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Abstract Let F be a nonquasi-unipotent one-parameter (cyclic) subgroup of a unimodular
Lie groupG, I' a discrete subgroup @. We prove that for certain classes of subséts

of the homogeneous spacg/ I, the set of points irG/ " with F-orbits staying away
from Z has full Hausdorff dimension. From this we derive applications to geodesic flows
on manifolds of constant negative curvature.

0. Introduction

Given a dynamical system with phase spacand a fixed subse&f of X, consider points

in X with orbits staying away fronx. Although orbits of almost all points may be dense,
a number of recent result®fl, Da2, Do, U, KM indicate that for certain classes of
dynamical systems and subsetssets of those exceptional points are surprisingly big.
More precisely, they ar¢hick, i.e. have full Hausdorff dimension at any point of the
space. These results motivated the following definition.

Definition. For a setF of mapsX — X, say that a subset of X is F-escapableif
the set{x € X | Fx N Z = @} of points with F-orbits staying away fron¥ is thick.
Similarly, {oo} is F-escapabléf the set of points with bounded orbits is thick.

In all the cases considered below,will be of the form{g,}, wherer runs through
(a subset of R or Z; we will sometimes refer to the pafX, F) as adynamical system
Note that if the spac& is not compact, it may happen th&k diverges for a thick set of
pointsx; in this case a lot of sets are escapable for trivial reasons. On the other hand, if
the set of recurrent points is thick (e.gMf carries a finiteF-invariant measure), one can
intuitively think of existence of large classes of escapable sets as of one of the features
of chaotic behavior of the system. For example, escapability of certain sets relative
to expanding endomorphisms or Anosov diffeomorphisms of Riemannian manifolds is
the subject of recent papers by Urbansldi fand Dolgopyat Do]. This suggests the
following problem: given a spac& and a family of (partially) hyperbolic recurrent
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dynamical systems ok, describe the class of ‘dynamically small’ (i.e. escapable relative
to any member of this family) subsets &f

Now let G be a Lie group,I’ a lattice inG, F = {g, | t € R} a one-parameter
nonquasi-unipotent (séd.3.3) subgroup of;. In a higher-rank situation, the left action
of F on G/T is only partially hyperbolic, hence one cannot count on the existence of
Markov partitions, which were essential ib]Jand [Do]. The objective of this work is
to compensate by making use of the underlying rich algebraic structure.

It was proved by Dani for some special casd3al, Daj, see alsoAL]) and then
conjectured by MargulisMlal, Conjecture (A)] that the abundance of bounded orbits is a
general feature of nonquasi-unipotent flows on homogeneous spaces of Lie groups. The
latter conjecture was recently settled in the joint papévl | of Margulis and the author.
Namely, we formulate necessary and sufficient conditiongdof to be escapable. The
general problem was reduced to the cases a connected semisimple Lie group without
compact factors and' is an irreducible lattice inG’. Under these assumptions it is
proved in KM ] that any F-invariant closed subset ¢ © of Haar measure 0 ig'-
escapable. The argument iIKN! ] is based on mixing properties of the-action ong.
However, it turns out that some of the technique developed there allows one to state
sufficient conditions for sets to be escapable relative to (possibly hon-mixing) actions on
homogeneous spaces of Lie groups.

In §1 we collect all the preliminaries needed, as well as introduce the concept of
escapability.§2 is concerned with the advantages of partial hyperbolicity of actions on
homogeneous spaces. Here we define the ‘horospherical decomposition’ of theGgroup
and stress the importance of the expanding leaves of the induced foliation of the space.
We also give some background for the tesselation method first introduc&dvin. [

The goal of the next section is to formulate a Hausdorff-dimension-free condition
sufficient for the escapability of the sét Roughly speaking, one needs an asymptotical
uniform bound on the number of small pieces of an expanding leaf which have nonempty
intersection with ‘cylinders’ of the forng 1 Z (see§3.3 for the exact statement). We
prove (Propositions 3.3) that any set satisfying that condition is escapable, this being
the only place where the definition of Hausdorff dimension (via an estimate due to
C. McMullen and M. Urbanski, see Lemma 1.2.2) is crucially involved.

Now let Z be a smooth submanifold ¢f. We say that it id)-transversal(see§4.1.1)
if for any x € Z the tangent space to the expanding leat a¢ not contained i, Z.

In §4 we prove the following main result (see Corollary 4.3.2).

THEOREM. Let F = {g, | t € Z} be a cyclic nonquasi-unipotent subgroup®@f Then any
p-transversal compaaf! submanifold o2 is F*-escapable (herd™ = {g, | t € ZT}).

