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Abstract. A finite-element multigrid scheme for elliptic Nash-equilibrium multiob-
jective optimal control problems with control constraints is investigated. The multi-

grid computational framework implements a nonlinear multigrid strategy with col-
lective smoothing for solving the multiobjective optimality system discretized with

finite elements. Error estimates for the optimal solution and two-grid local Fourier

analysis of the multigrid scheme are presented. Results of numerical experiments
are presented to demonstrate the effectiveness of the proposed framework.
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1. Introduction

The simultaneous optimization of several objectives depending on different con-

trol mechanisms and subject to a unique model constraint defines a special class of

multiobjective optimization problems. In the case of finite-dimensional models, a rep-

resentative class of multiobjective optimization problems are game theory problems.

In the infinite-dimensional case, multiobjective optimization usually refers to differen-

tial models. Specific infinite-dimensional application problems are aerodynamic shape

optimization with the purpose of lift maximization and drag minimization [9,11], and

multi-loading structural design [17].

The pioneering results on finite-dimensional multiobjective optimization can be

found in the works of Pareto, Nash, and Stackelberg; see e.g. [7, 8, 10]. On the

other hand, the literature on infinite-dimensional multiobjective problems is much

more recent and sparse. In particular, the Pareto solution concept may be found in,

e.g., [12, 13], while much less is known regarding the Nash solution concept in mul-

tiobjective optimization problems governed by differential systems; see the very re-

cent papers [1, 14, 15, 18]. Furthermore, it is only recently that efficient methods for
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the solution of finite-dimensional Nash equilibrium problems have been investigated,

whereas in the infinite-dimensional case the development and analysis of solution tech-

niques is at its infancy. The purpose of this paper is to contribute to this development

with a finite-element multigrid solution strategy for infinite-dimensional elliptic Nash-

equilibrium multiobjective optimization problems. Specifically, we focus on an elliptic

partial differential equation (PDE) with distributed controls and two objectives corre-

sponding to two controls that are sought to obtain a Nash equilibrium. This setting is

similar to that in [1, 14, 15], where finite-dimensional solution techniques are used to

solve a finite-differences discretized multiobjective optimization problem. In contrast,

we consider a FEM discretization and a multigrid solution strategy that is appropriate

to solve elliptic PDE-optimization problems with optimal complexity at any mesh size.

We remark that the present work addresses many novel issues. In fact, it considers a

finite-element discretization of a Nash-equilibrium multiobjective optimality system in

domains that are difficult to handle with finite differences and provides accuracy results

for this setting. Further, it develops a powerful multigrid strategy that accommodates

constraints on the control and is supported by local Fourier analysis results. However,

while this paper provides a novel ground-making contribution to many different as-

pects of the numerical solution to elliptic Nash-equilibrium multiobjective optimization

problems, many issue remain subject of further investigation. Therefore, we limit our

theoretical analysis of the discretization to a one-dimensional setting and analyses the

multigrid convergence only in the unconstrained case.

This paper is organized as follows. In Section 2, we formulate a class of elliptic

Nash-equilibrium multiobjective optimization problems. We consider two objectives

and two constrained controls that are defined in two subsets of the computational

domain. Correspondingly, we introduce the optimality system that characterizes the

solution to our multiobjective optimization problem. In Section 3, we illustrate a finite-

element discretization of the optimality system and investigate the resulting approxi-

mation properties. We extend the analysis of [16] and prove 3/2-order convergence

for the control functions. In Section 4, we discuss a multigrid method for the solution

of the optimality system. We present a full multigrid scheme with collective smoothing

that is able to accommodate the presence of inequality constraints. The optimal con-

vergence properties of our multigrid scheme are investigated in Section 5 using local

Fourier analysis. In Section 6, we present results of numerical experiments to validate

our Nash-equilibrium optimal control framework. In particular, we validate the the-

oretical estimates and the computational performance of the proposed FEM-multigrid

scheme. Our FEM multigrid scheme is found to be efficient and robust for a large range

of the weights of the costs of the controls and provides second-order optimal solutions.

A section of conclusions completes this work.

2. An elliptic multiobjective optimal control problem

In this section, we formulate a class of elliptic multiobjective Nash-equilibrium dis-

tributed control problems as follows.
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Find (u1, u2) ∈ Uad,1 × Uad,1 ⊂ L2(Ω)× L2(Ω) such that

min
y,u1

J1(y, u1, u2)

min
y,u2

J2(y, u1, u2)

−∆y = B1u1 +B2u2 in Ω,
y = 0 on ∂Ω,
u1 ∈ Uad,1, u2 ∈ Uad,2,

(2.1)

where the objectives are given by

Jj(y, u1, u2) :=
1

2
‖ y − zj ‖2L2(Ω) +

νj
2

‖ Bjuj ‖2L2(Ω), j = 1, 2. (2.2)

The functions z1, z2 ∈ L2(Ω) are given target functions and the parameters νj > 0,

j = 1, 2, represent the weights of the costs of the controls.

The set of admissible controls Uad = Uad,1 × Uad,2 is the space product of two

closed convex subsets of L2(Ω) given by

Uad,j =
{
u ∈ L2(ωj) | aj ≤ u(x) ≤ bj a.e. in ωj ⊂ Ω

}
, (2.3)

where the aj < bj, for j = 1, 2, are elements of L∞(ωj) and the ωj are open, possibly

disjoint subsets of Ω, where the controls are defined. The linear operators Bj : L2(ωj)
→ L2(Ω) are extension operators (by zero) given by

Bjuj =

{
uj in ωj

0 in Ω \ ωj.
(2.4)

We assume that for given (u1, u2) ∈ Uad, the solution to the state equation

−∆y = B1u1 +B2u2 in Ω,
y = 0 on ∂Ω,

(2.5)

admits a unique solution y = y(u1, u2) ∈ H1
0 (Ω)∩H2(Ω). With our setting, the mapping

(u1, u2) 7−→ y is affine and differentiable. In order to define a suitable solution con-

cept for the elliptic multiobjective optimization problem (2.1), we define the following

reduced cost functionals

Ĵj(u1, u2) = Jj(y(u1, u2), u1, u2), j = 1, 2.

In terms of the reduced objectives, we can reformulate problem (2.1) as follows

(P̂ )





min
u1

Ĵ1(u1, u2) s.t. u1 ∈ Uad,1

min
u2

Ĵ2(u1, u2) s.t. u2 ∈ Uad,2
(2.6)

With this formulation, we can introduce the following Nash solution concept similar

to [1]. We have
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Definition 2.1. A feasible element ū = (ū1, ū2) ∈ Uad is called a Nash solution or a Nash

equilibrium of (P̂ ), if

Ĵ1(ū1, ū2) ≤ Ĵ1(u1, ū2) for all u1 ∈ Uad,1,

Ĵ2(ū1, ū2) ≤ Ĵ2(ū1, u2) for all u2 ∈ Uad,2.

The triple (ȳ, ū1, ū2) represents a Nash-equilibrium of the multiobjective optimiza-

tion problem (2.1) if (ū1, ū2) is a Nash equilibrium for the reduced problem (P̂ ) and

ȳ = y(ū1, ū2).

