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In this paper,we study the bias-corrected test developed in Fan~1994!+ It is based on
the integrated squared difference between a kernel estimator of the unknown den-
sity function of a random vector and a kernel smoothed estimator of the parametric
density function to be tested under the null hypothesis+We provide an alternative
asymptotic approximation of the finite-sample distribution of this test by fixing the
smoothing parameter+ In contrast to the normal approximation obtained in Fan~1994!
in which the smoothing parameter shrinks to zero as the sample size grows to in-
finity, we obtain a non-normal asymptotic distribution for the bias-corrected test+A
parametric bootstrap procedure is proposed to approximate the critical values of
this test+We show both analytically and by simulation that the proposed bootstrap
procedure works+ Consistency and local power properties of the bias-corrected test
with a fixed smoothing parameter are also discussed+

1. INTRODUCTION AND MOTIVATION

LetXbe ad31 random variable on the measurable space~X,A! with distribution
function F~x! and density functionf ~x!, x [ X , Rd, whered is a positive
integer+ Let f0~x,b! be a parametric density function onX that is measurable inx
for everyb [ B, a compact subset ofRp, and continuous inb for everyx [ X+
Supposen independent and identically distributed~i+i+d+! observations,X1, + + + ,Xn,
are available from the unknown distributionF, we are interested in testing

H0: f ~x! 5 f0~x,b! for someb [ B against

H1: f ~x! Þ f0~x,b! for all b [ B+
Recently, a number of papers have employed nonparametric density estima-

tors such as kernel and series estimators in constructing consistent tests forH0

againstH1+ The first paper in this direction is probably the one by Bickel and
Rosenblatt~1973! in which they used kernel density estimators to develop con-
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sistent goodness-of-fit tests+ Later, Rosenblatt~1975! and Fan~1994! extended
the Bickel–Rosenblatt test in several directions+ For details about the exten-
sions and more recent references, see Fan~1994,1997!+ It is well known that
for a kernel density estimator to be consistent, the smoothing parameter must
decrease to zero and must not decrease too fast as the sample sizen approaches
infinity+ Similar conditions on the smoothing parameter are also adopted in
Bickel and Rosenblatt~1973!, Rosenblatt~1975!, and Fan~1994!+ Under these
conditions, they show that their test statistics are asymptotically normally dis-
tributed underH0+ Although currently there are well-developed ways of choos-
ing an optimal smoothing parameter for kernel density estimation, such methods
have not yet been developed for the corresponding tests+ The conditions im-
posed on the smoothing parameter to validate these tests do not provide any
guidance on how its value should be chosen for a given data set+ Moreover,
simulation studies in Fan~1994,1995! show that these tests are very sensitive
to the choice of the smoothing parameter: For a wide range of values of the
smoothing parameter, the true size and the nominal size of these tests can dif-
fer greatly and the test statistics can have large skewness and kurtosis exhibit-
ing behaviors more likex2 tests than normal tests+

In this paper, we will study the bias-corrected test developed in Fan~1994!+
The main purpose is to understand the role played by the smoothing parameter
and to provide an alternative asymptotic approximation for the finite-sample dis-
tribution of this test+

The bias-corrected test is based onJn~h! ~say! defined as the integrated squared
difference between a kernel density estimator and a kernel-smoothed parametric
density estimator+ In Section 2, we first review the existing properties of this test
and then show thatJn~h! can be written as a weighted integrated squared differ-
ence between the empirical characteristic function of the observations and the
parametric estimate of the characteristic function implied by the null model,where
the weighting function depends on the kernel function and the smoothing param-
eter+The weighting function in the alternative expression forJn~h! determines the
weight given to different directions of departure from the null model+ For a given
kernel function, a small value of the smoothing parameter increases the weight
allocated to relatively high-frequency components~see Sections 2 and 4 for more
detailed discussion on this point!+ Hence, we expect that tests based on kernel
smoothing~with vanishing smoothing parameters! are more powerful against
high-frequency alternatives than tests based on empirical distribution functions
such as the Cramér–von Mises test, because tests based on empirical distribution
functions effectively only use information contained in the low frequencies~see
Fan, 1996!+ On the basis of the alternative expression forJn~h!, we derive the
asymptotic distribution of the bias-corrected test statistic underH0 for a fixed
smoothing parameter in Section 3+ It is given by the distribution of an infinite sum
of weightedx2 random variables+ This provides a theoretical justification for the
simulation results alluded to previously+ In Section 4, we show that one can con-
struct a consistent test usingJn~h! without having to resort to a vanishing smooth-
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ing parameter~with respect ton!+ The local power properties of the resulting test
are also established in Section 4+ Section 5 proposes a parametric bootstrap pro-
cedure for approximating the critical values of the test+We show both analytically
and by simulation that the proposed bootstrap procedure works+ The last section
concludes+

2. THE BIAS-CORRECTED TEST

The class of kernel density estimators off ~x! is given by

Df ~x! 5
1

nhd (
j51

n

KSx 2 Xj

h D5
1

hd EKSx 2 u

h D dFn~u!, (1)

whereK~{! is a kernel function integrating to one, h is a smoothing parameter,
and Fn~{! is the empirical distribution function of the observationsX1, + + + ,Xn

assigning mass 10n to each of theXj ’s+
Let L~b! [ n21 (j51

n log f0~Xj ,b! be the quasi-log-likelihood function andZb
the quasi-maximum-likelihood estimator~QMLE!+ Further, letb0 denote the true
value ofb whenH0 is true+ Then underH0, Zb is the maximum likelihood estima-
tor ~MLE ! of b0+Hence, underH0, the maximum likelihood estimator off0~x,b0!
is Zf ~x! [ f0~x, Zb!, which is known to be asymptotically efficient+

Fan ~1994! proposed a test forH0 againstH1 using the integrated squared
difference betweenDf ~x! andKh p Zf ~x! defined as

