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Abstract. This paper proposes and analyzes semi-discrete and fully discrete hybrid
stress finite element methods for elastodynamic problems. A hybrid stress quadri-
lateral finite element approximation is used in the space directions. A second-order
center difference is adopted in the time direction for the fully discrete scheme. Er-
ror estimates of the two schemes, as well as a stability result for the fully discrete
scheme, are derived. Numerical experiments are done to verify the theoretical re-
sults.
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1. Introduction

Consider the following vibration model of plane elasticity:

uy — dive = f(x,t), (x,t) € Q2 x[0,7T],

o = Ce(u) = 2pe(u) + Adivu I, (x,t) € Q2 x[0,T7, 1.1)
u=0, (x,t) € T x 0,77, '
u(X’O) = SOO(X)aut(X’O) = 901( )’ xe

)

where Q C R? is a bounded open set with boundary I', T a positive constant, u =
(u1,u2)T the displacement field, o = (0ij)2x2 the symmetric stress tensor. e(u) =
(Vu+ (Vu)T) /2 the strain tensor. \, y are the Lamé parameters given by

E \ = Ev
21+v) 7 (1+v)(1—2v)

u:

for plane strain problems and A = ) for plane stress problems,with 0 < v < 0.5

(1+y)(1
the Poisson ratio and E the Young’s modulus. f € (L?(Q2 x [0,7]))? denotes the body
force, initial data (g(x), p1(x) € (HL(2))%
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Numerical simulation of time-dependent problems plays an important role in vibra-
tion analysis of elastic structures ([7], [21]). Basically, the corresponding discretiza-
tion approach consists of getting a semi-discrete scheme by means of the finite element
method in the space direction and then discretizing time derivatives to obtain a fully
discrete scheme [15]. Douglas and Gupta [8] discussed the superconvergence for a
mixed finite element method of wave propagation in a plane domain, where a quasi-
projection analysis was given to obtain error estimates in Sobolev spaces of nonpositive
index. In [1, 2], Bécache, Joly and Tsogka changed the second-order system (1.1) to
a first order system, and constructed a new family of quadrangular or cubic mixed
finite elements for the new system. In [9], Lai, Huang and Chen established a new
C°—continuous time stepping displacement-type finite element method to solve the
vibration problem of plane elasticity. Boulaajine, Farhloul and Paquet [3, 4] used a
new dual mixed finite element method to solve the linear elastodynamic system with
explicit/implicit Newmark schemes for the time discretizaton. The explicit Newmark
scheme was shown to be stable under an appropriate CFL condition and the implicit
Newmark scheme was unconditionally stable. In [6], Cheng and Xie considered a
space-time nonconforming finite element method for the vibration problem.

The assumed-stress hybrid approach, pioneered by Pian [11], is a kind of mixed
finite element method based on the Hellinger-Reissner variational principle which in-
cludes unknowns of displacements and stresses. In [12] Pian and Sumihara derived
the famous hybrid stress element (abbr. PS) through a rational choice of stress terms.
Pian and Tong [13] discussed the similarity and basic difference between the incom-
patible displacement model and the hybrid stress model. In the direction of deter-
mining the optimal stress parameters, there have been many other research efforts,
cf. [14,16-18,22]. Xie and Zhou [17, 18] derived robust 4-node hybrid stress quadri-
lateral elements by optimizing stress modes with a so-called energy-compatibility con-
dition, i.e. the assumed stress terms are L?—orthogonal to the enhanced strains caused
by Wilson bubble displacements. Yu, Xie and Carstensen [19] derived uniform conver-
gence and a posteriori error estimation for the hybrid stress methods.

In this paper, we shall apply the hybrid stress finite element method to the elasto-
dynamic system (1.1) to obtain a semi-discrete scheme, then use a second-order center
difference scheme in the time direction to get a fully discrete scheme. We will derive
error estimates for the two schemes and a stability result for the fully discrete explicit
scheme.

The paper is organized as follows. Section 2 gives notations and weak formulations.
Section 3 is devoted to the error analysis of the semi-discrete hybrid stress method. In
Section 4, we show a stability result and the error estimation of the fully discrete hybrid
stress scheme. Some numerical results are provided in the last section.

2. Notations and weak formulations

Throughout this paper, we denote by H"(£2) the standard Sobolev spaces with norm
| - || and semi-norm | - |,., and H" = L? is the space of square integrable functions. For
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a time dependent function v(x, t), we simply write ||v||, = ||v(-,%)]|,. We then define
LP([0,T]; H(2))

={v:0,7) > H" (@) ol o oz < o0}, 1<p< o,

T 1/p
T P—— ( /0 uv<-,t>uedt) |

when p = 0o, ||v||ze(j0,17;57(2)) = €55SUPg<s< ||V (-, ) |-

The corresponding semi-norm is

T 1/p
\U\Lz’([o,ﬂ;m(m):(/o \v(-vt)\%?dt> :

We note that all the notations presented above can also be extended to vector-valued/tensor-
valued functions naturally.

For convenience, we use the notation a < b to represent that there exists a generic
positive constant C, independent of the space mesh parameter i and time mesh pa-
rameter At , such that a < Cb.

