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Abstract. We prove that any finitely generated solvable group of zero entropy contains a
nilpotent subgroup of finite index. In particular, any finitely generated solvable group of
exponential growth is of uniformly exponential growth.

1. Introduction
LetG be a group generated by a finite setX. As usual, we denote by ‖g‖X the word length
of an element g ∈ Gwith respect toX, i.e. the length of the shortest word over the alphabet
X ∪X−1 which represents g. Recall that the growth function γXG : N −→ N is defined by
putting

γXG (n) = card{g ∈ G : ‖g‖X ≤ n}.
Growth considerations in group theory with motivations arising from differential geometry
and theory of invariant means were introduced in the 1950s by Efremovic [4], Švarc [27],
and Følner [5], and (independently) in the 1960s by Milnor [23].

The exponential growth rate of G with respect to X is the number

ω(G,X) = lim
n→∞

n

√
γXG (n).

This limit exists by the submultiplicativity of γXG [32, Theorem 4.9]. The quantity

ω(G) = inf
X
ω(G,X)

is called the minimal exponential growth rate of G (the infimum is taken over all the finite
generating sets of G). Finally, the entropy of the groupG is defined by the formula

h(G) = logω(G).

This notion of entropy comes from geometry and should not be confused with the notion
of entropy for a pair (G,µ), where µ is a symmetric probability measure on a group G,
as defined in [1]. In particular, if G is the fundamental group of a compact Riemannian
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manifold of unit diameter, then h(G) is the lower bound for the topological entropy of
the geodesic flow of the manifold [22]. Exponential growth rates also appear in the study
of random walks on the Cayley graphs of finitely generated groups. I refer the reader
to [9], [13] and [16], for more detail and background.

The group G is said to be of exponential growth if ω(G,X) > 1, of uniformly
exponential growth if ω(G) > 1 and of subexponential growth if ω(G,X) = 1. If there
exist constants C, d > 0 such that γXG (n) ≤ Cnd for all n ∈ N, then G is said to
be of polynomial growth. These depend only on G, not on the finite generating set X.
An inspirational question is posed as Milnor’s problem [24]. Is there a finitely generated
group of intermediate growth, i.e. one with subexponential growth but not of polynomial
growth? Negative answers have been obtained by Milnor [25], Wolf [33] and Tits [29] for
some particular classes of groups but finitely generated groups of intermediate growth have
been discovered more recently by Grigorchuk [6].

Therefore, it has become important to know whether a finitely generated group with
exponential growth but not uniformly exponential growth exists. This question goes back
to [13] and can be found in [7] as well as in [9] and [16]. Let us give some known
results in this direction. There are many examples of classes of groups which are known to
have uniformly exponential growth, for example, non-elementary hyperbolic groups [20],
one-relator groups of exponential growth [11] and others. Amalgamated products and
HNN-extensions were investigated in [3]. One possible approach for constructing groups
with exponential growth but not uniformly exponential growth was suggested in [8]
(see also [10]).

Let us recall that a group G is said to be virtually nilpotent if it contains a nilpotent
subgroup of finite index. The aim of the present paper is to prove the following theorem.

THEOREM 1.1. Let G be a finitely generated solvable group of zero entropy. Then G is
virtually nilpotent.

This extends Milnor’s [25] and Wolf’s [33] results by saying that any finitely generated
solvable group of subexponential growth is virtually nilpotent. Recall that a finitely
generated group G has polynomial growth if (and only if) G is virtually nilpotent
(see [2], [12] and [14]). Thus we can reformulate Theorem 1.1 as follows.

COROLLARY 1.2. Any finitely generated solvable group with exponential growth has
uniformly exponential growth.

Note that the analog of Corollary 1.2 has been proved in [3] for the particular case of
split extensions of type Zd � Z. Pierre de la Harpe has informed me that he has a proof
of the same result for arbitrary finitely presented Abelian-by-cyclic groups based on the
techniques in [11]. I have also learned that the same result was obtained simultaneously
and independently by R. Alperin for the polycyclic groups.

