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GOODNESS-OF-FIT TESTS BASED
ON KERNEL DENSITY ESTIMATORS
WITH FIXED SMOOTHING
PARAMETERS

YANQIN FAN
University of Windsor

In this paperwe study the bias-corrected test developed in([#884). Itis based on

the integrated squared difference between a kernel estimator of the unknown den-
sity function of a random vector and a kernel smoothed estimator of the parametric
density function to be tested under the null hypothéals provide an alternative
asymptotic approximation of the finite-sample distribution of this test by fixing the
smoothing parametdn contrast to the normal approximation obtained in E894)

in which the smoothing parameter shrinks to zero as the sample size grows to in-
finity, we obtain a non-normal asymptotic distribution for the bias-correctedtest
parametric bootstrap procedure is proposed to approximate the critical values of
this test We show both analytically and by simulation that the proposed bootstrap
procedure worksConsistency and local power properties of the bias-corrected test
with a fixed smoothing parameter are also discussed

1. INTRODUCTION AND MOTIVATION

LetXbe ad X 1 random variable on the measurable sgaed) with distribution
function F(x) and density functiorf(x), x € X C RY whered is a positive
integer Letfy(x, B) be a parametric density function dfthat is measurable ix
for everyp € B, a compact subset &P, and continuous ifB for everyx € X.

Supposeaindependent and identically distributéd.d.) observationsX, ..., X,

are available from the unknown distributiénwe are interested in testing

Ho: f(x) = fo(x,B8) forsomeB € B against
Hq: f(x) # fo(x,8) forall B € B.

Recently a number of papers have employed nonparametric density estima-
tors such as kernel and series estimators in constructing consistent tadgs for
againstH;. The first paper in this direction is probably the one by Bickel and
Rosenblatf1973 in which they used kernel density estimators to develop con-
| thank the Natural Sciences and Engineering Research Council of Canada and the Social Sciences and Humanities
Research Council of Canada for their suppbaim grateful to Bruce Hansedohn KnightAman Ullah a co-editoy

and two referees for helpful commenfgldress correspondence ¥angin Fan Department of Economigc&ni-
versity of WindsoyWindsor Ontario N9B 3P4Canadae-mait Fanl@uwindsoca

604 © 1998 Cambridge University Press  0266-4688 $950

https://doi.org/10.1017/50266466698145036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698145036

GOODNESS-OF-FIT TESTS 605

sistent goodness-of-fit testisater, Rosenblat{1975 and Fan(1994 extended
the Bickel-Rosenblatt test in several directioRer details about the exten-
sions and more recent referencese Fan19941997). It is well known that
for a kernel density estimator to be consistghe smoothing parameter must
decrease to zero and must not decrease too fast as the sampl@p@®aches
infinity. Similar conditions on the smoothing parameter are also adopted in
Bickel and Rosenblait1973, Rosenblat{1975, and Fan(1994. Under these
conditions they show that their test statistics are asymptotically normally dis-
tributed undeH,. Although currently there are well-developed ways of choos-
ing an optimal smoothing parameter for kernel density estimasioch methods
have not yet been developed for the corresponding.t@&éies conditions im-
posed on the smoothing parameter to validate these tests do not provide any
guidance on how its value should be chosen for a given dataveeeover
simulation studies in Fafil994 1995 show that these tests are very sensitive
to the choice of the smoothing parametEor a wide range of values of the
smoothing parametgthe true size and the nominal size of these tests can dif-
fer greatly and the test statistics can have large skewness and kurtosis exhibit-
ing behaviors more like? tests than normal tests

In this paperwe will study the bias-corrected test developed in EE994).
The main purpose is to understand the role played by the smoothing parameter
and to provide an alternative asymptotic approximation for the finite-sample dis-
tribution of this test

The bias-corrected testis basedlgth) (say defined as the integrated squared
difference between a kernel density estimator and a kernel-smoothed parametric
density estimatoin Section 2we first review the existing properties of this test
and then show thal,(h) can be written as a weighted integrated squared differ-
ence between the empirical characteristic function of the observations and the
parametric estimate of the characteristic function implied by the null madhelre
the weighting function depends on the kernel function and the smoothing param-
eter The weighting function in the alternative expressionkgh) determines the
weight given to different directions of departure from the null moBel a given
kernel function a small value of the smoothing parameter increases the weight
allocated to relatively high-frequency componeistse Sections 2 and 4 for more
detailed discussion on this pojntHence we expect that tests based on kernel
smoothing(with vanishing smoothing parametgmre more powerful against
high-frequency alternatives than tests based on empirical distribution functions
such as the Cramér—von Mises tdmicause tests based on empirical distribution
functions effectively only use information contained in the low frequen(@es
Fan 1996. On the basis of the alternative expressionJgh), we derive the
asymptotic distribution of the bias-corrected test statistic uttjefor a fixed
smoothing parameter in Section@is given by the distribution of an infinite sum
of weightedy ? random variablesT his provides a theoretical justification for the
simulation results alluded to previously Section 4we show that one can con-
struct a consistent test usidg h) without having to resort to a vanishing smooth-
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ing parametefwith respect ta). The local power properties of the resulting test
are also established in SectionSkction 5 proposes a parametric bootstrap pro-
cedure for approximating the critical values of the té¢g show both analytically
and by simulation that the proposed bootstrap procedure wbhislast section
concludes

2. THE BIAS-CORRECTED TEST

The class of kernel density estimatorsf %) is given by

0 = LS (KK L [
f(x)—nhdelK< H >—hde< H >an(u), (1)

whereK(-) is a kernel function integrating to onk is a smoothing parameter
and F,(-) is the empirical distribution function of the observatioXs..., X,
assigning mass/fh to each of theXj’s.