We recall two Gronwall’s inequalities [15]:

where

Continuous Gronwall’s inequality. Let ¢(-) > 0 be such that
ou(t) < pdlt) +(t) for 0<t<T,

where p > 0 is some constant and 7(-) > 0, n € L'([0,T]). Then it holds

T
o(t) < et <¢)(0) —l—/o n(s)ds) , Vtel0,T]. (2.1)

Discrete Gronwall’s inequality. Let two nonnegative sequences (ky)n>0, (Pn)n>0
be given and gy > 0 also be given. Suppose that the sequence (¢, ), >0 satisfies

(b() S 90,

n—1 n—1
Gn<got+ X pst+ X kets, V> 1 (2.2)
s=0 s=0

Then it holds

n—1 n—1
¢n < (90 + Zps> exp (Z k:) , Vn>1. (2.3)

s=0 s=0

We define two spaces as follows
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> = {T € L2(QR22) - / trrdx = 0},
Q

where L?(Q; R?;,%) denotes the space of square-integrable symmetric tensors with the
norm | - ||o defined by ||7||3 := [, 7 : Tdx, and tr7 := 711 + 792 represents the trace of
tensor 7. Notice that on the space V, the semi-norm |- |; is equivalent to the norm ||- ||;.
The weak problem for the elastodynamic system (1.1) reads as: Find (o(t),u(t)) €

L2([0,T);%) x L2([0,T); V) such that

a(o(t), ) + b(r,u(t)) =0, Vrex,

b(U t) ) ( ) V) - (utt(t)vv)v Vv e ‘/7 (24)

u(0) = w0, w(0) =1,

where

1 A
a(o,T) := / o:C lrdx = —/ o:T — ———trotrrdx,
Q 2u Jo 2(p 4+ A)

b(r,v) = — /Q i e(v)dx,

and (-, ) is the L?-inner product on ().
For a.e. t € [0,7], the following continuity conditions are immediate:

la(o, )| < llolloliTllo, 0,7 € L*([0,T); %), (2.5)

b(, V)| S lIrllolvli, 7€ L*([0,T); %), v € L*([0,T); V). (2.6)

Define an energy norm || - ||, on ¥ as

1
17112 == a(r,7) = ZHT — —tr7l|)2 + |trr||2  forT e .

1
2 4(p+ )

Then it holds .
——— |70 < ||T|la < T
WHA)H o < I7lla < fH llo-

2.7)

3. Semi-discrete hybrid stress finite element method

3.1. Geometric properties of quadrilaterals

In what follows we assume that 2 is a convex polygonal domain. Let .7}, be a
conventional quadrilateral mesh of Q. Let K € .7}, be an arbitrary quadrilateral with
diameter hyx. Denote h := [r(nag {hxi}. Let Z;(z;,yi), 1 <1i < 4 be the four vertices of K

€In
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and T; denotes the sub-triangle of K with vertices Z;_1, Z; and Z, 1 (the index on Z; is
modulo 4). Define

px = min diameter of circle inscribed in T;.
1<i<4

Throughout the paper, we assume that the partition .7, satisfies the following “shape-
regularity” hypothesis: there exists a constant ¢ > 2 independent of / such that for all

K e 9,
hk < opk. 3.1
We define the isoparametric bilinear mapping F : K = [—1,1]> — K (see Figure
1) as
4
( ) =Fe(@&m) = | T : (3.2)

where ¢, n) are the local isoparametric coordinates, and

1 1
N121(1—f)(1—77)7 N2=1(1+f)(1—77)7
1 1
N321(1+5)(1+77), N4=1(1—5)(1+77)-
7 Zs
24 1 23 Y Z4
-1 1 Fr
§ Z,
Z1
X
Z A

Figure 1: The mapping Fk

We can rewrite (3.2) as

T = ag + a1§ + azn + a12én, y = bo + b1§ + ban + b128n,

where
ag bo 1 1 1 1 r1 Y1
aj bl . 1 —1 1 1 -1 T2 Y2
a bg N Z -1 -1 1 1 I3 Y3
a2 b2 1 -1 1 -1 T4 Ya
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3.2. Preliminary results

Let ¥, C ¥ and V}, C V be finite dimensional spaces respectively for stress and
displacement approximations. For the PS element [12], the isoparametric bilinear in-
terpolation is used for the displacement approximation, i.e. the displacement space V},
is chosen as

Vi = {V €V :¥v=v|goFk € span{l,&,n,n}? for all K € %}

For simplicity we abbreviate the symmetric stress tensor 7 = (7;;)2x2 as 7 = (711, T2,
712)7. The 5-parameters stress mode on K for PS element takes the form

T=PBfor f:= (B, - ,ﬂ5)T€R5, (3.3)

where
a2
100 n %¢
P=lo010 Zn ¢
b
001i77‘;—§§

Then the corresponding stress space for PS element is
¥y = {7‘ €X:7=r7|g oFk is of form (3.3) for all K € %}
Introduce the spaces

Wy, == {q € L*(Q) : G = q|x o Fx € span{1,&,n} for all K € %}7

Wy, = {q‘e Wi, : |k = constant for all K € %}

Lemma 3.1. ([19]) Assume that for any ¢ € W}, there exists some v € V,, with ||q||3 <
Jqadivvdx, |[v|? < ||gll3. Then for any 7 € Zy == {1t € Sy : [o7 : €e(vp)dx =
0, for all vy € V4 } it holds

7112 < alr, 7). 3.4

Remark 3.1. This Lemma states that any quadrilateral mesh which is stable for the
Stokes element )1 — Py is sufficient for (3.4). As we know, the only unstable case
for Q1 — Py is checkerboard mode [10,20]. Thereupon, any quadrilateral mesh which
breaks the checkerboard mode is sufficient for the uniform stability (3.4).

Lemma 3.2. ([19]) For any vy, € V, it holds

T3, 1 €(vy)dx
Vit < sup M
0#TRED), HThHO
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We note that it holds the inverse inequality
He(Vh)H() < 5h71HVhH0, Vv, € Vi, (3.5)

where 0 is a positive constant independent of h.
Define an operator I1;, : ¥ — ¥, such that for 7 € ¥ it holds

b(t,vyp) = b(Ilp7,vy), Vv € V.