Jn~h! 5E@ Df ~x! 2 Kh p Zf ~x!# 2 dx

5
1

h2d EHEKSx 2 u

h D d @Fn~u! 2 ZF~u!#J2

dx, (2)

where

Kh p Zf ~x! 5
1

hd EKSx 2 u

h D Zf ~u! du (3)

and ZF~u! is the distribution function corresponding toZf ~u!+
Fan~1994! showed that under appropriate conditions, if H0 holds, then

nhd02FJn~h! 2
1

nhd EK 2~z! dzGr 2sN~0,1!, in distribution,

wheres2 5 * f 2~x! dx$*@*K~u!K~u1 v! du# 2 dv%+ The conditions imposed onh
areh [ hn r 0 andnhd r `, asn r `+ On the basis of this distribution, Fan
~1994! proposed the following bias-corrected test statistic:1
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ETn 5

nhd02FJn~h! 2 ~nhd!21EK 2~z! dzG
2102 Is

, (4)

where Is2 5 * Df 2~x! dx$*@*K~u!K~u 1 v! du# 2 dv%+ Hence, the bias-corrected
test will rejectH0 at significance levela if ETn . za, whereza is the upper
a-percentile of the standard normal distribution+

The consistency of the preceding test is based on the fact that under appropriate
conditions includingh r 0 andnhd r `, Jn~h! 5 *@ f ~x! 2 f0~x,b*!# 2 dx 1
op~1!, whereb*5 b0 underH0 ~see assumption~P! in Section 3 for the definition
of b*!+ This seems to suggest that the conditions onh should be necessary for the
consistency of any test based onJn~h!, because after all they are necessary con-
ditions for the consistency of the kernel estimatorDf ~x!+ However, an alternative
expression forJn~h! given in Lemma 2+1, which follows, shows that these con-
ditions are not needed+ Moreover, h does not even have to depend onn+

LEMMA 2 +1+ Suppose K~{! is symmetric about zero+ Let PK~{! be the Fourier
transform of K~{!, i+e+ , PK~t!5 ~2p!2d02*exp~it 'x!K~x! dx,where i2[21+Then,
Jn~h! 5 *6Cn~t! 2 ZC~t!62 PK 2~ht! dt, where Cn~t! [ * exp~it 'x! d @Fn~x!# is the
empirical characteristic function of the observations and ZC~t ! [ C0~t, Zb! [
*exp~it 'x! d @ ZF~x!# is the characteristic function ofZF+

Proof+ From the definition of PK~{!, we get PK~ht! 5 ~2p!2d02h2d*exp~it 'x!
K~x0h! dx+ Thus, hd PK~ht! is the Fourier transform ofK~{0h!+ Now, we consider
the Fourier transform ofDf ~x! 2 Kh p Zf ~x!: It is given by

1

~2p!d02 Eexp~it 'x!@ Df ~x! 2 Kh p Zf ~x!# dx

5
1

~2p!d02hd Eexp~it 'x!HEKSx 2 u

h Dd @Fn~u! 2 ZF~u!#J dx

5
1

hd EF 1

~2p!d02 Eexp~it 'x!KSx 2 u

h D dxGd @Fn~u! 2 ZF~u!#

5Eexp~it 'u! PK~ht! d @Fn~u! 2 ZF~u!# , (5)

where the last equality is obtained by using the result thathd PK~ht! is the Fourier
transform ofK~{0h!+ By ~2!, ~5!, and Parseval’s identity~see Debnath, 1995!,we
have

Jn~h! 5E *Eexp~it 'u! PK~ht! d @Fn~u! 2 ZF~u!#*
2

dt

5E *Eexp~it 'u! d @Fn~u! 2 ZF~u!#*
2

PK 2~ht! dt,
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because PK~{! is real given thatK~{! is symmetric+ This completes the proof+
n

Lemma 2+1 shows thatJn~h! equals to a weighted integrated squared difference
between the empirical characteristic function of the observations and an estima-
tor of the characteristic function corresponding to the null model+ LetC~t! denote
the characteristic function ofF+ It is well known thatCn~t! is a consistent2 esti-
mator ofC~t!+ Also, under some regularity conditions, ZC~t! is a consistent esti-
mator ofC0~t,b*! [ *exp~it 'x! f0~x,b*! dx, whereb*5 b0 underH0+ Thus, for a
fixed h, we would expectJn~h! r J~h! in probability, whereJ~h! [ *6C~t! 2
C0~t,b*!62 PK 2~ht! dt+ Given the one-to-one correspondence between distribution
functions and characteristic functions,we getJ~h! $ 0 andJ~h! 5 0 iff H0 holds,
provided that the set$t [ Rd : PK~t! 5 0% has Lebesgue measure zero+ Conse-
quently, tests based onJn~h! for any fixedh would be consistent forH0 against
H1+ One interesting implication of this is that the consistency ofDf ~x! is not nec-
essary for developing a consistent test forH0 based onJn~h!+ See Anderson,Hall,
and Titterington~1994! and Feuerverger~1993! on similar observations on two
sample goodness-of-fit tests and tests for bivariate dependence+ In our case, it is
important that the bias ofDf ~x! be removed fromJn~h!+ One can easily demon-
strate that the smoothing parameter must vanish for tests based on direct com-
parison of Df ~x! and Zf ~x! to be consistent+3 Of course, the asymptotic distribution
of Jn~h! for a fixed h and that for a decreasingh in n are different, leading to
different critical values for tests based onJn~h!+One apparent advantage of fixing
h is that there is a one-to-one correspondence between values ofh and the as-
ymptotic distributions ofJn~h!+ Thus, one would expect to obtain a better approx-
imation4 of the finite-sample distribution ofJn~h! by its asymptotic distribution
with a fixedh than with a vanishingh+

The alternative expression stated in Lemma 2+1 also facilitates the application
of the tests based onJn~h! to testing the goodness-of-fit of the Stable law family
for which closed-form expressions exist for the characteristic function but do not
exist for the distribution function+ This possibility will be explored elsewhere+

For both notational compactness and generality, in the remainder of this paper,
we will study asymptotic properties of tests forH0 based on the general weighted
integrated squared difference betweenCn~{! and ZC~{!, i+e+,

