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Abstract. We construct an adic model for the Denjoy system (X, T') of finite double orbit
number. It is based on the dual Ostrowski numeration system. By using this construction,
we can determine the K -theory of C(X) x7 Z associated with (X, T) in an effective way.

1. Introduction

Putnam et al [13] studied the C*-crossed product C(X) xr Z associated with a Denjoy

minimal dynamical system (X, T), and its K-theory (essentially by using a six-term

cyclic exact sequence). Here the system (X, T) arises from Poincaré’s rotation number
theorem as follows. Let S' = R/Z. Suppose that ¢ : S' — S! is an orientation-preserving
homeomorphism. Letting ¢ : R — R be a lift of ¢ and r € R, lim,_,» (¢"(¢)/n) exists

(where @" is the nth iteration of ¢), and moreover its fractional part a € [0, 1) is

independent of the choice of ¢ and 7. So, we say p(¢) :=a« is the rotation number

of ¢. One can show that p(¢) is irrational if and only if ¢ has no periodic points. For

each w € [0, 1), denote by R, : S' — S! the rotation of angle 27w (i.e. Ry(z) =7+ w

(mod 1)). Now, we can state Poincaré’s theorem.

Suppose that the rotation number « of ¢ is irrational. Then there is a degree-one map
F:S' — S'suchthat F o 9 = R, o F (such an F is called a factor map of the dynamical
system (S!, )). Furthermore, we have the following three properties.

(1) F is unique up to rotation (i.e. when G is a factor map, G = R, o F for some w).
Define A={zeS' |#F"'F(z) =1} (so ¢(A) = A and A is independent of the
choice of factor maps), and write X = cl A (the closure of A).

(2) The following dichotomy holds: A = S'; otherwise X is a Cantor set.

We say that ¢ is a Denjoy homeomorphism if the second case holds (i.e. A % S'). In
this case, denote the restriction of ¢ to X by

T:X— X.
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The subsystem (X, T') is called a Denjoy system of rotation number o, and a
connected component of S'\ X is called a cutout interval (indeed, an open arc).
(3) Suppose that ¢ is a Denjoy homeomorphism. Then

X\A={zeS ! | z is an endpoint of some cutout interval},

#F(clI) =1 for each cutout interval I (so the restriction Fx : X — S! of F to X
is surjective and #FglFX (z) =2 for each z ¢ A), and X is the unique minimal set
under ¢.
(Here X is minimal if a closed ¢-invariant subset of X is ¥ or X. It is clear that the
minimality of X is equivalent to the condition that each ¢-orbit of X is dense in X.)
From now on, let ¢ be a Denjoy homeomorphism of rotation number «. By the above
property, the following diagram commutes:

x— I o5

Sl%sl

Moreover, Fy is surjective and at most two-to-one; more precisely, z € X\ A if and only
if z is an endpoint of some cutout interval /, and in this case Fy ' x(z) is the set of
endpoints of /. By choosing an appropriate Fx, we can assume that ¢ = p(¢) € Fx(X\A).
Now, we write Q(T) := Fx(X\A), and call it the double point set (relative to Fyx).
Since there are countably many cutout intervals, the double point set is also countable.
Let Oy = {Rl(w) | n € Z}. There exists d € N U {oo} such that, for some set A C St of
cardinal d,

Q1) =|J 0, (disjoint) and aeA
weA

(in other words, the double point set is split into at most countably many R, -orbits). We
call such a A a transversal of a double point set. Note that the number d is independent of
the choice of Fx. So we call d the double orbit number of (X, T). Markley [11] proved
that, for two Denjoy homeomorphisms ¢; and ¢,, (S!, ¢1) is conjugate to (S', ¢») via an
orientation-preserving conjugacy if and only if p(¢1) = p(¢2) and Q(¢1) = Ry, (Q(¢2))
for some w.

In general, there is a well-known C*-crossed product construction of C(Y) xg Z from
a topological dynamical system (Y, S) where Y is compact Hausdorffand S: Y — Y isa
homeomorphism (see, for example, [8, 13]). However, there is no general tool to determine
the K-theory of C(Y) xg Z. When Y is a Cantor set and S is minimal (briefly, (¥, §) is
a Cantor system), in [9], Herman et al constructed, by using the Kakutani—Rokhlin stack
method, a suitable Bratteli diagram B = (V, E) and a ‘Bratteli—Vershik system (Xp, 0p)’,
which is conjugate to (Y, §) (we call (X, 65) an HPS-adic presentation of (Y, §), see
the next section for details) and the associated A F-subalgebra AF (B) of C(Y) xg Z such
that Ko(AF(B)) = Ko(B) is isomorphic to Ko(C(Y) x5 Z). In general, each A F-algebra
is constructed by a Bratteli diagram (but is non-unique). Therefore, when a diagram B
corresponding to AF (B) is known in some effective way, the structure of Ko(AF (B)) is
more explicit than that of the corresponding C*-crossed product C(Y) x5 Z.
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In this paper, for a Denjoy system (X, T') of finite double orbit number, we can obtain
an HPS-adic presentation of (X, T'), and determine the K-theory of C(X) x7 Z. In fact,
Putnam er al [13] have determined the K-theory of C(X) %1 Z in the case when A are
rationally independent. Our main strategy is to obtain an adic model (X 5, 6p) of a Denjoy
system, and then by using it determine its K -theory for any A. We hope that this model
will be useful for the study of the Sturmian sequence (for example, refer to [1, 2, 7]), and
some applications will appear in the future.

Section 2 is devoted to the fundamental preparation for this paper. In particular, the
Kakutani—Rokhlin tower construction is introduced. In §3, to obtain the tower construction
for the Denjoy system (X, T'), we consider the ‘counterpart’ for its factor (S!, Ry). In §§4
and 5, we obtain the counterpart and discuss the arithmetical aspects. In §6, we introduce
the notion of the ‘section (&, g)’, which plays a vital role in our approach when obtaining
the adic model (Xp, 6p) for the Denjoy system. In §7, the main result (Corollary 7.2) is
stated. Section 8 is devoted to the study of the matrix A (&, g) associated with (€, g). In §9,
we compute the dimension group for the Denjoy system. Some of the proofs are given in
Appendix A.

2. Preliminaries
Now, we will recall some basic concepts, results and constructions. These will later be
applied to investigate Denjoy systems. For example, we refer to [3, 8, 9] for further details.

2.1. The Bratteli—Vershik system. Denote by N (respectively Z,) the set of positive
(respectively non-negative) integers. A Bratteli diagram is an infinite directed graph
B = (V, E), such that the vertex set V and the edge set E can be partitioned into finite sets
V=|J W and E=|]JE,
nely neN

with the following properties:

(1) Vpis a singleton;

2) s(Ep)=V,_1and r(E,) =V, for all n, where s is the associated source map and r

is the associated range map.

Writing V,, = {v,(0), v, (1), ..., vy(chn — 1)}, we let A, be the ¢, X ¢,—1 matrix defined
by (An)ij = #(s 1 (va=1(j)) N r~ (v, (i))) and call A, the nth incidence matrix of B. (See
Figure 1.)

Let B be a Bratteli diagram with incidence matrices A,. Consider the following
inductive sequence:

A A A A
7Z—>70 — > 72 — =75

Since each A, is a non-negative integer matrix, A, ((Z4+)“"-') C (Z4+)“". Thus, we have an
ordered inductive sequence

(L. Zy) —2 (29, (L)) —2m (12, (Z4)2) —2m (26, (L)) 2om

Denote by (Ko(B), Ko(B)+) the inductive limit of the above sequence (in the category of
ordered abelian groups). As an ‘order unit’, we chose the image [1] of 1 € Z in Ko(B).
(Ko(B), Ko(B)+, [1]) is called the dimension group of B (refer to [4-6]).
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FIGURE 1. A Bratteli diagram.

Define the infinite path space X p of the Bratteli diagram B by

Xp= {e* = (en)neN € l_[ E,
neN

An ordered Bratteli diagram B = (V, E, <) is a Bratteli diagram (V, E) together with a
partial order on E so that edges e, ¢’ € E are comparable if and only if r(e) = r(¢’). Then
we introduce the adic order (partial order) on X g by e, < f if there exists N € N such that
ey < fvande, = f, foralln > N. If there exist a unique maximal path e'** and a unique
minimal path eg‘in in X p then B is said to be properly ordered. Given a properly ordered
Bratteli diagram B, we can define the adic transformation 0p : Xp — Xp as follows:
if e, # e} then Op(ey) = min{fi € Xp | fix > ex}, and Op(ef™) = e*min. Vershik and
colleagues introduced these ideas concerning the adic system [14-16]. We call (Xp, 6p) a
Bratteli—Vershik system.

r(ey) = s(ey41) foreachn € N}.