The paper is organized as follows. In the next section I will prove a number of technical
results which are needed for the following proofs. The particular case of polycyclic groups
will be considered in §3. Finally, the proof of the main theorem will be given in §4.
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2. Technical lemmas
For any groupH , we denote by γiH the ith term of the lower central series

H = γ1H � γ2H � · · · ,
where γi+1H = [γiH,H ]. Recall that a group N is nilpotent of degree t if γt+1N = 1.
During this section, ANt will denote the class of all Abelian-by-(nilpotent of degree t)
groups. ThusG lies in ANt if and only if there exists an exact sequence

1 −→ A −→ G −→ N −→ 1, (1)

where A is Abelian and N is nilpotent of degree t . Similarly, G is called Abelian-by-
cyclic if there is an exact sequence (1) such that A is Abelian and N is an infinite cyclic.
Recall also that a group P is polycyclic if there is a subnormal series

1 = Pk � Pk−1 � · · · � P0 = P, (2)

where Pi−1/Pi is cyclic for all i = 1, . . . , k. For a polycyclic group P , we denote the
Hirsch number of P by χ(P ), that is the number of infinite factors in a subnormal series of
type (2). Note that the Hirsch number is well defined, i.e. it does not depend on the choice
of the subnormal series [26]. Finally, for elements u, v of a group, we denote by [u, v] the
commutator u−1v−1uv.

Definition 2.1. Let G be a group with a given finite generating set X. For any finite
set Y = {y1, . . . , ym} ⊆ G, we define its depth with respect to X as follows:

depthX(Y ) = max
i=1,...,m

‖yi‖X.

If H is a finitely generated subgroup of G, then we define its depth with respect to X by
putting

depthX(H) = min
H=gp(Y ) depthX(Y ),

where the minimum is taken over all finite generating sets of H .

I will now provide some elementary properties of exponential growth rates needed for
the following.

LEMMA 2.1. Let G be a group with a given finite generating set X. Then the following
assertions are true.
(1) SupposeR is a finitely generated subgroup ofG; then ω(G,X) ≥ (ω(R))1/depthX(R).
(2) Suppose R is a normal subgroup of G; then ω(G/R) ≤ ω(G).
(3) Suppose R is a subgroup of finite index in G; then ω(R) ≤ ω(G)(2[G:R]−1).

Proof. The proofs of claims (1) and (2) are straightforward and left as an exercise to the
reader. The claim (3) is also quite trivial and follows from Proposition 3.3 of [28]. ✷

Let us introduce some notation. Suppose G is a group generated by a finite set X.
Then we putW1(X) = X and

Wi(X) = {[u, v] : u ∈ W(i1), v ∈ W(i2), i1, i2 ∈ N, i1 + i2 = i}
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for any i > 1. Also, consider the function f : N→ N such that

f (1) = 1 and f (n+ 1) = 2f (n)+ 2 (3)

for any n ∈ N. It can easily be checked that f (n) = 3 ·2n−1−2. The proof of the following
lemma is quite trivial and left to the reader.

LEMMA 2.2. Let f be the function given by (3). Then for any i, j ∈ N, one has
2(f (i)+ f (j)) ≤ f (i + j).
LEMMA 2.3. For any group G with a given finite generating set X, one has

depthX(Wn(X)) ≤ f (n). (4)

Proof. We proceed by induction on n. The case n = 1 is trivial. Next, for n > 1, we
observe that if u ∈ Wi1 (X), v ∈ Wi2(X) and i1 + i2 = n, then

‖[u, v]‖X ≤ 2(‖u‖X + ‖v‖X) ≤ 2(depthX(Wi1(X))+ depthX(Wi2 (X)))

