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Abstract A conjugacy between two uniformly asymptotic affine circle expanding maps
is symmetric if they have the same eigenvalues along corresponding periodic points.

1. Introduction

Let f be aC? covering map of the unit circl§* = {z : |z| = 1} with degree degf) > 2.

f is called expanding if there exist consta@ts- 0 andx > 1 such that(f")' (z)| > C\"

for all z € ST andn > 1. It is well known that two expanding magsg : S* — S* with

the same degree are topologically conjugat®d.[ When f andg areC*** (1 > o > 0),

the conjugacy is quasisymmetric. Moreover, the conjugaocglis* if it is symmetric

or f andg have the same eigenvalues along corresponding periodic pointsSgig [
[SulZ] and [SS).

The concept of a circle expanding map has been extended to the category of symmetric
structures—it is called a uniformly asymptotic affine (UAA) circle expanding map.
Roughly speaking, a UAA circle expanding map is a covering of the unit circle with
degreed > 2 and all the branches of the inverse of its iteration are uniformly asymptotic
affine. It has been asked whether a conjugacy between two UAA maps is symmetric if
they have same eigenvalues along corresponding periodic p&atg.[ We will give
an affirmative answer in this paper.

The main tool of this work is a linear model, which was introduceddi] and will
be further investigated in this paper. It is closely related to another beautiful invariant—
the solenoid function (sed’ for more information about this function). Associated to
a UAA circle expanding map, there is a Riemann surface lamination, which is the space
of inverse limit orbits with product topology and affine structure on each leaf &Ga&é][
for the definition). With this terminology, the main result of this work says that two
Riemann surface laminations are conformally equivalent if the moduli of corresponding
annuli are equal.
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2. Preliminaries
In this section, we recall some basic definitions and results about quasiconformal maps
and quasisymmetric maps which will be used in this paper (&b¢dnd [GS] for more
information).

A sense-preserving homeomorphispnfrom an interval/ ¢ R to R is called
quasisymmetriqq.s.) if there is a constang > 1 such that for any,t € R with
t#0andx —t,x,x+1€l,

Ppx+1) — P(x)

LA

$(x) —p(x —1)

If pp(x,1) — 1 ast — O uniformly forx € I, ¢ is calledsymmetric In the case when
¢ is a homeomorphism from an intervalc S* to S, we definep, (x, t) by the circular
Lebesgue measure, i.e. the measure induced by the universal coVerirg — S?,
[1(¢) = exp(2rit).

A homeomorphismf from a domainU < C into C is called K-quasiconformal
(9.c.) if f is an L?-solution of an equationf; = wf., where u(z) € L*®(U) and
satisfies||ullo < (K —1/(K +1) < 1. u(z) is the complex dilatation off and
K(f) = QA+ ltlloo) /(L — ltllo) IS the maximal dilatation off.

The following statements are well known (sekh]): a 1-g.c. map is conformal.
The composition of two g.c. maps; and w, is also g.c. with maximal dilatation
K(wiow) < K(wp)K(wp). A K-g.c. map is 1K-Hdlder continuous on any compact
subset of the domain. A g.c. homeomorphism of the upper half fandich preserves
the real axisR is g.s. onR.

1
— < p¢(x1 t) =
P

MEASURABLE RIEMANN MAPPING THEOREM. For any u € L*°(C) with |||l < 1, there
is a unique g.c. map frorfl to itself withO, 1 fixed so that it has complex dilatation

BEURLING-AHLFORS EXTENSION. Let ¢ be a sense-preserving homeomorphisnRdb
itself. Then®(x, y) = (u(x, y), v(x, y)) defined by

1 1
u(x,y) = 5/0 [p(x +1ty) +d(x —ty)] dt

1
v(x,y) = /0 [p(x +1y) —Pp(x —ty)]dt

is a diffeomorphism oftl. Moreover, there exists an increasing functiéne) > 1 with
C(p) —> lasp — 1, so that® is C(p)-g.c. whenyp is p-g.s.