2.2. HPS-construction. Let (Y, S) be a Cantor system. A Kakutani—Rokhlin (KR)
partition of (Y, S) is a partition of the form

P = {Sk(z(i)) |0<i<c,0<k<h(i)} wherez(i)isclopenandc, h(i) € N.

An element of P is called an atom of P. A tower of P is {Sk(z(i)) |0 <k < h(i)}, and its
bottom is z(i). So, obviously, the number of bottoms is the number ¢ of towers. The base
of P is the union | J¢Z z(i) of bottoms.

Given a Cantor system (Y, ), there exists a sequence of KR partitions (Py),cz, where
Po = {Y'} and P, consists of ¢, towers, i.e.

= {8 @) [0<i <, 0k <hy(i)} (neN),

with the zeroth base By = z0(0) =Y, cog = ho(0) = 1 and the nth base B, = Uf"zgl 2, (D)
such that the following conditions hold [3, 9]:

(1)  Pp41 is finer than P,

(2) U, Pn generates the topology of Y';

(3  But1 C By and (), B, is a singleton.
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We say that a sequence (Pp),ez, of KR partitions satisfies the HPS-condition if it
satisfies the above three conditions. Then, by condition (1), for each n e N, 0 <i < ¢,
and 0 < j < ¢, 1, there exists (H,);; C [0, h,(i)) N Z such that

cn—1

wD=U U $°G6.

i=0 pe(Hy)ij

We call such an {(Hp);;} the hitting time sets of (P,),cz,. Moreover, we can associate
(Pn)nez, with a properly ordered Bratteli diagram B = (V, E, <) defined by

Vo ={vn(0), ..., vn(cn — D} (n€Zy),

Ep ={(n-10()), p, va(D)) | p € (Hn)ij} (n€N),

$(Wn—1(J)s £, Va(D)) = vp-1(j),

r(Wn—1(j), P, va (@) = va (@),

Wa—1(1)s £5 va (@) < (a1 (j), P, va(@)) ifi=i"and p <p'.
So the incidence matrices of B are given by

(Ap)ij =#(Hy)ij
and the infinite path space X p is
X ={((Wn=1Gn-1), Pn, Vo (@n))neN | Pn € (Hp)iyi,_, }-

Here we have the basic facts [9]: Ko(B) = Ko(C(Y) x5 Z) as ordered groups, the
dynamical system (Xp,60p) (where Xp is endowed with the usual topology) is
topologically conjugate to (Y, S), and a conjugacy map ¢ : Xp — Y is given by

{6 (a—1Gn-1), P> Vn(i)nen)} = [ 2n (z > /01>

neN =1
where z, (in, k) = S¥ (2, (in))

(moreover, we see that {¢>(e‘fi“)} =), Bn). We call this Bratteli—Vershik system (X g, 0p)
an HPS-adic presentation of (Y, S). Moreover, in [8], it is shown that the orbit structure of
(Y, §S) is intimately related to Ko(C(Y) x5 Z).

Notation. We shall introduce the main notation. Denote by N (respectively Z.) the set of
positive (respectively non-negative) integers. For eacht e R, let |t| = max{i € Z | i <t}.
For eachn € Z, let

ny = max{n, 0}.

For distinct z, w € S, denote by (z, w] the left-open right-closed arc between z and w
which lies in the positive direction from z, and let (z, z] = S! for convenience:

w. (Z’w]
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For left-open right-closed arc I = (z, w], let
inf/=z and max/=w.

Denote by int  the interior of I (so int / is an open arc I\{w}), and by || the length of
arc 1. We identify S! = R/Z with (0, 1] naturally. Let « € (0, 1). Under the identification
of S! and (0, 1], the rotation R, : S! — S! is the transformation of (0, 1]:

o+ o ifwe 0,1 —«a],
Rau(@) = ,

w+ao—-1 foe(l—a,l]
3. Factor-HPS-condition
We shall consider a Denjoy system (X, T') of finite double orbit number whose rotation
number is «. To construct a sequence of KR partitions of (X, T) satisfying the HPS-
condition, we will consider a ‘counterpart’ of (S 1 Ry).

Let R = R,. A partition P of S! is called a KR partition of (S', R) if P is of the form

P={(R*((i)|0<i<c,0<k<h())}

where any element of P (an atom of P) is either S! or a left-open right-closed arc.
Suppose that (Py),ez, is a sequence of KR partitions of (S I R) of the form

Po={S'Y, Pu={R'.(1))10<i<cy,0<k<hy(i)} (neN).

We say that a sequence (Py) ez, of KR partitions of (S I, R) satisfies the factor-HPS-

condition if the following conditions hold:

(1)  Pp41 is finer than Py;

(2) {z € S'|zis an endpoint of some atom} = Q(T);

(3) letting B, = Uf”;ol t, (@), {Bn}nen satisfies B, 1 C By, By, is either S! or an arc with
max B, =max By, and ("), B, is a singleton.

By condition (1), we can define the hitting time sets of (P,),cz, similarly. Furthermore,

define (P)nez, by Py = (X},

zu(i) =cl Fy'(int1,(1)) and PY ={TX(z,(1)) |0 <i < cn, 0 <k < hy(i))}.
Let BX =cl Fy ' (int By,).

EXTENSION LEMMA. If (Pp)ncz, satisfies the factor-HPS-condition, then (79,5()%2+ is
a sequence of KR partitions of (X, T) satisfying the HPS-condition with the same hitting
time sets and B is the base of PX, N, BX =inf F~1(N,, Bn).

Proof. For any z € Q(T), there exists a cutout interval I, such that Fy 1(z) is the set of
endpoints of I;. This is a one-to-one correspondence between Q(T) and the family of
cutout intervals. For each z € Q(T'), we pick a point

~

zel,.

If z, w € Q(T) then cl F;l(int(z, w]) = (Z, w] N X is clopen (Figure 2). Since Fx o T =
Ro Fy, (77,5(),15%r is a sequence of KR partitions of (X, T).
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ol Fi ' (int (2, w])

- —~ -
-

wy-—7" -
\ [ ] ~. )
D z
FIGURE 2. cl Fy; ! (int(z, w]).
. I,
L., L, = L., I,
Iw S y——° - r=me-—d )-—_“-—‘( > Iz

FIGURE 3. U N X.

X
Izn+1)- BTL
R G il T
IZO:L;?/””X’ 2n+1 - — \\{Izn
L Bt *)
Z Zn

FIGURE 4. BX.

@) Pfﬁ_l is finer than P,f since P41 is finer than P,. By Fx o T = R o FY, (P,f()nez+
has the same hitting time sets of (P;),ez, -

(ii) Let x € X and U > x be an open arc. To show that the family (J,, 73,{( generates the
topology of X, it suffices to prove that there exists J € _J, P,f suchthatx e J CU N X.
Since X is totally disconnected, there exist cutout intervals I, I, (z, w € Q(T)) such that
xe @, wlNX cUNX. By (1) and (2) of the factor-HPS-condition, there exists N € N
andzo =12, 21, - - - , Zk—1, 2k = w such that (z;_1, z;] € Pn (Figure 3). Then

@ w10 x =l Fy'(int(i-1. 2]
i

Therefore, x € cl F;l(int(zi_l, z;]) C U N X for some i, and cl F;l(int(zi_l, z;]) is an
atom of 771)\,(.

(iii) Note that BX is the nth base of PX. Then B}iﬁrl C BX since B,+1 C By. Let
B, = (zn, z0] with B, # S'. Then z,, z0 € Q(T) and BX = (Z,,Z0]N X. By (3) of
the factor-HPS-condition, zg € ﬂn B,. Let xg € Bf be the endpoint of I, such that
{xo}=BX Ncl I, (Figure 4). Then xo €, BX and Fx(xo) =z0 € (), Bn. Notice that
if x € BX\{xo} then Fx(x) # Fx(xo) and Fx(x) € cl B,. Assume that x € (), BX\{xo}.
Then Fx(x)# Fx(xo) and Fx(x) €(), cl B, =(), B.. This contradicts the fact that

(), Bn is a singleton. Thus (1), B is also a singleton. )

4.  Principal sequence of KR partitions

In this section, we will prepare a certain sequence of KR partitions of (S', Ry) (the
principal sequence), and discuss its arithmetical aspect. In the next section, we will
construct a sequence of KR partitions satisfying the factor-HPS-condition which is based
on the principal sequence.
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gro—p1 gzo—ps () Jao—p2 o R
] ] 1 ]
T T T T T

FIGURE 5. Arrangement of {gno — pn}32 .