≤ 2(f (i1)+ f (i2)) ≤ f (n)
by the inductive hypothesis and Lemma 2.2. ✷

As an exercise, one can show that if G is a non-Abelian free group and X is a basis
in G, then depthX(Wn(X)) = f (n).
LEMMA 2.4. Suppose G is a group generated by a finite set X and for i = 1, . . . , t , the
sets Wi(X) = {wi1, . . . , wiqi } are defined as before. Consider two collections of integer
constants {λij : i = 1, . . . , t, j = 1, . . . , qi} and {µij : i = 1, . . . , t, j = 1, . . . , qi}.
Assume that λij = 0 whenever i < r1 and µij = 0 whenever i < r2 for some r1, r2 ∈ N.
Then we have ( t∏

i=1

qi∏
j=1

w
λij
ij

)( t∏
i=1

qi∏
j=1

w
µij
ij

)
=

( t∏
i=1

qi∏
j=1

w
λij+µij
ij

)
g, (5)

where g ∈ γr1+r2G.

Proof. First let us prove that( t∏
i=1

qi∏
j=1

w
λij
ij

)
wrs =

( t∏
i=1

qi∏
j=1

w
νij
ij

)
h, (6)

where h ∈ γr+r1G and

νij =
{
λij , if (i, j) �= (r, s),
λij + 1, if (i, j) = (r, s).

Indeed, suppose

u =
( r−1∏
i=1

qi∏
j=1

w
λij
ij

) s−1∏
j=1

w
λrj
rj , v =

qr∏
j=s+1

w
λrj
rj

( t∏
i=r+1

qi∏
j=1

w
λij
ij

)
.
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Then we have
uwλrsrs vwrs = uwλrs+1

rs v[v,wrs ].
Clearly, [v,wrs] ∈ γr+r1G. Thus, (6) is proved. It can easily be checked that (5) follows
from (6) by induction. ✷

PROPOSITION 2.5. SupposeG ∈ ANt is generated by a finite set X and f is given by (3).
If any 2-generated Abelian-by-cyclic subgroup H ≤ G of depth at most f (t + 1) with
respect to X is polycyclic, then G is polycyclic.

Proof. Denote by B the normal closure of Wt+1(X) in G. Note that B = γt+1G

(see [18, §5.3]). Since G ∈ ANt , B is an Abelian subgroup of G. Suppose Wi(X) =
{wi1, . . . , wiqi } for i = 1, . . . , t + 1. Taking into account (4) and the assumptions of
our proposition, we obtain that 〈u, v〉 is polycyclic for any u ∈ Wt+1(X), v ∈ Wi(X),
i = 1, . . . , t . Hence the Abelian subgroup 〈v−luvl : l ∈ Z〉 is finitely generated.
This implies that for any u ∈ Wt+1(X), v ∈ Wi(X), i = 1, . . . , t, there exists L(u, v) ∈ N

such that 〈v−luvl : l ∈ Z〉 is generated by {v−luvl : l ∈ Z, |l| ≤ L(u, v)}. Let us put

L = max

{
L(u, v) : u ∈ Wt+1(X), v ∈

t⋃
i=1

Wi(X)

}
.

Consider the set

Z =
{( t∏

i=1

qi∏
j=1

w
αij
ij

)−1

wt+1,k

( t∏
i=1

qi∏
j=1

w
αij
ij

)
: k = 1, . . . , qt+1, |αij | ≤ L

}
.

Let us show that B = 〈Z〉, i.e. B is generated by Z as a subgroup. To prove this it is
sufficient to check that ZG ⊆ 〈Z〉, where, as usual, ZG denotes the set {g−1zg : g ∈ G,
z ∈ Z}. We will show that

ZγrG ⊆ 〈Z〉 (7)

by induction on r . The case r = t + 1 is trivial since γt+1G ≤ B and hence Zγt+1G = Z.
Further, suppose 1 ≤ r < t + 1. Note that γrG is generated by

( ⋃r
i=1Wi(X)

) ∪ B.
Therefore in order to prove (7), it is sufficient to check that w−1zw ∈ 〈Z〉 and
wzw−1 ∈ 〈Z〉 for any z ∈ Z,w ∈ Wr(X). Assume

z =
( t∏
i=1

qi∏
j=1

w
αij
ij

)−1

wt+1,k

( t∏
i=1

qi∏
j=1

w
αij
ij

)
, w = wrs.