Jn [ E6Cn~t! 2 ZC~t!62W~t! dt, (6)

whereW~{! is a non-negative weighting function+
If we chooseW~t!5 PK 2~ht! in ~6!, thenJn5Jn~h!+ The Cramér–von Mises test

corresponds toJn with W~t! 5 t22, which severely down weights high-frequency
components+ In general, by choosing a different weighting functionW~{!, one
can direct power of the test based onJn toward different directions of departure
from the null model+

608 YANQIN FAN

https://doi.org/10.1017/S0266466698145036 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698145036


3. THE ASYMPTOTIC DISTRIBUTION

We first collect the assumptions to be used to derive the asymptotic distribution
of Jn+

Assumption~W!+ The weighting functionW~{! is integrable and satisfies the
condition that the set$t [ Rd :W~t! 5 0% has Lebesgue measure zero+

Assumption~ f0!+ The parametric density functionf0 is differentiable with re-
spect tob up to the second order, inclusive, such that the following conditions are
satisfied: ~i! for almost allx [ X, D2f0~x,{! is continuous in a neighborhood of
b0; ~ii ! there exists a neighborhoodN~b0! of b0 such that for almost allx[X and
all b [ N~b0!, every element ofD2f0~x,b! is bounded by an integrable function
M~x!; ~iii ! each element ofDf0~x,b0! is absolutely integrable, whereD andD2

are the first- and second-order differential operators with respect tob+

Assumption~P!+ There existsb* [ B such that Zb r b* almost surely and

Zb 2 b* 5
1

n
A~b*!

21 (
j51

n

D log f0~Xj ,b*! 1 op~n2102!,

whereA~b*! 5 E @D2 log f0~Xj ,b*!# +Here, and in what follows, expectations are
taken with respect to the true distribution function, unless otherwise stated+

The first assumption ensures thatJ[ *6C~t! 2 C0~t,b*!62W~t! dt is a distance
measure betweenC~{! andC0~{,b*!+ Consequently, it is also a distance measure
betweenf ~{! and f0~{,b*!+ For the bias-corrected test, this assumption is satis-
fied, provided that the kernel functionK~{! is symmetric about zero, is square
integrable, and integrates to one such that its Fourier transformPK~{! satisfies the
condition that the set$t [ Rd : PK~t! 5 0% has Lebesgue measure zero+Most of the
commonly used kernel functions such as the uniform kernel, the standard normal
kernel, the triangular kernel, the double exponential kernel, and the Epanechni-
nov kernel satisfy this condition+ The last two assumptions are introduced here to
examine the effect of estimatingf0~x,b*! by Zf ~x! on the asymptotic distribution
of Jn+ The validity of the last assumption~Assumption~P!! was verified by White
~1982! under certain regularity conditions, and b* was shown there to be the
parameter vector that minimizes the Kullback–Leibler information criterion
~KLIC ! between the true distribution of the data and the parametric distribution
with density functionf0~x,b! ~for details, see White, 1982!+ If the parametric
distributionf0~x,b! correctly specifies the true distribution of the data, i+e+, H0

holds, thenb*5 b0, the true value ofb+ If H0 is not true, thenb* can be regarded
as a “pseudo-true” value ofb+ Throughout the rest of this paper, we assume the
corresponding conditions in White~1982! are satisfied, so that Assumption~P!
holds+
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It follows from ~6! that

Jn 5E *Ecos~t 'x! d @Fn~x! 2 ZF~x!# 1 iEsin~t 'x! d @Fn~x! 2 ZF~x!#*
2

W~t! dt

5EHEcos~t 'x! d @Fn~x! 2 ZF~x!#J2

W~t! dt

1EHEsin~t 'x! d @Fn~x! 2 ZF~x!#J2

W~t!dt+ (7)

Let

In 5EHEcos~t 'x! d @Fn~x! 2 F0~x,b0!# 2 m~t!~ Zb 2 b0!J2

W~t! dt

1 EHEsin~t 'x! d @Fn~x! 2 F0~x,b0!# 2 v~t!~ Zb 2 b0!J2

W~t! dt, (8)

wherem~t! 5 * cos~t 'x!D 'f0~x,b0! dx andv~t! 5 * sin~t 'x!D 'f0~x,b0! dx+
By Taylor series expansion, we get Zf ~x! [ f0~x, Zb! 5 f0~x,b0! 1

D 'f0~x,b0!~ Zb 2 b0! 1 ~ Zb 2 b0!'D2f0~x, Nb!~ Zb 2 b0!02, where Nb is between Zb
andb0+ Substituting this into~7! and collecting terms yield

n@Jn 2 In# 5 2nEHEcos~t 'x! d @Fn~x! 2 F0~x,b0!# 2 m~t!~ Zb 2 b0!J
3 F~ Zb 2 b0!'Ecos~t 'x!D2f0~x, Nb! dx~ Zb 2 b0!GW~t! dt

1
n

4
EF~ Zb 2 b0!'Ecos~t 'x!D2f0~x, Nb! dx~ Zb 2 b0!G2

W~t! dt

2 nEHEsin~t 'x! d @Fn~x! 2 F0~x,b0!# 2 v~t!~ Zb 2 b0!J
3 F~ Zb 2 b0!'Esin~t 'x!D2f0~x, Nb! dx~ Zb 2 b0!GW~t! dt

1
n

4
EF~ Zb 2 b0!'Esin~t 'x!D2f0~x, Nb! dx~ Zb 2 b0!G2

W~t! dt

[ 2I1 1 4
12I2 2 I3 1 4

12I4+ (9)

We will show in the following lemma thatIj 5 op~1! for j 5 1,2,3,4+
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LEMMA 3 +1+ Under H0, n@Jn 2 In# 5 op~1!, provided that Assumptions~W!,
~ f0! hold and!n~ Zb 2 b0! 5 Op~1!+

Proof+ First we considerI1+ Let an~t! 5 * cos~t 'x! d @Fn~x! 2 F0~x,b0!# and
bn~t! 5 * cos~t 'x!D2f0~x, Nb! dx+ Then, from ~9!, it follows that

I1 5 @!n~ Zb 2 b0!' #E@an~t!bn~t!#W~t! dt@!n~ Zb 2 b0!#

2 ~ Zb 2 b0!'Em ' ~t!@!n~ Zb 2 b0!' #bn~t!W~t! dt@!n~ Zb 2 b0!# + (10)