See Corollary 4.4.2 for a continuous time analogue of this theorem, which solves a
part of Conjecture (B) fromNlal]. One can also apply these results to geodesic flows
on manifolds of constant negative curvature. In particular, Corollary 4.4.4 asserts that if
M is a Riemannian manifold of constant negative curvature Jarnsl a finite subset of
M, then the elementéx, &) (here,x € M andé¢ is a unit tangent vector at) such that
the geodesic through in the direction of¢ stays away fromt” form a thick subset of
the unit tangent bundle af/.

https://doi.org/10.1017/50143385798100408 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100408

Nondense orbits of flows on homogeneous spaces 375

1. Preliminaries
1.1. Nondense orbits.

1.1.1. For topological spaces, Y, we will denote byX?! the set of mapy — X
and byH(X) the group of self-nomeomorphisms &t Let F be a subset ok* andZ
a subset ofX. Denote byE (F, Z) the set of points o with F-orbits escaping, that

IS
def

E(F,Z)={xeX|Fx)NZ =}
We will say thatZ is F-escapedby x if x € E(F, Z).

It is easy to see that the operati@(-, -) is ‘order-reversing’. More precisely, the
following is immediate from the definition:

e E(F,UicZ) = NigtE(F,Z)) and E(F, N1 Z;) = Ui E(F, Z;), in particular,
Z' CZ= E(F,Z) C E(F,Z;

o EWUiciFi,Z) CNigtE(F;, Z) and E(Nic; Fi, Z) D Ui  E(F;, Z), with equalities if
I is finite; in particular,F’ C F = E(F,Z) C E(F', Z).

The crucial role in this work will be played by the fact that sometimes one can deduce
thatx € E(F, Z) if one knows that another s&', usually bigger thar¥, is F’-escaped
by x, where F’ is another subset of ¥, perhaps smaller thaA. This is formalized in
the following lemma

LEMMA. Let X be a locally compact topological spacg, ¢ X%, Z c X, and letF”
be a compact subset of a topological subgrouf@¥) acting continuously orX. Then
EW(F")YF',Z) = E(F', F'(2)).

Proof. Takex ¢ E((F")"YF’, Z), pick z € (F")~1F'(x) N Z and take a neighborhood
of z with compact closure2; then

z € (F)"HF'(x) N F"(Q)) C (F") "M F'(x) N F"(Q)).

By compactness of”, F”(Q) is compacts S0 iSF'(x)NF"(Q) = S0 is(F") " X(F'(x)N
F’(Q)). Thereforez € (F")"X(F'(x) N F"(Q)) C (F")"Y(F'(x)) = F'(x) N F"(z) #
@ = x ¢ E(F',F"(Z)). The opposite direction is easy and does not require either
compactness of” or local compactness of. O

1.1.2. We now mention ‘functorial properties’ of the operatioq, -) defined above.
If X, Y are topological spaces arde X", we will say thatf € Y factors throughg
if there exists, f € X* such thapo f =, fog (, f is clearly unique ify is surjective).

If F c YY consists of maps factoring through we will say thatF factors throughg;

in this case we lej F def {of | feF}

LEMMA. Let X, Y be topological spacesy € X', Z C X, and letF C YY consist of
maps factoring througlkp. Then:

(@) ¢ is continuous= ¢ XE(,F, Z)) C E(F, ¢~ X(2));

(b) ¢ is closed= ¢ XE(,F, Z)) D E(F, ¢~ X(2)).

The proof is straightforward, se&] for details.
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1.2. Hausdorff dimension

1.2.1. All distances (diameters of sets) in various metric spaces will be denoted by
‘dist’ (‘diam’), and B(x, r) (respectivelyY ™) will stand for ther-neighborhood of a
point x (respectively a set). To avoid confusion, we will sometimes put subscripts
indicating the underlying metric space. If the metric space is a group @&is identity
element, we will simply writeB(r) instead ofB(e, r).

We will denote by diniX) the Hausdorff dimension of a metric spake See F] for
the definition and basic facts, such as
e XCVY = dmX) =<dim();
e X= UjeN X; = dim(X) = supy dim(X;);
e ¢e XVislLipschitz = dim(e(Y)) < dim(Y).

One can also estimate Hausdorff dimension of the direct product of two spaces in
terms of the dimension of factors or, more generally, estimate Hausdorff dimension of a
bundle in terms of the dimension of the base and fibers.

LEMMA. Let X; and X, be Riemannian manifoldsi; C X1, A> C X2, B C X1 x X».
Denote byB, the intersection o8B and {a} x A, (the slice ofB at an element of A,)
and assume thaB, is nonempty for alk € A;. Then:

(@) dim(B) > dim(Ay) +inf,c4, dim(B,);

(b) dim(B) < dim(A1) + dim(X>).