Let us consider two cases.
(1) αrs < L. Using Lemma 2.4, we obtain

w−1zw = g−1
( t∏
i=1

qi∏
j=1

w
βij
ij

)−1

wt+1,k

( t∏
i=1

qi∏
j=1

w
βij
ij

)
g = g−1z′g,

where

βij =
{
αij , if (i, j) �= (r, s),
αij + 1, if (i, j) = (r, s),

g ∈ γr+1G, and z′ ∈ Z. It follows from the inductive assumption thatw−1zw ∈ 〈Z〉.
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(2) αrs = L. By definition of L, we have

w−L−1
rs wt+1,kw

L+1
rs = (w−Lrs wt+1,kw

L
rs)
ξ−L · · · (w−Lrs wt+1,kw

L
rs)
ξL

for some ξ−L, . . . , ξL ∈ Z. Using Lemma 2.4, we get

w−1zw = h−1
( t∏
i=1

qi∏
j=1

w
δij
ij

)−1

w−L−1
rs wt+1,kw

L+1
rs

( t∏
i=1

qi∏
j=1

w
δij
ij

)
h

= h−1
L∏

m=−L

(( t∏
i=1

qi∏
j=1

w
δij
ij

)−1

w−mrs w
ξm
t+1,kw

m
rs

( t∏
i=1

qi∏
j=1

w
δij
ij

))
h

= h−1
L∏

m=−L

(
f−1
m

( t∏
i=1

qi∏
j=1

w
εijm
ij

)−1

w
ξm
t+1,k

( t∏
i=1

qi∏
j=1

w
εijm
ij

)
fm

)
h,

where

δij =
{
αij , if (i, j) �= (r, s),
0, if (i, j) = (r, s), εijm =

{
δij , if (i, j) �= (r, s)
m, if (i, j) = (r, s),

and h, f−L, . . . , fL ∈ γr+1G. Taking into account the fact that |εijm| ≤ L for all
admissible i, j,m, we obtain w−1zw = h−1z′h, where z′ ∈ 〈Z〉. The inductive
hypothesis implies 〈Z〉γr+1G ⊆ 〈Z〉 and so w−1zw ∈ 〈Z〉.

In the same way we obtain wzw−1 ∈ 〈Z〉 for any w ∈ Wr(X). Thus (7) is proved.
Since Z is finite, B is finitely generated and henceG is polycyclic. ✷

Proving the following lemma, we use some basic properties of nilpotent groups [15].

LEMMA 2.6. Let N be a nilpotent group generated by a finite set X = {x1, . . . , xk}.
Then the subgroupM = 〈xn1 , . . . , xnk 〉 is of finite index in N for any n ∈ N. Moreover, γiM
is of finite index in γiN for all i.

Proof. Let γsN be the last non-trivial term of the lower central series of N . Denote by
w = w(xi1 , . . . , xik ) some element of Ws(X) and consider w(xni1 , . . . , x

n
ik
), that is the

element obtained from w by substitution xnij for xij , j = 1, . . . , k. Clearly,

w(xni1 , . . . , x
n
is) = w(xi1, . . . , xis)n

s

.