LetL(B)=n"1=, log fo(X;, 8) be the quasi-log-likelihood function antl
the quasi-maximum-likelihood estimat@MLE). Furtherlet 8o denote the true
value ofB whenHy is true Then undeH,, 3 is the maximum likelihood estima-
tor (MLE) of Bo. Hence underH,, the maximum likelihood estimator &f(x, 8¢)
isf(x) = fo(x,,é), which is known to be asymptotically efficient

Fan (1999 proposed a test foH, againstH; using the integrated squared
difference betweefi(x) andK,, * f (x) defined as

3 = [1700 = Kys f0i2 o
1 _ R 2
- @f”K(X—h“> dIFH(u) - F(u)]} dx, @)
where
. 1 X—U)\ .
Kp#f(X) = WIK<T>HU) du 3)

andF (u) is the distribution function correspondingfttu).
Fan(1994) showed that under appropriate conditipiidd, holds then

1
nhe/2 [Jn(h) - sz(z) dz} — 20N(0,1), in distribution

whereo? = [f2(x) dx{f[SK(uK (u+ v) du]?dv}. The conditions imposed dn
areh= h, —» 0 andnh® — o, asn — co. On the basis of this distributigfran
(1994 proposed the following bias-corrected test statistic
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nhd2 [Jn(h) - (nhd)‘lfKZ(z) dz}

Tn= 2125 ) (4)
whered? = [f2(x) dx{[[SK(u)K(u + v) du]? dv}. Hence the bias-corrected
test will rejectH, at significance levek if T, > z,, wherez, is the upper
a-percentile of the standard normal distribution

The consistency of the preceding test is based on the fact that under appropriate
conditions includingh — 0 andnh® — oo, J,(h) = [[ f(x) — fo(X, B.)]2dx +
0p(1), wherep, = Bo underH, (see assumptiofP) in Section 3 for the definition
of B.). This seems to suggest that the condition®ishould be necessary for the
consistency of any test based dyth), because after all they are necessary con-
ditions for the consistency of the kernel estimator). However an alternative
expression fod,(h) given in Lemma 21, which follows shows that these con-
ditions are not needetloreover h does not even have to dependron

LEMMA 2.1. Suppose K-) is symmetric about zeraetK(-) be the Fourier
transformof K-), i.e., K(t) = (27)~¥2fexp(it'x) K (x) dx, where = —1. Then
Jo(h) = [|C,(t) — C(t)|2K2(ht) dt, where G(t) = [ exp(it'x) d[F,(x)] is the
empirical characteristic function of the obsettions andC(t) = Cy(t, 8) =
Jexp(it’x) d[F(x)] is the characteristic function df.

Proof From the definition ofK(-), we getK(ht) = (27)~%?h~9fexp(it'x)
K (x/h) dx. Thus h?K(ht) is the Fou[ier transform df (- /h). Now, we consider
the Fourier transform df(x) — K;, * f(x): It is given by

1 ) ~ .
W fexp(lt’x)[ f(x) — K f(x)]dx

1 _ XU )
= 27)¥2nd fexp(ﬂ’x){fK(T>d[Fn(u) - F(u)]} dx
1 1 _ )
F”W feXp(“'X)K(X—hu> dX]d[Fn(u) —F(u)]

fexp(it'u)K(ht) d[Fn(u) — F(u)], (5)

where the last equality is obtained by using the resulthHEt ht) is the Fourier
transform ofK (- /h). By (2), (5), and Parseval’s identitisee Debnattl 995, we
have

2
dt

J.(h) = f ‘fexp(it’u)K(ht)d[Fn(u) - F(u)]

2
K2(ht) dt,

=f ‘fexp(it’u)d[Fn(U) - F(u]
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becauseK(-) is real given thaK(-) is symmetric This completes the proof
|

Lemma 21 shows thaf,(h) equals to a weighted integrated squared difference
between the empirical characteristic function of the observations and an estima-
tor of the characteristic function corresponding to the null mddefiC(t) denote
the characteristic function @ It is well known thatC,(t) is a consistertesti-
mator ofC(t). Also, under some regularity condition§(t) is a consistent esti-
mator ofCy(t, B8.) = fexp(it'x) fo(X, B.) dx, wheregB,. = B, underH,. Thus for a
fixed h, we would expectl,(h) — J(h) in probability whereJ(h) = [|C(t) —