« gax

0=1

Ba

G

FIGURE 6. Closest returns in S1.

4.1. Principal sequence. Let an irrational « € (0, 1) be given, and let p, /g, be the nth
(principal) convergent in the simple continued fraction expansion of «, that is,

1 1
Lo , B (n>2),
q1 ar+1 qn 1
a+ 1+

a +

where a; € Z4 and a, € N (n > 2). Let

2 30

q-1 qo I

Then it is well known that the following relations hold:
Pn = anPn—-1~+ Pn—2

qn = anqn—1 + qn-2

Here, by basic properties of continued fractions,

and gy — pp = (—1)"|gpo — pyl.

lgn—20 — pn—2| = anlgn-12 = pn-1l + g2 — p| (n €N).
(See Figure 5.)
Let R be the rotation of angle . Denote R" (1) by ‘na’ if there is no confusion. So, we
have the arrangement of {g,a}7°, C S !"as in Figure 6.

Hence g,a converges to 0 (n — 00); in detail,
gn = minfk € N | ke € int((=1)"gu—10t, (=)' 'gu-10]}  (n=2).

Let d(w, ®') = min{|(w, @']|, |(«, ®]|} be the usual distance on S'. The above implies
that, if 1 <k < ¢g,, thend(l, ko) > |g,—10¢ — pn—1]. Hence for any w € slifl<k< qn,
then d(w, R¥(@)) > |gn—10t = pu_1l-

In order to find the configuration of {l«, me, na} on S it suffices to know that of
{I —m)a, 0, (n — m)a} (Figure 7).
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la

0 R™
—_— mo

no

(I—m)a
FIGURE 7. Configuration of {lo, ma, na}.
In particular, we have the following configurations (Figure 8).

gan—200

gan—10¢

(1= @2n + @2n1)x

L2n

qan—10¢
FIGURE 8. L, and S,,.

Definition. For eachn € Z, let B, = (1 — (—1)"(gn — gn—1))a, «] and
(@ = gn—1 +gn)a, (1 — gup—1)a] ifnisodd
! (1 = gn)a, a] if n is even,
Ln = Bn\Sn~
(See Figures 8 and 9.)

Observe that B,y C B, and (), B, = {a}. Note that |S,| and |L,| are respectively
equal to |g,& — p,| and |g,—10¢ — py—1| foreachn € Z .
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FIGURE 9. Bj and B;.

Foreachn € Z, let R, be the induced transformation of R on By, thatis, R, : B, — B,
is the first return map: R, (w) = R™“) (w) where r,(w) = min{n € N | R"(») € B,)}.
Observation 4.1.
gn—1 ifwes,,
r(w) = .
qn ifwelL,.
That is, (By,, R,) is the exchange of two intervals S, and L,,.
Proof. 1tis easily seen that the claim holds forn =0, 1.
By using R¥(na, ma] = ((n + k), (m + k)a], one can see that
B, = R¥"-1(S,) U R?(L,) (disjoint).
This implies that
—1 ifwes
(@) < {7 DO
qn ifweL,.

Letn>2andwe B,. If 1 <k <g;,—_1, then
d(w, Rk(w)) > lqn—20 — pp—2| > |gn—12 — pu—1| + |gnet — pp| = |By]|.
Therefore, Rk(a)) & B, thatis, r,(w) > q,—1. Hence r,(w) = gn—1 if w € S,,.

In order to prove that r, (w) = g, (w € L,), it suffices to check that, if 1 <k < g,, then
R¥(L,) N B, = ¥. Note that R¥(L,,) = (R*(inf L,,), R*(max L,)] and |R*(L,)| = |L,| <
|B,|. It suffices to show that, if 1 <k < g,, then R¥(max L,) ¢ B, and R*(inf L,) &
B, \{o}. Let 1 <k < g,. Notice that

d(max Ly, R¥(max L)) > |gn—12 — pu—1| = |Lal. (a)
d(inf L, R*(inf Ly)) = |gn—12 — pp—1] = |Ly|. (b)

If n is odd, then max L, = R9-!(inf L,). Since 1 <k + gn—1 < gn+1,
d(inf L,,, R*(max L,)) =d(inf L,, R~ (inf L,)) > |gpat — pul =|Ss].  (c)

By (a), R*(max L,) & Ly; by (b), R¥(inf L,) & B,\{a}; and by (c), R¥(max L,) ¢ S,
(Figure 10).
If n is even, then inf L,, = R%~!(max L,). Since | <k + g,—1 < gn+1,

d(max Ly, R*(inf L,,)) = d(max L,, R*""~1(max L,)) > |gze — pu| =|Sul.  (d)
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a =max L,

FIGURE 10. B, when n is odd.

By (a), R¥(max L,) ¢ B,; by (b), R¥(inf L,,) & L, \{max L,}; and by (d), R*(inf L, ¢
{max L,} U S,\{«} (Figure 11).

FIGURE 11. Bj when n is even.

From now on, we will draw pictures on (0, 1] instead of SL. Let
0 ifnisodd,
€ =
1 ifniseven.
Definition. Foreachn e Nandx € {—1,0, 1, ..., a,}, let

:<—en+1<—1>"qn F (0 —an ) (1) gy ifx #ay,

ifx=a,.

sp(x) =

For left-open right-closed arcs I, I, we write ‘I b I’ if max I} =inf I>.

REFINING LEMMA. Letn € N.
a,—1
@) S =R"CVWLy), Lia=J R"OWLHUS, (disjoins).
x=0

i RO <RV (L) <o SROTV(Ly) < RS, (= 5.

Proof. For each n € N, notice that |S,_1| = |L,| and |L,—1| = an|Ly| + |S,|. Notice that,
if —1 <x < a,, then
(Gn_2 +xqu_1)4 ifnisodd
sp(x) = . .
(a, —x — )gp—1 ifniseven.
By Observation 4.1, we can get Figures 12 and 13. These imply that the claim holds. O

We obtain the KR partition of the (n — 1)th induced system (B, —1, R,—1) with base By,
and call this partition the induced tower partition (Figure 14).
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Ln—l Sn—l
i ! 37 ﬁq
-_— 'H,_'/ \__\F_-JI

Sp ¢ L,

Rin—1
I 1 —_ . . ... 1 r I q
e —~ T ~ — 1 L 7 ™ al
Rs,,(o) (Ln) RS"(l) (Ln) Rsn(an—l) (LT,) Rsn(—l) (Ln)

FIGURE 12. Refinement of B,,_; when n is odd: note that R" O,y = RIn=2(S,,_1).

Sn—] Lﬂ_]
[l < I' ~ 1 1 - q
r T T [ 1
L. : S
R»—1
-
= —t - } = — |
Rsn(—‘l)(L") Rsn(O) (Ln) Rsn(an—Q) (Ln) Rsn(an—1)(Ln)
FIGURE 13. Refinement of B,,_{ when n is even.
Renlan=1p, Rea (-1,
Rs"(O)Ln Rsn(an—2)Ln
Rsn(an)sn _ Rs'n(_l)Ln Rsn(an—l)Ln _ Rsn(an)sn
STL n n n
n: odd n: even

FIGURE 14. The induced tower partition of B,,_.

From now on, we will draw pictures of the induced tower partition as in Figure 15,
where R**(™)(.) is denoted by [x]

TOWER LEMMA. For eachn € N,

(1)1717] qn*l
©.11= |J R'Sou | R*@w (disjoiny).
k=0 k=0

Proof. We will use induction. For n = 1, by the Refining lemma,

a;—1 q1—1
0,1]=SULy=R""Y@Hu U RIO(LHUS =8 U U RK(LY).
x=0 k=0
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S

a, — 1

Ln—l \ Sn

mEs

Sn—'l

FIGURE 15. The induced tower partition of B, _.

Suppose the Tower lemma holds for n — 1 € N. Notice that

anp—1
[0, g2) N Z = [s52(—=1), 55 (—=1) + g-2) NZU (] [s2(x), $2(¥) + gu-1) N Z  (disjoint).
x=0
By the Refining lemma,
qn—2—1 qn-1—1
o 1= {J rR'S-nu |J R
k=0 k=0
qn—2—1 qn—-1—1a,—1 Gn—1—1
= J v [ U RO wau | RAs)
k=0 k=0 x=0 k=0
qn-1—1 qn—1
= (J rRfsou | RE@a). O
k=0 k=0
Let

Po=1S"Y, PL={R"S)10<k<gu1}U{RN(L,) |0<k <gqy} (neN).

We call (P;),cz, the principal sequence of KR partitions. Notice that (P),cz, satisfies
the facts that:

e P, is finer than P,;

° B,+1 C By, By, is either S! or an arc with max B, = max By+1, and ﬂn B, = {«a}.

