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Abstract. It is well-known that the traditional full integral quadrilateral element fails
to provide accurate results to the Helmholtz equation with large wave numbers due to
the “pollution error” caused by the numerical dispersion. To overcome this deficiency,
this paper proposed an element decomposition method (EDM) for analyzing 2D acous-
tic problems by using quadrilateral element. In the present EDM, the quadrilateral
element is first subdivided into four sub-triangles, and the local acoustic gradient in
each sub-triangle is obtained using linear interpolation function. The acoustic gradi-
ent field of the whole quadrilateral is then formulated through a weighted averaging
operation, which means only one integration point is adopted to construct the system
matrix. To cure the numerical instability of one-point integration, a variation gradi-
ent item is complemented by variance of the local gradients. The discretized system
equations are derived using the generalized Galerkin weakform. Numerical examples
demonstrate that the EDM can achieves better accuracy and higher computational ef-
ficiency. Besides, as no mapping or coordinate transformation is involved, restrictions
on the shape elements can be easily removed, which makes the EDM works well even
for severely distorted meshes.

AMS subject classifications: 65C20, 65N30, 65N22, 68U20
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1 Introduction

With the increasing demands on the acoustic performance of enclosed cavities, such as
the automotive passenger compartments and aircraft cabins, careful considerations are
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needed in designing these sophisticated products. The vibration noise is essentially
a wave propagation phenomenon governed by the Helmholtz equation, and a large
amount of research work can be found in the literature reviews [1, 2].

As the analytical solution is only available for problems with very simple configura-
tions, numerical methods for solving Helmholtz problems are becoming more and more
prevalent. Over the past several decades, many efficient algorithms such as the finite
element method (FEM) [3,4], the boundary element method (BEM) [5,6], the wave based
method (WBM) [7], the modified smoothed particle hydrodynamics (MSPH) method [8],
the hybrid-Trefftz method [9], the smoothed finite element method (SFEM) [10, 11] and
the weak Galerkin (WG) method [12], etc., have already been proposed by researchers
to simulate the acoustic scattering. Among these different methodologies, the standard
FEM is still so far the most well-developed and widely-used numerical tool in predicting
the acoustic scattering. Quadrilateral isoparametric element, which is a primary element
of FEM, plays a very important role in noise simulation. However, a well-known defi-
ciency associated with the use of quadrilateral element for the Helmholtz equation is the
loss of ellipticity as the wave number increases [13], which will inevitably leads to the
“pollution error”. At higher frequencies, the dispersion error tends to accumulate, result-
ing in completely erroneous results. Although the use of more elements per wavelength
can improve the numerical accuracy in acoustic analysis, the sufficiently refined mesh
will leads to a dramatic increase of computational cost, especially for large scale practical
acoustic problems. The accuracy of traditional quadrilateral element is also significantly
depends on the mesh quality. As pointed in [14], a severely distorted mesh will cause
a larger “pollution error”. Since isoparametric coordinate transformation is involved in
formulating the system equations, violent distorted meshes are not permitted. The third
shortcoming inherent in the conventional quadrilateral element is that it suffers from a
low computational efficiency. This is because four integration points are adopted when
performing the numerical integration, which inevitably increase the computational cost.

Studies have found that the pollution error for one-dimensional problems can be
completely eliminated by resorting to analytical solutions [15]. While for higher di-
mensions, the numerical dispersion cannot be completely avoided [16], but can be re-
duced. Over the past decades, numerous approaches to alleviating the dispersion er-
ror have been proposed by researchers, such as the Galerkin/least-squares (GLS) and
Galerkin-gradient/least-square (GGLS) methods [13,17,18], the residual-free bubbles ap-
proach (RFB) [19], the multiscale finite element method (MFEM) [20], the discontinu-
ous enrichment method (DEM) [21, 22], the weighted-averaging finite-element method
(WA-FEM) [23], the modified integration rules (MIR) method [24], the discontinuous
Galerkin method (DGM) [25,26], the partition of unity method (PUM) [27,28], the hybrid-
Trefftz quadrilateral finite element model [9] and the finite element-least square point
interpolation method (FE-LSPIM) [29, 30]. All these approaches are very promising in
controlling the pollution error, and improved the numerical accuracy compared to the
conventional quadrilateral element. However, the dispersion error in general two- and
three-dimensional acoustic problems still cannot be eliminated properly with these al-
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gorithms. Besides, most of them are sensitive to mesh distortion, reasonable results can
hardly obtained when severely distorted meshes are employed. Another approach in cur-
ing the inherent shortcomings of quadrilateral element is the development of meshfree
methods. As no meshes are used in numerical integration, the deficiency related to ele-
ment distortion encountered by mesh-based FEM can be successfully removed. Based on
the meshfree methods, scholars successfully extended the element-free Galerkin method
(EFGM) [31] and the radial point interpolation method (RPIM) [32] to acoustic analy-
sis. However, the meshfree methods suffer from the low computational efficiency defect,
which prevent its further application in practical engineering problems.