Let ¢ be a g.s. homeomorphism 6f. Thelocal dilatation H,(¢) of ¢ at a point
p € St is the infimum of the maximal dilatation of the possible extensiong dab
a neighbourhood op. The boundary dilatation H(¢) is the infimum of the maximal
dilatation of the possible extensions ¢fto neighborhoods of?! in the plane. The
boundary dilatation is related to the local dilatation by

H(¢) = maxH,(¢$)
pest

(see F]). Denote by€ the set of bounded increasing functiong) from (0, +oc0) to
itself so thate(r) — 0 asr — O.
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LEMMA 2.1. Suppose is a g.s. homeomorphism Bf Let

¢ (x + ki) — p(x)

d(x) —Pp(x —1)

forx,t e R, r # 0and0 < k < 1. The following conditions are equivalent;

(1) 3eq1 € € sothat|ps(x, 1) — 1] < e1(]2]), i.e. ¢ is symmetric;

(2) e, € € so that|u(z)| < €2(3z), whereu is the complex dilatation of the Beurling—
Ahlfors extension ap;

(3) Fesz € &€ sothat|ps(x, 1, k) — k| < e3(|t]).

pp(x, 1, k) =

Proof. (1) = (2) comes from F]. (3) = (1) is obvious. So we only need to prove
2 = (3.

Let f be the Beurling—Ahlfors extension @f, it can be defined on the complex
plane by symmetric extension. For anye R with 1/2 > |¢|] > O, let ¢ be a g.c.
homeomorphism of the complex plane with complex dilatation= 1, in the strip
B = {z : —/]t] < 3z < 4/|t]} and zero outside. By the Teiclitter distortion theorem
(see Ph]), there exists3(¢) € £, which depends only om,(z), so that

log(x, 2, k) — k| < 8(1])

foranyx e R and O0< k < 1. Sinceg o f~* is conformal onf(B), by the Kdbe
distortion theorem, there existgr) € £ so that

|pg(-xv f k) - ,O¢(.X, L, k)' < 9(|t|)

for anyx € R and O< k£ < 1. The existence of3(¢) follows immediately. O

3. C¥« circle expanding maps
Let f be acC circle expanding map (we always assume that the dedree 2
in this paper when we refer to an expanding map or a covering map of the circle.
In fact, all the statements are still true for higher degree by a small modification).
Let I;(t) = exp2rti + 0i) be the universal covering fronk to St such that
I1;(0) = exp®i) is the fixed point of f. The (normalized) liftF of f is a C1*
homeomorphism oR with F(0) =0, FT = T?F andIl F = fTIy, whereT (t) = ¢+1
is the deck transformation.

For any pair(i, j) € {NxN:i >0,0< j <2 -1}, denotel (i, j) = I;; = F'T/(I),
I =10, 1]. Then{Il,(I;;)} forms a Markov partition off for any fixedi > 0. There is
only onet;; € I;; such thatF'(1;;) = T/ (#;;), SoIl;(t;) is a periodic point off. Denote
ej = e;j(f) = (F) (1) = (f)(Ts(1;)), {e;;} are the eigenvalues of at periodic
points.

LEMMA 3.1. (Naive distortionWith the above assumptions, there is a constant 0
such that
[1og(F™")'(11) — l0g(F ™)' (t2)| < Clt1 — 12|".

This is a well known lemma and can be verified by the chain rule of derivatives of
composed functions and the expanding property'ofThe next two lemmas are simple
corollaries of this lemma.
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LEmmA 3.2. (Eigenvalues and Markov partitiompere is a constanf > 0 such that
—C <log(e;jl;j) < C,
where| ;| is the length of interval;;.

LEMMA 3.3. (Distortion of eigenvaluesket f andg be C1* circle expanding maps. The
conjugacy between them fisHolder continuous if and only if their eigenvalues have the
relation

[eij (NI < €ij(9) < [eyy (NP,

THEOREM 3.4. (Q.s. conjugacyA C** circle covering mapf is expanding if and only
if it is g.s. conjugated tdP»(z) = z°.

Proof. If f is expanding, the conjugacy is a homeomorphism. Its liftb satisfies
®0) =0, dT =T and FO(t) = ®(2r). For any symmetric tripléx — 7, x, x + 1)
in R, denotingL = [x —¢,x] and R = [x,x + ¢], there is some: € Z such that
1 < 2"R| < 2. So the lengths of"®(L) and F"®(R) are also in [12). From
Lemma 3.1, 1C < |®(L)|/|P(R)| < C. Henced is g.s.