Now, for any fixed t, an~t! converges to zero almost surely underH0 by the
strong law of large numbers+ Also, 6an~t!6 # 2+ By Assumption~ f0! and the
dominated convergence,we havebn~t! converges to* cos~t 'x!D2f0~x,b0! dxand
the absolute value of each element ofbn~t! is bounded by*M~x!dx,`+ Hence,
an~t!bn~t!W~t! converges to zero and the absolute value of each of its elements
is bounded byMW~t!, whereM is a positive generic constant+ Moreover, As-
sumption~W! implies that*W~t! dt , `+ Hence, by applying the dominated
convergence again, we get*an~t!bn~t!W~t! dt converges to zero+ Thus, the first
term on the right-hand side of~10! is op~1!, because!n~ Zb 2 b0! 5 Op~1!+ Similar
arguments lead to the conclusion that the second term isOp~n2102!+ Thus, I1 5
op~1!+

For I2, note thatI2 5 n21*@!n~ Zb 2 b0!bn~t!!n~ Zb 2 b0!# 2W~t! dt5 Op~n21!+
Similarly, one can show thatI3 5 op~1! andI4 5 Op~n21!+ n

One implication of Lemma 3+1 is thatnJn has the same asymptotic distribution
asnIn under the null hypothesis+ The effect of estimatingb0 by Zb on the asymp-
totic distribution ofnJn is captured by the two terms withm~t! andv~t! on the
right-hand side of~8!+ In particular, the asymptotic distribution of the bias-
corrected test with a fixed smoothing parameter is affected by the estimation of
b0+ This is in sharp contrast to the case of a vanishing smoothing parameter
analyzed in Fan~1994!+

To derive the asymptotic distribution ofnIn, we note from~8! and Assumption
~P! that

In 5EH 1

n (
j51

n

a~t,Xj ! 1 m~t!op~n2102!J2

W~t! dt

1 EH 1

n (
j51

n

b~t,Xj ! 1 v~t!op~n2102!J2

W~t! dt, (11)
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where

a~t,Xj ! 5 cos~t 'Xj ! 2Ecos~t 'x! f0~x,b0! dx2 m~t!A~b0!21D log f0~Xj ,b0!,

(12)

b~t,Xj ! 5 sin~t 'Xj ! 2Esin~t 'x! f0~x,b0! dx2 v~t!A~b0!21D log f0~Xj ,b0!+

(13)

Let

In
0 5EF 1

n (
j51

n

a~t,Xj !G2

W~t! dt 1EF 1

n (
j51

n

b~t,Xj !G2

W~t! dt+ (14)

We have the following result+

LEMMA3 +2+ Under H0, n@In2 In
0#5op~1!, if Assumptions~W!, ~ f0!, and~P!

hold+

Proof+ LetJ1 andJ2 be the first and second terms on the right-hand side of~11!,
respectively+ Then,

nJ1 5 nEF 1

n (
j51

n

a~t,Xj !G2

W~t! dt 1 2op~n102!EF 1

n (
j51

n

a~t,Xj !Gm~t!W~t! dt

1 op~1!Em2~t!W~t! dt+ (15)

Let Yn[ n2102 (j51
n *a~t,Xj !m~t!W~t! dt+ It is easy to see that underH0, E @Yn# 5

0 and Var@Yn# 5 Var@*a~t,X1!m~t!W~t! dt# ,`+Hence, Yn5 Op~1!+ Thus, from
~15!, it follows that

nJ1 5 nEF 1

n (
j51

n

a~t,Xj !G2

W~t! dt 1 op~1!,

because the second term on the right-hand side of~15! equalsop~1!Yn 5 op~1!+
Similarly, one can show that

nJ2 5 nEF 1

n (
j51

n

b~t,Xj !G2

W~t! dt 1 op~1!+ n

In view of Lemmas 3+1 and 3+2, we only need to consider the asymptotic dis-
tribution ofnIn

0+ To this end, note thatIn
0 can be decomposed into the sum of two

terms: one a degenerateU-statistic that determines the form of the asymptotic
distribution ofIn

0 and the other term that provides the appropriate center for the
asymptotic distribution ofIn

0:
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In
0 5

1

n2 ( (
jÞk
E@a~t,Xj !a~t,Xk! 1 b~t,Xj !b~t,Xk!#W~t! dt

1
1

n2 (
j
E@a2~t,Xj ! 1 b2~t,Xj !#W~t! dt

[
1

n2 ( (
jÞk

P~Xj ,Xk! 1
1

n2 (
j

P~Xj ,Xj !

[ Un 1 Sn, (16)

where

P~x, y! 5E@a~t, x!a~t, y! 1 b~t, x!b~t, y!#W~t! dt+

Observe thatP~x, y! is a symmetric function and*P~x, y! f0~x,b0! dx5 0 un-
der H0+ Hence, Un is a degenerateU-statistic whose kernel function does not
depend onn+Suppose**P2~x, y! f0~x,b0! f0~ y,b0! dx dy,`; then Theorem 1 in
Lee~1990, p+ 79! implies that underH0, nUn converges in distribution to a random
variable of the form(v51

` lv~Zv
2 2 1!, whereZ1,Z2, + + + are independent standard

normal random variables and thelv’s are the eigenvalues of the integral equation

EP~x1, x2!c~x2! dF0~x2,b0! 5 lc~x1!+ (17)

Now we analyzeSn+ Note thatnSn is a sample average ofn i+i+d+ random vari-
ables: $P~Xj ,Xj !% j51

n + By the strong law of large numbers, nSn 2 E0@nSn# r 0
almost surely, provided thatE0@6P~X1,X1!6# ,`,whereE0@{# is the expectation
of { with respect tof0~x,b0!+ Thus, nSn 5 E0@P~X1,X1!# 1 op~1!+

In addition, because(v51
` lv5E0@P~X1,X1!# by Dunford and Schwartz~1963,

p+ 1087!, we have our main result, provided we can verify the following two
conditions: **P2~x, y! f0~x,b0! f0~ y,b0! dx dy, ` and*6P~x, x!6 f0~x,b0! dx ,
`+ Noting that