Recently, Cui et al. [33] proposed an element decomposition method (EDM) for an-
alyzing two-dimensional solid mechanics problems. This element possesses a higher
computational efficiency compared to the traditional full integral quadrilateral element.
Besides, as no mapping or coordinate transformation is involved in formulating the sys-
tem equilibrium equations, the EDM is immune to mesh distortion. Considering the
superior performance of the EDM for solid mechanics problems, we further extend the
EDM for acoustic analysis and expect it could cure the inherent deficiencies of quadri-
lateral element in this paper. Four-node quadrilateral elements, which can be generated
automatically using any preprocessing software, are first used to discrete the problem
domain. Then the quadrilateral element is further subdivided into four sub-triangles by
directly connecting the field nodes to the centroid of the element. In each sub-triangle, the
local acoustic pressure field is constructed by linear shape functions same as the practice
of standard FEM, thus a constant acoustic gradient field can be expected. Based on these
local acoustic quantities, the acoustic gradient field in the whole quadrilateral element is
finally formed through a weighted averaging operation, which means only one integra-
tion point is adopted to construct the system matrix. In order to improve the accuracy
and cure the temporal instability, a stabilization item of the stiffness matrix is comple-
mented by variance the local gradients. Numerical examples demonstrate that the EDM
possesses better accuracy and faster convergence rate without increasing the computa-
tional cost, especially for high wave number problems and severely distorted meshes.

The remainder of this paper is organized as follows. Section 2 briefly describes the
theoretical basis. Section 3 introduces the detailed formulation of EDM for acoustic prob-
lems. The discretization error is outlined in Section 4. In Section 5, we assess the per-
formance of the EDM through some numerical examples. The paper is summarized in
Section 6 with some concluding remarks.

2 Mathematical model of acoustic problems

Consider an acoustic problem domain Ω bounded by Γ, provided that the acoustic field
is homogeneous, inviscid and only undergoes small translational movement, the field
variable p′ (acoustic pressure) can then be governed by the following equation
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∆p′− 1

c2

∂2 p′

∂t2
=0 in Ω, (2.1)

where ∆ denotes the Laplace operator, c and t are the speed of sound traveling in the
fluid and time, respectively. Assuming that the acoustic pressure is a small harmonic
perturbation around the steady state which satisfies

p′= pejωt (2.2)

in which j =
√
−1, ω denotes the angular frequency, p is the amplitude of the acoustic

pressure. Substituting Eq. (2.2) into Eq. (2.1) yields the following Helmholtz equation

∆p+κ2 p=0, (2.3)

where κ is the wave number.
The gradient of acoustic pressure p is linked to the velocity v by the equation of mo-

tion, which gives

∇p+ jρωv=0 (2.4)

in which ∇ denotes the gradient operator.
For interior acoustic problems studied in this work, the possible boundary conditions

can be split into three parts, namely Γ=ΓD∪ΓN∪ΓA. The Dirichlet, Neumann and Robin
boundary conditions on ΓD, ΓN and ΓA can be described as

p= pD on ΓD,

∇p·n=−jρωvn on ΓN ,

∇p·n=−jρωAn p on ΓA, (2.5)

where vn, An and ρ are, respectively, the normal velocity on the boundary ΓN, the admit-
tance coefficient on the boundary ΓA and the density of medium.

3 Formulation of the EDM

3.1 The element decomposition operation

As described in Section 1, the problem domain Ω is first discretized into Ne 4-node
quadrilateral elements, such that Ω=Ω1∪Ω2∪···∪ΩNe and Ωi∩Ωj=∅ (i 6=j, i, j=1,2,··· ,Ne).
For convenient, a quadrilateral element is termed as “parent” element. In the EDM, each
parent element is subdivided into four sub-triangles by connecting the centroid of the
element to four field nodes, and the acoustic pressure at the centroid is assumed to be the
simple average of four acoustic pressures of field nodes. In each sub-triangle, the con-
stant strain triangle element is used to compute the gradient of acoustic pressure. Then
the strain smoothing technique on whole of the parent element is used to smooth the
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of the parent element with four field nodes.
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Division of a “parent” element into four sub-triangles
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Figure 1: Division of a “parent” element into four sub-triangles.

gradients on these four sub-triangles. The formulation of EDM is presented in detail as
follows.

Consider a typical quadrilateral element Ωe as shown in Fig. 1. We first divide the
element into four sub-triangles ∆1, ∆2, ∆3 and ∆4 by simply connecting the centroid O of
the parent element with four field nodes.

The coordinates xO =(xo,yo)T of the centroid O are calculated by

xO =
1

4
(x1+x2+x3+x4); yO =

1

4
(y1+y2+y3+y4), (3.1)

where xi =(xi,yi)
T (i=1,2,3,4) are coordinates of four field nodes, respectively.