Co(t, B,)|2K2(ht) dt. Given the one-to-one correspondence between distribution
functions and characteristic functignge getJ(h) = 0 andJ (h) = 0 iff Hy holds
provided that the seft € RY: K(t) = 0} has Lebesgue measure ze@onse-
quently tests based od,(h) for any fixedh would be consistent far, against

H,. One interesting implication of this is that the consistenc§(ad is not nec-
essary for developing a consistent testtigilbased o, (h). See AndersorHall,

and Titterington(1994) and Feuervergeil993 on similar observations on two
sample goodness-of-fit tests and tests for bivariate dependenmear caseit is
important that the bias df(x) be removed fromi,(h). One can easily demon-
strate that the smoothing parameter must vanish for tests based on direct com-
parison off (x) andf (x) to be consistert Of course the asymptotic distribution

of J,(h) for a fixed h and that for a decreasirtgin n are differentleading to
different critical values for tests based&ith). One apparent advantage of fixing

h is that there is a one-to-one correspondence between vallearaf the as-
ymptotic distributions ofl,,(h). Thus one would expect to obtain a better approx-
imation® of the finite-sample distribution af,(h) by its asymptotic distribution
with a fixed h than with a vanishing.

The alternative expression stated in Lemniaaso facilitates the application
of the tests based qRj(h) to testing the goodness-of-fit of the Stable law family
for which closed-form expressions exist for the characteristic function but do not
exist for the distribution functianThis possibility will be explored elsewhere

For both notational compactness and generatitthe remainder of this paper
we will study asymptotic properties of tests fég based on the general weighted
integrated squared difference betwe®y-) andC(-), i.e.,

Jo= f |Ca(t) — C(O[2W(1) dt, (6)

whereW(-) is a non-negative weighting function

If we chooseéw(t) = K2(ht) in (6), thenJ, = J,(h). The Cramér—von Mises test
corresponds td, with W(t) = t 2, which severely down weights high-frequency
componentsin general by choosing a different weighting functioi(-), one
can direct power of the test based &rtoward different directions of departure
from the null model
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3. THE ASYMPTOTIC DISTRIBUTION

We first collect the assumptions to be used to derive the asymptotic distribution
of J,.

Assumption(W). The weighting functioV(-) is integrable and satisfies the
condition that the seft € RY: W(t) = 0} has Lebesgue measure zero

Assumption( fy). The parametric density functidpis differentiable with re-
spect tg3 up to the second ordgnclusive such that the following conditions are
satisfied (i) for almost allx € X, D?f,(X,-) is continuous in a neighborhood of
Bo; (i) there exists a neighborhodd( 8,) of By such that for almost ak € X and
all B8 € M(By), every element oD 2fy(x, 8) is bounded by an integrable function
M (x); (iii) each element dbfy(x, Bo) is absolutely integrablavhereD andD?
are the first- and second-order differential operators with respegt to

Assumption(P). There exist, € B such thaj3 — 3, almost surely and

R 1 n

B—B.= _AB.) " X Dlog fo(Xj, B.) + 0p(n"*2),
j=1

whereA(B,) = E[D?log fo(Xj, B.)]. Here and in what followsexpectations are

taken with respect to the true distribution functiomless otherwise stated

The first assumption ensures tat [|C(t) — Cy(t, B.)|2W(t) dtis a distance
measure betweed(-) andCy(-, B8..). Consequentlyit is also a distance measure
betweenf (-) andfy(-, B.). For the bias-corrected teshis assumption is satis-
fied, provided that the kernel functio(-) is symmetric about zeras square
integrable and integrates to one such that its Fourier transfié(n) satisfies the
condition that the sdt € R: K(t) = 0} has Lebesgue measure zéviost of the
commonly used kernel functions such as the uniform kethelstandard normal
kernel the triangular kernekhe double exponential kerpelnd the Epanechni-
nov kernel satisfy this conditiofhe last two assumptions are introduced here to
examine the effect of estimatirfg(x, 8.) by f(x) on the asymptotic distribution
of J,. The validity of the last assumptigAssumption P)) was verified by White
(1982 under certain regularity conditionand 8., was shown there to be the
parameter vector that minimizes the Kullback—Leibler information criterion
(KLIC) between the true distribution of the data and the parametric distribution
with density functionfy(x, 8) (for details see White 1982. If the parametric
distributionfy(x, 8) correctly specifies the true distribution of the date., Hy
holds theng.. = B, the true value oB. If Hyis not trug thenpg,. can be regarded
as a “pseudo-true” value ¢@f. Throughout the rest of this papeve assume the
corresponding conditions in Whitd982 are satisfiedso that AssumptioiiP)
holds
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It follows from (6) that

2

anf fcos(t’x)d[Fn(x)— F(x)] + ifsin(t’x)d[Fn(x) — F(x)]| W(t) dt
= f{fcos(t'x)d[a(x) - If(x)]}ZW(t)dt

+f{ fSin(t'X)d[Fn(X) - If(X)]}ZW(t)dt (7)
Let
. 2
|n = f{ fCOit,X) d[Fn(X) — FO(X,BO)] — /*L(t)(,B _ BO)} W(t) dt