Conversely, if the circle covering mag is g.s. conjugated teP(z) = z2, by the
Holder continuity of g.s. maps, there is a constant- 0 and K > 1 such thatf has
eigenvalues;; satisfying 2% < ¢;; < 2%, andCc27/X > |1;;| > 27K /C. Noticing
that Lemma 3.1 still holds in this situation, there is soime 0 such that(F") () > 1
for all r € R, i.e. f is expanding. O

COROLLARY. (Smoothness of conjugacyet f and g be C1* circle expanding maps.
The following conditions are equivalent:

(1) f andg are C*** conjugated;

(2) f andg are symmetric conjugated,;

(3) the corresponding eigenvalues ffand g are equal;

(4) f andg are Lipchitz conjugated.

(1 = (2 and (3) = (4) are from above lemmas.(2) = (3) holds because
a symmetric conjugacy is-Holder continuous for any &> « > 0 (or refer Bq).
(4) = (1) follows from the well known blow-up and blow-down argument applied to a
point where the conjugacy has positive derivative (referSol?] and [SS).

4. UAA circle expanding maps

Definition. A circle covering mapf with degreed > 2 is calleduniformly asymptotic
affine (UAA)if there existse(r) € £ such that for all the inverse®B™", whereF is a lift
of f, the distortions of every symmetric triple satisfy

llog pr—(x, D) < e(|t]).

Notice thatC1* circle expanding maps are always UAA by the naive distortion lemma
with () = Ct*. The next theorem illustrates why we call the UAA map ‘expanding’.
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THEOREM 4.1. (Q.s. conjugacylvery UAA circle covering map is g.s. conjugated to
Py(z) = 22

Proof. Let f be a UAA circle covering map an#l be a lift of f. We assume&~(0) = 0
sinceF has at least one fixed point. L&ti, j) = F~'T/(I) be a partition off = [0, 1],
I, j)=10+12/)Ul(G+1, 25+ 1). By definition,
11 +1,2))]
exp(—e(1)) < TG+ L2+ D) < exple(1)).

So both|I(i + 1,2j) and |[I(i + 1,2 + 1)| are less than or equal td (i, j)|(1 +
exp(—e(1))~L. Thus |13, j)] < (1 + exp(—e(1)))~". This shows that there is a
homeomorphismb of R with 0, 1 fixed, such thattT = T® and F®(r) = ®(2¢).

For anyx,t € R with z # 0, letn € Z so that 1 < 2"|¢t] < 2. Then
1<|F'®(x —t,x)| <2and 1< |F"®(x, x + 1)| < 2. By definition and Lemma 2.1,
there exists a constaiit > 0 which depends only oa(z), so that

|P(x — 1, x)]
|P(x, x +1)]

Thus @ is quasisymmetric. O

< C.

LEMMA 4.2. The eigenvalues of are well defined, i.ef” is differentiable at each fixed
pointz, and its derivative( f")'(z,) > 1.

Proof. Let I1, be the universal covering froR to S* with I1,(0) = ¢, and F, be
the lift of " with F,(0) = 0. We will prove thatF ! is differentiable at zero and
0< (F, 10 < 1.

First note thatF1(s)/s is contained in a closed interval if0, 1) for all s from
Theorem 4.1. For a fixes, since F, 1 are uniformly asymptotic affine, by Lemma 2.1,

FYFm
0< lim fn 76D

— 1
m——+00 F, m(s)

Also, because of the UAA property, the above limits are the same far &lo F, ! is
differentiable at zero. O

Remark.This lemma is also proved irSg.

LEMMA 4.3. (Linearization)et F be the (normalised) lift of a UAA circle expanding map
f, F'(0) = 6 > 1. Then there is a unique symmetric homeomorphisrof R with 0, 1
fixed, such that

yroFo yf_l(x) = 0x.