In the EDM, we assume the acoustic pressure peO at the centroid O is the simple
average of four acoustic pressures pe1, pe2, pe3 and pe4 of four field nodes

peO =
1

4
(pe1+pe2+pe3+pe4). (3.2)

On the first sub-triangle ∆1, the acoustic pressure field is approximated using linear in-
terpolation function

p∆1
e =N∆1

1 (x)pe1+N∆1
2 (x)pe2+N∆1

3 (x)peO (3.3)

in which N∆1
i (x) is the shape function value for node i given by

N∆1
i (x)= ai+bix+ciy

ai =
1

2A∆1
e

(
xjyk−xkyj

)
, bi=

1

2A∆1
e

(
yj−yk

)
, ci=

1

2A∆1
e

(
−xj+xk

)
, (3.4)
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where A∆1
e denotes the area of the sub-triangle ∆1, the subscript i varies from 1-2-O, j and

k are determined by the cyclic permutation in the order of i, j, k.
With the relationship between the gradient of acoustic pressure and velocity pre-

sented in Eq. (2.4), the local particle velocity v∆1
e in sub-triangular cell ∆1 can now be

obtained in terms of the acoustic pressure

v∆1
e =− 1

jρω
∇p∆1

e =− 1

jρω

[

B∆1
e1 B∆1

e2 B∆1
e3

]







pe1

pe1

peO






(3.5)

in which, the sub-matrices B∆1
e1 , B∆1

e2 and B∆1
e3 are given by

B∆1
e1 =

[
b1 c1

]T
, B∆1

e2 =
[

b2 c2

]T
, B∆1

e3 =
[

b3 c3

]T
. (3.6)

Substituting peO in Eq. (3.2) into Eq. (3.5), and then rearranging we obtain

v∆1
e =− 1

jρω

[

B∆1
e1 +

1
4 B∆1

e3 B∆1
e2 +

1
4 B∆1

e3
1
4 B∆1

e3
1
4 B∆1

e3

]

︸ ︷︷ ︸

B
∆1
e







pe1

pe2

pe3

pe4







=− 1

jρω
B∆1

e pe. (3.7)

Similarly, for the second sub-triangle (triangle 2-3-O), third sub-triangle (triangle 3-4-O)

and forth sub-triangle (triangle 4-1-O), the local particle velocity v
∆j
e (j = 2,3,4) can be

easily obtained through the cyclic permutation rule, which gives

v∆2
e =− 1

jρω

[
1
4 B∆2

e3 B∆2
e1 +

1
4 B∆2

e3 B∆2
e2 +

1
4 B∆2

e3
1
4 B∆2

e3

]

︸ ︷︷ ︸

B
∆2
e







pe1

pe2

pe3

pe4







=− 1

jρω
B∆2

e pe, (3.8)

v∆3
e =− 1

jρω

[
1
4 B∆3

e3
1
4 B∆3

e3 B∆3
e1 +

1
4 B∆3

e3 B∆3
e2 +

1
4 B∆3

e3

]

︸ ︷︷ ︸

B
∆3
e







pe1

pe2

pe3

pe4







=− 1

jρω
B∆3

e pe, (3.9)

v∆4
e =− 1

jρω

[

B∆4
e2 +

1
4 B∆4

e3
1
4 B∆4

e3
1
4 B∆4

e3 B∆4
e1 +

1
4 B∆4

e3

]

︸ ︷︷ ︸

B
∆4
e







pe1

pe2

pe3

pe4







=− 1

jρω
B∆4

e pe. (3.10)

Now applying the strain smoothing operation on the constant local velocities v∆1
e , v∆2

e ,

v∆3
e and v∆4

e , the particle velocity v̄e at the centroid of the parent element can be written
as

v̄e=
∫

Ωe

veΦe(x)dΩ=∑
4

i=1
v∆i

e

∫

∆i

Φe(x)dΩ, (3.11)
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where Φe(x) is a given smoothing function satisfying the following partition of unity

∫

Ωe

Φe(x)dΩ=1. (3.12)

The Heaviside-type piecewise constant function is employed in this research, which
gives

Φe(x)=

{
1/Ae, x∈Ωe,
0, x /∈Ωe,

(3.13)

in which Ae is the area of the quadrilateral element. Substituting Eq. (3.13) into Eq. (3.11),
the smoothed particle velocity v̄e now becomes

v̄e=
1

Ae
∑

4

i=1
A∆i

e v∆i
e =− 1

jρω
B̄epe, (3.14)

where B̄e is the smoothed gradient matrix given by

B̄e =
1

Ae
∑

4

i=1
A∆i

e B∆i
e (3.15)

and the acoustic gradient at the centroid of the quadrilateral element can be finally ex-
pressed using

∇p= B̄epe. (3.16)

Based on Eq. (3.16), the acoustic stiffness matrix can be easily obtained through a sim-
ple multiplication operation. As pointed in [33], element stiffness constructed in this way
possesses a higher computational efficiency and it is immune to mesh distortion. How-
ever, it is temporal instable as only one integration point is used to perform the integral
operation. In order to eliminate the numerical instability and improve the accuracy of the
EDM, a stabilization term is complemented by introducing a variation gradient item.