R 2
+ | { i Sin(t’X)d[Fn(X)—Fo(X,Bo)]—v(t)(B—Bo)}W(t)dt, @®)

whereu (t) = [ cos(t’x)D'fo(X, Bo) dxandv(p = fsin(t’x)l?’fo(x,ﬂo) dx.
By Taylor series expansignwe get f(x) = fo(x,8) = fo(X, Bo) +

D'fo(X, Bo) (B = Bo) + (B — Bo)'D2fo(x, B)(B — Bo)/2, wheref is betweens
and B,. Substituting this intd7) and collecting terms yield

31l = =0 [ { [ costtrx) aLF 0 ~ Fox o)l - (b1 4 - /3@}
x {(ﬁ ~ By [ costDitx, 3 ax(f - Bo)]W(t) dt
- {(3 ~ By | costtrD?Ho(xB) ax( - Bo)]ZW(t) dt
-nf { [ sintx0 41700 = Fotx o)) - v(t) (8 —Bo)}
x {(ﬁ - Boy [ sint0Dtx, 3) 0x(f - 30>]W<t> dt

n . . ) _ . 2
+ Zf[(ﬁ_ﬁo) fsm(t x)D fo(X,ﬁ)dX(ﬁ_Bo)} W(t) dt
E—|1+%|2_|3+%|4. (9)

We will show in the following lemma thd{ = o,(1) for j = 1,2,3,4.
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LEMMA3.1. Upder Hy, n[J, — I,] = 0,(1), provided that Assumption@V),
(fo) hold andyn(B — Bo) = Op(1).

Proof First we considet;. Let a,(t) = [ cos(t'x) d[F.(x) — Fo(X, Bo)] and
ba(t) = f cost’x)D?fy(x, B) dx. Then from (9), it follows that

I, = [VA(B — Bo)'] f [an (1) by ()]W(t) dt[vR(B — Bo)]

~ (B~ By | WOLM(E - B IO OWR AVI(E - Bl (10)

Now, for any fixedt, a,(t) converges to zero almost surely undkyby the
strong law of large numbergé\so, |a,(t)| = 2. By Assumption( f,) and the
dominated convergenpse haveb,(t) converges tg cos(t’x) D 2fo(X, Bo) dxand
the absolute value of each elemenbgft) is bounded by M (x)dx < co. Hence
a,(t)b,(t)W(t) converges to zero and the absolute value of each of its elements
is bounded byMW(t), whereM is a positive generic constariloreover As-
sumption(W) implies that/W(t) dt < co. Hence by applying the dominated
convergence agajmwe getfa,(t)b,(t)W(t) dt converges to zetd hus the first
term on the right-hand side ¢£0) is 0,(1), becausemn( — Bo) = Op(1). Similar
arguments lead to the conclusion that the second te@y(is™"/?). Thus I, =
0,(1).

pForlz, note that, = N~ [vA(B — Bo)ba(t)VA(B — Bo)]2W(t) dt= O (n‘l)
Similarly, one can show thdg = 0,(1) andl, = Oy(n~1).

One implication of Lemma.3 is thatnJ, has the same asymptotic distribution
asnl, under the null hypothesig he effect of estimating, by 3 on the asymp-
totic distribution ofnJ, is captured by the two terms witta(t) andv(t) on the
right-hand side of8). In particular the asymptotic distribution of the bias-
corrected test with a fixed smoothing parameter is affected by the estimation of
Bo. This is in sharp contrast to the case of a vanishing smoothing parameter
analyzed in Far1994).

To derive the asymptotic distribution of,,, we note from8) and Assumption
(P) that

1 n 2
I, = f{ﬁ >atX)+ M(t)op(n—l/z)} W(t) dt

=1

10 :
+ f{ﬁ S b(t, %) + v(t)op(nl/z)} w(t) dt (11)

=1
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where

a(t, Xj) = cos(t'X;) —fCOS(t'X) fo(X, Bo) dx — (1) A(Bo) *D log fo(X;, Bo),
(12)

b(t,X;) = sin(t'X;) —fsin(t’x) fo(X, Bo) dx — v(t)A(Bo) 1D log fo(Xj, Bo).
(13)

Let

1N 2 1N 2
19 = f{ﬁ jZla(t,xj)} W(t) dt+f[5121b(t,xj)] W(t) dt. (14)
We have the following result

LEMMA3.2. Under H, n[1,—19]= 0p(1), if AssumptiongW), ( fo), and(P)
hold.