Therefore wn
s ∈ γsM for any w ∈ Ws(X). Since γsN is generated by Ws(X), γsM is of

finite index in γsN . By inductive arguments, we can assume that M = (M · γsN)/γsN
is of finite index in N = N/γsN and, moreover, γiM has a finite index in γiN for all i.
Hence γiM is of finite index in γiN for all i. In particular,M is of finite index in N . ✷

LEMMA 2.7. Suppose H is a group generated by a finite set {h1, . . . , hk}, D is a finitely
generated free Abelian normal subgroup of H , and H/D is virtually nilpotent. The action
ofH onD by conjugation induces a representation σ : H → GL(D⊗Z C). If there exists
a constant c ∈ N such that σ(hci ) is unipotent for any i = 1, . . . , k, then H is virtually
nilpotent.
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Proof. Since H is virtually solvable, it follows from the Kolchin–Mal’tsev Theorem
that there is a subgroup H1 of finite index in H such that σ(H1) is in triangular form.
Without loss of generality we can assume that D ≤ H1. Let us put n = [H : H1]
and consider the subgroup H0 = 〈hcn1 , . . . , hcnk ,D〉. Clearly, H0 ≤ H1. Since H/D
is nilpotent, H0/D has a finite index in H/D by Lemma 2.6. Therefore H0 is of finite
index in H . Moreover, σ(H0) is generated by unipotent elements. Since the set of all
upper triangular unipotent matrices forms a subgroup in GL(n,C), it follows that σ(h) is
unipotent for any h ∈ H0. Further, there exists a sequence

1 = V0 ⊆ V1 ⊆ · · · ⊆ Vd = V
of subspaces in V = D ⊗Z C such that dim(Vi+1/Vi) = 1 and Vi+1/Vi is H0-invariant
for all i = 0, . . . , d − 1. Let us put Ci = Vi ∩D. Let

1 = ζ0H0 ≤ ζ1H0 ≤ · · · ≤ ζkH0 ≤ · · ·
be the upper central series of H0. Now we are going to prove that

Ci ≤ ζiH0, i = 0, . . . , d (8)

by induction on i. The case i = 0 is trivial. Next, suppose i > 0. Since Vi/Vi−1

is centralized by H0, we obtain Ci/Ci−1 ≤ Z(H0/Ci−1) and (8) follows immediately.
To conclude the proof it remains to note that Cd = D and thus H0 is nilpotent. ✷

LEMMA 2.8. Let G ∈ ANt be a polycyclic group with a given finite generating set X
and let A = γt+1(G). Then there exists an Abelian subgroup U of A with the following
properties.
(1) depthX(U) ≤ 2χ(G)+ f (t + 1), where χ(G) is the Hirsch number ofG.
(2) U has finite index in A.

Proof. Let us recall that A = 〈Wt+1(X)〉G [18, §5.3]. We put

Ui = 〈g−1wg : w ∈ Wt+1(X), ‖g‖X ≤ i〉
for all i ∈ N. Since any polycyclic group satisfies the ascending chain condition for
subgroups, we obtain a finite filtration

U1 ≤ U2 ≤ · · · ≤ Ur = A.
Consider a minimal n ∈ N such that [Un+1 : Un] < ∞. This means that there is an
N ∈ N such that g−1wNg ∈ Un whenever ‖g‖X ≤ n + 1. Let us take an element h ∈ G
of length ‖h‖X ≤ n + 2. Then h = gx, where ‖g‖X ≤ n + 1, x ∈ X ∪ X−1, and we
have h−1wNh ∈ x−1Unx ≤ Un+1. Therefore Un+1 is of finite index in Un+2 and so on.
Proceeding by induction, we establish thatUn is a subgroup of finite index inA. Finally, let
us note that χ(G) ≥ χ(A) ≥ n and thus U = Uχ(G) is of finite index in A. The inequality
depthX(U) ≤ 2χ(G)+ f (t + 1) follows immediately from the definition of Ui . ✷

3. The entropy of polycyclic groups
During this section, P will denote a split extension of type A �θ Z, where A ∼= Zd ,

θ ∈ GL(d,Z) and det(θ) = ±1. Obviously such a group is polycyclic. Our next goal is
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to obtain an estimate for the entropy of P . Let us introduce some notation. We denote by
Spec(θ) the set of all (complex) eigenvalues of θ and put

=(θ) = max
λ∈Spec(θ)

|λ|.