We easily have
|7 = IIp7llo S hlTl, V7 €X. (3.6)

3.3. Semi-discrete scheme

Let ¢y 5, and ¢ 5, be respectively approximations of initial data ¢ and ;. The cor-
responding semi-discrete scheme for the problem (2.4) reads as: Find (o,(t),u(t)) €
L2([0,T); £1,) x L2([0,T); Vi), such that
a(on(t), 7h) + b(7h, un(t)) =0, V7 € X,
b(on(t), va) + (£(t),vh) = (upu(t),va), Vvp € Vi, (3.7)
u,(0) = wo,n, unt(0) = @1,

Lemma 3.3. The semi-discrete scheme (3.7) admits a unique solution (op(-),up(+)).

Proof Let uy(t) |k= Naf(t), on(t) |k= PB(t) with at) = (ai(t),---,as(t))T,
5(75) = (/31 (t)v T 755(75))T and

NN10N20N30N40
Lo N 0O N 0 Ny o0 N )

where P is given in (3.3) and N; (i = 1,--- ,4) are the same as in (3.2).
Taking 7| = Pf3 with an arbitrary 3 € R in the first equation of (3.7), we obtain

/ PTC™Pdxf(t) —/ PTe(N)dxa(t) =0,
K K

where €(N) is the strain on N. Denote G = [, PTe(N)dx, H = [, PTC™!Pdx, then
the above relation yields
B(t) = H'Ga(t). (3.8)

Taking v;|x = N& with an arbitrary & € R® in the second equation of (3.7), we
obtain

Z—ﬁ(t)T/ PTe(N)dx

K

K
= — T X Ot T T X.
_;/K f(t)' Nd +; (t) /KNNd
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Denote

T _ TNgx. FT(t) = ()T Ndx
Q_;/KNNd,F(t) ;/K £(t)T Ndx,

and substitute (3.8) into the above relation, we then have
Qb (t) + GTH'Ga(t) + F(t) =0 (3.9)

with &(t)|x = a(t). Because Q, GT H~'G are symmetric positive defined constant ma-
trices, we easily know that (3.9) has a unique solution provided that f(¢) is continuous
in ¢. This completes the proof. d

3.4. Error analysis

Let us introduce the following discrete elliptic projection problem: Find (o, (t), u,(t)) €
L2([0,T);2p) x L%([0,T); Vi), such that

{ a(op(t), ) + b(mh, ap(t)) =0, VTh € X, (3.10)

b(an(t),ve) + (£(t),vh) = (uu(t),vy), Yvi € V.

By standard arguments in the theory of mixed finite element methods [5] we can
estimate as follows the error between (o (t),u(t)), the solution of weak problem (2.4),
and (o,(t), u,(t)), the solution of the discrete elliptic projection problem (3.10).

Lemma 3.4. For a.e. t € [0,T] it holds the following estimates:

|o(t) = an(t)llo + [[ut) — wy(t)[lr S k(la(t)]l2 + o)1), (3.11)
low(t) — Tnae(D)llo S Ao (@)1 + lwe(t)]l2), (3.12)
e (t) — @z (O)l1 S hllow (@)l + lue(t)l]2)- (3.13)

Remark 3.2. We note that in the estimates (3.11)-(3.13), the constants C in < are not
only independent of 4 and At, but also independent of the Lamé parameter \.

For the convenience of analysis we choose initial data ¢ p, ¢1 5, in the semi-discretized
problem (3.7) as follows:

©o,n = Up(0), 1,5 = Up(0). (3.14)

We note that in actual computation one may take ¢ 5, = Ipo and ¢; j, = Ipp1, where
I;, denotes some interpolation from V' onto V},.

Theorem 3.1. Let (o(t),u(t)) and (on(t),ux(t)) be the solutions to the weak problem
(2.4) and the semi-discrete scheme (3.7), respectively. Suppose u € L>([0,T]; (H?(2))?N

https://doi.org/10.4208/nmtma.2015.m1324 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1324

590 Z.Q. Yu, X.P. Xie

(HE(Q))?), uy € L2([0,T]; (H*(Q))?) and o, 014 € L>=([0,T]; (H*(2))?*2). Then for a.e.
t € [0,T] the following error estimate holds:

lo(t) = on(®)llo + [[u(t) —un(®)]x

(3.15)
S h(HU(t)Hl + a2 + ol 20,71 ())2x2) + HuttHL2([0,T];(H2(Q))2))-
Further more, it holds
o = anllLoo (0,17 (L2(0))2%2) + ([0 = Wnl| oo (0,750 (2))2)
S h(HUHLOO([O,T};(Hl(Q))QX?) + [[all Loo (jo,m75(H2(2))2)
+ llotell 2oy ())2x2) + Hutt||L2([0,T];(H2(Q))2)- (3.16)

Proof. Denoting ry,(t) := uy(t) —uy(t), ¥p(t) := op(t) —op(t), from (3.7) and (3.10)
we write the error system in the form

{ a(tpn(t), ) + b(7h, rr (1)) = V7, € i,

b(Yn(t), vi) = (apee(t) — s ) Vi), Vi € Vi

By (3.14) it holds r;(0) = 0 and rj, +(0) = 0, then we obtain ;,(0) = 0. Differenti-
ating the first equation of (3.17) with respect to ¢ and taking 7, = 1 (t), we obtain