4.2.  Backward hits and signed expansion.

Definition. For each n € Z., define 8, : (0, 1] — B, by
8n(@) = R™" ()

where I, (w) = min{k > 0 | R"*(w) € B,}. (See Figure 16.)

Remark 4.1. Notice that
8,(1), 8,(xx)) ifnisodd,

(max S, max L,) = o
(bp(a), 8,(1)) if niseven.

So {max §,,, max L,} =4§,({«x, 1}).
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3\
/
wl
L: : ’ dn
qn—1< .
(Sn (w) Sn Ln (ST, (w’)

FIGURE 16. The nth principal KR partition and &, : st - By.

In fact, clearly 8, («¢) = « = max By, and by the Tower lemma, we can see that
(1 —¢gp—1)a=max S, ifnisodd,
3,,(1) = . .
(1 —gp)a=max L, if n is even.
Based on the Refining lemma, we can define the ‘digits’ of w € (0, 1] as follows.
Definition. For each n € N, define x,, : (0, 1] — {—1,0, ..., a,} by

© x  if8,_1(w) € RO (L,) with —1 < x < a,,
Xplw) =
" ay  if 8,_1(w) € R"@)(S,) =S,,.

We call x,, the signed digital map.

Since B,—1={weS ! | 8,—1(w) = w}, we have the following observation by the
definition of 6, (see Figure 17).

Observation 4.2. Forany w € B,_1, w = R (@) (5, (w)).

Here note that §,, = §,8,—1 (since B, C B,—1) and x, = x,,6,—1 (by definition). So by
Observation 4.2, for any @ € (0, 1], §,_1(w) = R (@) (5, (w)).
The next observation states the basic property of (x,, ;).

Observation 4.3.

1D xp(w)=a, <= ép—1(w) € S;, &= 6, (w) € $; &= xp+1(w) = —1. (Note that
R DL, ) =8,=34, |§nl_| (S») by the Refining and Tower lemmas.)

() TIf{8p-1(®), 8p—1(@)} C Lyp—1 with 8,1 (w) < 8,—1 (@), then x, (@) < x, ().

3) Ifxy(w) =x, (w/)’ then §, (w/) —8(w) = 811—1(50/) — 8—1(w).

Now, we shall introduce our arithmetic in the following way. Define

MD{ = {(xn)neN € l_[{_ls 07 ] an}

neN
By Observation 4.3(1), we can consider the following map:

Xp = ap & X—1 =—1}.

Xi i 0> (X (@))pen i (0, 1] > M,.

We call x,(w) the signed expansion of w.
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W3

- Sn

( a, —1
wWo
: * Tp (w2)
L’n-&-l \ S’n< X
B
| ( [0]
X w1
6n S’n—l *
B, ® . °

Sn Wy = 5n(w3) Jn(wl) Ln 5n(w2)

FIGURE 17. The induced tower partition of B,,_j and 8, : B;,_1 — Bjy.

Remark 4.2. In particular, by Remark 4.1 and Observation 4.3(1), we have

xs(a) = (=Daz(=Day . . .,
x(D=a;(=Daz(=1)....

4.3. Ostrowski-type arithmetic. Let
xi(w)+1 ifn=1,
X (@) = .
Xn(w) 4+ otherwise,
x:(w) = (x;:_(a)))ﬂENa
and define

M;_ = {(yn)neN € 1_[{0: I ..., bn}
neN

Yn =by = Yn+1 =O}

where by =a; + 1, b, = a, (n > 2). Then we can regard x;" as a map from (0, 1] to M(j.
Definition. For each w € (0, 1], let
n
un(@) =Y x5 (@) (=D g1pn — gupr-1) (€N) and ug(w)=u_(w) =0.
k=1

PROPOSITION 4.1.
(1) Foreachw € (0, 1],

o
o= x}(®)g12 — po_il.

n=1
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(2)  We have the following (inhomogeneous) recurrence equation:
up(w) = x;— (@) + apup—1(w) + up—2(w).

In particular, u, (1) = q, — €, where

0 ifnisodd,
€, =
" 1 ifniseven.

B (pn/qn, un(®)/qy) is a simultaneous approximation for (o, w), that is,

li 1y ()
m —— =

n— oo qn
@ IfO,NO, =0, then x,(w) # x, (') for infinitely many n.
(For its proof, see Appendix A.)

Remark. It is known that for what is called a dual Ostrowski numeration system, for each
w € [0, 1], there exists (yn)nen € M, such that

(0.¢]
0= Z Ynlqn—10¢ — pu—1l.

n=1
(Refer to [1, 7, 10, 12, 17].) The above formula in (1) gives this expansion. In particular,
if w¢ Oy, then such a (y;),en is unique. The map A: M, — MOJ[ TX1X2X3 e s >
(x1 + 1)(x2)4(x3)+ - - - is a bijection, and this gives the correspondence between x, (w)
and x (w). Therefore, obtaining the signed expansion of w ¢ O, is equivalent to obtaining
its dual Ostrowski expansion.

5. KR partitions satisfying the factor-HPS-condition

Let (X, T) be a Denjoy system of finite double orbit number d and rotation number «, and
let A be a transversal of its double point set. We will construct a sequence of KR partitions
satisfying the factor-HPS-condition.

Definition. Let A1 = A U {l}. For each n € Z,, the set §,(A) divides B, into d + 1
intervals (by Remark 4.1 and §, (w) € O,). We name these intervals #, (i) (left-open right-
closed) as follows:

0(0) S (1) - St0mp),  ta(my 4+ 1) S ty(my +2) < -+« S 1,(d),

my d
Sn=Utn(i) (disjoint), L, = U 1,(i)  (disjoint),
i=0 i=mp+1

where m, =#(5,(A1) N S,) — 1. (See Figure 18.)

Remark 5.1. Letn e Z.

(1) én(A1) ={max7,(0) |0 <i <d}.

(2) Let M,, =min{i | max #,(i) € Sy+1}. Then i > M, if and only if max ¢,(i) € S,+1
(by the Refining lemma (ii)).
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tn(mn + 1) to(mn +2) tn(My) tn(d)

FIGURE 18. 8, (A1) divides B, where each ‘e’ denotes an element of 8, (A ).

Define

1 if0<i<m,,
iy = {9t ==
qn ifm, <i <d,

and
Po=1{S'}, Pu={(R‘w()10<i<d 0<k<h,(i)} (neN).

THEOREM 5.1. (Pp)pez, is a sequence of KR partitions of (S, R) satisfying the factor-
HPS-condition. (By the Extension lemma, (P,f Jnez.,. satisfies the HPS-condition.)

Proof. By the Tower lemma, (Py),cz, is a sequence of KR partitions. Clearly, (Py),ez.,
satisfies condition (3) of the factor-HPS-condition. Then, we will check conditions (1) and
(2). First, notice that

RU=171(S,) U R (Ly) = R™(By).
Therefore, for each n € N, by the Tower lemma,

{z € s! | z is an endpoint of some atom of P,} = U {Rk(a)) | =l (w) <k <I"(w)}
welA
where [,(w) = min{k > 0| R¥(w) € B,} and I" (w) = min{k > 0 | R¥(w) € R~V (B,)}.
(1) Since Byy1 C By, lys1(w) = I, (w) and "t (w) > 1" (w). Hence

{ze S'|zisan endpoint of some atom of P, 1}
Dize st | z is an endpoint of some atom of P, },
S0 P41 is finer than P,,.
(2) Since (), Bn={e} and (), R~1(B,) =R Ya}={1}, we see that if we

S{R¥(a) | k >0} then [,(w)— oo, and that if we S'\{RF(1) |k <0} then
"(w) — 0. So

U {z € s! | z is an endpoint of some atom of P} = U O,. |

neN weEA

Now, to obtain an HPS-adic presentation of the Denjoy system, we will investigate the
hitting time sets of (Pn),ez, (see §7).
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0 1 (](d) g(O) g(l) d

FIGURE 19. Partially mixing permutation.

6. Section (&, g)

In this section, we shall prepare some notion in order to determine an adic presentation.
Here (x, i) <jex (v, j) means the lexicographic order, that is, (x, i) <jex (v, j) if and only
ifx <y,orx=yandi < j.

Definition. Let £ be a non-constant map from {0, 1, ..., d} to {—1}UZ, and let g be a
permutation on {0, 1, . .., d}. Define (¢, g)(j) = (§(j), g(j)). We call (&, g) a section if
it satisfies the following:

M ¢, 9)0) <iex 6,0 + 1

2) &g (@) =—1and&(g"(0) = max &;

3) gd)=d—g 0.

We say that g is partially mixing if there exists £ such that (£, g) is a section.