6a~t, x!6 # 2 1 6m~t!A~b0!21D log f0~x,b0!6

6b~t, x!6 # 2 1 6v~t!A~b0!21D log f0~x,b0!6,

one can easily show that the preceding two conditions are satisfied under the
assumptions stated in Theorem 3+3, which follows+

THEOREM 3+3+ Under H0 and Assumption~W!, nIn
0 2 E0@P~X1,X1!# r

(v51
` lv~Zv

2 2 1!+ Or equivalently, nIn
0 r (v51

` lvZv
2+ Moreover, if Assumptions

~ f0! and~P! hold, then nJn r (v51
` lvZv

2 in distribution+

For the bias-corrected test withW~t!5 PK 2~ht! in ~6!, the degenerateU-statistic
Un in ~16! may depend onn through the dependence of the smoothing parameter
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h onn in such a way that it has an asymptotic normal distribution~see Section 2!+
However, if h is fixed, then Theorem 3+3 implies that the asymptotic distribution
in nJn~h! is not normal+ Moreover, it follows from ~17! that in general, the
eigenvalueslv will depend onh+ Thus, the distribution of the random variable
(v51
` lvZv

2 will also depend onh,which implies that for a given significance level
a, the critical value of the asymptotic distribution ofnJn~h! will be different for
different values ofh+ There is one critical value for one and only one value ofh+ In
view of this and the fact that the asymptotic distribution ofnJn~h! for a fixedh is
affected by the estimate ofb0 ~as would be the case for finite samples!, one would
expect that the distribution of(v51

` lvZv
2 would provide a better approximation to

the finite-sample distribution ofnJn~h! than the corresponding normal distribu-
tion ~see also note 4!+

In general,lvwill depend on the unknown parameterb0+Except in simple cases,
it is extremely difficult to solve~17!+However, the eigenvalueslv from ~17! may
be consistently estimated~see Silverman, 1996!+ Given the estimates of the ei-
genvalues, Zlv ~say!, one can then use one of the following two distributions to
approximate the distribution ofnJn: ~i! the distribution of(v51

V ZlvZv2, whereV is
a finite positive integer~see Gregory, 1980!; ~ii ! the distribution of(v51

V ZlvZv2 1
kx@l #

2 , wherex@l #
2 denotes ax2 random variable withl degrees of freedom andk

andl are chosen such that the first two moments of(v51
V ZlvZv21kx@l #

2 match those
of (v51

` lvZv
2 ~see Durbin, Knott, and Taylor, 1975!+ Other methods may also be

used to approximate the distribution or critical values ofnJn+These include the con-
ditional Monte-Carlo approach of Hansen~1996! and the application of case-
invariant upper bounds of the critical values given in Bierens and Ploberger~1997!
~for details about both approaches, see Bierens and Ploberger, 1997!+ In Section 5,
we propose a parametric bootstrap procedure and show that it works+

Let Ca denote an estimate of thea-percentile of the distribution of the random
variable(v51

` lvZv
2 obtained by one of the methods we just mentioned+ Theorem

3+3 suggests the following asymptotic test:For each givenh, the test will rejectH0

at significance levela, if

Tn [ nJn . Ca +

4. CONSISTENCY AND LOCAL POWER PROPERTIES

For a fixed alternative distributionF~x! Þ F0~x,b! for all b [ B, it follows from
Assumptions~W!, ~P!, and the dominated convergence thatJn r J 5 *6C~t! 2
C0~t,b*!62W~t! dt . 0+ Thus, for a given significance levela,

P~Tn . Ca! 5 P~Jn . n21Ca! r P~J . 0! 5 1+

THEOREM 4+1+ Suppose that Assumptions~W! and~P! hold+ Then the test Tn
is consistent+
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One implication of Theorem 4+1 is that the bias-corrected test with a fixed
smoothing parameter is consistent+

To investigate the local power property of testTn, we make use of the concept
of contiguity of one sequence of probability measures to the other+ Let Pn andQn

be two sequences of probability measures defined on measurable spaces~Xn,An!,
n $ 1, respectively+ If for any sequence of events$An%, An [ An, @Pn~An! r 0#
implies @Qn~An! r 0# , we say thatQn are contiguous toPn+ For a detailed dis-
cussion on this, see Hájek andXSidák~1967!+

One of the most useful properties of contiguity is that any sequence of random
variables converging to zero inPn probability converges to zero inQn probability
asn r `+

For A [ A, defineP0~A! 5 *x[A f0~x,b0! dx andPn~A! 5 *x[A f ~x! dx+ Con-
sider a Pitman alternative distribution with density function

f ~x! [ fn~x! 5 f0~x,b0!@11 n2102dn~x!# , (18)

for some converging sequencedn~{! in L2~X,A,P0! with dn~{! r d~{!+
From well-known criteria for contiguity~see,e+g+,Roussas,1972!, it follows that

the sequence of probability measuresPH
n 5 Pn3 {{{ 3 Pn ~n-times!, n $1, is con-

tiguous toP0
n5P03{{{3P0 ~n-times!, n$1+Because Lemmas 3+1 and 3+2 imply

thatn~Jn 2 In
0! converges to zero inP0

n probability~or underH0!, it follows from
the contiguity ofPH

n to P0
n thatn~Jn2 In

0! also converges to zero inPH
n probability

~or under~18!!+Hence, nJn has the same asymptotic distribution asnIn
0 under~18!,

wherenIn
05nUn1nSn with Un andSn defined in~16!+By Theorem 2+1 in Gregory

~1977!, we havenUn converges in distribution to(v51
` lv @~Zv1 av!2 21# under

~18!,whereav5 *dcv dP0+ By contiguity again and the proof of Theorem 3+3,we
getnSn 5 E0@Ph~X1,X1!# 1 op~1!+ Hence, we obtain the following theorem+

THEOREM 4+2+ Suppose assumptions in Theorem3+3 hold+ For local alter-
natives satisfying~18!, Tn 5 nJn converges in distribution to(v51

` lv~Zv1 av!
2,

where av5 *dcv dP0, lv andcv are eigenvalues and eigenfunctions of the inte-
gral equation~17!+

From independence ofZv, v5 1,2, + + + , and the fact that for a normal random
variableZ, ~Z 1 a!2 is stochastically larger thanZ2 for a Þ 0, it follows that
(v51
` lv~Zv1 av!