Proof LetJ; andJ, be the firstand second terms on the right-hand sid&bf
respectivelyThen

n 2 n
nJ = nf[} > at X )] W(t) dt + 20p(n1/2)f[} > aft, xj)},u(t)W(t) dt
nj:l nj:]_

+ 0p(1) f p2(HW(H) dt. (15)

LetY,=n"Y23, fa(t, X;) u(t)W(t) dt. Itis easy to see that undelp, E[Y,] =
0 and VafY,] = Var[ fa(t, X;) u(t)W(t) dt] < co. Hence Y, = O,(1). Thus from
(15), it follows that

1N 2
ny = nf{ﬁjzla(t, X,-)] W(t) dt + 0,(1),

because the second term on the right-hand sid@®fequalso,(1) Y, = 0,(1).
Similarly, one can show that

10 2
nk = nf[ﬁ,El b(t, Xj)} W(t) dt + 0,(1). [

In view of Lemmas 3L and 32, we only need to consider the asymptotic dis-
tribution ofnl2. To this endnote that ? can be decomposed into the sum of two
terms one a degeneratg-statistic that determines the form of the asymptotic
distribution ofl 2 and the other term that provides the appropriate center for the
asymptotic distribution of?:
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1
— > >, | [a(t, X)a(t, X,) + b(t, X)) b(t, X,)]W(t) dt

n ik

+ iz > f[az(t, X;) + b2(t, X, )JW(t) dt
LI

1 1

= 2 2 POX, %) + = 2 P(X, %)

n= == j=k n==

=U,+ S, (16)

where

P(x,y) = f[a(t, x)a(t,y) + b(t, x)b(t, y)JW(t) dt.

Observe thaP(x, y) is a symmetric function anfiP(x, y) fo(X, Bg) dx= 0 un-
der Hy. Hence U, is a degenerat¥l-statistic whose kernel function does not
depend om. Supposd [ P2(x, ) fo(X, Bo) fo( Y, Bo) dx dy< oo; then Theorem 1in
Lee(199Q p. 79) implies that undeH,, nU, converges in distribution to a random
variable of the forn®;~, A,(Z2 — 1), whereZ,,Z,,... are independent standard
normal random variables and thgs are the eigenvalues of the integral equation

JP(XL X2)h (X2) dFp(X2, Bo) = A (Xq). (17)

Now we analyzes,. Note thain§, is a sample average afi.i.d. random vari-
ables {P(X;, X)}jL1. By the strong law of large numbemsS, — E;[nS,] — 0
almost surelyprovided thaEg[ |P( X4, X1)|] < oo, whereEy[ - ] is the expectation
of - with respect tdo(X, Bo). Thus NS, = Eo[ P(Xy, X1)] + 0,(1).

In addition becaus&;>; A, = Eg[ P(Xy, X;1)] by Dunford and SchwartA963
p. 1087, we have our main resulprovided we can verify the following two
conditions [ P2(X,y) fo(X, Bo) fo( Y, Bo) dx dy << co and [|P(x, X)| fo(X,80) dx <
co. Noting that

la(t, )| =2+ | () A(Bo) *Dlog fo(x, Bo)|
[b(t,x)] = 2+ [v() A(Bo) D log fo(x, Bo)l,

one can easily show that the preceding two conditions are satisfied under the
assumptions stated in Theoren3,3vhich follows

THEOREM 33. Under H, and AssumptiorfW), nl? — Eg[P(Xy, X1)] —
Sl 1A,(Z2—1). Or equialently, nl? — =2, A, Z2. Morewer, if Assumptions
(fo) and(P) hold, then nJ — =2, A, Z2 in distribution

For the bias-corrected test witti(t) = K?(ht) in (6), the degeneratd-statistic
U, in (16) may depend on through the dependence of the smoothing parameter

https://doi.org/10.1017/50266466698145036 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466698145036

614 YANQIN FAN

honnin such away that it has an asymptotic normal distribu{s®se Section 2
Howeverif his fixed, then Theorem 3 implies that the asymptotic distribution
in nJ,(h) is not normal Moreover it follows from (17) that in generalthe
eigenvalues\, will depend onh. Thus the distribution of the random variable
>4 A, Z2will also depend o, which implies that for a given significance level
a, the critical value of the asymptotic distribution od,(h) will be different for
different values oh. There is one critical value for one and only one valub.dfi
view of this and the fact that the asymptotic distributiomdf(h) for a fixedh is
affected by the estimate gf (as would be the case for finite sampleme would
expect that the distribution &, ; A, Z2would provide a better approximation to
the finite-sample distribution atfJ,(h) than the corresponding normal distribu-
tion (see also note)4

IngeneralA, will depend on the unknown paramefgt Exceptin simple cases
itis extremely difficult to solveé17). However the eigenvalues, from (17) may
be consistently estimatddee Silverman1996. Given the estimates of the ei-
genvaluesA, (say), one can then use one of the following two distributions to
approximate the distribution @}, (i) the distribution of=)_; A, Z2, whereV is
a finite positive integetsee Gregoryl980; (ii) the distribution oSy 1A, Z2+
kx{7, Wherex{; denotes & ? random variable with degrees of freedom arid
andl are chosen such that the first two moment& 3, AvZ2+ ky#; match those
of 3521 A, Z2 (see DurbinKnott, and Taylor 1975. Other methods may also be
used to approximate the distribution or critical values&f These include the con-
ditional Monte-Carlo approach of Hansé€®96 and the application of case-
invariant upper bounds of the critical values given in Bierens and Plob@rg@r)
(for details about both approachese Bierens and Ploberg&®97). In Section 5
we propose a parametric bootstrap procedure and show that it works

Let C, denote an estimate of thepercentile of the distribution of the random
variableX;2, A, Z2 obtained by one of the methods we just mentiadstorem
3.3 suggests the following asymptotic tdsor each givem, the test will rejecH,
at significance leved, if

T,=nJ,>C,.