The first-order optimality condition for the Nash-equilibrium multiobjective control

problem that characterizes the optimal solution (ū1, ū2) ∈ Uad is given by

∂Ĵ1
∂u1

(ū1, ū2)(v1 − ū1) ≥ 0 ∀v1 ∈ Uad,1, (2.7)

∂Ĵ2
∂u2

(ū1, ū2)(v2 − ū2) ≥ 0 ∀v2 ∈ Uad,2. (2.8)

Now, let us introduce the operator S, representing the inverse of the minus Lapla-

cian with homogeneous Dirichlet boundary conditions. We have that the solution to

(2.5) corresponds to the following

y = S(B1u1 + B2u2). (2.9)

Henceforth, we compute the derivatives of the reduced functionals with respect to the

control variables. We have

∂Ĵ1
∂u1

(ū1, ū2)(δū1) = (∇u1
Ĵ1(ū1, ū2), δū1)

= lim
α→0+

1

α
(Ĵ1(ū1 + αδū1, ū2)− Ĵ1(ū1, ū2))

= lim
α→0+

1

α
{1
2
‖ S(B1(ū1 + αδū1) +B2ū2)− z1 ‖2L2(Ω) +

ν1
2

‖ B1(ū1 + αδū1) ‖2L2(Ω)

−1

2
‖ S(B1ū1 +B2ū2)− z1 ‖2L2(Ω) −

ν1
2

‖ B1ū1 ‖2L2(Ω)}
=(SB1ū1 + SB2ū2 − z1 , SB1δū1)L2(Ω) + (ν1B1ū1 , B1δū1)L2(Ω)

=(B∗
1S

∗(SB1ū1 + SB2ū2 − z1) , δū1)L2(ω1) + (ν1B
∗
1B1ū1 , δū1)L2(ω1),

where B∗
1 and S∗ are the adjoint operators corresponding to B1 and S, respectively;

notice that S∗ = S. Similarly, we determine
∂Ĵ2
∂u2

. Therefore because of (2.7)-(2.8), we

obtain the first-order optimality conditions as follows

(B∗
1S

∗(SB1ū1 + SB2ū2 − z1) + ν1B
∗
1B1ū1, v1 − ū1)L2(ω1) ≥ 0 ∀v1 ∈ Uad,1,

(B∗
2S

∗(SB1ū1 + SB2ū2 − z2) + ν1B
∗
2B2ū2, v2 − ū2)L2(ω2) ≥ 0 ∀v2 ∈ Uad,2.

(2.10)
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Next, we introduce the adjoint variables p1, p2 ∈ H2(Ω)∩H1
0 (Ω) defined as follows

pj = S∗(SB1u1 + SB2u2 − zj) inΩ
pj = 0 on ∂Ω

(2.11)

where j = 1, 2. Using these Lagrange multipliers, we obtain the first-order optimality

conditions in the following from

(B∗
1 p̄1 + ν1B

∗
1B1ū1, v1 − ū1)L2(ω1) ≥ 0 ∀v1 ∈ Uad,1,

(B∗
2 p̄2 + ν1B

∗
2B2ū2, v2 − ū2)L2(ω2) ≥ 0 ∀v2 ∈ Uad,2,

(2.12)

where p̄j = pj(ū1, ū2), j = 1, 2.

Summarizing, we have the following optimality system that characterizes the Nash-

equilibrium solution to the optimal control problem (2.1).

−∆y = B1u1 +B2u2 inΩ,
y = 0 on ∂Ω,
−∆p1 = (y − z1) inΩ,
p1 = 0 on ∂Ω,
−∆p2 = (y − z2) inΩ,
p2 = 0 on ∂Ω,
(B∗

1p1 + ν1B
∗
1B1u1, v1 − u1) ≥ 0 ∀v1 ∈ Uad,1,

(B∗
2p2 + ν1B

∗
2B2u2, v2 − u2) ≥ 0 ∀v2 ∈ Uad,2.

(2.13)

3. A FEM discretization

In this section, we discuss a linear finite-element (FEM) discretization of the opti-

mality system (2.13). For simplicity, we assume a one-dimensional space problem in

Ω = (a, b). However, our discussion is valid also in a two-dimensional convex smooth

domain. We subdivide the interval (a, b) in n sub-intervals with mesh size h = (b−a)/n,

and grid points xi = ih, i = 0, . . . , n.

In a FEM context, we use the standard linear basis functions ei, i = 1, . . . , n − 1,

and the following weak formulation of the state equation

∫

Ω

∇y · ∇w dx =

∫

Ω

(B1u1 +B2u2)w dx. (3.1)

Next, we introduce a finite-dimensional subspace for y, u1 and u2 with dimension

n − 1 which is spanned by the linearly independent basis functions ei. We obtain the

following discrete approximation to the state and control functions

yh(x) =

n−1∑

k=1

Ykek(x), uhj (x) =

n−1∑

k=1

Uj,kek(x) for j = 1, 2.
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and

Bh
j Uj,k =

{
Uj,k ifxk ∈ ωj

0 otherwise.
(3.2)

We have that Y = (Y1, . . . , Yn−1), and Uj = (Uj,1, . . . , Uj,n−1) for k = 1, ..., n − 1
and j = 1, 2, represent the unknowns of the problem. With this setting, our state Eq.

(3.1) results in the following

KY =M(Bh
1U1 +Bh

2U2), (3.3)

where K and M denote the stiffness matrix and the mass matrix, respectively.

Further, we obtain the following discrete adjoint equations

KP1 =MY − Z1 (3.4)

KP2 =MY − Z2 (3.5)

where Zj = (Zj,1, . . . , Zj,n−1) with

Zj,i =

∫

Ω

zjei dx j = 1, 2, i = 1, . . . , n− 1.

Summarizing, we have the following discrete optimality system

KY =M(Bh
1U1 +Bh

2U2),
KP1 =MY − Z1,
KP2 =MY − Z2,
(B∗h

1 (P1 + ν1U1),Φ1 − U1) ≥ 0 ∀Φ1 ∈ Uk,1,
(B∗h

2 (P2 + ν2U2),Φ2 − U2) ≥ 0 ∀Φ2 ∈ Uk,2.

(3.6)

Here B∗h
j is the discrete version of the operator of B∗

j , which is B∗h
j = (Bh

j )
T .

In the remaining of this section, we investigate the accuracy of the FEM solution to

this multiobjective optimality system. For this purpose, we extend the approach in [16]

to our case with two localized controls and two objectives.

We start assuming that we can solve the state equation and the adjoint equations

with a certain accuracy δ̃1 and δ̃2 corresponding to f̃1 and f̃2, that represent the devia-

tion of the numerical solutions to the solutions of the original problem. As a preparation

for our analysis, we prove the following Lemma.

Lemma 3.1. Let (ũh1 , ũ
h
2) satisfy the following inequality constraints

(B∗
jS

∗(S(B1ũ
h
1 +B2ũ

h
2 )− zj) +B∗

j f̃j + νjB
∗
jBjũ

h
j , v

h
j − ũhj )L2(ωj) ≥ 0

for all vhj ∈ Uad,jh, j = 1, 2, and assume

‖ f̃j ‖L2(Ω)≤ δ̃j , j = 1, 2.
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Then the error estimate

‖ ū1 − ũh1 ‖L2(ω1) + ‖ ū2 − ũh2 ‖L2(ω2)≤ C(δ̃1 + δ̃2)

holds true.

Proof. We test the variational inequality for ũhj with ūj and the original inequality

constraints (2.10) with ũhj . We have

(B∗
jS

∗(S(B1ũ
h
1 +B2ũ

h
2 )− zj) +B∗

j f̃j + νjB
∗
jBjũ

h
j , ūj − ũhj )L2(ωj) ≥ 0,

(B∗
jS

∗(S(B1ū1 +B2ū2 )− zj) + νjB
∗
jBjūj , ũ

h
j − ūj)L2(ωj) ≥ 0,

for j = 1, 2. We add these two inequalities and obtain

(B∗
jS

∗(S(B1(ũ
h
1 − ū1) +B2(ũ

h
2 − ū2) ) +B∗

j f̃j + νjB
∗
jBj(ũ

h
j − ūj), ūj − ũhj )L2(ωj) ≥ 0

where j = 1, 2. After some rearrangements, we obtain

(ν1B
∗

1B1(ū1 − ũh1 ), ū
h
1 − ũh1 )L2(ω1) + (B∗

1S
∗(S(B1(ū1 − ũh1) +B2(ū2 − ũh2) ), ū1 − ũh1 )L2(ω1)

≤ (B∗

1 f̃1, ū1 − ũh1 )L2(ω1)

(ν2B
∗

2B2(ū2 − ũh2 ), ū2 − ũh2 )L2(ω2) + (B∗

2S
∗(S(B1(ū1 − ũh1 ) +B2(ū2 − ũh2 ) ), ū2 − ũh2 )L2(ω2)

≤ (B∗

2 f̃2, ū2 − ũh2 )L2(ω2)

We add these two inequalities together and obtain

(ν1B1(ū1 − ũh1), B1(ū1 − ũh1))L2(Ω) + (ν2B2(ū2 − ũh2), B2(ū2 − ũh2))L2(Ω)

+ (S(B1(ū1 − ũh1), S(B1(ū1 − ũh1))L2(Ω) + (S(B2(ū2 − ũh2), S(B2(ū2 − ũh2))L2(Ω)

+ 2 (S(B1(ū1 − ũh1), S(B2(ū2 − ũh2))L2(Ω)

≤ (f̃1, B1(ū1 − ũh1))L2(Ω) + (f̃2, B2(ū2 − ũh2))L2(Ω).