Proof. Using countable coverings by normal neighborhoods, one can reduce the statement
to X; and X, being open subsets in Euclidean spaces. Then the lower estimate (a)
(which was referred to as the Marstrand slicing theoremKiM|) follows from a
theorem of Marstrand frs] or [F, Theorem 5.8]). As for the upper estimate, one
hasB C A; x X», and from a theorem of Besicovitch and MordM] it follows that
dim(A; x X3) < dim(A;) + dim(X2). Actually, both theorems cited above are stated
and proved for one-dimensionaf; and X, but the same proofs work for arbitrary
dimensions. O

1.2.2. We now describe a construction (&, PW]) of a class of sets for which there
is a natural lower estimate for Hausdorff dimension. Kebe a Riemannian manifold,
v a Borel measure o, Ag a compact subset of. Say that a countable collectiof
of compact subsets ofy of positive measure is tree-likerelative tov if A is the union
of finite nonempty subcollectiond;, j € Z*, such thatdy = {Ao} and the following
two conditions are satisfied:

VieN VA, BeA; eitherA=Borv(ANB)=0; (TL1)
VieN VBeA; 3AeAj_;suchthatB C A. (TL2)

Say also that4 is strongly tree-likeif it is tree-like and in addition
di(A) def supdiam(A) - 0 asj — oo. (STL)
AEAj

Let A be a tree-like collection of sets. For eaghe Z7, letA; = (J .4 A. These
are nonempty compact sets, and from (TL2) it follows thatC A;_, for any j € N.
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Therefore one can define the (nhonemgiyjit set of A to be
A=) A
=4

Further, for any subse® of Ag with v(B) > 0 and any; € N, define thejth stage
densityA; (B, A) of B in A by
v(A; N B)

v(B)
and thejth stage density\;(A) of A by A;(A) = infzeq, , Aj(B, A).

The following estimate, based on an application of Frostman’s lemma, is essentially
proved in Mc] and [U].
LEMMA. Assume that there exists> 0 such that

liminf w >k
r—0 log(r)

Aj(B, A) =

El

(1.1)

for anyx € Ao. Then for any strongly tree-like (relative 9 collection A of subsets
of Ao
j .
dim(As) >k —lim SupM‘
j—00 |Og(d](A))

1.2.3. LetX be a metric space. A subsatof X will be calledthick (in X) if for
any nonempty open subs#t of X, dim(W N A) = dim(W) (i.e. A has full Hausdorff
dimension at any point ak). Clearly, thick subsets are denseXnand, if dim(X) > 0,
have cardinality of continuum. However, the thick subsets of Riemannian maniXolds
that we are going to consider may be small from the point of view of both topology
(i.e. they may be of first category i) and measure theory (they may have zero volume).
Let X andY be Riemannian manifolds. Say that a continuous magy — X is a
bi-Lipschitz coveringf for any x € X there exists a neighborhodd of x, a Riemannian
manifold M and a bi-Lipschitz homeomorphisiti x M — ¢~ 1(U) sendinge to the
natural projectionU x M — U. Clearly, such a magp is automatically open and
surjective. We will say that the covering @mpactif M can be taken to be compact.
Using the properties of Hausdorff dimension mentioned above, one can easily prove the
following lemma.

LEMMA. Let X andY be Riemannian manifolds, € X" a bi-Lipschitz covering andt
a subset ofX. ThenA is thick iff ~1(A) is thick.

1.2.4. LetX be a locally compact metric space aRdc X*. Say that a subset of

X is escapable relative ta (or, briefly, F-escapablgif the setE(F, Z) is thick in X.
Clearly, any subset of af-escapable set i&-escapable, and for any subgét of

F, any F-escapable set i8’-escapable (but a union of two escapable sets need not be

escapable). Furthermore, one can use the facts listed in the two previous sections to

derive the following.
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THEOREM.

(a) Let X be a locally compact metric spac#, a subset ofxX and F” a compact
subset of a topological subgroup ®f(X) acting continuously orX. ThenZ C X
is (F”)~1F’-escapable iffF”(Z) is F'-escapable.

(b) LetX andY be Riemannian manifold®, € XY a compact bi-Lipschitz covering and
F a subset ot’" which factors throughp. ThenZ c X is , F-escapable ifty~1(Z)
is F-escapable.

Proof. Part (a) follows from Lemma 1.1.1, while part (b) is obtained by combining
Lemma 1.1.2 with Lemma 1.2.3 (note that a compact covering is necessarily clased).

1.3. Lie groups and homogeneous spaces

1.3.1. LetG be a unimodular real Lie group. We will denote pyhe Lie algebra of
G and fix a Euclidean structure gninducing a right-invariant Riemannian metric 6h
The fact thatg can serve as a good approximation @rat a neighborhood of identity
will be recorded as a lemma.

LEMMA. There exists positivey < 1 such that:

(a) the exponential mapxp :g — G is injective onBg(4og); moreover,

(b) foranyu,v € By(4oy), %Hu — || < dist(exp(u), exp(v)) < 2||lu — v (i.e.upto a
factor of 2, expis an isometrydoyp-close to0 € g).

1.3.2. LetI" be a discrete subgroup aff; we will always denote byQ the
homogeneous spadg/I", and equip it with the Riemannian metric coming frasn
For anyx € Q we letr, stand for the quotient ma@g — 2, g — gx, which will be an
isometry restricted to a (depending shneighborhood ot € G.

Note that the tangent space @ at anyx € Q can be identified withy = 7,G via
(dry).; we will make use of this identification and dendig by g,. Similarly, for any
subspacé cC g, [, will stand for the corresponding subspacegef i.e. [, = (dm,).(l).
In other words/[ will be viewed as aG-invariant distribution or2. We also denote by
exp, : g, — 2 the compositionr, o exp.