As shown in Fig. 2, the quadrilateral element is again subdivided into two non-
overlapping parts: ∆s1 =∆1∪∆2 and ∆s2 =∆3∪∆4. The weighted velocities in these two
parts can be written as

v∆s1
e =

A∆1
e v∆1

e +A∆2
e v∆2

e

A∆1
e +A∆2

e

; v∆s2
e =

A∆3
e v∆3

e +A∆4
e v∆4

e

A∆3
e +A∆4

e

. (3.17)

The variance particle velocity used to construct the variation gradient is then defined
as

ṽe =
A∆1

e +A∆2
e

Ae
v∆s1

e − A∆3
e +A∆4

e

Ae
v∆s2

e . (3.18)

Substituting Eqs. (3.7)-(3.10) and Eq. (3.17) into Eq. (3.18), we can finally obtain

ṽ∆s1
e =− 1

jρω
B̃epe (3.19)
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variation gradient item.
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Figure 2: Division of a quadrilateral patch into two non-overlapping parts.

with the variance gradient matrix B̃e given by

B̃e =
1

Ae
∑

2

j=1

(

A
∆j
e B

∆j
e −A

∆j+2
e B

∆j+2
e

)

. (3.20)

Similar with Eq. (3.16), the variation gradient of acoustic pressure at the centroid of
the parent element can now be expressed as

∇p̃= B̃epe. (3.21)

3.2 Discretized system equations

The standard Galerkin weakform for the Helmholtz equation can be obtained by multi-
plying Eq. (2.3) with a test function w

∫

Ω
w
(
∆p+κ2 p

)
dΩ=0. (3.22)

Using Green divergence theorem and integration by parts yields

−
∫

Ω
∇w·∇pdΩ+κ2

∫

Ω
w ·pdΩ+

∫

Γ
w(∇p·n)dΓ=0. (3.23)

Applying the boundary conditions presented in Eq. (2.5), we can get

−
∫

Ω
∇w ·∇pdΩ+κ2

∫

Ω
w ·pdΩ− jρω

∫

ΓN

w ·vndΓ− jρω
∫

ΓA

w ·AnpdΓ=0. (3.24)
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The generalized Galerkin weakform of the present element decomposition method
with variance gradient item can be given by

−
∫

Ω
∇w·∇pdΩ−

∫

Ω
∇w̃·∇ p̃dΩ+κ2

∫

Ω
w ·pdΩ− jρω

∫

ΓN

w ·vndΓ

−jρω
∫

ΓA

w ·An pdΓ=0. (3.25)

Substituting Eqs. (3.16) and (3.21) into Eq. (3.25), and choosing shape function as the
weight function, the generalized Galerkin weakform can be rewritten as

∫

Ω
B̄TB̄pdΩ+

∫

Ω
B̃TB̃pdΩ−κ2

∫

Ω
NTNpdΩ+ jρω

∫

ΓN

NTvndΓ

+ jρω
∫

ΓA

NTNAnpdΓ=0. (3.26)

Based on Eq. (3.26), the discretized system equations can be finally obtained and ex-
pressed in the following matrix form

[
K−κ2M+ jρωC

]
{P}=−jρω{F} (3.27)

in which, K stands for the acoustic stiffness matrix assembled in the form of

K=∑
Ne

e=1
Ke =∑

Ne

e=1

(

B̄T
e B̄e Ae+B̃T

e B̃e Ae

)

. (3.28)

M is the acoustic mass matrix defined by

M=∑
Ne

e=1
Me =∑

Ne

e=1

∫

Ω
NTNdΩ, (3.29)

where the modified integration rules given in [24] will be adopted to calculate the sub-
mass matrix in this research. C denotes the acoustic damping matrix modeling the Robin
boundary condition

C=
∫

ΓA

NTNAndΓ. (3.30)

F represents the acoustic force vector given by

F=
∫

ΓN

NTvndΓ (3.31)

and P indicates the acoustic pressure vector over the whole problem domain

P={p1,p2,··· ,pn}T. (3.32)
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4 Numerical error in acoustic problem

For those familiar with the computational acoustics, one key issue in solving the Helmholtz
equation using FEM is to control the pollution error. Studies have shown that the disper-
sion error is controlled by the number of points per wavelength 2π/κh, where h denotes
the nodal spacing. This leads to the well-known “rule of the thumb” which suggests that
7 or 10 points per wavelength are needed to obtain an acceptable solution with standard
finite elements. However, this criteria is not always true. In most cases, the error of nu-
merical solutions often grows with the increase of wave number even if the criteria is
satisfied.