3.17)

a(¥ne(t), Yn(t)) + b(n(t), rhe(t)) = 0. (3.18)
Take v, = rp, 4(t) in the second equation of (3.17), then it follows
b (L), rhe(t) = (Upee(t) — g (t), rhe(t)). (3.19)
Combining (3.18) with (3.19) we have
a(tn,e(t), Yr(t)) + (apu(t) —ug(t),ra(t)) =0, (3.20)
then it holds
d , d _ d )
(02 = Sana(0),n(0) = (walt) = Ta(0), 212(0) = e et)13
d (3.21)
< g () = @ (ONF + [en ()G — %Hrh,t(t)!!?»
which indicates
d _
a (len @12 + Ient(ONF) < e (t) — Tra @G + rn: ()5 (3.22)

Using the continuous Gronwall’s inequality (2.1) and the estimate (3.13) we have

T
[on (N2 + [len (01l < eT/ [use (s) — @nu(s)|Gds
0 (3.23)

T T
5#%\mw%@+énwwﬁm,
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which yields

lon(t) — an(t)]la < <||uttHL2 (0,7 (m2())2) t ol L2 o,y @ ))2x2))- (3.24)

From (2.7) we obtain

lon(®) —an®)llo < V2(u+ Mllon(t) = an(t)lla

(3.25)
S el 220,152 (92))2) + lloeell L2 o, 1y (1 (@))2%2))-

In view of Lemma 3.4, (3.25) and triangle inequality, we have
lo(t) — on(®)llo
<o) —an®)llo + llon(t) —an®)llo
Sh(llo@®ll + [[a@®)ll2) + ~lllowll L2 qo,myar @))2x2) + el L2 o2 @))2))
Shlle@ll + a2 + llowl 2o, @))2x2y + uell 2o,y m2@))2)- (3.26)

Taking vy, = rp(t), 7 = Yp(t) in (3.17) we have

{ a(Pn(t), Yu(t)) + b(n(t),ra(t)) = 0, (3.27)
b(Yn(t), ra(t) = (Wnu(t) — aw(t), ra(t)).
Lemma 3.2 and (3.24) imply for a.e. ¢t € [0, 7],
& L b0, wa(t) — T(1))
Huh(t) h(t)Hl g 07&1[%16)2,1 Hwh( )HO
— sup AOD0) ), (3.28)

orvnes,  1¥n(®)lo
(Ilwtell2 oz + lowll e o).
This estimate, together with Lemma 3.4 and triangle inequality, leads to
[u(t) —un(t)[lx
S la@) —wp()lh + [[un(t) — @)
S hla(@®)ll2 + llo(@)ll) + hlllaell 2o 7p;m20)2) + lowll Lz o1y (@))2x2))
S hla(@®)ll2 + lo @l + [l 20,1y, z200)2) + llowll 2o @)2x2))- (3.29)

Finally, the estimates (3.26) and (3.29) yield the desired result (3.15), from which
the estimate (3.16) follows naturally. O
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Remark 3.3. We note that the estimates (3.24) and (3.11) can yield the following
estimate for the stress error in the energy norm for a.e. ¢t € [0, T7:

o) = on(t)lla < h(lla(t)lll + [u@®)l2 + llowll 2o, 735001 (2))2%2)
—+ ||uttHLQ([O,T];(H2(Q))2))- (330)

where the constant C' in < is independent of the Lamé parameter \.

4. Fully discrete hybrid stress finite element method

4.1. Fully discrete scheme

Denote by At := % > 0 the time step size , and take ¢; = iAt (i =0,1,2,--- , M),
to=0,tp =T, 1:= % For any function ¢ of ¢, define
2

n n+1
o= pltn), ot =L +2<P ,
(PnJrl _ (Pnfl L1 (PnJrl o (Pn
JANT S yANTO =
tp INL 9 tp 2 At )
Az@n _ SOn-i-l o Q@n + SOn—l
o (At)?
We can easily see that
1 1 1 1
ANgp™tE — N3 DN ™3 4 N3
A2, — A" = 1
t‘P At 9 tSO 2 (4 )
The corresponding fully discrete mixed finite element scheme for the problem (2.4)
reads as: Forn =1,2,--- , M, find (o}, u}) € ¥} x V}, such that
ho Up
CL(O’%, Th) + b(Tha LIZ) =0, V’Th € Eha (4 2)
(AtzuZ’Vh) - b(J}TLLvVh) = (fnvvh)a vVh € Vh7 .

where u) = 1,(0) and u, ' = w;,(—At). Similar to the semi-discrete case, the choice of
initial data u) and ugl here is just for the convenience of analysis. In actual computa-
tion one may choose u% = Ippo and ugl = Inpg — Atlppr.

Lemma 4.1. The fully discrete scheme (4.2) admits a unique solution (o}, uj) for n =
1,2,--- M.

Proof. The proof is similar to that of Lemma 3.3. Let u}f“] =N a”“,um K =

1 _
Nau) g = Na"L, of|x = PB", where o = (af, -+ ,ad)T, g7 = (B, , )T,
N, P are the same as in Lemma 3.3.
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Taking 73|k = P§ with an arbitrary 3 € R? in the first equation of (4.2) we obtain
f" = H 'Ga", (4.3)

where N, G are given in Lemma 3.3.
Taking v;|x = Na with an arbitrary & € R® in the second equation of (4.2) and
using (4.3), we obtain

Z(anJrl)T/ NTNdX

K K

— T < — anfl T T <
2§ /N Nd EK( ) /KN Nd
. 2 n\T T6 X 2 n\T <. .
(At) E (8") /KP (N)dx + (At) EK /K(f )" Nd 4.4)

K

Denote FT := Y [ (f")T Ndx, then we have
K

Q&™) = 2Q(a") — Q@™ Y) — (APGTHIG(a") + (A2F, (4.5

with &"(t)|x = o"(t), Q is the same as in Lemma 3.3.
Suppose u}f—l, u} are given, then &"~!, &" are given. Since the matrix @ is sym-
metric positive defined, the linear system (4.5) admits a unique solution 4"**. O

4.2. Stability analysis
Lemma 4.2. It holds

J+1 J+1 At J+13
80 13 + oy g2 - B A

(4.6)
(1)

J
Z (f", Apay) + HAtuhHO + |loy ||2

forJ=1,--- M—1.