The following lemma lists several elementary local geometric propertigs. of

LEMMA. For any bounded? c 2 there exists positive; = 01(Q) < g, such that for
all x € Q:

(@) =, is injective (hence an isometry) d¥(4o1);

(b) foranyy € B(x, 201) andg € B(201), dist(gx, gy) < 2-dist(x, y).

From (a) and Lemma 1.3.1 it follows immediately that fore Q, the map expis
injective and bi-Lipschitz orB,(204), i.e.

Llu — v]| < distexpu), expv)) < 2llu — vl| Vu, v € By, (207). (1.2)

We will denote by log : @ — g, the inverse of expdefined (and bi-Lipschitz) at least
in B(x, 201), x € Q.
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1.3.3. An elemeng € G will be calledquasi-unipotenif |x| = 1 for all eigenvalues
A of Adg; a subsetF of G will be called quasi-unipotentif all elements of F are
guasi-unipotent and nonquasi-unipotenbtherwise.

ExampleLet G = SO,11.1(R), letT be a discrete torsion-free subgroup®f2 = G/ T
and letk = (Sokgl(R) 2) be a maximal compact subgroup 6f Choose a Riemannian
metric onG which is left K-invariant (as well as right invariant). Then it is well-known
that the double coset spadé def K\Q is a Riemannian manifold of constant negative
curvature, and? can be identified with the bundle of orthonormal frames associated
to M. Moreover, any complete connected Riemannian manifold of constant negative
curvature can be realized in the above way. Consider @lse (SOB(R) g); then the
double coset spac€\Q2 can be identified with the unit tangent bundle Mf, that is,
SM)={(x,§) |lx e M, § €TM, || =1}

Denote byg the canonical quotient maR — S(M), and consider a nonquasi-
unipotent one-parameter subgrofip= {g; | t € R} of G commuting withC, where

I, O 0
g=\| 0 chr shr |. (1.3)
0 shr chr

Then the action ofF on Q factors throughp, and it is well-known (cf. Mau]) that the
induced action is exactly the geodesic flow 8tWf). In other words, let{y, ¢(¢)}
be the geodesic oM/ through x in the direction of& parametrized by arclength.
With some abuse of notation, we lgt be the timer map of the geodesic flow, i.e.

vi(x, ) = (Vs (0), ya e (0)); theny, = g

2. The expanding horospherical subgroup and its tesselations

2.1. From now on, we will be considering actions of nonquasi-unipotent one-
parameter subgroupg of a unimodular Lie groupG on Q@ = G/T’, whereT is a
discrete subgroup of;. Specifically, we will talk aboutF = {g, | + € 7}, whereT

will stand for eitherR or Z. We also introduce the notatidh™ dzef{t e7 |t>0}and
_ def

T-={teT|t<0},andletF* ={g |t € TH}.

To study F-escapable sets, it is helpful to consider a special ‘horospherical’
decomposition of5 relative toF*. Following [KM, §1.3], one can define subgroups
H°, H- of G such thatH ~ is a horospherical subgroup with respectgio while H is
horospherical with respect t@_;, and the Lie algebras, h° andh~ of H, H® and H~
span the Lie algebrg of G. The subgroupF is nonquasi-unipotent iff botly and ™
are nonzero. We will refer té7 as theexpanding horospherical subgrourresponding
to F* (see§2.2 for motivation). By symmetryH ~ is of course expanding horospherical
with respect toF ~. Note that bothH and H~ are connected simply connected nilpotent
Lie groups.

Sinceg = h ® h° @ b, the product ofH~, H and H° (in any order) is open ifG
and contains the identity. Moreover, the direct producHof, H° and H also hasy as
its Lie algebra, so one can apply Lemma 1.3.1 to it to get that the multiplication map
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from a neighborhood of identity in that direct product @is one-to-one and distorts
distances by at most the factor of 2.
We will denote byk the dimension ofd and fix a Haar measune on H.

Example.lf G and F = {g, | t € R} are as in Example 1.3.3, botH and H~ are
isomorphic toR*. Trivial computation shows that the Lie algebramfis given by

0 x —x
h= xIT 0 0 ||xeRt}. (2.1)
xZ 0 0

2.2. The subalgebral, h°, h~ are invariant under A&, which implies that the
subgroupsH, H®, H- are normalized byF. Moreover, it is easy to show that for
all + > 0 the inner automorphisn®; : G — G, g — g:gg_:, defines anexpanding
automorphism ofH. More precisely, denote by, the restriction ofd®, on h. From
the definition off it follows that the absolute valueg, ..., A} of the eigenvalues of;
(ignoring multiplicities) are greater than 1. We will order them so thak --- < A4,
and denote by = A1 --- A, the Jacobian ofb; then

V(@,(V) = J'w(V) (2.2)

for anyt € 7 and any measurable subgétof H.