Proof. Let y,,(t) = F~"(¢t)/F~"(1). Then{y,} is uniformly symmetric and converges to
a symmetric map of R. Moreover,y o F oy ~1(x) = 6x. If there is another symmetric
homeomorphismB of R so thatg o F o B71(x) = éx, theny o B~ commutes with
8 : x — &x, and is thus a linear map.

It can be proved thag, is locally C** (or analytic) whenf is C*™ (or analytic).CJ
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LetL; =y;oToy; . ThenL;(0) =1andL?08 =50 L. We callL; thelinear
model of f. From Lemma 4.3, we see that:

LEMMA 4.4. Ly = L, if and only if f and g are symmetric conjugated.

THEOREM 4.5. (Criterion of linear modelspupposel. is a homeomorphism AR with
L) =1andL?08 =480 L for some constant > 1. ThenL is a linear model of some
UAA circle expanding map if and only if there exists) € £, such that for any:, m € Z,
IL"(D] og IL™ (D]
|IL"=1(D) |Lm=1(D)]
whered,(n, m) = 27! whenn —m = p2' and p € Z is an odd integer.

< e(do(n, m)), (4.2)

Before the proof of the theorem, we first give some lemmas.

LEMMA 4.6. Let L be a homeomorphism & with L(0) = 1andL?08 = § o L for some
constants > 1. Suppose that there exist&) € £ so that for anyn, m € Z,

% - % < €(da(n, m)). (4.2)
Then there exists a unique g.s. homeomorphisof R, so that
w(2x) =dw(x), woT(x)=Low(x), (4.3)
and there exist8(r) € £, so thatforany: € Z, x e Rand0 < k < 1,
low(x, t, k) — pw(x +n,t, k)| < 0(]t]). (4.4)

Proof. First note that log|L"(I)| — log|L"~1(1)|| is bounded. So there is a unique g.s.
homeomorphismw of R which satisfies (4.3). Moreover,
| |Og,0w(n, - |Og ow(m, 1| < e(da(n, m)). (45)

Given any6 > 0, sincew is quasisymmetric, there exists a constant @y < 1 so
that for anyx,t € R with ¢ £ 0 and O< k < ko, pw(x,t, k) < 0/2.

Moreover, there exists a constat> 1/ko so that for anyy, s € R with |s| > s
and 1> k > ko,

low(y, s, k) — pw[y, s, k]l < 9/3a (46)

where p, [y, s, k] = (wly + ks] — w[y])/(w[y] — w[y — s]), and here }] denotes the
maximal integer less than or equal £0

On the other hand, from (4.5), there exists a consignt- 0 so that for any
v,s,n,l € Z with |s| < 2s¢g andl > lp, and 1> k > 0 with ks € Z,

1w (¥, 5, k) — pu(y +12, 5, k)| < 6/3. 4.7)
Now, as|t| < so27 ", there exists a unique integer > Iy so thatsy < 2"|t| < 2s0.
Therefore, for any € R, n € Z and 1> k > ko,
|pw(x, 1, k) — pu(x +n,t, k)]
= |pw@"x,2"t,k) — p(2"x +2"n, 2", k)|
< lpw(@"x, 2%, k) — pu[27x, 2", k]|
Fpw@"x +2"n,2"t, k) — pyp[2"x + 2"n, 271, k]|
+pwl2"x,2"t, k] — pu[2"x + 2"n, 2"t, k]|.
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The first and second terms are less th#8 by (4.6). The last term is less thar3 by
(4.7). The lemma is proved. O

A similar argument as above also applies for the next lemma.

LEMMA 4.7. Suppose thatl,, L, are two homeomorphisms @& which satisfy the
condition in Lemma 4.6. Lat;, w, be the g.s. homeomorphismsko that
w;(2x) = w;(x), w;joTx)=L;ow;(x) (=12).
Then there exists(r) € £, which depends only of,, so that for anyx, € R and
O0<k<l,
|pw1(-xa t9 k) - pr(-x9 tv k)' < E(S),
where

Ln I Ln I
s = sup|log lnfg I |nf§ in}
nez | IL7(D)] IL5 (D]

LEMMA 4.8. Let hq, hy be two g.s. homeomorphismskfand
n(t) = Suplon, (x, 5, k) — pn,(x, 5, k)| T x € R [s| < 1,0 < k < 1}.
Then there exists(r) € £, which depends only oy and#(¢), so that

sup [u1(z) — u2(z)| < e(n(1)),

0<z<t
whereu; and u, is the complex dilatation of the Beurling—Ahlfors extensior pfind
hy, respectively.