We have the following

ν1 ‖ B1(ū1 − ũh1 ) ‖2L2(Ω) +ν2 ‖ B2(ū2 − ũh2 ) ‖2L2(Ω) + ‖ S(B1(ū1 − ũh1 ) +B2(ū2 − ũh2 ) ) ‖2L2(Ω)

≤ ‖ f̃1 ‖L2(Ω)‖ B1(ū1 − ũh1) ‖L2(Ω) + ‖ f̃2 ‖L2(Ω)‖ B2(ū2 − ũh2) ‖L2(Ω) .

Now, we take ǫ < min(ν1, ν2) and use the Cauchy inequality.

ν1 ‖ B1(ū1 − ũh1) ‖2L2(Ω) +ν2 ‖ B2(ū2 − ũh2) ‖2L2(Ω)

≤ 1

4ǫ
‖ f̃1 ‖2L2(Ω) +ǫ ‖ B1(ū1 − ũh1) ‖2L2(Ω)

+
1

4ǫ
‖ f̃2 ‖2L2(Ω) +ǫ ‖ B2(ū2 − ũh2) ‖2L2(Ω) .
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Therefore, we have the following

(ν1 − ǫ) ‖ B1(ū1 − ũh1) ‖2L2(Ω) +(ν2 − ǫ) ‖ B2(ū2 − ũh2) ‖2L2(Ω)

≤ 1

4ǫ
‖ f̃1 ‖2L2(Ω) +

1

4ǫ
‖ f̃2 ‖2L2(Ω) .

Next, we use the following estimates

1

2
(
√
ν1 − ǫ ‖ B1(ū1 − ũh1) ‖L2(Ω) +

√
ν2 − ǫ ‖ B2(ū2 − ũh2) ‖L2(Ω))

2

≤ (ν1 − ǫ) ‖ B1(ū1 − ũh1) ‖2L2(Ω) +(ν2 − ǫ) ‖ B2(ū2 − ũh2) ‖2L2(Ω)

and

1

4ǫ

(
‖ f̃1 ‖2L2(Ω) + ‖ f̃2 ‖2L2(Ω)

)
≤ 1

4ǫ

(
‖ f̃1 ‖L2(Ω) + ‖ f̃2 ‖L2(Ω)

)2

.

We obtain

√
ν1 − ǫ ‖ B1(ū1 − ũh1) ‖L2(Ω) +

√
ν2 − ǫ ‖ B2(ū2 − ũh2) ‖L2(Ω)

≤ 1√
2ǫ

(
‖ f̃1 ‖L2(Ω) + ‖ f̃2 ‖L2(Ω)

)
.

Further, we define C = 1
min(

√
ν1−ǫ,

√
ν2−ǫ)

1√
2ǫ

and obtain the following estimate

‖ ū1 − ũh1 ‖L2(ωh
1
) + ‖ ū2 − ũh2 ‖L2(ωh

2
)≤ C(‖ f̃1 ‖L2(Ω) + ‖ f̃2 ‖L2(Ω))

that implies the assertion. �

To proceed further, we need the following two assumptions. We assume that there

exists a finite number of points P , supposedly less than the discretization points but

coinciding on them, such that tk ∈ [a, b] (k = 0, . . . , P, with t0 = a, tP = b).

Assumption 3.1. The optimal controls ū1, ū2 of (2.1) are Lipschitz continuous and piece-

wise of class C2, such that ū1 ∈ C2[tk−1, tk] for all k = 1, . . . , Pu1
and ū2 ∈ C2[tk−1, tk]

for all k = 1, . . . , Pu2
.

For the adjoint variables, (p̄1, p̄2) defined as follows

p̄j = S∗(SB1ū1 + SB2ū2 − zj) for j = 1, 2 ,

we also need the following assumption.

Assumption 3.2. The adjoint states (p̄1, p̄2) of (2.1) are Lipschitz continuous and piece-

wise of class C2, such that p̄1 ∈ C2[tk−1, tk] for all k = 1, . . . , Pp1 and p̄2 ∈ C2[tk−1, tk]
for all k = 1, . . . , Pp2 .
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Next, we consider (v1, v2), as the linear interpolate of the optimal solution (ū1, ū2)
of (2.1). We have

vj =

n−1∑

i=1

ūj(ti)ei for j = 1, 2.

Using Assumption 3.1, we can prove the following estimate

‖ ū1 − v1 ‖L2(ω1)=‖ B1(ū1 − v1) ‖L2(Ω)≤ c1 · h3/2 (3.7a)

‖ ū2 − v2 ‖L2(ω2)=‖ B2(ū2 − v2) ‖L2(Ω)≤ c2 · h3/2. (3.7b)

The constants c1, c2 can be estimated by

c1 ≤
T

8
C1 +

L1

2

√
M1 − 1, c2 ≤

T

8
C2 +

L2

2

√
M2 − 1,

with

C1 = max
k=1..M1

‖ ū′′1 ‖C[tk−1,tk ], C2 = max
k=1..M2

‖ ū′′2 ‖C[tk−1,tk],

where L1, L2 are the Lipschitz constants of ū1 and ū2 in ω1 and ω2 respectively. T = b−a
is the length of the domain and M1 and M2 are the number of points in ω1 and ω2 such

that ū1 and ū2 are of class of C2 in between. The details of the proof of the estimate

above can be found in [16].

Lemma 3.2. Let (ū1, ū2) is the optimal solution of (2.1) satisfying Assumption 3.1 and

(v1, v2) is its linear interpolate. If (uh1 , u
h
2 ) is the solution to (Ph), then the following

estimate holds true.

(S∗(S(B1ū1 +B2ū2)− z1) + ν1B1u
h
1 , B1(v1 − uh1))L2(Ω)

+(S∗(S(B2ū1 +B2ū2)− z2) + ν2B2u
h
2 , B2(v2 − uh2))L2(Ω)

+ c4h
3/2 (‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)) ≥ 0, (3.8)

where c4 = c3 ‖ S∗S ‖L(Ω).