The gradient of acoustic pressure is usually adopted as the global error indicator in
numerical acoustics. Based on the relationship between the pressure and the velocity
presented in Eq. (2.4), the numerical error indicator in terms of velocity can be given by

e2
η =

∫

Ω

(

ṽexact−ṽh
)T(

vexact−vh
)

dΩ, (4.1)

where the superposed hat “∼” denotes the complex conjugate, the superscript exact and
h are, respectively, the exact solutions and the numerical solutions.

Ihlenburg and Babuska [34] pointed out that the error can be estimated and the rela-
tive error in H1 semi-norm for the hp version is bounded by

η=
eη

ee
=

√
√
√
√

∫

Ω
(ṽexact−vh)

T
(ṽexact−vh)dΩ

∫

Ω
(ṽexact ·vexact)dΩ

6C1

(
κh

p

)p

+C2κ

(
κh

p

)2p

(4.2)

in which C1 and C2 are constants that are independent to the wave number κ and mesh
size h, p stands for the degree of polynomial approximation used in the numerical ap-
proaches. From Eq. (4.2), we can clearly find that the error can be split into two parts: the
first one is the approximation error (the difference between the exact wave and its inter-
polant) and the second one is the pollution error (the difference between the interpolant
and the finite element wave). For linear interpolation (p = 1) studied in this work, the
relative error can then be rewritten as

η6C1κh+C2κ3h2. (4.3)

5 Numerical examples

The present formulation has been coded using Matlab program. In what follows, two
benchmark and one practical engineering examples are detailed studied to validate the
effectiveness of the present EDM. For comparison, the QUAD4 (4-node isoparametric el-
ement integrated by 2×2 quadrature) and GLS [17] codes are also presented in this pack-
age. The CPU time is measured using the hardware platform CPU: Intel(R) Core(TM)
i5-3450 (3.1 GHz); RAM 8.00 GB.
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5.1 2D tube with Neumann boundary condition

The first example considered here is a 2D tube filled with air as shown in Fig. 3. The
geometric parameters are length l = 1.0m and width b= 0.1m. The left hand of the tube
is subjected to a harmonic motion with normal velocity vn = 1.0sinωt, the right hand of
the tube is rigid wall and the normal velocity vn = 0. The density of air is 1.225kg/m3,
the speed of sound travel in the air is 340m/s. This is a widely used benchmark problem
studied by many researchers, and the analytical solution is given by







p=−jρ f cvn
cos(κ(1−x))

sin(κ)
,

v=
vn sin(κ(1−x))

sin(κ)
.

(5.1)

The problem has eigenmodes corresponding to the values

f =
c

2

√
(m

l

)2
+
(n

b

)2
, m=0,1,2,···, n=0,1,2,··· (5.2)

in which f are the eigenfrequencies, m and n can not be zero simultaneously.
Core(TM) i5-3450 (3.1 GHz); RAM 8.00 GB.

m0.1l

air

The bottom boundary line
n
v

m1.0b

 

Fig.3.Model of the 2D tubeFigure 3: Model of the 2D tube.

5.1.1 Accuracy of acoustic field

The problem domain has been discretized into 160 uniformly distributed quadrilateral
elements with a average nodal spacing of 25mm, as shown in Fig. 4(a). Two different
wave numbers (κ=15 and κ=30) have been employed to study the performance of the
present method. The numerical results of acoustic pressure along the bottom boundary
line defined in Fig. 3 are plotted in Fig. 5. It can be seen from these plots that:
(1) For low wave number problems, as shown in Fig. 5(a), both the three methods can
give very similar results which are in good agreement with the exact solution.
(2) With the increase of wave number, as shown in Fig. 5(b), the EDM can still provides
very accurate acoustic predictions; the QUAD4, however, deviate a lot from the exact
one; the performance of GLS fall in between.

In order to demonstrate the accuracy in quantity, a local relative error in acoustic
pressure is defined as

ep=

∣
∣pexact−ph

∣
∣

pexact
×100%. (5.3)
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in which f are the eigenfrequencies, m and n can not be zero simultaneously. 

 

(a) 

(b)

or the 2D tube: (a) Regular mesh; (b) Irregular meshFigure 4: Two meshes for the 2D tube: (a) Regular mesh; (b) Irregular mesh.
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Figure 5: Numerical and exact solutions of acoustic pressure for the 2D tube (a) κ=15; (b) κ=30.

The local relative error along the bottom boundary line is depicted in Fig. 6(a), in which
the wave number is prescribed to be 15. The acoustic particle velocity linked to the gra-
dient of acoustic pressure is shown in Fig. 6(b). From these figures, we can clearly find
that the peak of relative errors for the three methods both occur where the velocity is the
maximum, but the local relative error of EDM is much small compared to the other two
approaches. This fact again illustrates that the present EDM possesses a better accuracy
in solving the acoustic problems.