4. CONSISTENCY AND LOCAL POWER PROPERTIES

For a fixed alternative distributioR(x) # Fy(x, 8) for all 8 € B, it follows from
Assumptiong W), (P), and the dominated convergence that> J= [|C(t) —
Co(t, B.)|2W(t) dt > 0. Thus for a given significance levet,

P(T,>C,) =PJ,>n'C,) ->PJ>0=1

THEOREM 41. Suppose that Assumptiof\%) and(P) hold. Then the test,T
is consistent
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One implication of Theorem.4 is that the bias-corrected test with a fixed
smoothing parameter is consistent

To investigate the local power property of tdstwe make use of the concept
of contiguity of one sequence of probability measures to the dtle¢P, andQ,
be two sequences of probability measures defined on measurable 6pacds),

n = 1, respectivelylf for any sequence of evenf#\.}, A, € A, [P.(An) — 0]
implies[Q,(A,) — 0], we say thaQQ, are contiguous t®,. For a detailed dis-
cussion on thissee Hajek an&idak(1967).

One of the most useful properties of contiguity is that any sequence of random
variables converging to zero B probability converges to zero @, probability
asn — oo.

ForA € A, definePy(A) = [ieafo(X, Bo) dxandP,(A) = [,eaf(X) dx. Con-
sider a Pitman alternative distribution with density function

f(x) = fa(x) = fo(x, Bo)[1+ N~ Y28,(x)], (18)

for some converging sequengg-) in L,(X, A, Py) with §,,(+) — 6(-).

From well-known criteria for contiguitiseee.g., Roussasl 972, it follows that
the sequence of probability measuRs= P, X --- X B, (n-timeg, n=1, is con-
tiguoustaPf =Py X --- X Py(n-timeg, n=1. Because LemmasBand 32 imply
thatn(J, — 1.9) converges to zero iR§ probability (or underH,), it follows from
the contiguity ofP{] to P§ thatn(J, — 1,2) also converges to zero Rf} probability
(orunder(18)). HencenJ, has the same asymptotic distributiom&Sunder(18),
wherenl? = nU, + nS, with U, andS, defined in(16). By Theorem 21 in Gregory
(1977, we havenU, converges in distribution t8,-, A,[(Z, + a,)%> — 1] under
(18), wherea, = [ 5y, dP,. By contiguity again and the proof of Theoren33wve
getn§, = Eo[ Pn(Xy, X;1)] + 0,(1). Hence we obtain the following theorem

THEOREM 42. Suppose assumptions in Theor8® hold. For local alter-
natives satisfyind18), T, = nJ, corverges in distribution t&;-, A,(Z, + a,)?,
where a = [y, dP,, A, andy, are eigemalues and eigenfunctions of the inte
gral equation(17).

From independence &,, v = 1,2,..., and the fact that for a normal random
variableZ, (Z + a)? is stochastically larger thai? for a # 0, it follows that
S 1A,.(Z, + a,)? is stochastically larger thaB;~, A, Z2, provided that, # 0
for at least one. This and Theorem.2 imply the unbiasedness of our test for
Pitman alternatives ifl.8). For the bias-corrected te#his shows that tests based
on fixed smoothing parameters have comparable power as parametric tests in the
sense that they are able to detect Pitman local alternatives that differ from the null
by O(n~%2) and hence are asymptotically more powerful than those based on
decreasindp against Pitman local alternativédsowever we note that the power
advantage of the bias-corrected test with a fixed smoothing parameter is with
respect to the class of Pitman local alternativiéen (1994 considered another
class of local alternatives wheg(-) in (18) does not settle down to a well-
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behaved functioyinstead it has many spikes and changes rapidly with respect to
n. It is shown there that the bias-corrected test with a vanishing smoothing pa-
rameter has nontrivial power against such alternatives that differ from the null by
o(n~Y2), as long as the smoothing parameter is chosen to vanish at an appropri-
ate rate Hence for high-frequency alternativethe bias-corrected test with a
vanishing smoothing parameter may be more powerful than the corresponding
test with a fixed smoothing parameter

The preceding result can easily be understood by the alternative expression for
Jn(h) given in Lemma 2L. Recall from Lemma 2 thatJ,(h) = [|C,(t) —
C(1)|2K2(ht) dt, i.e., W(t) = K2(ht) in (6). For a given kernel functiok (-) and
a fixed smoothing parametbyW(t) — 0 as|t| — co. Hence the weight given by
W(t) to high-frequency componen(isorresponding to largé|) is small For two
values of the smoothing paramelgrandh, (say) with h; < h,, we haveh,|t| <
h,|t|. Hence a small value oth tends to increase the weight given to high-
frequency components

5. THE PARAMETRIC BOOTSTRAP

Suppose AssumptiofP) holds Thens — . almost surely whether or néty is

true Hencef (x) = fo(x, 8) mimicsfy(x, B.) whether or noH, is true Noting that

Ho is a composite hypothesis afydx, 8..) belongs tdH,, we propose the follow-

ing parametric bootstrap procedure to approximate the critical valugs-ofJ,,
where the bootstrap samples are drawn from the parametric distribution with
density functiorf (x) = fo(x, B).