Proof. As (v1, v2) is the linear interpolate of the optimal solution ū1, ū2, we obtain the

following

‖ B1(ū1 − v1) ‖L2(Ω) + ‖ B2(ū2 − v2) ‖L2(Ω)≤ c3h
3/2,

where c3 = c1 + c2. Therefore we have

‖ B1(ū1 − v1) +B2(ū2 − v2) ‖L2(Ω)≤ c3h
3/2.
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Further, we have

(S∗(S(B1ū1 +B2ū2)− z1) + ν1B1ū
h
1 , B1(v1 − uh1))L2(Ω)

+ (S∗(S(B2ū1 +B2ū2)− z2) + ν2B2ū
h
2 , B2(v2 − uh2))L2(Ω)

= (S∗(S(B1(ū1 − uh1) +B2(ū2 − uh2))− z1) + S(B1u
h
1 +B2u

h
2)

+ ν1B1ū
h
1 , B1(v1 − uh1))L2(Ω) + (S∗(S(B1(ū1 − uh1) +B2(ū2 − uh2))− z2)

+ S(B1u
h
1 +B2u

h
2) + ν2B2ū

h
2 , B2(v2 − uh2))L2(Ω)

= (S∗S(B1(ū1 − uh1) +B2(ū2 − uh2)), B1(v1 − uh1))L2(Ω)

+ (S∗S(B1(ū1 − uh1) +B2(ū2 − uh2)), B2(v2 − uh2))L2(Ω)

+ (S∗(S(B1u
h
1 +B2u

h
2)− z1) + ν1B1ū

h
1 , B1(v1 − uh1))L2(Ω)

+ (S∗(S(B1u
h
1 +B2u

h
2)− z2) + ν2B2ū

h
2 , B2(v2 − uh2))L2(Ω)

As we have

(S∗(S(B1u
h
1 +B2u

h
2)− z1) + ν1B1ū

h
1 , B1(v1 − uh1))L2(Ω) ≥ 0,

(S∗(S(B1u
h
1 +B2u

h
2)− z2) + ν2B2ū

h
2 , B2(v2 − uh2))L2(Ω) ≥ 0,

we obtain the following inequality

(S∗(S(B1ū1 +B2ū2)− z1) + ν1B1ū
h
1 , B1(v1 − uh1))L2(Ω)

+ (S∗(S(B2ū1 +B2ū2)− z2) + ν2B2ū
h
2 , B2(v2 − uh2))L2(Ω)

≥ (S∗S(B1(ū1 − uh1) +B2(ū2 − uh2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

We proceed further as follows

(S∗S(B1(ū1 − uh1) +B2(ū2 − uh2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

= (S∗S(B1(ū1 − v1 + v1 − uh1) +B2(ū2 − v2 + v2 − uh2)),

B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

= (S∗S(B1(ū1 − v1) +B2(ū2 − v2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

+ (S∗S(B1(v1 − uh1) +B2(v2 − uh2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

= (S∗S(B1(ū1 − v1) +B2(ū2 − v2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

+ ‖ S(B1(v1 − uh1) +B2(v2 − uh2)) ‖2L2(Ω)

≥ (S∗S(B1(ū1 − v1) +B2(ū2 − v2)), B1(v1 − uh1) +B2(v2 − uh2))L2(Ω)

≥ − ‖ S∗S ‖L(Ω)‖ B1(ū1 − v1) +B2(ū2 − v2) ‖L2(Ω)

· ‖ B1(v1 − uh1) +B2(v2 − uh2) ‖L2(Ω)

≥ − ‖ S∗S ‖L(Ω) c3h
3/2 ‖ B1(v1 − uh1) +B2(v2 − uh2) ‖L2(Ω)

≥ − ‖ S∗S ‖L(Ω) c3h
3/2(‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)),
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which implies the assertion. �

Now, we introduce the nodal representation. The discretized solution (uh1 , u
h
2) of

(Ph) can be written as follows

uh1 =
n−1∑

i=1

ξiei with ξi = B1u
h
1(ti),

uh2 =

n−1∑

i=1

ηiei with ηi = B2u
h
2(ti).

The interpolate (v1, v2) of the optimal solution (ū1, ū2) of (2.1) is as follows

v1 =

n−1∑

i=1

φiei with φi = B1ū1(ti),

v2 =

n−1∑

i=1

ψiei with ψi = B2ū2(ti).

Let us recall the adjoint states (p̄1, p̄2) defined as

p̄1 := S∗(S(B1ū1 +B2ū2)− z1),

p̄2 := S∗(S(B1ū1 +B2ū2)− z2).

can be represented as interpolations

p̄1 =

n−1∑

i=1

µiei + δp1 with µi = p̄1(ti)

p̄2 =

n−1∑

i=1

ρiei + δp2 with ρi = p̄2(ti)

Remark 3.1. δp1 and δp2 can be estimated under the Assumption 3.2 similar to (3.7) as

follows

‖ δp1 ‖L2(Ω)≤ c5 · h3/2, (3.9)

‖ δp2 ‖L2(Ω)≤ c6 · h3/2. (3.10)

We also define the matrix G, also known as mass matrix -the scalar products of the

all basis functions, as follows

G =




(e1, e1) · · · (eN−1, e1)
...

. . .
...

(e1, eN−1) (eN−1, eN−1)


 .
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For our choice of ei, we have

G =
h

6
·




2 1 0
1 4 1

. . .
. . .

. . .

1 4 1
0 1 2



. (3.11)

Remark 3.2. The scalar product in Ωh ⊂ Ω can be expressed by a scalar product in

R
n−1 using the matrix G. For example, in case of uh1 =

n−1∑
i=1

ξiei, we have

‖ uh1 ‖2L2(Ω)= (uh1 , u
h
1 )L2(Ω) = (Gξ, ξ)Rn−1 .

Remark 3.3. Using the Gershgorin disc, we have the following estimated:

1

6
h ‖ ξ ‖2

Rn−1≤ (Gξ, ξ)Rn−1 =‖ uh1 ‖2L2(Ω)

This implies

‖ ξ ‖Rn−1≤
√

6

h
‖ uh1 ‖L2(Ω) . (3.12)

Lemma 3.3. Under the Assumptions 3.1 and 3.2 the following estimate holds

(G(µ + ν1ξ), φ− ξ)Rn−1 + (G(ρ+ ν2η), ψ − η)Rn−1

+c7h
3/2(‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)) ≥ 0,

(3.13)

with c7 = c4 + c5 + c6.

Proof. We can write the inequality (3.8) in the following form

(G(µ + ν1ξ), φ− ξ)Rn−1 + (G(ρ + ν2η), ψ − η)Rn−1 + (δp1, v1 − uh1)L2(Ω)

+ (δp2, v2 − uh2)L2(Ω) + c4h
3/2(‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)) ≥ 0.

Now, Remark 3.1 implies

(G(µ + ν1ξ), φ− ξ)Rn−1 + (G(ρ + ν2η), ψ − η)Rn−1

+ (c4 + c5 + c6)h
3/2(‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)) ≥ 0.

This completes the proof of the lemma. �

Lemma 3.4. For D ∈ R
(n−1)×(n−1), a diagonal matrix with positive entries di, if the

Assumptions 3.1 and 3.2 hold, we have the following estimates .

(D(µ + ν1φ), ξ − φ)Rn−1 ≥ 0, (3.14)

(D(ρ+ ν2ψ), η − ψ)Rn−1 ≥ 0. (3.15)
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Now, we choose a suitable diagonal matrix D as follows

D =
h

6
·




3 0
6

. . .

6
0 3



. (3.16)

For this particular choice of D, we have

G−D =
h

6
·




−1 1 0
1 −2 1

. . .
. . .

. . .

1 −2 1
0 1 −1



. (3.17)

Lemma 3.5. If Assumptions 3.1 and 3.2 are satisfied the following estimates

‖ (G−D)φ ‖Rn−1≤ c8h
2, ‖ (G−D)ψ ‖Rn−1≤ c9h

2, (3.18)

‖ (G−D)µ ‖Rn−1≤ c10h
2, ‖ (G−D)ρ ‖Rn−1≤ c11h

2, (3.19)

hold true.

The proofs of the Lemma 3.4 and Lemma 3.5 can be found in [16].

Lemma 3.6. From Remark (3.3) and Lemma (3.5) we have the following estimate

((G −D)φ, φ− ξ)Rn−1

≤ c8h
2 ‖ φ− ξ ‖Rn−1≤ c8

√
6h3/2 ‖ B1(v1 − uh1) ‖L2(Ω) (3.20)

and

((G−D)ψ,ψ − η)Rn−1 ≤ c9
√
6h3/2 ‖ B2(v2 − uh2) ‖L2(Ω) (3.21)

((G−D)µ, φ− ξ)Rn−1 ≤ c10
√
6h3/2 ‖ B1(v1 − uh1) ‖L2(Ω) (3.22)

((G−D)ρ, ψ − η)Rn−1 ≤ c11
√
6h3/2 ‖ B2(v2 − uh2) ‖L2(Ω) . (3.23)

hold true.

Now, we are ready to prove the following theorem.