Example 6.1. (€, g) given below is a section:

0 - -1 0 —» 4

1 » -1 1 = 7

2 - 1 2 —» 3

3 = 1 3 = 6

4 2 84 s
5 » 3 5 —» 0

6 — 3 6 — 1

7 — 3 7 = 2

Remark 6.1. Permutation g is partially mixing if and only if the following hold.

(1) g#id.
2 g(i—D<g()O<j<g l@).
3 giH=j—-g 0 E 0 <j<d.

(For its proof, see Appendix A.)

Remark 6.2. We can count the number of partially mixing permutations:
d—1 N

#{g | g is partially mixing on {0, 1, ..., d}} = Y_ Y nP,.
N=0 r=0

(For its proof, see Appendix A.)
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xr
e
cnce o 0] [ a
max &—1
0
-1 0 1 g~ 1(d)
0 1 9(d) 9(0) 9(1) da '
FIGURE 20. D(§, g) Where denotes the place of (&, g)(j).
xz
max & |
D(Ea g)]
7 —1
—1
0 - g(d g1 - a() - d i

FIGURE 21. D(§, g); (shaded region) when g(j) > g(j — 1) and g*' d<j< g*' 0).

For each section (£, g), define D(&, g) by
DE,g)={-1,0,..., max& — 1} x {gd)+1,g(d)+2,...,d}
U{max &} x {0, 1, ..., g(d)}.
Notice that
{(=1,d), (max &, 0), (max &, 1), ..., (max §, g(d))} CIm(£, g) C D(£, g).
(See Figure 20.)
Definition. Let (&, g) be a section and 0 < j < d. Define D(§, g); by
_ & D) €DE, 9) | (x, i) <iex (6, 8)(0)} if j =0,
{(x, 1) eDE, ) 16,0 — D <tex (x, 1) <iex (§, 8)(j)} otherwise.
(See Figures 21 and 22.)

D, g);

Definition. For each section (&, g), define the (d + 1) x (d 4+ 1) matrix A(§, g) by
A, g)ij=#x | (x,i) e D(, g),}.
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x
3| 5 | s | 7
2 4 5
1 2 3
0
-1 0 1
0 1 2 3 4 5 6 7 i

FIGURE 22. Im(§, g) and D(§, g); where (§, g) is given in Example 6.1.

7. An HPS-adic presentation of (X, T)

We will return to the Denjoy system (X, T'), and describe the hitting time sets of
(Puwnez, . Recall that §,(A1) = {maxt,(i) |0 <i <d} and 6, : 8,—1(A1) = 8x(A1) is
bijective. Moreover, by the definition of #,(i), we can consider the following map:

maxt,:{0,1,...,d} — 6,(A1):i+— maxt,(i).
Then max ¢, is a bijection: more precisely,

max t, : {0, ..., mu} —> S, N, (A1),
maxt, :{m,+1,...,d} = L, N8, (Ay)

are increasing bijections.

Definition. For each n € N, define the permutation g, on {0, 1, ..., d} by

dp(max 1, —1(j)) = max 1, (g, (j)),
and define the map &, : {0, 1, ...,d} - {—-1,0,...,a,} by
£,(j) = xp(max t,_1(j))

where x,, : (0, 1] - {—1, ..., a,} is the nth signed digital map:

0,1,....d) —2=10,1,...,d)
Sn

{—1,0,...,a,} max ;| max f,

S
Sn—1(A1) ————= 8 (A1)
Consider the map

(EYU gn){O, 17 ’d}_>{_1’07 1’ "'7an} X {07 17 7d}J}_)(€n(J), gn(]))
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PROPOSITION 7.1. Letn € N.
(1) Foreach0<j <d,
max -1 (j) = R0 (max , (g, ()))-

(2)  gn(my—1) =d and gn(d) =my. S0 gn+18n(d) =d.
(3) (&, gn) is a section with max &, = a,,.
Proof. (1) By applying Observation 4.2 to @ = max t,—1(j), (1) holds.
(2) As
max f, (gn (Mp—1)) = 8, (max t,—1(my—1)) = 8y(max §,—1) = max L, = max t,(d),
then

max t, (gn(d)) = 6,(max t,—1(d)) = dp(max L,_1) = max S, = max t, (my).

(3) Recall the induced tower partition of B,,_1:
a,—1

By1=R""V@wyu [ RO, us,
x=0

=51V (Ln—l\Sn) US,.

Let M,,_1 = min{j | max t,—1(j) € S,}.
First, we shall show the following claim:

@ j<mu_ S maxt,_1(j) €Sim1 =) =1
(D my_1 <j <My = maxt,_1(j) € L,_1\S) &= —1 <&,(j) <ay
M0 j = My < maxt,—1(j) € Sy & (J) = an
and
max 1,(g,(j)) € Sy &= j = M. ()

By the definition of #,_1(j) and Remark 5.1, each first equivalence in (I), (II), (IIT) holds.
Let w = max t,_1(j), so 6,—1(w) = w. By Observation 4.3(1),
w€E S, &= d_1(w) €S, = d(w) €S &= x(w) = ay,
wE S _1 = 8_1(w) € S| = x,(w) =—1.
Hence each second equivalence also holds. Since max #,(g,(j)) = 8, (®), (*) holds.
Now, we shall consider the three cases:
Casel: j<m,_
Case II: my—1 < j < My
Caselll: j > M, 1.
Casel.Let j <mj,_1,s0{max t,_1(j), max t,_1(j + 1)} C Sp—1. Thenmax ¢,_1(j) <

max t,—1(j + 1) with {max #,(g,(j)), max t,(g,(j + 1))} C L, (by (x)). By Observation
4.3(3), max 1, (gn (j)) < max 1, (g, (j + 1)). S0 gn(j) < ga(j + 1). (See Figure 23.)
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max t,, 1 (0) max ty_1(1) maxty,_1(Mn_1)

Py Py Py
® * ®

Py Py Py

maxtn(gn(0))  maxin(gn(1)  Inm max tp (d)

FIGURE 23. From S,,_1 to L.

maxtn_1(j +1)

. &' +1)
maxi,_q (]’)
g En(],)
maxt,_1(5) : max t,_1(j + 1)

®-
A 4

max tn(gn () Ly maxt,(ga(j +1))

FIGURE 24. From L,,_{\Sy to Ly: here & (j) =&, (j + 1), gn(j) < gn(j + 1) and &, (j") < & (j' + 1).

Case II. Let my—1 < j <M,_1 — 1, so {max t,_1(j), max t,—1(j + 1)} C L,—1\S,.
Then max1t,—1(j) <maxt,—1(j+ 1) with {maxt,(g,(j)), maxt,(g,(j + 1)} C L,
(by (%)). By Observation 4.3(2), &,(j) <&,(j +1). Moreover, if &,(j) =&,(j + 1),
then by Observation 4.3(3), max t,(g,(j)) < max t,(g,(j + 1)), so g,(j) <gn(j + D).
Anyway (&, g0)(J) <lex (&n, gn)(J + 1). (See Figure 24.)

CaseIIl. Let M, < j <d,so{maxt,_1(j), max t,—1(j + 1)} C S,. Then
max f,—1(j)<max t,—1(j+1). By Observation 4.3(3), max t,,(g,(j))<max t,(g,(j+1)).
So g (j)<gn(j+1). By (),
{max 1, (gn(j)) | j = Mp—1} = {max 1, (i) | i < my}.
By Observation 4.3(3),
max f (gn (Mn—1)) = min{max 2, (g, (/) | j = Mn—1}
= min{max t,(i) | i <m,} = max t,(0).
Hence M,,_| = gn_l(O) and
gn(d) =my, =#{maxt,(0) [ i <mp}—1
= #{max 1, (N) | j = Mp—1) = 1 =d — g, (0).
(See Figure 25.)
Combining these, we obtain the desired result. O
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maxtn_l(Mn_l) maxit,_1 (Mn_l + 1) max tn_l(d)

max t,, (0) maxt,(1) Sn max t,,(m,)

FIGURE 25. From S, (C L,,_1) to Sy.

Now, the next lemma follows from Proposition 7.1.