Proof. Let f;(x +iy) = u;(x,y) +iv;(x,y) (j = 1,2) denote the Beurling—Ahlfors
extension oft;. Then

14wz () +i(v)y  1+ig;

1—p;(2) B W;)y —i(u))y N b —ic;’

wherea; = (v)x/(uj)x, by = (V))y/(uj)x, ¢; = (uy)y/(u;), and

Kj(Z):

1
(uj)x = ?y[hj(x + ) = hi(xyl,

X+

1 1 Y
(Mj)y=5 <hj(x+Y)+hj(x—y)—y/ hj(t)dt),

-y
1
(j)x = ;[h_,- (x+y)+hj(x —y) = 2h;(x)],
1 1 x+y X
mn=;Mu+w—ma<m—F(/ mmm—/ mmm)
X x—y

Denotep; = p;,,. A direct computation implies that (4.8)

a;[1 + pj(x, Y] = 2[p;(x, y) — 1],

1 1
bi[1+ pj(x, y)] =2<pj(x,y)+1—/o pj(x,y,t)dt—/o pj(x,—y,t)dt>,

1 1
ci[L+ pjx, y)] = pj(x, y) <1+/0 p(x,—y,t) dt> — (1+](; pj(x,y,1) dt> .
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Now,

[K1(z) — K2(2)](b1 — ic1) (b2 —ic2)
= (a1 —ax)(c1+ib1) + (b2 — b)) (1 +ia1) + (c1— c2)(1 —a1).
There exist constants;, C, > 0, which depend only oh; andn(z), so thath?+c? > C1

andaj2 < C,. Thus there exists a constafit> 0, which depends only oh; and7(t),
so that

ln1(z) — p2(2)| < C(lax — az| + |b1 — b2| + |c1 — c2)).
The lemma follows by (4.8). O

Proof of Theorem 4.5The necessary conditions are easy to check by the following
identities and the symmetry of:
|[F'oT"(D|  |TPoF'oT™(D|  |F'oT™(I)
|[F-LoT=Y(D)|  |TPo FloTrY)| |F~oTm ()|

IL"(1)] 187" o L"(I)] ly o F' o T"(I)|
LY D) 5o LY D]y o Folo ThY(D)|
Now we prove the sufficiency. Lebt be the g.s. homeomorphism guaranteed by
Lemma 4.6. Byu we denote the complex dilatation of the Beurling—Alhfors extension
of w. Thenu(2z) = u(z) for all z € H. By Lemmas 4.6 and 4.8, there existg) € £
such that for all € Z,

sup |u(z) — u(z +n)| < €(@).
0<Jz<t

Let ® be the g.c. homeomorphism &f with 0, 1, co fixed, and whose complex
dilatationue = nwon{z : 0 < Nz < 1} and ue(z) = we(z + n) for any z € H and
neZ. Then®d(z +1) = ®(z) + 1. LetT’ = w o ®~1. Then the complex dilatatiopr
of I' satisfiesur(®(z)) = u(z) — u(z + n), wheren € Z satisfies 0< R(z +n) < 1.
But @ is quasiconformal ane (n) = n for n € Z, I®1(z) — 0 asz — 0 uniformly.
This shows thal"|g is symmetric.

Let F = (T|g) todol|g. ThenF(x +1) = F(x) + 2 and{F~"} is uniformly
symmetric. Letf be a projection off onto S*. Then f is the desired UAA map. O

For any linear modeL, define a functionS; : Z — R by
Sp(n) =log|L"(D)| —log |L" (D).
There is an identity foiS; corresponding td.?208 =8 o L.