5.1.2 Convergence study

The convergence properties of the present EDM, QUAD4 and GLS are investigated in
this subsection. Fig. 7 plots the convergence rate in terms of the global relative error η
against the average mesh size h at wave number of 15 and 30. It is easily noticed that

(1) The present EDM can achieves a faster convergence rate compared with the traditional
QUAD4 and GLS.
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Figure 6: (a) Local relative error in acoustic pressure; (b) velocity along the bottom boundary line.
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Figure 7: Comparison of accuracy and convergence property: (a) κ=15; (b) κ=30.

(2) Though the relative error grows with the increase of wave number, the EDM possesses
a better accuracy among all the compared models, especially for high wave number prob-
lems.

The sensitivity of the relative error against the non-dimensional wave number is then
studied with constant mesh size. Fig. 8 compares the global relative error obtained using
the EDM, together with those of the QUAD4 and GLS. The interpolation error (κh) and
numerical dispersion error (κ3h2) are also depicted in the plot. As can be seen from the
figure that:

(1) The relative errors obtained from all three numerical approaches are very small at low
wave numbers.
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Fig.8. Relative error changing with non-dimensional wave number based on the same mesh.

and the CPU time

Figure 8: Relative error changing with non-dimensional wave number based on the same mesh.

(2) With the increase of wave number, the relative errors grow dramatically for both meth-
ods. However, the numerical errors obtained from the present method are much small
compared to the other two approaches.

These findings further illustrate that the EDM is less sensitive to the increase of wave
number and can provides very reliable acoustic pressure predictions than QUAD4 and
GLS in the high frequency range.

5.1.3 Efficiency study

Now we mention the computational efficiency of the present method compared with the
QUAD4 and GLS models. Both the codes are complied by a personal computer with
the hardware platform given at the beginning of this chapter. The global relative error
against the CPU time at the wave number of 30 are plotted in Fig. 9. It is seen that the
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EDM possesses the highest computational efficiency (CPU time for the same accuracy)
compared to the traditional QUAD4 and GLS. This is partly because (1) only one in-
tegration point is adopted to calculate the acoustic stiffness matrix in EDM, while the
QUAD4 and GLS implement a full integration process, thus the EDM spends less CPU
time compared with the other two methods; (2) the EDM possesses a higher computa-
tional accuracy.

5.1.4 Acoustic eigenfrequencies analysis

As the modal quantities, such as the eigenfrequencies and the eigenmodes, play an im-
portant role in evaluating the acoustic performance for a practical engineering product,
thus such an investigation solved using EDM and standard QUAD4 is further conducted
in this subsection. The tube is discretized into 160 uniformly distributed quadrilateral
elements with a average nodal spacing of 25mm which satisfies the “rule of the thumb”,
guaranteeing a frequency limit of 2164.5Hz. The first 20 natural eigenfrequencies ob-
tained from the EDM and QUAD4 with the same mesh are listed in Table 1. The analytical
solutions are also given for comparison. As indicated in the table:

Table 1: 2D tube natural frequencies calculated using QUAD4 and EDM.

QUAD4 EDM

Mode order Eigenvalue Error (%) Eigenvalue Error (%) Exact (Hz)

1 170.04 0.0257 170.00 -0.0000 170.00

2 340.35 0.1028 340.00 -0.0001 340.00

3 511.18 0.2315 510.00 -0.0006 510.00

4 682.80 0.4117 679.99 -0.0020 680.00

5 855.47 0.6437 849.96 -0.0050 850.00

6 1029.46 0.9277 1019.89 -0.0104 1020.00

7 1205.04 1.2637 1189.77 -0.0193 1190.00

8 1382.47 1.6520 1359.55 -0.0330 1360.00

9 1562.02 2.0927 1529.19 -0.0530 1530.00

10 1743.96 2.5859 1698.62 -0.0812 1700.00

11 1743.96 2.5859 1698.62 -0.0812 1700.00

12 1752.23 2.5608 1706.02 -0.1440 1708.48

13 1776.86 2.4919 1728.03 -0.3249 1733.66

14 1817.33 2.3937 1764.10 -0.6059 1774.85

15 1872.86 2.2891 1813.39 -0.9593 1830.95

16 1928.56 3.1315 1867.77 -0.1194 1870.00

17 1942.48 2.1998 1874.85 -1.3586 1900.67

18 202514 2.1498 1947.32 -1.7757 1982.52

19 2116.08 3.7295 2029.59 -0.5102 2040.00

20 2119.79 2.1532 2036.53 -1.8590 2075.11
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(1) for lower eigenfrequencies, the EDM can provides much more accurate numerical
solutions than the QUAD4.

(2) With the increase of eigenfrequencies, the results obtained from QUAD4 deviate a lot
from the analytical one, while the present method can still gives very accurate eigenfre-
quencies prediction.