Proof. Subtracting the same equation at time (n — 1)At from the first equation of
(4.2) at time (n + 1)/At, we obtain

a(of ™ —op 7)) + b(mp,up T —u) ) = 0 forall 7, € B, 4.7)
Taking 7, = 7307 in (4.7) and v, = Ay} in the second equation of (4.2) we get

G(At0—27 U%) + b(JZ, AtuZ) = 07 (48)
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b(oy, Awuy) = (A?u}f, Apay) — (£7, Aap). (4.9)

Subtracting (4.9) from (4.8) yields
a(DNpol, o) + (AZuf, Aaf) = (£, Aul). (4.10)

It follows from (4.1)
AT AT AT 4 A
(A uh Atuh) ( tUy, - tuh tay, + ty, )

At | 2 (4.11)
nal 1
= o (180 213 = a2 1R).
Since
1 _1
S Al S A L ek e s Al
2/t 2/t At ’
on JZ—H—FJZ o 1—1—02 (At)2(02+1—202+02_1>
h— 4 4 4 (At)? ’
we have
a(Deoy,op)
ntx n—1 n+i n—3
:(Atag (C—laz): (Jh 2 -0, 2 C_lo-h 2 + oy, 2) B (Atgg c- 1(At) A )
’ At ’ 2 ’
+l _1
(Il *2||2—||a"5H2)—(At)2(AtJZ AR AL A
= oA \1%h h 4 2 ’ At

n+3 _ n=y 2 n+3g 2 _ n—3 2
ot (L i e R (PN T PR PN ) (4.12)

It follows from (4.10)-(4.12) that

nt3 n—1% n—1
o (17512 = 1oy 212) = 22 (18w 312 — 120y 212)
) (4.13)
ntg n—g n n
o (A 21— Ay 2 1) = (£, Ao,
which yields (4.6). O

Theorem 4.1. Assume the CFL condition

At < min{l L}
VTR
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holds with § given in the inverse inequality (3.5), then the explicit scheme (4.2) is stable
in the following sense:

J+3 J+3
Ol Apay, (15 + lloy, 113
(4.14)

1 1
S A [l + llog 115 + T(tg% I1£(t)ll0)?] > exp(T07)

with 0 ;= 1 — SEUHN o g g 1,

Proof. Subtracting the first equation of (4.2) at time J/\t¢ from the same equation
at time (J + 1)At and dividing it by At, we get

J+1 g JH1 _ T
CL(%,T[—L) +b<7’h,%) =0. (415)
. J+3 .
Taking 7, = Ao, ? in (4.15), we have

1 1 1 1
a(Deo) T2 Do )+ b( D0 T E A TE) = 0, (4.16)

Combining (3.5), (2.7) with (4.16), we obtain

J+3 J+3 J+3
180, 218 = (Do, 2, Avo,?)

J+3 J+3 J+3 J+3
= —b(AtO'h Q,Atuh Q)Z(AtO'h Q,E(Atuh 2))
J+3 J+3 1) J+1 J+l
< [[Beoy, *lolle(Bewy, *)llo < 5 [|Ae0y,*lloll Aoy, * lo
< WRHEED n o a o 4.17)
thus it holds
J+1 0/2(p+ A J+1
007t < SZEED e, “.18)
From (4.6) and (4.18) we get
3*(At)*(p+ ) T+l J+1
(1= TETIED a4
J 1 1 (At)? 1
<S2AEY (" Aaup) + Az [l + o 17 — Al (4.19)
n=1
J J 1 1 (At)Q 1
< ALY IEG+ A8 [ Amplg + 1Al + o 17 — 121G

n=1 n=1
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On the other hand,

_1

J J n+i n
Atu 24+ Atu 2
Do lAwplg =) (1= 5 —I6

n=1 n=1

1 n—
5(2 A2 4 Z 184 13)

(4.20)
1 K, nti o J+i 9 )
9 <2 Z [ Ay, 2[5 + [[Aewy, 2[5 + [[Aeuy ”0)
n=1
- n+l 9 1 J+io
<D IDeay 2G4 5120 2R
Thus, combining (2.7), (4.19) with (4.20) we obtain
1 (A% (u+N) T+l J4L o
(5 - 0 haiH i3 + 1o
4.21)

(At)

" n+l
< Atz I1£715 + Atz 128 pay, 2113 + HAtuh I3+ llo? Ho [PAVE3 Ho

In light of the CFL condition, applying the discrete Gronwall’s inequality (2.3) to (4.21)
yields

J+3 J+3
Ol Ay, 15+ llo, 115

) i (4.22)
|2t 3 4+l I3 + T mas [1£0)0)°] x exp(T67).