2 is stochastically larger than(v51
` lvZv

2, provided thatavÞ 0
for at least onev+ This and Theorem 4+2 imply the unbiasedness of our test for
Pitman alternatives in~18!+ For the bias-corrected test, this shows that tests based
on fixed smoothing parameters have comparable power as parametric tests in the
sense that they are able to detect Pitman local alternatives that differ from the null
by O~n2102! and hence are asymptotically more powerful than those based on
decreasingh against Pitman local alternatives+ However, we note that the power
advantage of the bias-corrected test with a fixed smoothing parameter is with
respect to the class of Pitman local alternatives+ Fan~1994! considered another
class of local alternatives wheredn~{! in ~18! does not settle down to a well-
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behaved function; instead it has many spikes and changes rapidly with respect to
n+ It is shown there that the bias-corrected test with a vanishing smoothing pa-
rameter has nontrivial power against such alternatives that differ from the null by
o~n2102!, as long as the smoothing parameter is chosen to vanish at an appropri-
ate rate+ Hence for high-frequency alternatives, the bias-corrected test with a
vanishing smoothing parameter may be more powerful than the corresponding
test with a fixed smoothing parameter+

The preceding result can easily be understood by the alternative expression for
Jn~h! given in Lemma 2+1+ Recall from Lemma 2+1 that Jn~h! 5 *6Cn~t ! 2
ZC~t!62 PK 2~ht! dt, i+e+,W~t! 5 PK 2~ht! in ~6!+ For a given kernel functionK~{! and

a fixed smoothing parameterh,W~t! r 0 as6 t 6r`+ Hence the weight given by
W~t! to high-frequency components~corresponding to large6 t 6! is small+ For two
values of the smoothing parameterh1 andh2 ~say! with h1 , h2, we haveh16 t 6,
h26 t 6+ Hence, a small value ofh tends to increase the weight given to high-
frequency components+5

5. THE PARAMETRIC BOOTSTRAP

Suppose Assumption~P! holds+ Then Zb r b* almost surely whether or notH0 is
true+Hence Zf ~x! 5 f0~x, Zb! mimicsf0~x,b*! whether or notH0 is true+Noting that
H0 is a composite hypothesis andf0~x,b*! belongs toH0, we propose the follow-
ing parametric bootstrap procedure to approximate the critical values ofTn5 nJn,
where the bootstrap samples are drawn from the parametric distribution with
density function Zf ~x! 5 f0~x, Zb!+

Step 1+ Draw a random sample of sizen, $Xj
*%j51

n ~say!, from the distribution with
density function Zf ~x!+ This is the bootstrap sample+Hence conditional on the random
sample$Xj %j51

n , the bootstrap sample satisfiesH0 with b 5 Zb+
Step 2+ Use the bootstrap sample$Xj

*%j51
n in place of the data$Xj %j51

n to computeTn and
call it Tn

*, i+e+,

Tn
* 5 nJn

*5 nE6Cn
*~t! 2 ZC*~t!62W~t! dt,

whereCn
*~t! 5 n21 (j51

n exp~it 'Xj
*! and ZC*~t! 5 * exp~it 'x! f0~x, Zb*! dxwith Zb* the

maximum likelihood estimator based on the bootstrap sample+ The distribution ofTn
*

conditional on the random sample$Xj %j51
n is called the bootstrap distribution ofTn+

Step 3+ To approximate the bootstrap distribution ofTn, we repeat Step 1 and Step 2
for a large number of times, sayB times, and obtain the empirical distribution of
Tn1
* , + + + ,TnB

* ~say!+ This empirical distribution estimates the bootstrap distribution
of Tn+

Let Ca~ Zb! be the uppera-percentile of the preceding bootstrap distribution+
We will rejectH0 at significance levela if Tn . Ca~ Zb!+ We now show that the
preceding bootstrap procedure works under the additional assumption~P*!,which
follows+
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Assumption~P*!+

Zb* 2 Zb 5
1

n
A~ Zb!21 (

j51

n

D log Zf ~Xj ! 1 op* ~n
2102!,

whereA~ Zb!5E* @D2 log f0~Xj
*, Zb!# andE* @{# is the expectation of{ conditional

on the random sample$Xj % j51
n +

THEOREM 5+1+ Suppose Assumptions~W!, ~ f0!, ~P!, and ~P*! hold+ Then
L*~Tn

*! converges to the same limit asL~Tn6 f0~x,b*!! almost surely, where
L*~Tn

*! is the distribution of Tn
* conditional on the random sample$Xj % j51

n

andL~Tn6 f0~x,b*!! is the distribution of Tn when the random sample is gener-
ated from the distribution with density function f0~x,b*!+

Proof+ Under the assumptions stated in the theorem, one can easily show by
following the proofs of Lemmas 3+1 and 3+2 thatTn

*2 nIn
*0 5 op* ~1!, where

nIn
*0 5EF 1

!n (
j51

n

[a~t,Xj
*!G2

W~t! dt 1EF 1

!n (
j51

n

Zb~t,Xj
*!G2

W~t! dt, (19)

[a~t,Xj
*! 5 cos~t 'Xj

*! 2Ecos~t 'x! Zf ~x! dx2 [m~t!A~ Zb!21D log f0~Xj
*, Zb!, (20)

Zb~t,Xj
*! 5 sin~t 'Xj

*! 2Esin~t 'x! Zf ~x! dx2 [v~t!A~ Zb!21D log f0~Xj
*, Zb!, (21)

with [m~t! 5 * cos~t 'x!D 'f0~x, Zb! dx and [v~t! 5 * sin~t 'x!D 'f0~x, Zb! dx+
Hence,we only need to analyzeL*~nIn