5.1.5 Effects of nodal irregularity

In order to evaluate the sensitivity of the present method for mesh distortion, the influ-
ence of nodal irregularity on accuracy of solutions will be detailed studied in this subsec-
tion. The irregularly distributed nodes are generated by manipulating the regular nodes
according to the following equation

xir = x+∆x·rc ·αir,

yir =y+∆y·rc ·αir , (5.4)

where x and y are the initial regular coordinates. xir and yir are newly irregular coor-
dinates. ∆x and ∆y are the initial regular nodal spacing in the x and y directions, re-
spectively. rc is a computer-generated random number varying from −1.0 to 1.0. αir is a
prescribed irregularity factor ranging between 0.0 and 0.5. Clearly, a bigger value of αir

will lead to a severely distorted mesh. A typical irregular mesh discretization used in this
study is shown in Fig. 4(b), where the irregularity factor is fixed to be 0.5.

Fig. 10 plots the acoustic pressure distribution along the bottom boundary line ob-
tained from the present method, together with those of the QUAD4 and GLS at the
wave number of 30. The global relative errors corresponding to these three method-
ologies are depicted in Fig. 11. It is observed that the numerical solutions derived from
both QUAD4 and GLS depart a lot from the exact one, while the EDM can still pro-
vides “close-to-exact” acoustic pressure predictions. This crucial finding indicates that
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Fig.10. Effect of irregular mesh on accuracy at wave number of 30
Figure 10: Effect of irregular mesh on accuracy at wave number of 30.
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Figure 11: Comparison of the relative error at wave number of 30.

the present method works well even for extremely distorted meshes. The QUAD4 and
GLS, however, are known and confirmed here being more sensitive to mesh distortions.
In practical engineering problems, it is impossible to discretize the problem domain with
regularly distributed meshes, which implies the present EDM has a huge project appli-
cation value.

5.2 The acoustic square domain problem

As shown in Fig. 12, a square domain problem with length L = 1m subjected to Robin
boundary conditions on all four sides is further studied to illustrate the accuracy and
efficiency of the present EDM. The medium parameters are same as in Subsection 5.1.
This example was originally modeled by Bouillard et al. [31] and later investigated by
Harari et al. [35] and Yao et al. [14]. The pressure is prescribed at one of the corners.
The strong form of this problem can be expressed using the following non-dimensional
Helmholtz equation

∂2 p

∂ξ2
+

∂2 p

∂η2
+κ2 p=0 in Ω (0≤ ξ≤1; 0≤η≤1) (5.5)

with the Dirichlet boundary condition p(0,0)=1 and the Robin boundary conditions






−∂p

∂ξ
+ jκpcosβ=0 on (ξ=0, η),

∂p

∂ξ
− jκpcosβ=0 on (ξ=1, η),

−∂p

∂η
+ jκpsinβ=0 on (ξ, η=0),

∂p

∂η
− jκpsinβ=0 on (ξ, η=1).

(5.6)
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Plane wave in square domain: problem statementFigure 12: Plane wave in square domain: problem statement.

This two-dimensional problem corresponds to a plane wave propagating along a di-
rection inclined with an angle β on axis x, and the analytical acoustic pressure is

p=cos[κ(ξcosβ+ηsinβ)]+ jsin[κ(ξcosβ+ηsinβ)]. (5.7)

Two different frequencies, namely f =300Hz and 800Hz, are employed here to study
the accuracy and convergence of the present method. The inclined angle β is first as-
sumed to be 30◦. The global relative errors in the H1 semi-norm computed using the
present EDM, together with that obtained from the QUAD4 and GLS, at these two fre-
quencies are shown in Fig. 13. The results demonstrate that (1) no matter low (300Hz) or
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Figure 13: Comparison of accuracy and convergence when β=30◦: (a) f =300Hz; (b) f =800Hz.
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Figure 14: Comparison of accuracy and convergence when β=45◦: (a) f =300Hz; (b) f =800Hz.

high (800Hz) frequency values are investigated, the EDM possesses the better accuracy
and faster convergence rate among all the compared models; (2) at low frequency, the
GLS has a similar accuracy and convergence rate compared to the QUAD4; however, it
performs slightly better than the latter when high frequency value is tested. Similar to the
problem solved in [14], the case of β=45◦ is also studied in this subsection. The conver-
gence rate in terms of the global relative error η against the average mesh size h at these
two frequency values are depicted in Fig. 14(a) and 14(b), respectively. Again, the EDM
performs better than the QUAD4 and GLS. These crucial findings further demonstrate
the good behaviour of the EDM on 2D problems.

Then, we investigate the computational efficiency of the present EDM, compared to
that of the QUAD4 and GLS. The computational cost is to set up the global stiffness and
mass matrices and to solve the algebraic equations. Both the two inclined angles (30◦ and
45◦) are employed here to implement the study. Fig. 15 illustrates the global relative error
indicator (η) against the CPU time for f =800Hz. It is observed that the EDM possesses
the highest computational efficiency compared to the other two methodologies. This
finding confirms the conclusion summarized in Subsection 5.1.3. Hence, the EDM can be
seen as a good candidate in solving two-dimensional acoustic problems.