Clearly, if V is a small enough neighborhood of identity #h, then the contracting
properties of the mag; %, + > 0, on V are more or less determined by the bounds
A1’ ..., A" on the spectrum of; 1. More precisely, the following lemma is true.

LEMMA. There exists a constanty > 0 such that for allr € 77 and all g,h €
By (00), g # h, one has
def 1 ot < dist(®;(g), ®,1(h)) def

a(t) = a S dist(g. 1) =a@) =

aot* A7’ (2.3)

Proof. Pass to the action &f, on h using Lemma 1.3.1, and then apply the estimates on
iterations of linear transformations as iM&2, Lemma 11.1.1]. O

Note that the functiong(z) anda(¢) defined in (2.3) are decreasing for largand
tend to zero as — oo. We put

~ def . A~ 1
r=inflre7ta@ <
{ | ()_16\@

anda’(r) <0 for all r > r}

and will be in many cases takingto be not less than.

2.3. We will consider the foliation of2 by orbits of H, and will be estimating the
Hausdorff dimension of subsets @f by looking at their intersections with leaves of this
foliation. To make this idea more transparent, we introduce the following definition:
say that a subseZ of © is horospherically escapable relative t&+ (or, briefly,
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horosphericallyF*-escapablg if there exists an open dense subgst of © such that
for any y € Q% and for any neighborhootl of identity in H,

dim({h € V | hy € E(F*, Z)}) = dim(H). (2.4%)

In other words, if for anyy € Q* the setH N n;l(E(FJf, Z)) has full Hausdorff
dimension ak € H.
The importance of this notion is shown by the following theorem.

THEOREM.

(a) Z c Qis horosphericallyF+-escapable= it is F+-escapable.

(b) Z is compact and horospherically escapable relative to bBthand F~ = it is
F-escapable.

We remark that horosphericdl ~—-escapability means existence of an open dense
subset™ of @ such that for any € @~ and for any neighborhoodt ~ of identity in
Hﬁ!
dm({h~ eV~ |h"y e E(F,2)}) =dim(H"). (2.47)

Proof. Given a nonempty opetW C €, choose a pointk ¢ W N Q" and put
Q = Bq(x,1). Then takeU C Bg(o1(Q)) of the form VV~VC°, whereV, V~ and
VO are small neighborhoods of identity i, H~ and H° respectively, such that x is
inside W N Q*. Sincen,|y is an isometry, it suffices to prove that

dim(z Y (E(F*,Z)NUx)) =dim({g € U | gx € E(F*, Z)}) = dim(G).

Furthermore, sincé/ is bi-Lipschitz homeomorphic t& x VO x V—, it is enough to
show that

dim{(h, hi°,h) e V x VO x V™ | hh®h~x € E(FT, 2)}) = dim(G). (2.5)

Observe that for anyy~ € V~ andi® e VO, the pointsy = 11~ x are inQ*, hence
satisfy (2.4). Therefore, by Lemma 1.2.2(a), the right-hand side of (2.5) is not less than
(and therefore equal td)+ dim(V° x V~) = dim(G), which proves (a).

For (b), we are given two dense open s&$ and @~ and an arbitrary nonempty
open setW. Pick a pointx € W N QT N Q™ and again choos& C Bg(01(Q)), with
0 = Bq(x, 1) as above. Howevel/ will now be of the formV-VVv?, with V, V— and
V9 being small neighborhoods of identity i, H~ and H° respectively, such that x
is inside W N QT N Q™. For brevity, we will skip the bi-Lipschitz argument and work
with U as if it were the direct product of, V— and V°.

Denote byB the set{g € U | gx € E(F*, Z)}. SinceV% c Q*, the pointsy = %
satisfy (2.4') for anyh° € V9 in other words, the slic® NV 1° has Hausdorff dimension
k for any h° € V0. Thus, by Lemma 1.2.2,

dim(B N v VY =dim(v° + k. (2.6)

We now claim that for allg € B there exists a neighborhodd~(g) of identity in
H~ such thatV~(g)g € B. Indeed, forg € B denote bye(g) the distance between
disjoint closed set¥ and Ftgx; it is always positive becausg is compact. Since the
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map ®,, t > 0, is contracting ond —, one can find an open neighborhotd (g) of the

identity in H~ such thatV ~(g)gh C U and diani®;(V~(g)) < s(g)/2 for anyt € T™.

Theng, V= (g)gx = ®,(V~(g))g.gx is for anyr € T+ disjoint from Z¢®/2 hence the
claim.

