-102.

[2] R.Ellis, S. Glasner and L. P. Shapiro. Proximal-isometric flows. Adv. Math. 17(3) (1975), 213-260.

[3] H. Furstenberg. Recurrence in Ergodic Theory and Combinatorial Number Theory (M. B. Porter Lectures).
Princeton University Press, Princeton, NJ, 1981.

https://doi.org/10.1017/etds.2014.95 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.95

1220 Z. Lian and S. Shao

[4]
[5]

(6]
(71

(8]

[91

[10]
(11]
[12]
[13]
[14]
[15]
(16]

[17]
(18]

H. Furstenberg and B. Weiss. On almost 1-1 extensions. Israel J. Math. 65(3) (1989), 311-322.

E. Glasner. Ergodic Theory via Joinings (Mathematical Surveys and Monographs, 101). American
Mathematical Society, Providence, RI, 2003.

E. Glasner. Topological weak mixing and quasi-Bohr systems. Israel J. Math. 148 (2005), 277-304.

S. Glasner and B. Weiss. On the construction of minimal skew products. Israel J. Math. 34(4) (1979),
321-336.

E. Glasner and B. Weiss. On the interplay between measurable and topological dynamics. Handbook of
Dynamical Systems. Vol. 1B. Elsevier, Amsterdam, 2006, pp. 597-648.

R. I. Jewett. The prevalence of uniquely ergodic systems. J. Math. Mech. 19 (1969-1970), 717-729.

W. Krieger. On unique ergodicity. Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics
and Probability (University of California, Berkeley, CA, 1970-1971), Probability Theory. Vol. II. University
of California Press, Berkeley, CA, 1972, pp. 327-346.

E. Lehrer. Topological mixing and uniquely ergodic systems. Israel J. Math. 57(2) (1987), 239-255.

E. Lindenstrauss. Measurable distal and topological distal systems. Ergod. Th. & Dynam. Sys. 19 (1999),
1063-1076.

D. C. McMahon. Weak mixing and a note on a structure theorem for minimal transformation groups. /llinois
J. Math. 20(2) (1976), 186-197.

V. A. Rohlin. On the fundamental ideas of measure theory. Mat. Sb. 25(67)(1) (1949), 107-150; Engl. transl.
Amer. Math. Soc. Transl. Ser. 110 (1962), 1-54.

A. Rosenthal. On strictly ergodic models for commuting ergodic transformations. Ann. Inst. Henri Poincaré
Probab. Stat. 25(1) (1989), 73-92.

W. A. Veech. Topological dynamics. Bull. Amer. Math. Soc. 83 (1977), 775-830.

B. Weiss. Strictly ergodic models for dynamical systems. Bull. Amer. Math. Soc. 13(2) (1985), 143—-146.
B. Weiss. Single Orbit Dynamics (Regional Conference Series in Mathematics, 95). American
Mathematical Society, Providence, RI, 2000.

https://doi.org/10.1017/etds.2014.95 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.95

	Introduction
	Preliminaries
	
	
	
	
	

	Proof of Theorem ??
	Weakly mixing extensions
	Finite-to-one extensions

	Unique ergodicity and questions
	Acknowledgements
	References