Theorem 3.1. Assume that the optimal controls ū1, ū2 of the problem (2.1) and the cor-

responding adjoint variables p̄1, p̄2 satisfy the Assumptions 3.1 and 3.2. Then the optimal

controls (uh1 , u
h
2), that solve problem (Ph), satisfy the following estimate

‖ B1(ū1 − uh1) ‖L2(Ω) + ‖ B2(ū2 − uh2) ‖L2(Ω)≤ ch3/2. (3.24)
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Proof. We add the inequalities (3.13), (3.14) and (3.15) to get

(G(µ+ ν1ξ), φ − ξ)Rn−1 + (G(ρ+ ν2η), ψ − η)Rn−1 − (D(µ+ ν1φ), φ − ξ)Rn−1

− (D(ρ+ ν2ψ), ψ − η)Rn−1 + c7h
3/2(‖ B1(v1 − uh1 ) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)) ≥ 0.

This inequality can be written in the form

((G−D)µ, φ− ξ)Rn−1 + ((G−D)ρ, ψ − η)Rn−1

+ ν1((G−D)φ, φ− ξ)Rn−1 + ν2((G −D)ψ,ψ − η)Rn−1

+ ν1(G(ξ − φ), φ − ξ)Rn−1 + ν2(G(η − ψ), ψ − η)Rn−1

+ c7h
3/2

(
‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)

)
≥ 0. (3.25)

We have

ν1(G(ξ − φ), φ − ξ)Rn−1 = −ν1 ‖ B1(v1 − uh1) ‖2L2(Ω),

ν2(G(η − ψ), ψ − η)Rn−1 = −ν2 ‖ B2(v2 − uh2) ‖2L2(Ω) .

With this result and the inequalities from Lemma 3.6, we have

ν1 ‖ B1(v1 − uh1) ‖2L2(Ω) +ν2 ‖ B2(v2 − uh2) ‖2L2(Ω)

≤ (c8 + ν1c10)
√
6h3/2 ‖ B1(v1 − uh1) ‖L2(Ω) +(c9 + ν2c11)

√
6h3/2 ‖ B2(v2 − uh2) ‖L2(Ω) .

With

c12 :=
2
√
6max(c8 + ν1c10, c9 + ν2c11)

min(ν1, ν2)

we have

2 ‖ B1(v1 − uh1) ‖2L2(Ω) +2 ‖ B2(v2 − uh2) ‖2L2(Ω))

≤ c12h
3/2

(
‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)

)
.

Since

(
‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)

)2

≤ 2 ‖ B1(v1 − uh1) ‖2L2(Ω) +2 ‖ B2(v2 − uh2) ‖2L2(Ω) (3.26)

holds, we have the estimate

‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)≤ c12h
3/2. (3.27)
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Now using (3.7) and (3.27), we obtain

‖ B1(ū1 − uh1) ‖L2(Ω) + ‖ B2(ū2 − uh2) ‖L2(Ω)

≤ ‖ B1(ū1 − v1) ‖L2(Ω) + ‖ B2(ū2 − v2) ‖L2(Ω)

+ ‖ B1(v1 − uh1) ‖L2(Ω) + ‖ B2(v2 − uh2) ‖L2(Ω)

≤(c1 + c2 + c12)h
3/2 = c h3/2.

Thus for a positive constant c = (c1 + c2 + c12), we have proved the theorem. �

Similar estimate of order h3/2 can be proved for the state as well. On the other hand,

the estimates are difficult to verify by numerical experiments for the PDE-constraints

of second order, if the adjoints and the controls are restricted to the assumptions 3.1

and 3.2. Analytical solution can be found for more regular adjoints and controls which

makes the numerical verification easier. But due to the increased regularity, the order

of approximation for state and controls can be observed of order h2. In Section 6,

we present numerical experiments where h2 convergence is evident for both state and

controls.

4. A FEM-multigrid scheme

In order to solve efficiently our multi-objective optimality system, we discuss in

this section a multigrid scheme for elliptic Nash-equilibrium optimal control problems

with control constraints. Multigrid methods are iterative methods that use a hierarchy

of discretization spaces [5]. Two complementary solution strategies are employed to

efficiently reduce the high- and low-frequency error components of the solution. For

the high-frequency error components, a smoothing algorithm is used, while for the

low-frequency error components a coarse-grid correction strategy is utilized. This turns

out to be an efficient strategy as the high-frequency errors are reduced quite fast under

smoothing operation. Whereas the low-frequency errors appear as high-frequency error

in the coarser grid, enabling to reduce them efficiently by smoothing in the coarse grid.

We use the nonlinear full approximation storage (FAS) framework with full multi-

grid (FMG) cycle [4]. The FAS scheme allows to accommodate non-linearities like the

inequalities representing the optimality conditions. The FAS scheme is illustrated in the

following.

We denote with the index k the operators and variables defined on the uniform

triangulation with representative mesh size h = hk = h0/2
k, k = 1, . . . , L, where L

denotes the finest level. Let us consider the optimality system (3.6) at the discretization

level k for the unknown variables Φk = (yk, u1,k, u2,k, p1,k, p2,k). We write the optimality

system in a compact notation as follows

Ak(Φk) = Fk, (4.1)

where Ak(·) represents the discrete nonlinear optimality system on grid level k.
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We denote the result of our smoothing scheme with Φ
(l)
k = Sk(Φ

(l−1)
k , Fk). Suppose

to apply m1-times this iteration to (4.1) starting with the approximation Φ
(0)
k to obtain

the approximate solution Φ̃k = Φ
(m1)
k .

In our nonlinear setting the desired correction ek to Φ̃k is defined by Ak(Φ̃k + ek) =
Fk. We define this correction as the solution to

Ak(Φ̃k + ek)−Ak(Φ̃k) = rk (4.2)

where rk = Fk −Ak(Φ̃k) is the residual associated to Φ̃k.

In order to represent Φ̃k + ek on the coarse grid, we write

Φk−1 := Ik−1
k Φ̃k + ek−1. (4.3)

where Φk−1 represents the solution in the coarse grid. The linear operator Ik−1
k is

chosen as injection operator. As ek is smooth due to the action of Sk, we may represent

ek by a coarse function ek−1.

In order to formulate (4.2) on the coarse grid, we replace Ak(·) by Ak−1(·), Φ̃k by

Ik−1
k Φ̃k, and rk by restriction rk−1 = Ik−1

k rk = Ik−1
k (Fk−Ak(Φ̃k)). We get the following

(FAS) equation

Ak−1(Φk−1) = Ik−1
k (Fk −Ak(Φ̃k)) +Ak−1(I

k−1
k Φ̃k). (4.4)

With

τk−1
k = Ak−1(I

k−1
k Φ̃k)− Ik−1

k Ak(Φ̃k),

(4.4) can also be written in the form Ak−1(Φk−1) = Ik−1
k Fk + τk−1

k .

The term τk−1
k is a fine-to-coarse defect or residual correction such that at con-

vergence the solution to (4.4) coincides with the fine grid solution in the sense that

Φk−1 = Ik−1
k Φk. The solution to (4.4) provides Φk−1. From (4.3) we have

ek−1 = Φk−1 − Ik−1
k Φ̃k. (4.5)

Therefore we can obtain a coarse-grid correction to the fine-grid approximation as

follows

Φk = Φ̃k + Ikk−1(Φk−1 − Ik−1
k Φ̃k). (4.6)

Here, Ikk−1 is the coarse-to-fine interpolation operator. In order to damp possible high-

frequency errors arising through the entire coarse-grid correction process, the correc-

tion step (4.6) is followed by m2-times smoothing iteration. The FAS cycle is summa-

rized in the following algorithm.
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Algorithm 4.1. FAS (m1,m2) for solving Ak(Φk) = Fk starting with Φ0
k.