Take #° and  such thathh® € B N VVO. The pointsy = hh% are inQ~, so
one can apply (24) with V—(hh°) in place of V—, and then combine it with (2.6) via
Lemma 1.2.2(a) to conclude that difg € B | gx € E(F~, Z)}) = dim(G). At the
sametimef{g e B|lgx €c E(F,2)}={gecU|gxe€ E(F,ZYNE(F,Z)}is equal
to{g € U | gx € E(F, Z)}, which finishes the proof. O

2.4. To prove horospherical escapability of subsetsQofwe will be using the
following criterion.

PROPOSITION For Z C , the following are equivalent:

(i) Z is horosphericallyF "-escapable;

(i) there exists an open dense subget of Q such that for anyx € Q* there is a
sequence of neighborhoodlgs) of identity inH (s € N) with

diamV(s)) - 0 ass — oo 2.7)

and

dim({h € V(s) | hx € E(F,Z)}) - k ass — oo. (2.8)

Proof. From (i) it follows that the left-hand side of (2.8) is equal kofor any open
V(s) c H. Conversely, assume (ii) and take any neighborh®odf identity in H;
by (2.7),V(s) c V for large enough. Hence

dm({h e V | hx € E(F",2)}) >dim({h € V(s) | hx € E(FT, Z)}) > k ass — oo,

and (2.4) follows. O

2.5. We now recall and refine some of the results Kif1[, §3]. Say that an open
subsetV of H is atesselation domaiffior the right action ofH on itself relative to a
countable subset of H if:

@i v@V)=0;

(i) (V) Nya(V) = o for differenty, y» € A; and

(ii)) X =U,ep (V).

The pair(V, A) will be called atesselatiorof H. We will use a one-parameter family
of tesselations ofd defined as follows: iffX4, ..., X;} is a fixed orthonormastrong
Malcev basisof h (see CG] or [KM, §3.3] for the definition), we lef = {Zle xi Xj |
|x;| < &/2} be the unit cube irh, and then take/, = exp((r/~/k)I). It was proved in
[KM] that V, is a tesselation domain d@f; let A, be a corresponding set of translations.
The properties of the familyV, | r < oo}, with op from Lemma 1.3.1, are listed below.

PrROPOSITION There exist positive constanig and a, such that for any positive < op:
(@ B(r/4vk) C V, C B(r);
(b) for any positiver’ <r, V. C V,;
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(c) for any positiveb < 1,

v(@V)P) < aw(V,) - b; (2.9)
(d) for any subsetd of H
Hy eA | ViyNA#£0) < ”‘()?;r))); (2.10)
in particular, for A of diameter not greater thah < oy,
Hy e A, | V,y NA# 2} <ax(l +HE (2.11)

Roughly speaking, parts (a) and (d) mean that one can think of theVsets balls
of radiusr: each of theV, is contained in a ball of radius, and each such ball can be
covered by at most,6* translates ofV,.

Note that givenV,, there are many choices of, giving a tesselationtV,, A,) of H.

In what follows we will arbitrarily choose\, for all positiver < op; nothing will ever
depend on these choices.

2.6. Recall thatH is the expanding horospherical subgroup correspondingtp
which means that it comes with a one-parameter farpdly | + € 7"} of expanding
automorphisms. Given < og andt € 7, let us denote by, () the set of translations
y € A, such that the translatdg y lie entirely inside the image o¥, by the map®,,
ie.

def

A1) = {V € A, | Vry - qDl(Vr)}

Let us show now that whenis large enough, the measure of the union of the translates
V.y, y € A.(t), is approximately equal to the measure ®f(V,); in other words,
boundary effects are negligible.

PROPOSITION For anyr < op and anyr € 7:

(@) J'=#A.(1) = J'(1-2ma(t));

(b) the unionUyeAr(t) V,y contains theb,-image of the balB((1/4vk —2a(r))r) (note
that the latter ball contains3(r/8vk) whenever > 7).

Proof. The upper estimate for & (¢) is immediate fromU,ca,yV,y C ®,(V;) and
(V,, A,) being a tesselation off. For the lower estimate, one has

A = {y €A [ Viy NOV) # DY\ (v € Ay | Viy NA(@(V,)) # )
= (YA I Viy NV, # D)\ {y € A | 9,1 (Voy) NO(V,) # 2).

Since(V,, A,) is a tesselation of{, the number of elements in the first set is not less
thanv(®,(V,))/v(V,) = J*, while the cardinality of the second one is not greater than
o L
v((avr)(dlam(@, (Vr)))) - tv((avr)(a(t)dlanwr)))
(@7 1(V,)) (by (2.2) and (2.3)) v(V,)

v, (2a(t)r)
ZV(( ) ) S szalé\l(t)v
v(Vy) (by (2.9))

(by Proposition 2.5(a)) <
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hence (a). Now observe that the above argument also gives