LEMMA 7.1. Foreachn e Nand 0 < j <d,

wa(=|J  R"waG) disjoint).
(x,1)€D(én.gn)

Proof. Define S, = {R*"¥)(1,(i)) | (x, i) € D(£,, gx)}, so then the correspondence
(x, i) > R (1,(i)) : D(&ns gn) > Sa

is bijective. By the Refining lemma, S, is a partition of B,_;. Moreover, if (x, if) €
D(&,, gn) (1 <k <4) satisty

(x1, 11) <tex (X2, i2) <iex (—1, d) <iex (3, i3) <lex (X4, 1),
then

ROV (1,(01)), R (1(02)) C Su-1,
RV (1,,(i1)) lies in the negative direction from R**?(t,(i»)),
RO (1, (i3)), R (1(i)) C Ly—1,

R*3) (£, (i3)) lies in the negative direction from R 4 (¢, (ia)).
Therefore, when (x, i) € D(&,, gn), by Proposition 7.1(1), we have
(x, i) € D(&y, gn); if and only if R (2,(i)) C ty—1(j).
(Compare Figures 26 and 27.) Hence

na= J  R"wa6). O

(x»i)ED(Envgn)j

COROLLARY 7.1. The hitting time sets of (Py)nez, are given by

(Hpio = {s1(x) | (x, i) € D(&1, g1},
(Hp)ij = {sn(x) | (x, i) € D(&, gn)j} (n=2).

By Theorem 5.1 and Corollary 7.1, we have an HPS-adic presentation of (X, T').
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. & ()
tn—1(4)
Bo1 &(i—1)
611
S R P 3 RO P ) B Py R )

FIGURE 26. t,,_1(j) when max (g, (j)) < max t,(gn(j — 1)).

£ ()

&n(j— 1) j—1

0 gn(d) gn(F) gn(j—1) d ¢

FIGURE 27. D (én. gn);j When g, (j) < gn(j — 1): (x, i) € D(En. gn)j € RO (1,(D)) C ty—1(j).

COROLLARY 7.2. Define B=(V, E, <) by
Vo={vo(@}, Vi ={va(0), v (D), ..., va(d)} (meN),
Ey ={(vn-10j), p, va() | p € (Hpn)ij},
(Wn=1()), P, Va(@)) < (a1 (G, P, va (@) ifi=i"and p < p'.
Then the incidence matrices of B are given by
d
(ADio=Y_ A1 gij:  An=AEnw g1) (1=2)
j=0
and the Bratteli-Vershik system (X g, 0p) is topologically conjugate to (X, T).
Notes. Let (x, i) € D(&,, g,). Then R (t,(i)) C B,_ and
(x,1) € D&y, gn)j = (Wn—1(j), sn(x), v, () € Ej,.
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8. Matrix A&, g)
8.1. Basic formula of A(§, g). In this subsection, we will study the matrix A(&, g) to
calculate the dimension groups.
For each 0 < j, k < d, define the column vector 1(k, j) = [1(k, j)ilo<i<a bY
. 1 ifi<j<kork<i<j,
1k, )i = .
0 otherwise.

In particular, we denote 1(d, d) by 1. Denote by I, the n x n identity matrix and by O the
Zero matrix.

Remark 8.1. Notice that, for each k,
det[l(ka ‘])]ijfd = det Id+] = 1
because for usual base {e; | 0 < j < d} (i.e. (¢;); =§;j),

1k p if j=0ork+1,

e =
! 1(k, j) — 1(k, j — 1) otherwise.
So, in particular, for each k, the set {1(k, j) | 0 < j < d} is a base of 74+1

FORMULA 8.1. For each section (&, g), A(E, g) has the following equivalent relations.
(1) A, 91, j) =)+ D), d) +1(g(d), (j) 0= j =d).

Q) AE 91 @), ) =E()+1(g(d). d) + 1(g(d), g(j) (0 < j <d).

So A(&, g) is uniquely determined by these relations (because {1(k, j )};{:O is a base).

Proof. (1) We shall consider three cases:
Case 1: j < g_l(d)
Case 2: gil(d) <j< gil(O)
Case 3: j > g~ 1(0).

Notice that
Jj Jj
(AG, 1. )i =Y AG, 9 =#{x |.iye ] D, g>k}.
k=0 k=0

Case 1. If j < g7 '(d), then £(j) = —1 and

(A 1, j)); = {1 e <i=8() (o Figure 28).
0 otherwise

Therefore,
A€, 91, j) =1(g(d), g(j) = () + D1(g(d). d) + 1(g(d), g(j))-
Case 2. If g7 1(d) < j < g7 '(0), then £(j) > 0 and
0 ifi <g(d)
(A, 91, j)i=3&()+2 ifgd) <i<g(j) (seeFigure29).
E(H+1 ifi>g())
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-1 ,CL:JO : J
0 i 9(d) SR 1) BEER d
FIGURE 28. Case 1.
I I
| |
£6) i |
| |
| , |
| 3 : [
I U D(Ea g)ki |
0 : k=0 : :
-1 . . ' : : : : !
0 P il e g(d) e i2 PR g(]) P Z3 P d
FIGURE 29. Case 2.
Therefore,

A, 9)1d, j) = EG) + D1(g), d) + 1(g(d), g(j))-

Case 3. If j > g~1(0), then &(j) = m (write m = max &) and

1 ifi <g(j)
(A, )1, j))i=10 if g(j) <i <g(d) (see Figure 30).
m+1 ifi> g(d)
Therefore,
A, 91, j) = (m+ 1)1(gd), d) +1(g(d), g(j))-
(2) By the above, £(j) = —1 if and only if j < g~!(d). By the definition of 1(k, j),

_ N B () if j <g (@),
17 @), =1 "7 =s
1d, j) —1d, g7 (@) ifj>g ().
One can see that (2) is equivalent to (1). O

COROLLARY 8.1. det A(§, g) =sgn g.
Proof. By Formula 8.1(1),

det A(§, g) =det[(5(j) + D1(g(d), d) + 1(g(d), g(j)]o<j<a-
Since £(g~1(d)) +1 =0,

det[(5(j) + D1(g(d), d) + 1(g(d), g(j))lo<j<a = det[1(g(d), g(j))]o<j<a =sgng. U
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_________ o e | . .
m : j : I : :
S B I S [
m—1 : : I : : I
[ : ; '
I : : |
I R I
| ;J : |
LY PEgk
' k=0 :
I : :
0 I : : I
I : I
—1 : : : : I : : |
0 i gl) i gl - i o d

FIGURE 30. Case 3.

8.2. Determination of (&,, gn) and A(&,, gn) from arithmetic. The argument in this
subsection is unnecessary to compute dimension groups, but is useful from a practical
viewpoint.

8.2.1. Recursive computation of A(&,g) from (£,g). We use the row vector
presentation for the (d + 1) x (d + 1) matrix M, i.e.

M.
M.

M=\ .

Mg,

We can determine the matrix A(&, g) by the following recursive procedure.

PROPOSITION 8.1. For each section (&, g) and g(d) <i <d, let

Ve=(0, E)—£©0), EQ—&0), ..., E&d)—&d-D),
and
0 1w gl-1 gl gTto+l gt o+2 d
fi=f@i= (0, 0, ..., 0, 1, -1, 0, ..., 0).
Then the matrix A = A(&, g) is given by the following.
(a)
Age
Ale
_ =[0 ILiw+1] (g + 1) x (d+ 1) matrix).
Agd)e
(b)
Age = Ve + fa,

Aie=Aisie+fi (i=d—1,d=2,..., gd) +1).
(For its proof, see Appendix A.)
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Example 8.1. When (&, g) is given in Example 6.1, we will compute A(&, g) by the
procedure in Proposition 8.1:

Ve=(0. 0. 2, 0. 1, 1, 0, 0),
f7 = (07 17 _15 Os Os Os Os O) )
f6 = (07 07 07 17 _15 Os Os O) )
f5 = (07 07 07 07 17 _1’ 0’ O) )
f4 = (17 _1’ 0’ 0’ 0’ 0’ 0’ 0) )
fi=(0. 0. 1. =1, 0, 0, 0, 0).
We get

— @ 13 -

1 02 01 000

1 01 1 1 00O
AGO=10 1 111 00 0

01110 1 0O

o1 101 10 0 |

8.2.2. Determination of (&,, gn) from arithmetics. By Corollary 7.1, in order to
describe the hitting time sets, it is sufficient to determine the (&,, g,). Here we shall
introduce a procedure determining (§,, g,) from signed expansions of Aj.

For each n € Z., define

X(n,00) (@) = Xpp1(W)Xp12(w) - - -

and the lexicographic order x(;,o0) (@) <lex X(n,00) (@) if Xk, (@) < Xk, (@) where ko =
min{k > n | xx(w) # x; (@)}

Now we can determine (&, g,) from x,.(A) by the following formula. For each
wo € A andn € Zy, let

Cn(wo) =#Hw € A1 | X(n,00) (@) <lex X(n,00) (@0)}-
SoCp: A1 —{0,1,...,d}isinjective by Remark 4.2 and Proposition 4.1(4).)
PROPOSITION 8.2. (&, gn) 0 Cp—1 (@) = (x,(w), Cy(w)).
Ay

Cnfl
{—1,0,...,an}<s—{0, 1,...,d}T>{O,1,...,d}
(For its proof, see Appendix A.)
The nth incidence matrix of B in Corollary 7.2 is A, = A(&,, g,) (n >2). We will

obtain (&,, g,) and A, for some examples. For a map ¢g defined on {0, 1, ..., d}, we use
the notation

qg=1(q0),q),...,q(d).
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Example 8.2. 1If d =1 then A1 = {«, 1} and

Ens &) =((=1, 1), (@, 0)), Ap= [0 1} .