*0!+The limiting distribution ofnIn
*0 con-

ditional on the random sample$Xj % j51
n can be derived in a similar way to that of

nIn
0 by using results on degenerateU-statistics+ However, to show thatL*~nIn

*0!
converges to the same limit asL~Tn6 f0~x,b*!! or equivalentlyL~nIn

06 f0~x,b*!!
almost surely, it is more convenient to analyze the weak convergence of Hilbert
space–valued random sequencesn2102 (j51

n Zl ~{,Xj
*!, wherel 5 a,b+

By Theorem 10+5 in Ledoux and Talagrand~1991!, we getn2102 (j51
n [a~{,Xj

*!
converges weakly toZZa, where ZZa 5 ZZa~{! is aL2~Rd!-valued Gaussian random
element with mean function 0 and covariance functionZSa :Rd3RdrR1 given by

ZSa~s, t! 5 E* @ [a~t,X1
*! [a~s,X1

*!#

5Ecos~t 'x! cos~s'x! Zf ~x! dx2 FEcos~t 'x! Zf ~x! dxG
3 FEcos~s'x! Zf ~x! dxG
2 [m~s!A~ Zb!21Ecos~t 'x! Zf ~x!D log Zf ~x! dx

2 [m~t!A~ Zb!21Ecos~s'x! Zf ~x!D log Zf ~x! dx1 [m~t!A~ Zb!21 [m '~s!+

(22)
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Similarly, one can show thatn2102 (j51
n Zb~{,Xj

*!! converges weakly to ZZb

with covariance functionZSb, where ZSb is defined in~22! with a replaced byb
andm by v+

It follows from the continuous mapping theorem thatL*~nIn
*0! converges to

*@ ZZa~t!# 2W~t! dt 1 *@ ZZb~t!# 2W~t! dt+ In view of ~22! and the almost sure con-
vergence of Zb to b*, one can easily obtain the almost sure convergence of
*@ ZZa~t!# 2W~t! dt 1 *@ ZZb~t!# 2W~t! dt to *@Za~t!# 2W~t! dt 1 *@Zb~t!# 2W~t! dt,
whereZa~{! andZb~{! are, respectively, L2~Rd!-valued Gaussian random ele-
ments with mean functions 0 and covariance functionsSa andSb that are defined
similarly to ZSa and ZSb with Zb replaced byb*+ Applying Theorem 10+5 in Ledoux
and Talagrand~1991! and the continuous mapping theorem again tonIn

0, it is easy
to see that*@Za~t!# 2W~t! dt 1 *@Zb~t!# 2W~t! dt is indeed the limiting distribu-
tion of nIn

0 when the random sample is generated from the distribution with den-
sity functionf0~x,b*!+ n

It is important to note that Theorem 5+1 holds whether or notH0 is true+ If H0 is
indeed true, thenb*5b0+Hence Theorem 5+1 implies that underH0, the bootstrap
distribution ofTn, L*~Tn

*!, converges to the asymptotic null distribution ofTn al-
most surely,which ensures that the asymptotic significance level of the testTnbased
on the bootstrap critical valueCa~ Zb! is indeeda+ If H0 is not true, then Theorem
5+1 implies that the bootstrap critical valueCa~ Zb! converges toCa~b*!,which6 is
the uppera-percentile of the asymptotic distribution ofTn when the random sam-
ple is generated from the distribution with density functionf0~x,b*!+ In view of the
fact thatH0 is a composite hypothesis andf0~x,b*! belongs toH0,Theorem 5+1 jus-
tifies the parametric bootstrap procedure and ensures that the resulting test has
power~is consistent!+ See Andrews~1997! for a similar discussion+

To illustrate the preceding bootstrap procedure, we have applied it to testing
univariate normality by the bias-corrected testTn~h! 5 nJn~h! with the standard
normal kernel function+The smoothing parameter is taken to beh5h0Xsd,where
Xsd is the standard deviation of the random sample$Xj % j51

n andh0 equals 0+25, 0+5,
0+75, and 1+00+ In the simulation experiment, the number of replications is 500
and the number of bootstrap replications is 1,000+ The results forn5 50 andn5
100 are reported in Table 1+ As is expected, the rejection frequencies are not far
from the sizes of the test+

6. CONCLUSION

In this paper, we provide an alternative asymptotic distribution for the bias-
corrected test in Fan~1994! by fixing the smoothing parameter+ Unlike in Fan
~1994!, the asymptotic distribution obtained in this paper is non-normal, given by
that of an infinite weighted sum ofx2 random variables+ This is in agreement
with the existing simulation results indicating that kernel-based tests are more
like x2 tests than normal tests+ A parametric bootstrap procedure is proposed to
obtain critical values for the test+We show both analytically and by simulation
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that the proposed bootstrap works+ We also analyze the consistency and local
power properties of the bias-corrected test with a fixed smoothing parameter+

Several extensions of the current paper are straightforward: First, one can eas-
ily extend the results in this paper to near-epoch-dependent processes by using
the central limit theorem for Hilbert space–valued near-epoch-dependent pro-
cesses in Chen and White~1997!+ Second, if the random variable is symmetric
about the origin, then one can test the functional form of its density function by
using only the real part of the characteristic function+Specifically, one can use the
test based onTns 5 n*$* cos~t 'x!d @Fn~x! 2 ZF~x!#%2W~t! dt+ The properties of
this test are similar to those ofTn+ Last, one can useTn to construct tests of the
goodness-of-fit of the Stable law family for which closed-form expressions exist
for the characteristic function but do not exist for the distribution function+ In this
case, it is more convenient to estimateb0 directly from the empirical character-
istic function than from the density function+ See Feuerverger and McDunnough
~1981c! for details on estimating the Stable law family based on the empirical
characteristic function+

NOTES

1+ It is called the bias-corrected test statistic because underH0, the expected value of the kernel
estimate Df ~x! is Kh p f0~x,b0!, a consistent estimator of which isKh p Zf ~x!+

2+ See Feuerverger and Mureika~1977! and Feuerverger and McDunnough~1981a,1981b! for the
investigation of the asymptotic properties of the empirical characteristic function including consis-
tency and the asymptotic distribution+