In fact, the group P is virtually nilpotent if and only if =(θ) = 1, i.e. any eigenvalue of θ
is of absolute value one [33] (see also [30, 31]).

LEMMA 3.1. In the previous notation, let us suppose P is not virtually nilpotent. Then we
have

ω(P) ≥ 2log=(θ)/(log2+5 log=(θ)). (9)

Proof. Let us note that the previous bound of the entropy was essentially proved by Tits
in [30] as well as in [31] although it was not formulated in an explicit form. Also, this
bound was obtained by Bucher and de la Harpe [3] up to some notation. We repeat this
proof (up to some small changes) for the convenience of the reader.

Denote the characteristic polynomial of θ by p. First we assume that p is irreducible
over Q. This means precisely that θ is irreducible over Q. Let S be a finite generating
set of P . If π : P → Z denotes the canonical projection, there exists an s ∈ S such that
π(s) = m �= 0; upon changing s to s−1, we can assume that m ≥ 1. As P is not Abelian,
there exists a t ∈ S such that u = sts−1t−1 �= 1. Since u ∈ Zd , we can identify sus−1

with θm(u). Let L : A⊗ZC→ C be a non-trivial linear form such that L◦ θ = λL, where
|λ| = =(θ) > 1. Since θ is irreducible over Q, L(a) �= 0 whenever a is a non-trivial
element of A. Set N = [log=(θ)2] + 1, where [x] denotes the integer part of x. For k ≥ 1
and ε 0, . . . , ε k ∈ {0, 1}, consider the elements

pε0,...,εk = uε0
k∏
j=1

(s−Nuεj ) =
k∏
j=0

(θjmN(uεj ))s−kN .

We have

L(pε0,...,εk s
kN ) =

( k∑
j=0

εjλ
jmN

)
L(u).

Since |λmN | ≥ 2, the numbers
∑k−1
j=0 εj (λ

mN)j are pairwise distinct. This implies
pε0,...,εk �= pδ0,...,δl whenever (ε0, . . . , εk) �= (δ0, . . . , δl). Now we have

‖pε0,...,εk‖S ≤ kN + (k + 1)‖u‖S ≤ k(N + 4)+ 4.

Thus the growth function of P satisfies γ SP (k(N +4)+4) ≥ 2k+1, and we have finally that
ω(P, S) ≥ 21/(N+4). This implies (9).

Now suppose p = p1p2, where p1, p2 are polynomials over Q of degree at least 1.
Without loss of generality we can assume that p1 is irreducible over Q and has a root λ of
absolute value |λ| = =. Consider the set A0 = {a ∈ A | p2(θ)(a) = 0}. It is not hard to
check that A0 is a normal subgroup in P . So we can take the quotient group P/A0 that is a
group of type Zd

′
�ψ Z, where the characteristic polynomial of ψ is p1. To conclude the

proof it remains to refer to assertion (2) of Lemma 2.1. ✷
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Proving the following two lemmas, we use some well-known facts about field
extensions [21].

LEMMA 3.2. Let S ⊆ GLn(Z) be a finitely generated solvable group. Then the set

Spec(S) =
⋃
σ∈S

Spec(σ )

lies in the ring of algebraic integers of a finite algebraic extension of Q.

Proof. Denote by Q the algebraic closure of Q. By the Kolchin–Mal’tsev Theorem, there
exists a ρ ∈ GLn(Q) such that ρ−1Sρ contains a subgroup S0 of finite index consisting
of upper-triangular matrices. Note that ρ−1Sρ ⊆ GLn(K), where K is a finite extension
of Q. Consider a finite generating set σ1, . . . , σk of S0 and denote by L the finite extension
of K obtained by adjoining of all eigenvalues of σi , i = 1, . . . , k. Clearly, Spec(S0) is a
subset of the ring of algebraic integers over of L. Now let n = [S : S0]. Denote by M
the field obtained from L by joining of the set {x : xn ∈ Spec(S0)}. Observe that if σ ∈ S
then σn ∈ S0. This implies that Spec(S) is a subset of the ring of algebraic integers over
ofM . ✷