1 a,

Example 8.3. Letd =2, A1 ={«a, w, 1} and x,, := x,, (w). So

(-1, D), (-1, 2), (a,, 0)) ifx,=-1,
(gﬂa gl’l): ((_1,2)1 (-xnv 1)5 (an» O)) lfofxn <an7

((_15 2)5 (an7 0)7 (an7 1)) ifxn =an9

[0 0 1
1 0 a, if x, =—1,
01 a,

0 o 1

Ap = 1 x,+1 a,—x,—1 if0 <x, <ay,,

1 Xn a, — Xp

[0 1 0

0 0 1 if x, = a,.
1 a, O

9. Dimension group for the Denjoy system

We shall calculate the dimension group for the Denjoy system (X, 7).

905

Consider the

Bratteli diagram B and its incidence matrices in Corollary 7.2. Let A, = A(&,, g,) and
M, = A A,_; -+ A for each n € N. Then A| = A1 is the first incidence matrix of B,

and A, the nth one (n > 2).
Number

A ={wp, w1, ..., wg} whered<wg<w) <---<wg=1.

Define a row vector u by

pL=(a)(), W] — WO, .., a)d—a)d_l).

By the definition of #y(i) (see §5; recall that By = (0, 1], 6o =id), max tp(i) = w;. So
En+1(8ngn—1 - 81(J)) = Xp+1(w;) (see §7; recall that x;,4.18, = x,+1). Note that

w= (O], loMl, ..., lod)]).

LEMMA 9.1. Foreachn € N,

My = (1O, 1D . t(@)])

Proof. By Lemma 7.1, we have the equation

(IO 1, s I @]) Ap = (Ita1 O, a1 (D] <.+,

from which Lemma 9.1 follows.
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FORMULA 9.1. Foreachn e Nand 0 < j <d,
M,1(d, j) = un(0j)1(gn(d), d) + un—1(0;)1(gn(d), gn(d))
+ 1(gn(d), gngn—1-- - &1()))-
In particular,
Mp1=qy1(gn(d), d) + gn—11(gn(d), gn(d)).
Proof. First, we use induction on n to show the first assertion. By Formula 8.1(1),
Mi1(d, j) = &1(j) + D1g1(d), d) + 1(g1(d), g1()))
=ui(@j)1(g1(d), d) +uo(w;j)1(gn(d), gn(d)) + 1(g1(d), g1()))-
Suppose the claim holds for n:
Mp11(d, j) = un(@j)An11(8n(d), d) + up—1(0;) An11(8n(d), gn(d))

+ An+11(8n(d), gngn-1---81(j)) (by the assumption)
= (@) Aps11(g 1 (), d) + g1 (@) Api1 1(g, ) (), g} ()
+ Anp11(gy (). gngn—1 - - 81(}) (by Proposition 7.1(2))

= up(0;)Ent+1(d)+1(gn+1(d), d) + 1(gn+1(d), gn+1(d)))
+ tn—1 (@) Eng1 (81 (@) 4 1(gn 41 (d), d) + 1(g11(d). d))
+&n+1(8n8n—1- -+ 81(J))+1(gn+1(d), d)
+ 1(gn+1(d), gn+18n -~ - 81(J)) (by Formula 8.1(2))
= up(wj)(an+11(gn+1(d), d) + 1(gn+1(d), gnt+1(d)))
+ un1(@)1(gny1(d), d) + X, | (0))1(gn11(d), d)
+1(gn+1(d), gn+18n -~ - 81(J))
(because &,11(d) = ant1, £ (g, () = =1, & g1 (gn - - - 81(J)) = Xny1()))
= up+1(@;)1(gn+1(d), d) + un(;)1(gn+1(d), gn+1(d))
+ 1(gn+1(d), gnt18n -+ - 81()))- (by Proposition 4.1(2))

This completes the induction.
Next, notice, by Proposition 7.1(2), that
gn(d) ifnisodd,
gngn—1--g1(d)=1{" .
d if n is even.
By Proposition 4.1(2),
Myl =un(1)1(gn(d), d) + upn—1(1)1(gn(d), gn(d)) + 1(gn(d), gngn-1-- - g1(d))
= ¢qn1(gn(d), d) + gn-11(gn(d), gn(d)). o
We use the row (respectively column) vector presentation for the (d + 1) x (d + 1)
matrix M, i.e.

Moy,

Mlo
M= . (respectively M =[Meo, Ma, ..., Ma)).

Mg
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LEMMA 9.2. Foreach0<i <d,

lim ————(My)ie = 1.
n=o0 S (My)ik

Proof. By Remark 8.1,

M1, j) if j =0,
(Mn)oj = Mnej = . . .
My1(d, j) — M,1(d, j — 1) otherwise,
and
d
> (My)ej = My1.
=0

By Formula 9.1, if j = 0 then

Un (i) (wo) - (My)ij - un @iy (wo) + 1
iy T YoMk e

3

and if j # 0 then

upiy(wj) — upiy(wj-1) — 1 - (My);j - upiy(wj) — upiy(wj—1) +1

Gni) T oMy T Gni)
where
. n—1 ifi <g,d),
n(i) = )
n otherwise.
Therefore, the claim follows from Proposition 4.1(3). O

Finally, by using the previous HPS-construction, we shall calculate the dimension group
for the Denjoy system (X, T'). Define

P, ={veZ™ | uv>0}yu{o}.
THEOREM 9.1. (Ko(B), Ko(B)+, [1]) is order isomorphic to (Z4*!, Py, 1).

Proof. Set Go = (Z, Z.+), Gy = (2%, (Z+)?*") for each n € N and G, = (Z4*1, P,).
Let1:Z — Z4t! ;v vl. Since A| = A1, the following commutative diagram holds:

A A A
Gy ——> G| —> Gy —

id id id
Gy —>Gy —>G, —

It suffices to show that

P, =1z u | M, (Zp)".
neN
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(D) Clearly, P, D 1(Z). Let v € (Z4)4T"\{0}. Notice that M, 'v € P, \{0} if and only
if M, 'v > 0. By Lemma 9.1,
1M, v = 1t,0)|vo + [ty (D]vr + - - - + |ta(d)|vg > O.

(©) Let ve P,\{0}). It suffices to show that there exists n €N such that ve
M (Z)? ), that is, Myv € (Z4)4*!. By Lemma 9.2, foreach 0 <i < d,

(Myv);

im ————  =uv>0.
n—00 Z?=0(Mn)ij

Hence for sufficiently large n, M,v € (Z)**!. |

Acknowledgement. The authors appreciate the valuable suggestions of the referee.

A. Appendix
To prove Proposition 4.1, we will prepare some arithmetic lemmas. For each w € (0, 1]
and n € N, let
Sp(w) —inf S, if §,(w) € Sy,
1y (w) = . .
Sn(w) —inf L, if §,(w) € Ly,.
LEMMA A.l.

n
@) =o—Y 5 @)lg-10e— piil.
k=1

Proof. We will use induction on n.
If § (») € Ly then 81 () = © — x{ (w)a. By the definitions of §; and x;",

r1(w) =81 (w) —inf Ly = w — x; (w)|goa — pol.
If 51 (w) € S then §; (w) = w and x1+(w) =aj + 1. By the definition of §1,
r(w) =061(w) —inf S =w —qrao =w — xi"(a))|qoa — pol.

Let n > 2. Suppose the claim holds for n — 1 (see Figure 17).

If §,—1(w) € S;—1 then x,,_1(w) = ay—1 and x,(w) = —1, and hence we have r, (w) =
Iy—1 (@) because 8,_1(w) € Sp_1 = RSCn @) (L ).

If 8,_1(®) € Ly—1\S, then 1, () =1,_1(®) — x;5 (®)|L|.

If §,—1(w) € S, then x;}'(w) =ay and 1, (w) =1,—1 (w) — ay|L,|.