1. If k = 1solve Ak(Φk) = Fk exactly.

2. Pre-smoothing steps on the fine grid: Φ
(l)
k = Sk(Φ

(l−1)
k , Fk), l = 1, . . . ,m1;

3. Computation of the residual: rk = Fk −Ak(Φ
(m1)
k );

4. Restriction of the residual: rk−1 = Ik−1
k rk;

5. Set Φk−1 = Ik−1
k Φ

(m1)
k ;

6. Set Fk−1 = rk−1 +Ak−1(Φk−1);

7. Call γ times FAS (m1,m2) to solve Ak−1(Φk−1) = Fk−1;

8. Coarse-grid correction: Φ(m1+1) = Φ
(m1)
k + Ikk−1(Φk−1 − Ik−1

k Φ
(m1)
k );

9. Post-smoothing steps on the final grid: Φ
(l)
k = Sk(Φ

(l−1)
k , Fk), l = m1 +

2, . . . ,m1 +m2 + 1;

We can perform γ two-grid iterations at each working level. For γ = 1 we have a

V-cycle and for γ = 2 we have a W-cycle.

To start the iterative procedure from a good initial approximation, we employ the so

called full multigrid method (FMG). Suppose to start the solution process from a coarse

working level K < M where the discretized problem Al(Φl) = Fl with l = K is easily

solved. The idea is to interpolate this solution to the next finer working level as initial

approximation for the iterative process to solve Al+1(Φl+1) = Fl+1 as Φl+1 = I l+1
l Φl.

Thereafter the FAS solution process at level l + 1 is applied. The idea of using a coarse

grid approximation as a first guess for the solution process on a finer grid is known

as nested iteration. As better starting solutions at each starting level are available, the

scheme results to be more efficient and of optimal computational complexity than the

iterative application of the multigrid cycle without FMG initialization [5]. A description

of the FMG method is given in the following algorithm.

Algorithm 4.2. FMG-cycle for solving AL(ΦL) = FL.

1. For l = K < L set initial approximation ul.

2. If l < L then interpolate to the next finer working level: Φ̃l+1 = I l+1
l Φl;

3. Apply FAS µ times to solve Al+1(Φl+1) = Fl+1, starting with Φ̃l+1;

4. Set l := l + 1. If l < L go to 2; else stop.
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Based on previous experience [3], We develop a collective smoothing step to update

the controls, the state and the adjoint variables lexicographically on each nodal point.

From the discretized optimality system, we obtain the following equations for a ith
nodal point. We have

Yi =
1

Ki,i

(
−

n∑

j=0
j 6=i

Ki,jYj +

n∑

j=0
j 6=i

Mi,jUj +Mi,iUi

)
, (4.7a)

P1,i =
1

Ki,i
[Z1,i −

n∑

j=0
j 6=i

Ki,jP1,j +

n∑

j=0
j 6=i

Mi,jYj +Mi,iYi

)
, (4.7b)

P2,i =
1

Ki,i
[Z2,i −

n∑

j=0
j 6=i

Ki,jP2,j +
n∑

j=0
j 6=i

Mi,jYj +Mi,iYi

)
(4.7c)

Ui =





U1,i = min{b1,max{a1,−
P1,i

ν1
}} ∀Ui ∈ ω1

U2,i = min{b2,max{a2,−
P2,i

ν2
}} ∀Ui ∈ ω2

0 otherwise.

(4.7d)

Let us define Ũ1,i := −P1,i/ν1 and Ũ2,i := −P2,i/ν2. We combine the state and adjoint

equations with the optimality condition to compute the updates for Ũ1,i and Ũ2,i with

C1 =

n∑

j=0
j 6=i

Mi,jYj C2 =

n∑

j=0
j 6=i

Ki,jYj, (4.8a)

C3 =
n∑

j=0
j 6=i

Ki,jP1,j C4 =
n∑

j=0
j 6=i

Ki,jP2,j , C5 =
n∑

j=0
j 6=i

Mi,jUj , (4.8b)

Ũ1,i =
1

ν1 +
M2

i,i

K2
i,i

(
1

Ki,i
(C1 − Z1,i − C3) +

Mi,i

K2
i,i

(C5 − C2)

)
, (4.8c)

Ũ2,i =
1

ν2 +
M2

i,i

K2
i,i

(
1

Ki,i
(C1 − Z2,i − C4) +

Mi,i

K2
i,i

(C5 − C2)

)
. (4.8d)

We update U1,i U2,i as follows

U1,i =





a1 if Ũ1,i < a1,

Ũ1,i if a1 ≤ Ũ1,i ≤ b1,

b1 if Ũ1,i > b1,

U2,i =





a2 if Ũ2,i < a2,

Ũ2,i if a2 ≤ Ũ2,i ≤ b2,

b2 if Ũ2,i > b2,

(4.9)
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which is followed by the update of the state and the adjoint variables

Ui =





U1,i if Ui ∈ ω1

U2,i if Ui ∈ ω2

0 otherwise

(4.10a)

Yi =
1

Ki,i
[−C2 + C5 +Mi,iUi] (4.10b)

P1,i =
1

Ki,i
[Z1,i − C3 + C1 +Mi,iYi] (4.10c)

P2,i =
1

Ki,i
[Z2,i − C4 + C1 +Mi,iYi]. (4.10d)

One smoothing step consists in applying the procedures (4.9)-(4.10) lexicographically

to all nodal points.

We complete this section describing the restriction and the prolongation operators.

Between two grids corresponding to the mesh size hk and coarse mesh hk−1, we apply

the 7-point prolongation operator Ikk−1 : L
2
k−1 → L2

k, given in stencil form by

Ikk−1 =
1

2




1 1

1 2 1

1 1


 . (4.11)

For restricting the residuals, we use the following restriction operator, Ik−1
k : L2

k →
L2
k−1, given by the stencil

Ik−1
k =

1

8




1 1

1 2 1

1 1


 . (4.12)

5. Local Fourier analysis

We present a local Fourier analysis to investigate the convergence properties of the

proposed multigrid scheme. We assume an unconstrained problem on a regular grid.

At first, we investigate the smoothing iteration and then we present a two grid analysis.

We proceed with Eq. (3.6) by replacing the control variables with the corresponding

adjoint variables as no constraints are assumed to be active. We have

U1 = −P1

ν1
and U2 = −P2

ν2
.

This leads us to the following optimality system.

KY +MB1
P1

ν1
+MB2

P2

ν2
= 0,

−MY +KP1 = −Z1,
−MY +KP2 = −Z2.

(5.1)
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For a regular grid with linear triangular elements, the stiffness matrix and the mass

matrix result in the following stencils

Kh =




−1

−1 4 −1

−1


 and Mh =

4h2

3




1 1

1 6 1

1 1


 . (5.2)

Now, we consider the splitting for these two operators as follows

K+
h =




0

−1 4 0

−1


 , K−

h =




−1

0 0 −1

0


 ,

M+
h =

4h2

3




0 0

1 6 0

1 1


 , M−

h =
4h2

3




1 1

0 0 1

0 0


 .

We recall the local Fourier setting. We consider a sequence of triangulations, Ωk =
{(ihk, jhk), i, j ∈ Z} where we define the Fourier components:

φ(θ,x) := eiθ·x/h = eiθ1x1/hkeiθ2x2/hk

We have the following

• Low-frequency components of φ: θ = (θ1, θ2) ∈ [−π/2, π/2)2 ;

• High-frequency components of φ: θ = (θ1, θ2) ∈ [−π, π)2\[−π/2, π/2)2.

Corresponding to a low-frequency component, we consider the following harmonics

θ
(0,0) := (θ1, θ2), θ

(1,1) := (θ̄1, θ̄2),

θ
(1,0) := (θ̄1, θ2), θ

(0,1) := (θ1, θ̄2),

where

θ̄i =

{
θi + π if θi < 0,

θi − π if θi ≥ 0.

With this notation, θ represents the low frequency components and θ̄ represents the

high frequency components. We also denote with α = (α1, α2) ∈ {(0, 0), (1, 1), (1, 0), (0, 1)}.