4.3. Error analysis

Lemma 4.3. Under the CFL condition At < min{1,( Mﬁ} with ¢ € (0,1) an arbitrarily
given constant, it holds the following error estimate:

M — M —
max [|uf — ()1 + max |[of — 7 (¢n) o
< AtZ [wee(t;) — Akan(t)]lo- (4.23)

Here (07!, u}!) and (o, uy,) are respectively the solutions to the fully discrete scheme (4.2)
and the discrete elliptic projection problem (3.10).
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Proof. Set ¢} = o} — op(ty), r} = u} —uy(ty,), take t = ¢, in (3.10), and combine
(4.2), we then have V7, € Xp, vy, €V},

a(yp, ) + b(y, 1)) =0,

b(w}?7 Vh) = (A%I‘Z, Vh) + (A%I/J\h(tn) - Utt(tn), Vh)'

(4.24)

1
Apply the difference operator A\; to the first equation of (4.24) and take 7, = 1/):+2 ,
we then obtain
a(LeE ) L hl I A =0 (4.25)

n+y n—%. . :
Take vy, = %(Atrh+2 + Atrh 2) in the second equation of (4.24), and we get
1

(4.26)

n—1
(Atrh + Atrh 2))

1 ntl n—1 1
= (277 S (0a "+ 8a) ) + (A7 () = walta). 5

Subtracting (4.26) from (4.25), we arrive at
nty Nty +3 ntg\ _ l n nt3 _ l n n—3
a( Do) o (0 A = o At - So(un A ?)

1 1 -1 1 - 1 _1
=5 (A2, Ay + A7) + = (weltn) = AZ(E), Ay 7+ A7), (427)
which implies
n n 1 n n % 1 n n*%
s (12 = g 2) + 5ot dertE) = 2o (g, 2oy ?)
(4.28)

1 1 n—
= (1w B = 18 1) 4 5 (weltn) = 27T (0), Dt 4 2y ).

Multiplying (4.28) by 2At, replacing n by j and summing these equations from
j=0ton— 1, we have

n

_1
il = IRl + 12y, 2113

AT E 2 4 At (wr AT - Atb(00. A2
[Aery, 25 + (L/AANS o g, Dty

(4.29)
—AtZ(utt Afuh( t;), Atrh 2+Ar 2).
1
In view of ¢) = 0, rf) = 0 and Ar, 2 = 0, it follows
nfl n n—l
IR + ey I3 + At (i, ey ?)
n—1 (4.30)
:Atz<utt( ) — A uy, (¢ )Atr?1 2—I—Ar] 2),
=0
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which yields
1 n|2 n—3 2 n n—2
m”@bhuo + | Aery, 2|6 + Atb(yy, Dyry, 2)
n-1 (4.31)
SAtZ(utt( ) — Atuh( )Atl‘h : —i—Atr] 2).
§=0

By Cauchy-Schwarz inequality, the inverse inequality (3.5) and the CFL condition,
we obtain

1
|Atb(py, Dgry, 2|

n—1 . n n—1i
< Atllypllolle(Aery, ) lo < At6h™HYplloll Aery, 2l (4.32)
1 n—1i n_l
[ AN 2 < C(— 72 A 2|12 )
_C\/m\\wh!!o\\ ¢, Ho_C(Q(MJF)\)HwhHoJrH iy 2 o)

As 0 < ¢ < 1, it holds

1 9 n—-1 o
n A 2
YL A
n—1
S ALY (ug(ty) — Afus(t DAt 2+Atrj 2)
§=0
) ) (4.33)
41 1
S At Z e (t5) = AFGR () ol 2xy, % + Ay, o
n—1
S At o ax Ay, ||OZO||11tt — A () lo-
J
Then it follows
Jmax o+ max (A 2||05At2uutt NGt o (434)
Now taking 7, = ¢}’ in the first equation of (4.24), we get
a(Yp, Yy) + Yy, ) = 0. (4.35)
From Lemma 3.2, (2.7) and (4.35) we have
n i e(ry)dx a(Pi, Y7 n
e S sup doYRICCRMEX o aWR ) iy (436)
0AYPES), I ozvpes,  [¥hllo
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which leads to

n < n
o ax Irpll < [max [ 1lo- (4.37)
Combining (4.34) with (4.37) completes the proof. O

Lemma 4.4. Suppose uy, uy; € L([0,T]; (H*(Q))?), uyy € L=([0,T]; (L*(2))?) and
o, ou € L2([0,T); (H(Q))?*?). Then the following error estimate holds:

max |lup — wp(tn)ll + max |lof —an(tn)lo

0<n<M 0<n<M

38

< b (lowell o o,y ey + lowell e qoriscan ey + el eqocerayy 0
[Lex] + [[werell Lo (o, 7: (rr20)2)) + (D8 [ Waeee | Low 0,735(22(02))2)-

Proof. The proof follows from the same lines as in [3]. O

We are now in a position to show an error estimate for the solution of the fully
discrete hybrid stress finite element scheme.

Theorem 4.2. Suppose u, uy, uy € LOO([O, T]7 (Hz(Q))Q), Uyt € LOO([O, T], (Lz(Q))Q)
and o, oy, o € L°°([0,T); (H(2))>*2). Under the CFL condition /At < min{1, (ﬁ}
with 0 < ¢ < 1, it holds the following error estimate:

tn) — o} tn) —uj
Jmax [o(ts) = oflo+ max [u(t,) - il

S h(llall e o,ys2@0)2) + 1ol oo (jo,77: (21 (2))22)
+ st oo (0,77, (2r202))2) + ol Lo (0,77, (21 (02))272) (4.39)
- lwsaell o o 7y:m2(20)2) + Nlowell ow o s a1 (0)22))
+ (A gt | oo (0,77, (£2(02)2) -
Proof. The desired result follows from Lemma 3.4, Lemma 4.4 and triangle inequal-

ity. O

5. Numerical tests

Example 5.1. Consider the problem (1.1) with Q@ = [0,1] x [0,1], T =1, pu=1, A =1,
f = [fla fQ]T:

fi(x,t) = e H(a* — 223 — 1122 + 122 — 2) (49> — 69 + 2y) — (2 — 2)*(24y — 12)),
fa(x,t) = —eH(y* — 2y% — 11y% + 12y — 2)(4a® — 622 + 22) — (y* — y)?(24x — 12)].
The initial displacement and velocity are respectively given by

o = [(2% —2)*(4y” — 6% + 2y), —(y* — y)*(42” — 62° + 22)]",
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Table 1: Results of Fy and E, for HSFEM: Example 1.