1+ exp[S.(2n + 1)] exp[S. (n)]

1+exp[=S.(2n — D] explS.(2n)]’
Theorem 4.5 says tha; can be extended to a continuous function on the completion
space ofZ with metricd,, which is a Cantor set. Conversely, for any continuous function
S on this Cantor set satisfying the above identity, there is also a linear niodeth
thatS; = S. This function is called theolenoid functionin [PS.
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5. Proof of the main theorem
By 7. we denote the space consisting of symmetric conjugate classes of UAA circle
expanding maps with a distance defined by

dr([fi.[f2]) = 3 log H(¢),

where¢ is the g.s. conjugacy betweefi and f>, and H(¢) is the boundary dilatation
of ¢. It may be identified with the space of linear models, or the space of solenoid
functions.

Let L; and L, be linear models with.2 0 §; = 810 Ly and L3 08, = 80 L, w
be the conjugacy froni; to Ly, i.e. w is a q.s. homeomorphism @ with 0, 1 fixed,
woly=Low andw o é; = 8, o w. Supposef; and f, are UAA circle expanding
maps, whose linear models akg and L,, respectively. Let be the conjugacy frony;
to f> and Fy, F» and® be the lift of 1, f> and¢, respectively. Themw = y,0®o yfl,
wherey; and y, are the linearization coordinates éf and F,. Sincey; andy, are
symmetric, for any > 0, we can extendv to be a g.c. mag¥ on a neighborhood of
the original, such that its maximal dilatatidh < H(¢) +¢. LetW, =850 Wos;". As
a normal family, it has a subsequence converging -@.c. mapW,, from H to itself.
Obviously, Wy g = w.

Conversely, ifw can be extended to &-q.c. map ofH, then the local dilatation of
w satisfiesH, (w) < K, for everyx € R. Thus H,(¢) < K for all + € S*. It follows
that H (¢) = maxs: H,;(¢) < K. We have proved the following.

LEmMMA 5.1. (The boundary dilatation metric is equal to the Teiaher metric)Let L
and L, be the linear models of circle expanding mafysand f>, respectively. Letv be
the conjugacy betweeh; and L,, and¢ be the conjugacy betweefy and f>. Then

dr([fil.[f2]) = 3 log H(¢) = 3 log K (w),

where K (w) is the infimum of the maximal dilatations of the possible extensions of
to H.

From Lemmas 4.7 and 4.8, we also have the next lemma.

LEMMA 5.2. The distanceds is topologically equivalent to the supreme norm of the
solenoid functions.

Now we embedZ, into the universal Teichiiller space. ByM(T) we denote a
Banach space consisting of alle L°°(H) with ©(2z) = u(z) for all z € H and

[z + p) = (2B llc < €(r)

for somee(t) € £ and all p € Z, whereB, is a strip domainz, 0 < Jz < t}. Define an
equivalence relation on the unit ball1(T) of M(T) by p1 ~ p2 < wy,lr = wy,lr,
wherew,, is the g.c. homeomorphism froffi to itself with Beltrami coefficienyx and
normalised by fixing 01 andoco. From the proof of Theorem 4.5, we see that this
guotient space may be identified with by the conjugacy fronT'(x) = x + 1 to a
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linear modelL. This gives an isometric embedding of the sp&gédnto the universal
Teichmiller space with base poift(x) = x + 1 by Lemma 5.1.

u € Mq(T) is called special if there is some> 0 such thafu(z + p) — u(z) = 0 for
a.e.z € B,. Such a complex dilatation corresponds to an analytic linear model, and thus
there is an analytic circle expanding map corresponding to it. Since special elements are
dense inM(T), we have

LEMMA 5.3. Analytic circle expanding maps are denseZin

LEMMA 5.4. (Eigenvalues and Markov partitionspr any UAA circle expanding map,
the lengths of Markov partitions and the eigenvalues of periodic points have the relation

log|Z;;|/loge;; — —1
asi — oo uniformly for0 < j <2/ — 1.

Proof. Let f be a UAA circle expanding map. By Lemma 5.3, there exists a sequence
of analytic circle expanding mafs,}, so thatdr([f],[f.]) — 0 asn — oco. Denote
by ¢, the g.s. conjugacy betweefiand f,. ThenH(¢,) — 1 asn — oo.