In order to investigate the smoothing properties, we define the error functions (ey, ep1 , ep2)
for yh, p1h and p2h as follows

ey(x) =
∑

α,θ

Yα,θφ(θ
α,x), ep1(x) =

∑

α,θ

P1α,θφ(θ
α,x), ep2(x) =

∑

α,θ

P2α,θφ(θ
α,x),
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where Wα,θ = (Yα,θ, P1α,θ, P2α,θ) represent the Fourier coefficients of the correspond-

ing functions. We express the reduction of the error due to one smoothing step with

the Fourier symbol of the smoothing operator Ŝ(α,θ) as follows

W
(1)
α,θ = Ŝ(α,θ)W

(0)
α,θ.

Now, we compute the Fourier symbols K̃+
h , K̃−

h , M̃+
h and M̃−

h of the operators K+
h , K−

h ,

M+
h and M−

h .

K+
h e

iθ·x/h =




0

−1 4 0

−1


 eiθ·x/h = (4− eiθ1 − eiθ2)eiθ·x/h

Thus

K̃+
h (θ) = (4− e−iθ1 − e−iθ2).

Similarly,

K̃−
h (θ) = −(eiθ1 + eiθ2),

M̃+
h (θ) =

4h2

3
(6 + e−iθ1 + e−iθ2 + e−i(θ1+θ2)),

M̃−
h (θ) =

4h2

3
(eiθ1 + eiθ2 + ei(θ1+θ2)).

With these Fourier symbols and considering the optimality system (5.1), we compute

the Fourier symbol for the smoothing iteration Ŝk(θ) on the triangulation Ωk as follows

Ŝk(θ)=



K̃+

h (θ)
B1

ν1
M̃+

h (θ)
B2

ν2
M̃+

h (θ)

−M̃+
h (θ) K̃+

h (θ) 0

−M̃+
h (θ) 0 K̃+

h (θ)




−1

×



−K̃−

h (θ)
−B1

ν1
M̃−

h (θ)
−B2

ν2
M̃−

h (θ)

M̃−

h (θ) −K̃−

h (θ) 0

M̃−

h (θ) 0 −K̃−

h (θ)


 .

(5.3)

The smoothing factor of the collective scheme is given by

µ = µ(Sk) = sup{|ρ(Ŝk(θ))| : θ high frequency} (5.4)

where ρ denotes the spectral radius. The smoothing factor can be computed for any

choice of h, ν1 and ν2. The values of B1 and B2 are either 0 or 1 depending on the

sub-domain being considered.

For the two level analysis, we proceed with the coarse-grid correction operator

CGk−1
k = [Ik − Ikk−1(Ak−1)

−1Ik−1
k Ak],

and its corresponding symbol

ĈG
k−1

k = [Îk − Îkk−1(θ)(Âk−1(θ))
−1Îk−1

k (θ)Âk(θ)].
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The symbol for the operator of the optimality system at coarse grid Ak−1 is given by

Âk−1(θ) =



ak−1,1

B1

ν1
ak−1,2

B2

ν2
ak−1,2

−ak−1,2 ak−1,1 0

−ak−1,2 0 ak−1,1


 . (5.5)

with

ak−1,1 = 4− 2 cos(2θ1)− 2 cos(2θ2) and

ak−1,2 =
4h2k−1

3
[6 + 2 cos(2θ1) + 2 cos(2θ2) + 2 cos(2θ1 + 2θ2)].

Similarly, we have for the operator of the optimality system at the fine grid

Âk(θ) =




[Ak,1]
B1

ν1
[Ak,2]

B2

ν2
[Ak,2]

−[Ak,2] [Ak,1] [0]

−[Ak,2] [0] [Ak,1]


 (5.6)

where

Ak,1 =




l1(θ
(0,0)) 0 0 0

0 l1(θ
(1,1)) 0 0

0 0 l1(θ
(1,0)) 0

0 0 0 l1(θ
(0,0))



,

Ak,2 =




l2(θ
(0,0)) 0 0 0

0 l2(θ
(1,1)) 0 0

0 0 l2(θ
(1,0)) 0

0 0 0 l2(θ
(0,1))



,

l1(θ
α) = 4− 2(cos(θα1

1 ) + cos(θα2

2 )),

and

l2(θ
α) =

4h2k
3

[6 + 2(cos(θα1

1 ) + cos(θα2

2 ) + cos(θα1

1 + θα2

2 )) ].

The Fourier symbol for the restriction operator is given by

Îk−1
k (θ) =



[I1]

[I1]

[I1]


 (5.7)

where

I1 =
[
I(θ(0,0)) I(θ(1,1)) I(θ(1,0)) I(θ(0,1))

]
,
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and

I(θα) =
1

4
[1 + cos(θα1

1 ) + cos(θα2

2 ) + cos(θα1

1 + θα2

2 )].

For the prolongation operator, we have

Îkk−1(θ) = 4 · Îk−1
k (θ)T . (5.8)

Finally, the symbol for the twolevel method is given by

T̂G
k−1

k (θ) = Ŝυ1
k (θ)ĈG

k−1

k (θ)Ŝυ2
k (θ). (5.9)

The convergence factor is defined as follows

η = η(TGk−1
k ) = sup{|ρ(T̂Gk−1

k (θ))| : θ ∈ [−π/2, π/2)2}. (5.10)

Numerical smoothing and convergence factor estimates given by (5.4) and (5.10) are

reported in the next section.

6. Numerical Experiments

In this section, we present results of numerical experiments to validate the effec-

tiveness of the proposed scheme. We consider problems on a two-dimensional domain

discretized with linear triangular elements. First, we discuss the accuracy of the FEM

solution. Then we show the tracking property of the scheme and at last we investigate

the multigrid convergence properties. In all of these experiments, we considered both

constrained- and unconstrained-control cases.

The multigrid setup used for the experiments are as follows. Three pre- and post-

smoothing iterations suggested by the local Fourier analysis. But from the numerical

experiments (c.f. Table 4) two pre- and post-smoothing operations are found to be

sufficient. Next, for the FAS cycle the V-cycle (γ = 1) is employed. We use two FAS

iterations (µ = 2) during initialization of the FMG-cycle. These parameters are chosen

based on the experience from the numerical experiments.

First, we show how the computed solution converges as we refine the mesh. To

make this comparison, we construct a problem such that we have an analytical solution

for the state and the controls.

We define the domains as follows

Ω = (−1, 1) × (0, 1), ω1 = (−1, 0) × (0, 1) and ω2 = (0, 1) × (0, 1).

We consider the state constraint to be

−∆y = B1u1 +B2u2 + f.

The state is chosen as

y := 10(x21 − x41)(x2 − x22),
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and the controls are chosen as

u1 := − sin(πx1) sin(πx2),

u2 := sin(πx1) sin(πx2),

For the unconstrained case, we consider the control constraints to be

0 ≤ uj ≤ 0.7 for j = 1, 2.

The analytical solutions for the controls are given by

u1 := min(0.7,max(0,− sin(πx1) sin(πx2) ))

u2 := min(0.7,max(0, sin(πx1) sin(πx2) ))

for the control-constrained problem. We choose ν1 = 10−1 and ν2 = 10−2. Now, with

the analytical solutions at hand, we can compare the results for different meshes for

both constrained and unconstrained cases. These results are reported in Table 1.

Table 1: Accuracy

h ‖ yex − yh ‖L2 ‖ u1 ex − uh1 ‖L2

Case 1: Unconstrained case

1/8 2.07 · 10−2 2.43 · 10−1 4.54 · 10−2

1/16 5.24 · 10−3 6.44 · 10−2 1.23 · 10−2

1/32 1.31 · 10−3 1.64 · 10−2 3.14 · 10−3

1/64 3.29 · 10−4 4.12 · 10−3 7.88 · 10−4

1/128 8.23 · 10−5 1.03 · 10−3 1.97 · 10−4

Case 2: Constrained case

1/8 2.31 · 10−2 1.54 · 10−1 3.04 · 10−2

1/16 5.56 · 10−3 6.36 · 10−2 1.01 · 10−2

1/32 1.37 · 10−3 1.70 · 10−2 2.87 · 10−3

1/64 3.43 · 10−4 4.32 · 10−3 8.25 · 10−4

1/128 8.58 · 10−5 1.09 · 10−3 2.47 · 10−4

We see at the second column the L2 error for the state. It is evident that this error

is reduced in the order of h2 with each mesh refinement. In the next two columns

the error for the controls are presented. The controls are also found to have quadratic

convergence for both cases.