__ ~ r
YV, y) DV, ~ (0V,)&O) 5 B ((— - 2&(t)) r) ,
VELAJr(t) [ 4“/E

which implies (b). O

3. A condition sufficient for escapability

3.1. Suppose a subséf of @, y € , t+ € 71 and positiver < o9 are
given. We want to generalize the definition of the et(s) in the following two
ways: letAf(y, U, 1) (respectivelyA; (y, U, t)) consist of all translationy € A, (¢)
such thatV,yy has nonempty (respectively empty) intersection with Note that
A () = AF(y, Q1) = A (y,2,¢t) for any y € @, and thatA,(r) is a disjoint union
of Af(y,U,t) and A (y,U,t) for any y andU. Also define the quantity*(y, U, 1)
to be the density (relative measure)dn(V,) of the union ofV,y, y € AX(y, U, 1), in
other words

v U + Vry)

def ( yeAF (,U,0) _

55 U.HE BV = JTHAS (3, U, D),
t r

and put§- (U, t) def infyeq 8,7 (v, U, 1) and 8} (U, 1) def SUR.o 8 (. U.1). By

Proposition 2.6(a),
1>687U,t)+6 (U, t) >1—2aa(t) (3.1)

foranytr € 7t andU c Q.
Before stating the main result of this section, let us introduce more notation. If
h<teT,welet
def [{r1+1,....,0) T =27
[t1.12] = Lo
{tln<t<n} f7T=R
In other words, f;, #;] stands for the compact segment @f with endpoints, and
‘magnitude’r, — r; (where magnitude means either length or number of elements). We

def
also putgp, = {gr |t €[t 12]}.
THEOREM. Let an open subséf of Q, 1 € 7+ with 7 < ¢, and positiver < o be given;
denote byF; the semigroufdg;; | j € N}. Then for anyy € Q there is a subseA,.(y) of
V, such that )
log(s, (U, 1))

dim(A >k ~
IM(Ax(y)) = log@ (1))

(3.2)

and
Ax(Y)y C E(F, U). (3.3)

Proof. We will construct a family{A(y) |y e Q} of strongly tree-like (relative to the
Haar measure on H) collections of subsets oF, inductively as follows. First let
Ao(y) = {V,} for all y € Q, then define

A1) = {72 V,p) |y € A (giy, U, 1) (3.4)
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More generally, ifA;(y) is defined for ally € Q andi < j, we let

Ai(y) = {® 1 (Ay) | A € Aj_1(ygy), vy € A, (gy, U, 1)} (3.5)

The properties (TL1) and (TL2) follow readily from the construction &, A,)
being a tesselation off; hence it makes sense to talk about the limit Agf(y) of
A(y). Also, from (3.5) and Lemma 2.2 it follows that for glle N andy € Q, the
constantd; (A(y)) is not greater thans2a(t))/, and therefore (STL) is satisfied (recall
thata(r) < 1 for+ > f). Let us now show by induction that thgh density A; (A(y))
of A(y) is for all y € Q and j € N bounded from below by. Indeed, by definition

A V(A1) v(Uyen, gy.0 P Vey)
A Vr’ A = -7 — r (&Y,
Ve A =""57 oG w(V)
(by relative @, -invariance ofv) = JTHA (gy, U, 1)

On the other hand, ifi > 2 and B € A;_1(y) is of the form ®;1(Ay) for
A e Aj_o(ygy), formula (3.5) gives

VBNA() _ V(@M BNA;())

Aj(B, A(y))

v(B) v(®;H(B))
Ay NA;_ . ANA._ .
v(Ay V(JA;()Vg y) _ 1)](Al)()/g ) _ A 1A, Ay,

and induction applies. Finally, the measurelearly satisfies (1.1) witk = dim(H),
and an application of Lemma 1.2.2 yields that for ak

. : Jlog(s, (U, 1)
> —_ L =P 77
Mo () = k=0 SUP 100 o @) )
which is exactly the right-hand side of (3.2).

It now remains to show (3.3). First note that from (3.4) it immediately follows that
for all y € @, the setd,(A1(y))g:y = gA1(y)y is disjoint from U. The definition
(3.5) and induction then givg;;A;(y)yNU = o forally e Qandj e N. ButU is
open, hence the closure &fz is disjoint fromU for anyz € A (y)y; in other words,

z € E(F;, U), and the proof is completed. |

3.2.
COROLLARY. Let U, t andr be as in the above theorem, and [&tC Q be such that
g.nZ C U. Then for anyx € ,

log(3, (U, 1))

. - + _
dm({h € V, | hx € E(FT,2)}) > k log@@())

(3.6)

Proof. Indeed, one hast(F;,U) C E(F,,gpnZ) = E(F*,Z) by Lemma 1.1.1;
therefore the set described in the left-hand side of (3.6) confains), and the claim
follows from (3.2). O
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3.3. Now we are ready to use Proposition 2.4 and write down a configiafficient
for horospherical escapability &f C <.

PROPOSITION For Z C €, assume that for any € Q there exist sequences — O,
t, € T, i <1, and a sequence of open sétscontaininggo ,;Z, s € N, with

—log(8- (U, t,
im 9@, ( ) _0

§—> 00 [Y

(3.7)
(i.e. Sg(Us,t.y) decays at most subexponentially with respecttfo Then Z is
horosphericallyF+-escapable.