(h,At) t=02 t=04 t=06 t=08 1t=1
(0.25, 0.0125) 0.5335 0.5334 0.5347 0.5491 0.5400
Ey (0.125, 0.0088) 0.2698 0.2701 0.2714 0.2747 0.2734
(0.0625, 0.00625) | 0.1350 0.1351 0.1351 0.1356 0.1357
(0.03125, 0.0044) | 0.0675 0.0675 0.0675 0.0676 0.0676

(0.25, 0.0125) 0.5252 0.5227 0.5238 0.5570 0.5518
E, (0.125, 0.0088) 0.2673 0.2669 0.2684 0.2720 0.2704
(0.0625, 0.00625) | 0.1335 0.1334 0.1334 0.1338 0.1342
(0.03125, 0.0044) | 0.0667 0.0667 0.0667 0.0667 0.0667

Table 2: Results of E, for bilinear element and HSFEM: Example 1, At = 1073,

h t=002 ¢t=004 t=006 ¢t=008 ¢t=0.1
0.25 0.5372 0.5369 0.5366 0.5364 0.5363
Bilinear | 0.125 0.2704 0.2703 0.2701 0.2700 0.2700
0.0625 | 0.1351 0.1351 0.1350 0.1350 0.1350
0.03125 | 0.0675 0.0675 0.0675 0.0675 0.0675

0.25 0.5371  0.5365 0.5357 0.5352 0.5349
HSFEM 0.125 0.2704 0.2702 0.2700 0.2698 0.2698
0.0625 | 0.1351 0.1351 0.1350 0.1350 0.1350
0.03125 | 0.0675 0.0675 0.0675 0.0675 0.0675

o1 = [~ (27 — 2)*(4y® — 6y% + 2y), (v* — y)*(4a® — 622 + 22)]".

The exact displacement solution, u = (uq, UQ)T, to this problem is as follows:
up = e H(z? — 2)2(4y® — 6y% 4+ 2y), up = —e 1 (y? — y)*(4a® — 622 + 22).

The domain (2 is divided equally into m x m meshes with ~ = 1/m. Table 1 shows
the relative errors,

) ~uih o) — gl
u(t)ls o)l

of the proposed fully discrete hybrid stress finite element method (abbr. HSFEM) at
t =0.2, 0.4, 0.6, 0.8, 1. We note that the time step /At is chosen much smaller than
the space step h so as to satisfy the CFL condition, and that, as the mesh is refined, the
mesh parameters (h,/\t) are decreased to (%, %). Numerical results indicate that E,,
and E, are both of O(h + (At)?)-accuracy, as is conformable to the error estimate in
Theorem 4.2.

Ey =

We also list in Tables 2-3 some numerical results with At = 10~2 for the bilinear
element and our method. We can see that our method gives more accurate stress
approximations than the bilinear element.

Example 5.2. Consider the problem (1.1) in the plane strain case with @ = [0, 1] x 0, 1],
T = 1, E = 1. The exact displacement solution, u = (ul,ug)T, to this problem is as
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Table 3: Results of E, for bilinear element and HSFEM: Example 1, At = 1073,

h t=002 ¢t=004 t=006 ¢t=008 ¢t=0.1
0.25 0.7513  0.7508 0.7503  0.7504 0.7510
Bilinear | 0.125 0.4017 0.4016 0.4015 0.4015 0.4017
0.0625 | 0.2041 0.2040 0.2040 0.2040 0.2040
0.03125 | 0.1024 0.1024 0.1024 0.1024 0.1024

0.25 0.5247 0.5231 0.5215 0.5212 0.5226
HSFEM 0.125 0.2667 0.2661 0.2656  0.2657 0.2661
0.0625 | 0.1333 0.1332 0.1332 0.1332 0.1333
0.03125 | 0.0666 0.0666 0.0666 0.0666 0.0666

Table 4: Results of Fy and E, for HSFEM: Example 2, v = 0.25.

(h, At) t=02 t=04 t=06 t=08 t=1
(0.25, 0.0125) 0.2276 0.2345 0.2633 0.2868 0.2502
Ey (0.125, 0.0088) 0.1135 0.1144 0.1186 0.1224 0.1176
(0.0625, 0.00625) | 0.0567 0.0568 0.0574 0.0579 0.0572
(0.03125, 0.0044) | 0.0283 0.0284 0.0285 0.0285 0.0284

(0.25, 0.0125) 0.2456 0.2515 0.2738 0.2903 0.2643
E, (0.125, 0.0088) 0.1235 0.1243 0.1275 0.1298 0.1262
(0.0625, 0.00625) | 0.0618 0.0620 0.0624 0.0627 0.0621
(0.03125, 0.0044) | 0.0309 0.0310 0.0310 0.0310 0.0310

Table 5: Results of E, for bilinear element and HSFEM: Example 2, At = 1073, v = 0.25.

h t=002 t=004 t=0.06 t=0.08 ¢t=0.1
0.5 0.4755 0.4748 0.4736 0.4720 0.4700
bilinear | 0.25 0.2308 0.2308 0.2312 0.2325 0.2353
0.125 | 0.1140 0.1146 0.1172 0.1233 0.1341
0.0625 | 0.0569 0.0592 0.0668 0.0807 0.0999

0.5 0.4754 0.4745 0.4729 0.4708 0.4682
HSFEM | 0.25 0.2308 0.2306 0.2304 0.2301 0.2297

0.125 | 0.1139 0.1139 0.1139 0.1138 0.1138

0.0625 | 0.0568 0.0567 0.0567 0.0567 0.0567

follows:
up = (1 —v?)e tsin(nz) sin(my), us = v(1 4 v)e ' sin(rz) sin(my).