3+ For example, consider tests based on the integrated squared difference betweenDf ~x! and Zf ~x!+
One can easily show that

E@ Df ~x! 2 Zf ~x!# 2 dx 5 ~2p!2dE6Cn~t!@~2p!d02 PK~ht!# 2 ZC~t!62 dt+

Hence to construct a consistent test using*@ Df ~x! 2 Zf ~x!# 2 dx, the smoothing parameterh must ap-
proach zero so thatPK~ht! r ~2p!2d02, asn r `+

4+ In fact, one can show that the rate of approximation of the finite-sample distribution ofJn~h!
underH0 by its asymptotic distribution with a fixedh is of ordern2102, whereas that by its asymptotic
distribution with a vanishingh is of orderhd02+ Obviously, n2102 5 o~hd02! givennhd r `+

Table 1. Rejection frequencies

n 5 50 n 5 100

h0 1% 5% 10% 1% 5% 10%

0+25 0+010 0+054 0+120 0+012 0+054 0+094
0+50 0+010 0+052 0+118 0+014 0+052 0+092
0+75 0+010 0+056 0+118 0+014 0+054 0+094
1+00 0+010 0+058 0+110 0+014 0+046 0+096
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5+ The power difference between the bias-corrected tests with fixed versus vanishing smoothing
parameters is asymptotic in nature+ In practice, for a given data set with a fixed sample size, only one
value of the smoothing parameter will be used+Once adjustment is made for size, the power difference
between the two tests will disappear+ However, one may infer from the preceding comparison that
relatively speaking, a small value of the smoothing parameter may lead to large power for high-
frequency alternatives and a large value of the smoothing parameter may lead to large power for
low-frequency alternatives+

6+ Note that the bootstrap critical value approximates the asymptotic critical valueCa~b*!,which
depends on the value ofb*+ This simply reflects the fact that the test based onTn is not distribution
free+

REFERENCES

Anderson, N+H+, P+ Hall, & D +M+ Titterington~1994! Two-sample test statistics for measuring dis-
crepancies between two multivariate probability density functions using kernel-based density es-
timates+ Journal of Multivariate Analysis50, 41–54+

Andrews, D+W+K+ ~1997! A conditional Kolmogorov test+ Econometrica65 ~5!, 1097–1128+
Bickel, P+J+ & M + Rosenblatt~1973! On some global measures of the deviations of density function

estimates+ Annals of Statistics1 ~6!, 1071–1095+
Bierens,H+J+& W+Ploberger~1997!Asymptotic theory of integrated conditional moment tests+Econ-

ometrica65 ~5!, 1129–1151+
Chen, X+ & H +White ~1997! Central and functional central limit theorems for Hilbert-valued depen-

dent heterogeneous arrays with applications~forthcoming inEconometric Theory!+
Debnath, L+ ~1995! Integral Transforms and Their Applications.New York: CRC Press+
Dunford, N+ & J+T+ Schwartz~1963! Linear Operators.New York:Wiley+
Durbin, J+,M+Knott,& C+C+Taylor~1975! Components of Cramér-von Mises statistics+ II + Journal of

Royal Statistical Society, Series B37, 216–237+
Fan, J+ ~1996! Test of significance based on wavelet thresholding and Neyman’s truncation+ Journal

of the American Statistical Association91, 674–688+
Fan,Y+ ~1994! Testing the goodness-of-fit of a parametric density function by kernel method+ Econo-

metric Theory10 ~2!, 316–356+
Fan, Y+ ~1995! Bootstrapping a consistent nonparametric goodness-of-fit test+ Econometric Reviews

14 ~3!, 367–382+
Fan, Y+ ~1997! Goodness-of-fit tests for a multivariate distribution by the empirical characteristic

function+ Journal of Multivariate Analysis62 ~1!, 36–63+
Feuerverger, A+ ~1993! A Consistent Test for Bivariate Dependence+ Manuscript, University of To-

ronto+
Feuerverger, A+ & R+A+ Mureika ~1977! The empirical characteristic function and its applications+

Annals of Statistics5 ~1!, 88–97+
Feuerverger, A+ & P+ McDunnough~1981a! On some Fourier methods for inference+ Journal of the

American Statistical Association76, 379–386+
Feuerverger, A+ & P+ McDunnough~1981b! On the efficiency of empirical characteristic function

procedures+ Journal of the Royal Statistical Society, Series B43, 147–156+
Feuerverger, A+ & P+ McDunnough~1981c! On efficient inference in symmetric stable laws and

processes+ In M+ Csörgö, D+A+ Dawson, J+N+K+ Rao, & A +K+Md+E+ Saleh~eds+!, Statistics and
Related Topics.Amsterdam: North-Holland+

Gregory, G+G+ ~1977! Large sample theory for U-statistics and Tests of Fit+ Annals of Statistics5,
110–123+

Gregory,G+G+ ~1980! On efficiency and optimality of quadratic tests+Annals of Statistics8, 116–131+
Hájek, J+ & Z + XSidák~1967! Theory of Rank Tests.New York: Academic+
Hansen, B+E+ ~1996! Inference when a nuisance parameter is not identified under the null hypothesis+

Econometrica64, 413–430+

620 YANQIN FAN

https://doi.org/10.1017/S0266466698145036 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698145036


Ledoux,M+ & M + Talagrand~1991! Probability in Banach Spaces: Isoperimetry and Processes.New
York: Springer-Verlag+

Lee, A+J+ ~1990! U-Statistics: Theory and Practice.New York: Marcel Dekker+
Rosenblatt, M+ ~1975! A quadratic measure of deviation of two-dimensional density estimates and a

test of independence+ Annals of Statistics3 ~1!, 1–14+
Roussas,G+G+ ~1972! Contiguity of Probability Measures: Some Applications in Statistics.New York:

Cambridge University Press+
Silverman, B+W+ ~1996! Smoothed functional principal components analysis by choice of norm+ An-

nals of Statistics24, 1–24+
White, H+~ 1982! Maximum likelihood estimation of misspecified models+ Econometrica50, 1–25+

GOODNESS-OF-FIT TESTS 621

https://doi.org/10.1017/S0266466698145036 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466698145036