Let us recall some facts from algebraic number theory. Let K be a finite algebraic
extension of Q, K0 be the ring of algebraic integers of K and K∗0 be the group of
units of K0. Denote real isomorphisms k → C by σ1, . . . , σs and complex ones by
σs+1, σ̄s+1, . . . , σs+t , σ̄s+t . Let us define τ : K∗0 → Rs+t by putting

τ (x) = (ln |σ1(x)|, . . . , ln |σs+t (x)|). (10)

Then as is well known, the set τ (K∗0 ) is discrete in Rs+t . The kernel of τ consists of the
roots of the identity. I refer the reader to [19, Appendix] or [17, III.28] for details.

LEMMA 3.3. Let G be an arbitrary polycyclic group, A an Abelian normal subgroup of
G and ρ : G → GL(A ⊗Z C) the corresponding representation. There exists a constant
ε = ε(G,A) > 0 such that if

=(ρ(g)) < 1+ ε (11)

then ρ(gk) is unipotent for some k ∈ N.

Proof. Let K be a finite extension of Q such that Spec(ρ(G)) ⊆ K0. Note that
det(ρ(g)) = ±1 for any g ∈ G. Therefore Spec(ρ(G)) ⊆ K∗0 . Let us define a norm
on Rs+t by putting

‖(x1, . . . , xs+t )‖ = max
i=1,s+t

|xi|

and denote by ε a positive constant such that there are no elements of τ (K∗0 ) in the ball
Bε(0) ⊂ Rs+t except for zero. Let g be an element of G satisfying (11). Given an
embedding σ : K → C such that σ(Q) = Q, λ ∈ Spec(ρ(g)) implies σ(λ) ∈ Spec(ρ(g)).
Therefore (11) implies ‖τ (λ)‖ < ln(1+ε) < ε and hence τ (λ) = 0. Since Ker(τ ) consists
of roots of the identity, there is a constant k ∈ N such that ρ(gk) is unipotent. ✷

PROPOSITION 3.4. Let G be a polycyclic group of zero entropy. Then G is virtually
nilpotent.
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Proof. Note that any polycyclic group contains a subgroup of finite index that is nilpotent-
by-Abelian [26]. Thus without loss of generality we can assume that G ∈ ANt .
Let A = γt+1G and U be a subgroup ofG satisfying conditions (1) and (2) of Lemma 2.8.
We denote by ρ : G → GL(A ⊗Z C) the corresponding representation and by ε the
constant ε(G,A) from Lemma 3.3.

Now let X be a finite generating set of G such that

ω(G,X) < 2log(1+ε)/(2χ(G)+f(t+1))(log2+5 log(1+ε)). (12)

First we assume that there exists an x ∈ X such that =(ρ(x)) ≥ 1 + ε. Consider the
subgroup P = 〈x,U〉. Note that

depthX(P ) ≤ 2χ(G)+ f (t + 1). (13)

Let us put P0 = P ∩ A and denote by ρ′ : P → GL(P0 ⊗Z C) the corresponding
representation. Since U is of finite index in A, P0 is of finite index in A also and hence

=(ρ′(x)) = =(ρ(x)) ≥ 1+ ε. (14)

Using (13), (14), Lemma 2.1 and Lemma 3.1, we get a contradiction to (12).
Therefore for any x ∈ X we have =(ρ(x)) < 1 + ε. By Lemma 3.3, there exists a

k ∈ N such that ρ(xk) is unipotent for all x ∈ X. Applying Lemma 2.7, we establish that
G is virtually nilpotent. ✷

4. The general case
LEMMA 4.1. Suppose H is a 2-generated Abelian-by-cyclic group. If, in addition,
ω(H) <

5
√

2, then H is polycyclic.