5.3 Radiation in an automotive interior

During the conceptual phases of car design, the geometry of the occupant compartment
can be approximately considered as prismatic and it is possible to simplify the three di-
mensional space to a two dimensional domain. Fig. 16(a) illustrates the 2D geometry of
the problem domain with horizontal length Lx =2.664m and vertical length Ly=1.121m.
The density of air is 1.225kg/m3 and the speed of sound is 340m/s. One of the main
sources generating noise in the passenger compartment is the vibration of the firewall,
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Figure 15: Relationship between the global relative error and the CPU time: (a) β=30◦; (b) β=45◦.

illustrates the 2D geometry of the problem domain with horizontal length Lx=2.664m
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Figure 16: (a) The model of a 2D car interior cavity; (b) Mesh discretization.

which gives a Neumann boundary condition with velocity vn =0.01m/s. The roof of the
cabin is fixed with absorbing material with admittance An=0.00144m/(Pa·s). During the
analysis, the problem domain is discretized into 257 irregularly distributed quadrilateral
elements with a average nodal spacing of 0.12m, which gives a frequency limit of 451 Hz
according to “rule of the thumb”, as shown in Fig. 16(b).

Fig. 17(a)-(c) plot the acoustic pressure distribution in the passenger compartment
at 250Hz obtained from the QUAD4, GLS and EDM, respectively. While the numerical
solutions derived at 450Hz are presented in Fig. 18(a)-(c). Because the exact solution
for this practical problem is unavailable, a reference configuration obtained using FEM
with a very fine mesh (30775 nodes with 30180 quadrilateral elements) is adopted for
comparison and the results at 250Hz and 450Hz are plotted in Figs. 17(d) and 18(d),
respectively. From these figures, we can clearly find that the contours of the pressure
obtained from all three approaches are similar compared with the reference solution for
250Hz. When it comes to higher frequency (450Hz), the contour of the pressure derived
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“rule of the thumb”, as shown in Fig.16(b).

(a) (b)

(c) (d)

Figure 17: Real part of acoustic pressure distribution for 250 Hz: (a) QUAD4; (b) GLS; (c) EDM; (d) Reference.

worse compared to the present EDM.

(a) (b)

(c) (d)

Fig.18. Real part of acoustic pressure distribution for 450 Hz:
Figure 18: Real part of acoustic pressure distribution for 450 Hz: (a) QUAD4; (b) GLS; (c) EDM; (d) Reference.
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Figure 19: Real part of acoustic pressure distribution along the defined path ab: (a) 250 Hz; (b) 450 Hz.

from EDM still agrees very well with the reference one, while the QUAD4 error is obvious
due to the dispersion, as most of the contours departing from the reference solution. The
GLS performs better than QUAD4 but worse compared to the present EDM.

In order to depict the results quantitatively, the real part of acoustic pressure obtained
using different numerical approaches along the defined path ab are plotted in Fig. 19(a)
and (b), respectively. It is observed that (1) though the three methodologies can both give
reasonable acoustic pressure predictions at lower frequency value (250Hz), the present
EDM is obviously a winner among all the compared models; (2) when it comes to higher
frequency (450Hz), the GLS and QUAD4 can no longer provide reliable solutions, while
the numerical solution obtained from the present method still agrees very well with the
reference one.

The direct frequency response analysis is then conducted based on the same mesh
shown in Fig. 16(b). A full range frequency sweep is studied from 1Hz to 600Hz at in-
tervals of 1.0Hz, which is far beyond the frequency limit of 451Hz according to “rule
of the thumb”. The sound pressure levels (SPL) at the driver’s ear point is measured.
The responses obtained using the present EDM, QUAD4 and GLS are plotted in Fig. 20.
Clearly, the EDM can provides a better result compared with the other two methods in
the full frequency range. At lower frequency range, both the QUAD4 and GLS solutions
agree very well with the reference one. However, large deviations between these two
numerical results and the reference can be found in the higher frequency range.

6 Concluding remarks

In this work, an element decomposition method (EDM) is presented for solving two-
dimensional acoustic problems. Through the formulations and numerical examples, some
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Fig.20. Acoustic frequency response at driver’s ear positionFigure 20: Acoustic frequency response at driver’s ear position.

concluding remarks can be drawn as follows:

(1) As only one integration point is adopted to formulate the acoustic stiffness matrix,
the present EDM can significantly reduces the computational cost compared with the
conventional QUAD4 and GLS.

(2) No coordinate transformation or mapping is performed in EDM, which makes the
present method less sensitive to mesh distortion. Thus the domain discretization is more
flexible than traditional quadrilateral isoparametric element.

(3) The EDM possesses higher computational efficiency and faster convergence rate than
the traditional QUAD4 and GLS.

(4) The present method is less sensitive to the increase of wave number and can signifi-
cantly reduces the dispersion error, especially for large wave number problems.

(5) The EDM is very simple and can be easily implemented with little changes to the FEM
codes.

Through the obtained results, it is indicates that the present method is thus very
promising to provide a simple and effective tool for analyses of acoustic problems.
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