Table 4 shows some results of relative errors, F, and E,, for the fully discrete
HSFEM at ¢t = 0.2, 0.4, 0.6, 0.8, 1 with v = 0.25. We note that the numerical results
are conformable to the estimate of Theorem 4.2.

We list in Tables 5-10 some numerical results with At = 1073 and v = 0.25,0.499,
0.4999 for the bilinear element and our method. Tables 5-6 show that, at v = 0.25,
both methods give displacement results of the same accuracy, and our method yields
much more accurate stress approximations than the bilinear element. Tables 7-8 show
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Table 6: Results of E, for bilinear element and HSFEM: Example 2, At = 1073, v = 0.25.

h t=002 t=004 t=006 t=0.08 t=0.1
0.5 0.5152 0.5145 0.5134 0.5119 0.5101
bilinear 0.25 0.2887 0.2886 0.2886 0.2893 0.2912
0.125 0.2033 0.2036 0.2049 0.2084 0.2146
0.0625 | 0.1767 0.1774 0.1799 0.1851 0.1935
0.5 0.5051 0.5042 0.5026 0.5004 0.4977
HSFEM 0.25 0.2498 0.2496 0.2493 0.2489 0.2484
0.125 0.1241 0.1241 0.1240 0.1240 0.1239
0.0625 | 0.0619 0.0619 0.0619 0.0619 0.0619
Table 7: Results of E, for bilinear element and HSFEM: Example 2, At = 1072, v = 0.499.
h t=002 t=004 t=006 t=008 t=0.1
0.5 0.4585 0.4506 0.4746 0.4736  0.4497
bilinear 0.25 0.3632 0.5426 0.6109 0.6491 0.5957
0.125 0.3996 0.8153 1.2325 1.4336 0.9553
0.0625 | 0.4953 1.1476 1.8942 2.1468 1.2708
0.5 0.4490 0.5444 0.7837 0.9502 0.7876
HSFEM 0.25 0.2298 0.2478 0.2787 0.3145 0.2970
0.125 0.1142 0.1173 0.1243 0.1298 0.1211
0.0625 | 0.0568 0.0575 0.0591 0.0595 0.0577

Table 8: Results of E, for bilinear element and HSFEM: Example 2, At = 1072, v = 0.499.

h t=002 t=0.04 t=006 t=0.08 t=0.1

0.5 0.6384 0.6343 0.6475 0.6469 0.6338

bilinear | 0.25 0.5612 0.5996 0.5893 0.5941 0.6023
0.125 | 0.5518 0.6025 0.6579 0.7646 0.5878

0.0625 | 0.5515 0.5993 0.7024 0.8585 0.5927

0.5 0.5870 0.6280 0.7817 0.8693 0.7844

HSFEM | 0.25 0.3142 0.3234 0.3348 0.3435 0.3365
0.125 | 0.1593 0.1605 0.1618 0.1631 0.1620

0.0625 | 0.0799 0.0801 0.0802 0.0804 0.0803

Table 9: Results of ., for bilinear element and HSFEM: Example 2, At = 1073, v = 0.4999.

h t=0.02 t=0.04 t =0.06 t =0.08 t=0.1
0.5 0.4755 0.4704 0.4621 0.4537 0.4488
bilinear | 0.25 0.6426 0.2703 0.4354 0.5546 0.5244
0.125 1.3348 0.4573 0.7804 1.0339 0.3181
0.0625 | 2.86 x 10* 5.35 x 10'2  1.02 x 102 1.94 x 10%° 3.70 x 1037
0.5 0.8123 0.4814 0.4586 0.8681 0.4886
HSFEM | 0.25 0.2841 0.2499 0.2277 0.3017 0.2691
0.125 0.1263 0.1148 0.1163 0.1241 0.1158
0.0625 | 8.61 x 10 1.33 x 10'© 2.18 x 10'® 3.57 x 10?6 5.85 x 1034
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Table 10: Results of Ey for bilinear element and HSFEM: Example 2, At = 1073, v = 0.4999.

h t =0.02 t=0.04 t =0.06 t=0.08 t=0.1
0.5 0.6478 0.6449 0.6404 0.6359 0.6333
bilinear | 0.25 0.6022 0.5403 0.5577 0.5893 0.6196
0.125 0.6994 0.5571 0.6160 0.5991 0.5426
0.0625 | 3.05 x 10* 5.72x 10'2  1.09 x 10?1  2.37 x 10%° 3.94 x 107
0.5 0.8033 0.5967 0.5873 0.8434 0.6202
HSFEM | 0.25 0.2841 0.2499 0.2277 0.3017 0.2691
0.125 0.1263 0.1148 0.1163 0.1241 0.1158
0.0625 | 1.21 x 10> 1.88 x 109 3.07 x 10'® 5.04 x 10%6 8.25 x 1034

that at v = 0.499 the bilinear element gives divergent results due to Poisson locking,
but our method still have the first-order convergence for both the displacement and
stress approximations. Tables 9-10 show that, at v = 0.4999, our method still gives
good results when the mesh parameter h is not so small, but it behaves unstablely as h
becomes small enough. This phenomenon indicates that our fully discrete method still
suffers from ’Poisson locking’ for plane strain problems, at the nearly incompressible
limit (A — oo or v — 0.5).
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