Given any 8> ¢ > 0, choose ary, in the sequence so th&f(¢,) < 1/(1 — ¢/8).
Since bothg, and¢, ! are (1 — ¢/8)-Holder continuous, asis big enough,

log|Z; () <€ loge;;(f) <€
log|Z;; (f)l 7 loge;; (fn) 7
for all j. On the other hand, from Lemma 3.2, ias big enough,
|Ogeij(fn) _’_1‘ - E
log|7;; (fu)] 7
Now the Lemma follows immediately. O

THEOREM 5.5. (Eigenvalues form a complete set of invariaf8gpposef, and f, are
two UAA circle expanding maps. Then(f1) = e;;(f2) ifand only if Ly, = Ly,.

Proof. Let F; be normalised lifts off;, y; be the symmetric homeomorphisms ®fso
thaty; o F; o ylf_l(x) = 6;(x) (i =1, 2) andw be the conjugacy frond;, to L. Denote
J@,j) = SIiL}l(I) = y1(I;;(f1)). Sincey; is symmetric, for any - o > 0, bothy,
and its inverse are-Holder continuous on any compact setRn Thus
log|Z;;(f0l/loglJ G, )l — 1
asi — oo uniformly for j. By Lemma 5.4 and;;(f1) = e;;(f2), we have
log| /G, )l _
i—oo loglw(J (i, j))I

uniformly for j. If Ly # Ls,, we will prove that there is a nested sequencd 6f, ji)
such that the above formula does not hold.
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Consider the solenoid functionS; and S; of Ly and Ly, respectively. Since
Ly # Ly, S1 # S Using the uniform continuity of solenoid functions, there must
exist constantg > 0, p e N and 0</; < [, <27 — 1 such that for alk € Z,

S1(n2P +1;) — So(n2P + ;) > €

fori = 1,2 (or less than—¢; without loss of generality, we assume the above holds).
Let o > 0 be a constant so that

1- (1+o0)exp—e) > (1+expllSzh? o,

where || S;|| is the supreme norm a$,, and denotey; (n) = |L}.(D)| (i = 1,2, n € Z).
We claim that for any 2 consecutive intervals

Li (D), LT, LN,

there is one of themLffl(I), n<k<n+ 2P —1, satisfying

b1 (k) n2r—1 . n+2{ . -1
o = 1+ > bl(l)(;bz(l)) :

Otherwise, letn; < my be two integers ind, n + 27] so thatm; =1; mod 2 (i = 1, 2)
and takem = m; so thatm > n. Then
bi(m)  ba(m —1)

=1 bpom)y |~ SXS1(m) = Sz(m) > exple),

b]_(m — 1) - EX[X—G) bl(m)
by(m — 1) ba(m)

-1
< exp—e)(1+0) ) bi(i) ( > b2<j>>

by the assumption, where the summation is taken frota n + 27 — 1. So
-1
1=> [blm(Zblu)) }
-1 _
< 1+0) ) [bz(i)<2b2(j)) ] + exp(—€)(1+ o)ba(m — 1>(Z bz(j))

i#Fm—1

1

from which we deduce that

o Z bo(i) > [1 — (1 + o) exp(—e)]ba(m — 1).

i#m—1

But Y ba(i) < [1 + exp||Sz|]]? b2(m — 1). A contradiction.
From the claim, we may choose an integere [0, 27 — 1] so that
by(k
8 S a2t
> bai(i) > b2(i)
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Then J(p, k1) = a—l’Ljii(I) c I. Inductively, letk, 1 € [k,2", k,27 + 27 — 1] be an
integer so that

-1

-1
bl(kn+1)(2b1(i)) > (1+ o)bz(kn+l)<2bz(i)>

ThenJ (np. k,) = 8" LY (I) C J((n=1)p. kn—1). BUtby(k,2)+- - -+b1(k, 2" +27 —1)
= §7by(ky), thus

bl(kn+1) bl(kn) n+1
bathnrn) = T D byt = AT

By the Holder continuity of the g.s. conjugacy froffi to L1, there are constar@ > 0
and O< « < 1 such thatJ (np, k,)| > C27""/%. Thus asn — oo,

log|w(J (np, k,))| nlog(l+ o) alog(l+ o)
— 1> — >
log|J (np, k,)| ~ log2—logC plog2
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