Any way, the claim holds for n. g

LEMMA A.2. Foreachn €N,

n n
Z Ak—192k-2 = q2n—1 — L, Z Mkq2k—1 = q2n — L.
k=1 k=1
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Proof. By recursive relations,

n n
Z a2%—192k—2 =q-1+ Z az—192%—2 — 1

k=1 k=1
n
=q1+ ) axn-19%—2—1=---=qu-1 -1
k=2
Similarly,
n n
> angu-1=qo+ Y angu-1—1=qu — 1. O
k=1 k=1

For each n € Z, define

X(n,00) (@) = xp+1(@)xp42(@) - - -

and the lexicographic order x(;,c0)(®) <iex X(n,00)(@') if Xk, (@) < Xk, (') where ko =
min{k > n | xx(w) # xx (@)}

LEMMA A 3.
(1) X(n,00) (@) = X(n,00) (@) if and only if 8, (w) = 8, ().
(2)  Suppose 8,(w) < 8,('). If {8p(w), 8, (")} C Ly or {8,(w), 8,(w)} C Sy, then

X(n,00) (@) <iex X(n,00) (o).

Proof. (1) Clearly §,(w) = 8,(@') implies X(n,00)(®) = X(n,00)(@’) by the definition of
signed digital maps. Suppose X(»,oc) (@) = X(n,00) (@’). By Observation 4.3(3),

18, () = 8u(@)| = 18p41(0) = Suy1(@)| = -
and
180 (@") — 8p(@)| < |Lpl,  18p41(@) = Snp1(@)| < |Lpgtl, .. ..

Since |L,,| — 0, we have §, (o) = 8, (®).
(2) By (1), there exists N > n such that x;(w) = x¢ (') (n <k < N) and xy(w) #
xn (). By Observation 4.3(3) and (1),

SN-1(@) = 8n—1(®) = 8, (@) = 8y(®) >0 and  {Sy—1 (), Sn—1(@)} C Ly-1.

By Observation 4.3(2), xy (w) < xy(@'). Therefore, x(,,00) (@) <lex X(1,00) (@). O

Proof of Proposition 4.1. (1) Since r,,(w) < |L,| and |L,| — 0, by Lemma A.1,

00
w= Z x;(w)Mn—la = Pn—1l-

n=1

(2) By recursive relations about p,, and ¢,

(@) = x,/ (@)

n—1
+ Y x5 @)D g1 @n a1 + Pr-2) — @nGn—1 + Gu-2) Pi—1)
k=1
= x,j_(w) + apity—1(®) + up_2(w). (€))]
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By Remark 4.2,
ar+1 ifn=1,
x, (D) ={a, if n # 1: odd,
0 otherwise.

By using (), one can show that u, (1) = g, — €.

3)

dn n

=Y xf@lg1e — peoi] - (a - 5—) > xf @)D g
k=1

k=1 n

() 3 s @) (1! (f]kl - pk1>
k=1

Here we have | Zzzl x,j (a))(—l)k_lqk_l | < gy, because by Lemma A.2,

ln/2] n
L —qnp) =— Z e qok—1 =< Zx;j(w)(—l)k_l%q
=1 k=1

Ln+1)/2]

= Z ak—192k—2 + 1= q2|(n+1)/2]-1-
k=1

Therefore,

< lgna — pul.

Un (@)
=== xf (@lgi-1a — pr-i
4n =1

By (1), un(®)/gn — o.
(4) Notice that §,(w) € O,. So if O, N Oy =@, then §,(w) # 8, (w’). By Lemma
A3(1), x, (w) # x,, (') for infinitely many n. O

Recall the conditions in Remark 6.1:
() g#id;
2 (G- <g(HO<j<g @)
3 gN=j-¢ 'O E'O<j=a.
Proof of Remark 6.1. First, we will show that if g satisfies the above conditions, then g
is partially mixing. Clearly g(d) =d — g~'(0) follows (3). By (1) and (3), g~'(0) >

g‘l(d) >0.Let£&:{0, 1,...,d} > Zbe a map satisfying
EO)=E)=-- =& (@) =—1,
0<£@ '+ <@+ < <& 0 -1,
IO - <&@ O)=E@T O+ )= =&@).

By (2) and (3), (&, 8)(j) <iex (§, 8)(j + 1). Therefore, (£, g) is a section.

Conversely, we will show that g satisfies the above when (£, g) is a section. Since
&,2)() <1ex £, 2)(j+ 1) and E(g_l(d)) = —1 =miné&, (2) holds. On the other hand,
since (£, 8)(j) <tex (€, &)(j + 1) and £(g™'(0)) = max &,

0=2g(g ' (0)<geg' O+ <gg?' (0 +2) <-- < g@.
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Combining this and g(d) =d — g_l(O), we get (3). Moreover, since (&, g)(J) <lex
(£,89)(j+ D and E(g7 (@) < £(g71(0)), g7 1(d) < g~1(0), therefore (1) holds. O

Proof of Remark 6.2. First, let g be partially mixing. By Remark 6.1(1) and (3), we see
that g~1(0) £ 0, and hence

g H(d) < g ().
Let g~ '(d) < j < g~'(0). Then, by Remark 6.1(3),
g(Hefgd+1,gd)+2,....,d—1}={d—g ' 0)+1,d—g ' (0)
+2,...,d—1)}.

Therefore, the restriction of g on {j | g7 '(d) < j < g~ '(0)} is a injection into {d —
g O+ 1,d—g ' (O +2,....d~1).
Next,if 0 <l <m <d and

fljll<j<ml—>{d—-m+1,d—m+2,....,d—1}

is an injective map, then there exists a unique partially mixing g such that g~ (d) =1,
g 1(0) =m, and g is an extension of f to {0, ..., d}. Indeed, such a g is uniquely
determined by the following conditions:

(1) g)=d,gm)=0,and g(j) = f(j) (I < j <m) (by the assumption);

() g(j)=j—m(j>m) (by Remark 6.1(3));

3 g:{0,1,...,l—-1}>{d—m+1,d—m+2,...,d—1}\Im f is increasing
(by Remark 6.1(2)).
Therefore,
#{g | g is partially mixing on {0, 1, ..., d}}
d—1 d
=YD ML il <j<m)
=0 m=I[+1
—>{d—m+1 d—m+2,. d — 1} isinjective}
d—1 d m—1 d—1 N
ZZZmIPmll—ZZm lell—ZZNP o
=0 m=I+1 m=1 I= N=0r=

Proof of Proposition 8.1. It suffices to show that the matrix A given by (a), (b) in
Proposition 8.1 satisfies Formula 8.1(1). By Remark 6.1(3), if i < g(d) then d — g(d) +
i=g'(0)+i=g""(). By (a),ifi <g(d),

/ 0 if j <g~' (),
Y A= A
1 if j>g7 ().

By (b), if i > g(d), since £(0) = —

EGY+1 ifj>g 1.

Combining these, we get that A satisfies Formula 8.1(1). o

k=0

j . cp s .
ZM:{&U)H ifj <870,
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Proof of Proposition 8.2. At first, we show that
Op(w) =max 1,(Cy(w)) (we Ay).

C

A —2=1{0,1,...,d}
ani /
max

In (A1)
By Observation 4.3(1) and Lemma A.3(2), if
{w1, w2, w3, w4} C Ay,
{8n(@1), Sn(w2)} C S with §,(w1) < 8p(w2),
{8n(w3), 8n(wa)} C Ly with §,(w3) < 8, (ws),
then
X(n,00) (1) <lex X(n,00) (@2) <iex X(n,00) (@3) <lex X(n,00) (w4).

Therefore,

X(n,00) (max #,(0)) <lex x(n,oo)(max 1 (1)) <iex -+ <lex X(n,00) (max 1, (d)).

Thus, the map
X(n,00) 0omax t, 1 {0, 1, ..., d} = X(n,00) (A1)

is an increasing bijection (under lexicographic order).

{0,1,...,d} '>x(n,oo)(A1)
max t, X(n,00)
Sn(Al) s Ay

Let wp € Aq1. Recall that §, : Aj — {max1,(i) |0 <i <d} is a bijection. If §,(wo) =

max t, (ip), then
io=#we A1 | 8,(w) =max t,(i), i <ip}
=#w € A1 | X(n,00)0n (@) = X(n,00)(Max 1, (i), I <ip}

=#w € A1 | X(n,00) (@) = X(n,00) (MaxX 1, (7)), i <ip}

= Cp(wp) (since x(,00) omaxt, : {0, 1, ..., d} = X(4,00)(A1) is increasing).

Hence
8p(@) = max 1,(Cp(®)) (@ € Ay).
Now, the assertion follows
£n(Cp—1(@)) = xp(Max 1,1 (Cp—1(®))) = Xp8u—1(@) = Xp (@),
and
max 1, (8n Cp—1(®)) = 8y (max t, 1 (Cp—1(@)))
=8nbn—1(@) = bp(w) = max 1, (Cp(w)).
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