Step 1 Draw a random sample of size {X;*}|L; (say), from the distribution with
density functiorf (x). This is the bootstrap sampldence conditional on the random
sample{X;}jL, the bootstrap sample satisfielg with 8 = B.

Step 2 Use the bootstrap sampl¥;*};.; in place of the dat&X;};_, to computeT, and
callit T, i.e,

Ti=nJ=n f |Ca(t) — C*(1)[2W(t) dt,

whereCi(t) =n~* ZJL; exp(it’X*) andC*(t) = [ expl(it'x) fo(x, %) dxwith 3* the
maximum likelihood estimator based on the bootstrap sarnipkedistribution ofT;;
conditional on the random samp|¥; };, is called the bootstrap distribution f.

Step 3 To approximate the bootstrap distributionf we repeat Step 1 and Step 2
for a large number of timesayB times and obtain the empirical distribution of
Ti,..., Tas (say. This empirical distribution estimates the bootstrap distribution
of T,.

Let C,(B) be the upper-percentile of the precgding bootstrap distribution
We will rejectH, at significance level if T, > C,(8). We now show that the
preceding bootstrap procedure works under the additional assunptipmhich
follows.
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Assumption(P¥*).
R .1 n .
B =B =_ApB)" _21D log f(X)) + 0p-(n"2),
iz

whereA(B3) = E*[D2log fo(X*, )] andE*[ - ] is the expectation of conditional
on the random sampleX; }i- ;.

THEOREM R/1. Suppose AssumptioigV), ( fy), (P), and (P*) hold. Then
L*(T) corverges to the same limit a&(T,| fo(X, 8:)) almost surely where
L*(Ty) is the distribution of T conditional on the random sample;}L,
and L(T,| fo(x, B,)) is the distribution of Twhen the random sample is gener
ated from the distribution with density functiog(X, 8..).

Proof Under the assumptions stated in the theqgrene can easily show by
following the proofs of Lemmas.3 and 32 thatT; — nl0 = 0p+(1), where

2

11 2 1 n
*0 . A * Ea ;
ni f[mgla(t,xJ )] W(t)dt+f|:mj_zlb(t,xj )] W(t)dt,  (19)

a(t, Xj) = cos(t'X") —J‘cos(t’x)fA(x) dx— a(t)A(B) D log fo(X*, B), (20)

b(t, X) = sin(t'X}") —fsin(t’x) f(x)dx— 0(t)A(B) D log fo(X*, B),  (21)

with 4 (t) = [ cos(t’x)D’fo(x, B) dxandi(t) = f sin(t'x)D'fo(x, B) dx.

Hencewe only need to analyz&*(nl:°). The limiting distribution ofl,:° con-
ditional on the random samp{&; }iL; can be derived in a similar way to that of
nl2 by using results on degenerafestatistics However to show thatZ *(nl,:)
converges to the same limit @& T,| fo(x, B.)) or equivalentlyZ(nl?| fo(x, 8.))
almost surelyit is more convenient to analyze the weak convergence of Hilbert
space-valued random sequenge¥? 3. ; (-, X;"), wherel = a,b.

By Theorem 1(b in Ledoux and Talagrand 991, we getn 723, &(-, X/")
converges weakly t#,, whereZ, = Z,(-) is aL,(R?)-valued Gaussian random
elementwith mean function 0 and covariance funcignR? x R? — R* given by

Sa(st) = E*[A(t, X5)a(s Xi)]

= fcos(t’x) cos(s'x) f(x) dx — [fcos(t’x) fA(x)dx}
X [J‘cos(s’x)f(x) dx}
- ,a(s)A(B)‘lfcos(t’x) f(x)D log f(x) dx

- ﬂ(t)A(B)‘lfc:OS(s’X) f(x)Dlog f(x) dx+ a(t) A(B) 4’ (s).
(22)
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Similarly, one can show that 2., b(-,X)) converges weakly t&,
with covariance functiort,, whereX, is defined in(22) with a replaced byb
andu by v.

It follows from the continuous mapping theorem tigt(nl;:°) converges to
[[Za(0O]2W(t) dt + [[Zp(t)]2W(t) dt. In view of (22) and the almost sure con-
vergence of@ to B,, one can easily obtain the almost sure convergence of
JTZa(1PW(t) dt + JTZp(H)]PW(H) dt to [Za()]PW(t) dt + [[Zp(H)]?W(1) dt,
whereZ,(-) andZy(-) are respectivelyL,(R%)-valued Gaussian random ele-
ments with mean functions 0 and covariance functibpands, that are defined
similarly to 3, and3, with 3 replaced by3,. Applying Theorem 1( in Ledoux
and Talagran1991) and the continuous mapping theorem againiff itis easy
to see thaf[ Z,(t)]?W(t) dt + [[Z,(t)]?W(t) dtis indeed the limiting distribu-
tion of n12 when the random sample is generated from the distribution with den-
sity functionfy(x, B.). |