Next, we discuss the optimization properties of the algorithm. In the experiment,

we test the tracking ability of our scheme as we take ν1 and ν2 smaller, also in the case

where these parameters are not equal. As above, we also investigated both constrained

and unconstrained cases.
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Table 2: Tracking ability without control constraints.

‖ y − z1 ‖2L2 ‖ y − z2 ‖2L2 ν1 ν2

Case 1: ν1 = ν2
89.738 ·10−3 89.738 ·10−3 10−1 10−1

87.482 ·10−3 87.482 ·10−3 10−2 10−2

72.317 ·10−3 72.317 ·10−3 10−3 10−3

59.050 ·10−3 59.050 ·10−3 10−4 10−4

Case 2: Constrained case

151.007 ·10−3 18.005 ·10−3 10−1 10−6

149.409 ·10−3 18.133 ·10−3 10−2 10−6

136.254 ·10−3 20.021 ·10−3 10−3 10−6

96.846 ·10−3 41.870 ·10−3 10−4 10−6

Table 3: Tracking ability with control constraints.

‖ y − z1 ‖2L2 ‖ y − z2 ‖2L2 ν1 ν2

Case 1: ν1 = ν2
89.738 ·10−3 89.738 ·10−3 10−1 10−1

87.482 ·10−3 87.482 ·10−3 10−2 10−2

72.317 ·10−3 72.317 ·10−3 10−3 10−3

59.050 ·10−3 59.050 ·10−3 10−4 10−4

Case 2: Constrained case

147.880 ·10−3 19.870 ·10−3 10−1 10−6

146.248 ·10−3 20.047 ·10−3 10−2 10−6

132.890 ·10−3 22.351 ·10−3 10−3 10−6

93.521 ·10−3 44.592 ·10−3 10−4 10−6

We chose the domains to be Ω = (0, 1) × (0, 0.5), and

ω1 = (0.1, 0.4) × (0.1, 0.4), ω2 = (0.6, 0.9) × (0.1, 0.4).

And the target functions are defined for j = 1, 2, as follows

zj :=





1 if (x1, x2) ∈ ωj

0 otherwise

The numerical results are presented in the Tables 2 and 3.

We see clearly from Tables 2 and 3 that for smaller values of ν1 and ν2, the states

are closer to the target functions. For the different values of the weights, we see that

the state is closer to the target function corresponding to the control with the smaller

weight. We also observe the same performance in the control-constrained case.

Further, notice in Fig. 1 that the convergence rate of the multigrid scheme does not

depend on the values of the weights of the cost of the controls. However, for a fixed
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Figure 1: Convergence history of multigrid scheme for different weights. Coarse mesh (upper) and fine mesh
(lower).

mesh size, we see that the multigrid scheme does not converge for very small weights

such that ν ≈ h4 on the finest triangulation. This can be explained by (4.8), where

the factor (ν + M2
i,i/K

2
i,i)

−1 appears. As ν becomes smaller than M2
i,i/K

2
i,i, which is

actually equal to 4h4 for linear triangular elements, the weight looses its influence and

the scheme fails to converge.

Further, we investigate the effectiveness of the multigrid framework over the smooth-

ing iterations. We compare the number of iterations against the comparable workload

needed to reach a particular accuracy, i.e. the total residual norm of the state and

adjoint equations.

From Fig. 2, we can see the multigrid speed-up in different cases. For different mesh

sizes, we observe a weak dependence of the convergence rate on the mesh size and on

the values of the weights ν1 and ν2. These results correspond to control-constrained

problems where the controls are partly active. Similar results are observed in control-
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Figure 2: Multigrid acceleration for different mesh sizes (upper) and weights (lower).

unconstrained cases.

Next, we present in Table 4 the comparison of the values of η(TGk−1
k ), obtained

from the two-grid local Fourier analysis and from numerical experiments with the same

parameters. Concerning the experimental values, the observed value of the conver-

gence factor is defined as the ratio between the L2 norms of the residuals resulting

from two successive multigrid cycles on the finest mesh.

It is clear from the results in Table 4 that the convergence factor improves with

additional pre- and post smoothing iterations. Further, we observe the effect of dif-

ferent weights (ν1, ν2) as well as different mesh sizes. The convergence factors from

the local Fourier analysis provide upper bounds for the convergence factors. As it is

observed from the Fourier analysis, three pre- and post-smoothing should be employed

for good convergence results, from the experiment it is evident that, two pre- and post-

smoothing operations are sufficient.

We finish this section with an example illustrating the application of finite element
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Figure 3: The domain (upper left), results of the computed problem- the state (upper right), the two
controls (lower left and right).

Table 4: Convergence factors, from local Fourier analysis and from experiments.

h (υ1,υ2) ν1 = ν2 = 0.01 ν1 = ν2 = 0.001
ρLFA ρExp. ρLFA ρExp.

1/16

(1,1) 0.315 0.187 0.428 0.187

(1,2) 0.226 0.127 0.344 0.126

(2,2) 0.175 0.091 0.296 0.096

(3,3) 0.119 0.061 0.235 0.067

1/32

(1,1) 0.282 0.203 0.305 0.205

(1,2) 0.192 0.142 0.217 0.141

(2,2) 0.141 0.095 0.166 0.099

(3,3) 0.093 0.078 0.112 0.096

formulation to model domains with complex geometry. In this example our computa-

tional domain is a circle with its center at (0, 0) and with a radius of 1. Our sub-domains

are also circles with radius 0.25 and their centers located in (0,±0.5). The target func-
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Table 5: Accuracy

L2 residual Norm

h State equation Adjoint equation 1 Adjoint equation 2

0.0625 2.371 · 10−4 2.214 · 10−6 2.213 · 10−6

0.03125 6.076 · 10−5 5.110 · 10−7 5.107 · 10−7

0.015625 2.583 · 10−7 1.273 · 10−9 1.255 · 10−9

Table 6: Tracking property

‖ y − z1 ‖2L2 ‖ y − z2 ‖2L2 ν1 ν2
161.9 ·10−3 161.9 ·10−3 10−2 10−2

158.6 ·10−3 158.6 ·10−3 10−3 10−3

152.2 ·10−3 152.2 ·10−3 10−4 10−4

236.2 ·10−3 95.5 ·10−3 10−2 10−4

183.1 ·10−3 131.4 ·10−3 10−3 10−4

tions are defined as follows

zj :=

{
1 if (x1, x2) ∈ ωj

0 otherwise

for j = 1, 2.

Table 5 shows the residual norm of the state and adjoint equations after 3 multigrid

cycle for different mesh size and for the weights (10−1, 10−4). In Table 6, the optimiza-

tion properties are illustrated. Alike the previous examples, the state is closer to the

target functions for smaller weights of the costs of the controls.

These results show the ability of the proposed multigrid scheme to model complex

domains.

7. Conclusion

An efficient and robust finite-element full multigrid scheme for elliptic Nash-

equilibrium multiobjective optimal control problems with control constraints was inves-

tigated. Corresponding to the case of two objectives and two controls, the optimality

system characterizing the solution of the multiobjective control problem was formu-

lated and discretized by finite elements. It was proved that the FEM optimal controls

are 3/2-order accurate. To compute these optimal controls, a nonlinear full multi-

grid scheme with collective smoothing was developed. A local Fourier analysis was

performed for the smoothing algorithm as well as for a two level multigrid setting. Re-

sults of numerical experiments were presented to demonstrate the effectiveness of the

proposed framework and to validate the computational performance of the proposed

solution strategy. The effectiveness of the FEM multigrid scheme to model complex

geometries was demonstrated by numerical experiments.
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