Proof. Proving this lemma, we essentially follow Milnor’s idea in [25]. Consider an exact
sequence

1 −→ A −→ H −→ Z −→ 1,

whereA is an Abelian group. Denote by x, y some generators ofH and by π : H → Z the
canonical homomorphism. Without loss of generality we can assume that π(x) = m �= 0.
Let us put a = [x, y], T = 〈a, x〉, and consider the elements

tα1,...,αr = xaα1xaα2 · · · xaαr ,
where αi ∈ {0, 1} for all i.

Suppose that for any generating set {x, y} of H we have tα1,...,αr1
�= tβ1,...,βr2

whenever
(α1, . . . , αr1) �= (β1, . . . , βr2). Then

ω(H) ≥ 5
√

2. (15)

Indeed, we have ‖tα1,...,αr‖{x,y} ≤ 5r. Therefore

γ
{x,y}
H (5r) ≥ 2n. (16)

Since (16) is true for any generating set {x, y} of H , we obtain (15) which contradicts the
assumption of the lemma. Thus there exists a generating set {x, y} of H such that we have
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tα1,...,αr1
= tβ1,...,βr2

for some (α1, . . . , αr1) �= (β1, . . . , βr2). Clearly, r1 = r2 and we
obtain

a
α1−β1
1 · · · aαr−βrr = 1,

where r = r1 = r2 and ai = xiax−i . Without loss of generality we can assume that
α1 − β1 �= 0 and αr − βr �= 0. Thus ar ∈ 〈a1, . . . , ar−1〉. Conjugating by x, we obtain
ar+q ∈ 〈a1, . . . , ar−1〉 for all q ≥ 0. Similarly, we can show that a1−q ∈ 〈a2, . . . , ar 〉
for all q ≥ 0. Therefore 〈a1, . . . , ar 〉 = 〈a〉T and thus T is polycyclic. Let us denote
by z an element of H such that zA generates H/A. The reader will have no difficulty in
showing that the set {z−j aizj : i = 1, . . . , r, j = 1, . . . ,m− 1} generates 〈a〉H . HenceH
is polycyclic. ✷

Proof of Theorem 1.1. Let S be a finitely generated solvable group and let

1 = Sk � Sk−1 � · · · � S0 = S
be the derived series of S. Assume that h(S) = 0. Consider a maximal r ∈ N such
that S/Sr is virtually nilpotent. If r = k then there is nothing to prove. Now suppose
r < k and denote by N a nilpotent subgroup of finite index in S/Sr . Consider the natural
homomorphism α : S/Sr+1 → S/Sr and denote by G the preimage of N in S/Sr+1.
EvidentlyG is of finite index in S/Sr+1. By Lemma 2.1, h(G) = 0. Now let t denote the
degree of nilpotency of N . Then G ∈ ANt .

Let us fix a generating set X of G such that

ω(G,X) < (
5
√

2)1/f (t+1).

Using Lemma 2.1 again, we obtain that any 2-generated Abelian-by-cyclic subgroup of
depth at most f (t + 1) with respect to X has an entropy less than 1/5. By Lemma 4.1,
this implies that any such a subgroup is polycyclic. Therefore G is polycyclic by
Proposition 2.5 and we can apply Proposition 3.4. Thus G is virtually nilpotent as well
as S/Sr+1 that contradicts to the choice of r . The theorem is proved. ✷
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[27] A. S. Švarc. Volume invariants of coverings. Dokl. Akad. Nauk. 105 (1955), 32–34 (in Russian).
[28] P. B. Shalen and P. Wagreich. Growth rates, Zp homology, and volumes of hyperbolic 3-manifolds. Trans.

Amer. Math. Soc. 331 (1992), 895–917.
[29] J. Tits. Free subgroup in linear groups. J. Algebra 20 (1979), 250–270.
[30] J. Tits. Appendix to ‘Groups of polynomial growth and expanding maps’ by M. Gromov. Inst. Hautes

Etudes Sci. Publ. Math. 53 (1981), 74–78.
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