Itis important to note that Theoremi5holds whether or ndtyis true If Hyis
indeed truetheng,. = B,. Hence Theorem.% implies that undeir, the bootstrap
distribution ofT,,, £*(T,), converges to the asymptotic null distributionTgfal-
most surelywhich ensures that the asymptotic significance level of th@tdstsed
on the bootstrap critical valu@,(3) is indeedw. If Hy is not true then Theorem
5.1 implies that the bootstrap critical val@a(8) converges t€,(8.), which®is
the uppewr-percentile of the asymptotic distribution @fwhen the random sam-
pleis generated from the distribution with density functigix, 8..). In view of the
factthatHyis a composite hypothesis afa@x, 8..) belongs td1,, Theorem 5l jus-
tifies the parametric bootstrap procedure and ensures that the resulting test has
power(is consistent See Andrew$1997) for a similar discussion

To illustrate the preceding bootstrap proceduve have applied it to testing
univariate normality by the bias-corrected t&gth) = nJ,(h) with the standard
normal kernel functionThe smoothing parameter is taken tate hy Xs4, where
Xsqis the standard deviation of the random sample; ; andh, equals 25, 0.5,
0.75, and 100. In the simulation experimenthe number of replications is 500
and the number of bootstrap replications )8QD. The results fon = 50 andn =
100 are reported in Table As is expectegthe rejection frequencies are not far
from the sizes of the test

6. CONCLUSION

In this paperwe provide an alternative asymptotic distribution for the bias-
corrected test in Fa(il994) by fixing the smoothing parametddnlike in Fan
(1994, the asymptotic distribution obtained in this paper is non-noygiaén by

that of an infinite weighted sum of? random variablesThis is in agreement
with the existing simulation results indicating that kernel-based tests are more
like x?2 tests than normal test& parametric bootstrap procedure is proposed to
obtain critical values for the testVe show both analytically and by simulation
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TaBLE 1. Rejection frequencies

n=50 n=100
ho 1% 5% 10% 1% 5% 10%
0.25 0010 Q054 Q120 Q012 Q054 Q094
0.50 0010 Q052 Q118 Q014 Q052 Q092
0.75 0010 Q056 Q118 Q014 Q054 Q094
1.00 0010 Q058 Q110 Q014 Q046 Q096

that the proposed bootstrap work8e also analyze the consistency and local
power properties of the bias-corrected test with a fixed smoothing parameter
Several extensions of the current paper are straightforviFnst, one can eas-
ily extend the results in this paper to near-epoch-dependent processes by using
the central limit theorem for Hilbert space—valued near-epoch-dependent pro-
cesses in Chen and Whi(&997). Secondif the random variable is symmetric
about the originthen one can test the functional form of its density function by
using only the real part of the characteristic functi®pecifically one can use the
test based off,s = nf{J cos(t’x)d[F,(x) — F(x)]}2W(t) dt. The properties of
this test are similar to those @f,. Last one can usd, to construct tests of the
goodness-of-fit of the Stable law family for which closed-form expressions exist
for the characteristic function but do not exist for the distribution functiothis
caseit is more convenient to estimaf directly from the empirical character-
istic function than from the density functioBee Feuerverger and McDunnough
(198109 for details on estimating the Stable law family based on the empirical
characteristic function

NOTES

1. Itis called the bias-corrected test statistic because urgehe expected value of the kernel
estimatef(x) is Ky * fo(X, Bo), a consistent estimator of which g, = f(x).

2. See Feuerverger and Mureiked77) and Feuerverger and McDunnoud!981a1981h for the
investigation of the asymptotic properties of the empirical characteristic function including consis-
tency and the asymptotic distribution

3. For exampleconsider tests based on the integrated squared difference befix¢amdf (x).

One can easily show that

f[ ) = f(x]? dx = (277)'dflCn(t)[(Zﬂ)d”K(ht)] - Cl*dt

Hence to construct a consistent test usfiid(x) — f(x)]2dx, the smoothing parametérmust ap-
proach zero so thd€(ht) — (27) %2 asn — .

4. In fact one can show that the rate of approximation of the finite-sample distributids(lof
underHy by its asymptotic distribution with a fixeldis of ordem~%2 whereas that by its asymptotic
distribution with a vanishing is of orderh®2 Obviously n=%2 = o0(h%?) givennh? — co.
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5. The power difference between the bias-corrected tests with fixed versus vanishing smoothing
parameters is asymptotic in natuhe practice for a given data set with a fixed sample siealy one
value of the smoothing parameter will be us@dce adjustment is made for sjtiee power difference
between the two tests will disappe&towever one may infer from the preceding comparison that
relatively speakinga small value of the smoothing parameter may lead to large power for high-
frequency alternatives and a large value of the smoothing parameter may lead to large power for
low-frequency alternatives

6. Note that the bootstrap critical value approximates the asymptotic critical @aly&.), which
depends on the value @.. This simply reflects the fact that the test basedlpis not distribution
free
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