Proof. Indeed, the sequence

log(a(s)) _ log(ao) + klog(t;) + t; log(i)
tg Is

is bounded between two negative constants, hence (3.7) is equivalent to
log(é,, (Us, 1,))
m — — =
s=>oelog(a(t))

Clearly, the sequenc¥(s) = V,, satisfies (2.7), and (2.8) follows from (3.6) and (3.8);
an application of Proposition 2.4 finishes the proof. O

(3.8)

In what follows, we will be taking the set, to ben,-neighborhoods ogp .1 Z for
some positivey,. In other words, we will be checking the following condition:
—log(5, ((g0.12)™, 1)) _

liminf 0, (*7)
r—0,t>f,n>0 t

which has just been proven to be sufficient for escapabilitg of

3.4. In many cases it is more convenient to estimii‘teU, t) from above than
87 (U, t) from belowt. One immediately has the following.

COROLLARY. (x7) is equivalent to

—log(1— &} Z)m ¢
r—0,t>f,n>0 t

i.e. to the existence of sequenegs— 0, n, > 0andt, € 7+, 7 < t,, with

_ —log(1 - Srf((g[o,z.¢1Z)(”>“’, t5))
lim =0

§—>00 ts

(3.9)

In particular, any set satisfying«™) is horosphericallyF*-escapable.

T See K] for a weaker condition also sufficient for escapability of as well as for a unified exposition of
methods and results fronkKM ] and the present paper.

1 One of the reasons is the subadditivity &f(U, ¢) in the first variable:U ¢ U/_,U; implies §; (U, 1) <
S 8 (U, ) for anyt andr.
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Proof. By (3.1), — log(1—§F (U, 1)) < —log(; (U, 1)), hence £7) implies ¢+) . On the
other hand, take sequences satisfying (3.9) and/Jet (g[o,,‘y]Z)W. If {z,} is bounded,
one necessarily ha§$:(Us, t,) = 0 for larges, henceS,j(Us, t,) = 1 and (3.8) is satisfied.
Otherwise,a(t,) decays at least exponentially with respecttatherefore

_ —log(1— 68" (Us. 1)) —log(l— 8} (Us. ;) — 2a1a(t;))

lim > = lim > ,

§— 00 Ty §— 00 ts

while the denominator on the right-hand side is not IessJeHag(S;(Ux, t,)) by (3.1).0

3.5. The use of)-neighborhoods has the following technical advantage: in order to
estimate the quantity; (x, Y™, ¢) uniformly for all x € ©, one can in many cases worry
only about pointst in the setY. Let us record this observation as a lemma.

LEMMA. Let a bounded subsét of 2, ¢ > 7, n < 60.(Y) andr < o1(Y)da(z) be given.
Then for anyx € Q there existsy € Y such that

816 Y20 < axB2Vk + 4485 (v, Y, 1), (3.10)

Proof. Take anyx € Q; if ®,(V, 15,)x N Y = &, (3.10) is trivially satisfied for any
y € Y. Otherwise, there exists € ¥ andx’ € ®,(V, 16 4)x such that disty, x) < /3.
Since dianiV, ;6.7 < r/8vk, ®,(V, 16,0)x is contained ind, (By (r/8vk))x'.
Consider
VE J Viy and V'E | Vi

YEA (1) YEAF (. YD 1)

clearly Vv c V' c ®,(V,). Note that Lemma 2.2 implie®,(V,) c B(r/a(t)) C
B(201(Y)). On the other hand, by Proposition 2.6(13); contains®,(By (r/8Vk));
therefore

V'x' D @By (r/8VK)x' D ©1(V,16/0)x.

We now claim thatd, (V, 16,7)x N Y"® C V"x’. Indeed, it suffices to show that
Vix' Y@ c v’x'. Takeh € V' such that digtx’, Y) < /3. From the choice of
andn it follows thath € By (201) andx’ € Bq(y, 201). Thus by Lemma 1.3.2(b),

dista(hx', hy) < 2n/3 = distq(hy,Y) <n=>h e V".

Finally, V" is the union of at most #F(y, Y™, t) translatesV,y, each of diameter
at most 2. By (2.11), each of them can be covered by at nag&82/k + 4)* translates
of the formV, ;5 zy. This implies

+
#A/

16 Y1) < ax32Vk + H AT (v, Y 1)

as desired. O
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3.6. We now illustrate the use of the above lemma by proving escapability of a finite
set in the discrete time case (the corresponding facfet R is also true and will be
proved ing4.4).

CoROLLARY. Finite subsets of2 are F-escapable for any nonquasi-unipotent cyclic
subgroupF of G.

Proof. Let Z be a finite subset of2. For anys € N, lett = t, = s 4+ 7. Our goal is to
find r, — 0 andn, such that (3.9) is satisfied. Denafe= gjo;;Z; we will prove that
for some (decreasing to zero as> oo) r = r(t) andn = n(t), one hasSj(YW, 1) <
constant J ', with ‘constant’ being independent of By virtue of Lemma 3.5, it suffices
to find » andn such that for any € Y, §(y, Y™, 1) < constantJ~". SinceY is finite,
one can choose > 0 such thato-neighborhood of any point of contains no other
points of Y. Denote the closure daf® by Q, and assume also that< o1(Q).

Now putr =n = %Zz(t)a; then (2.3) implies that for any € Y, ®,(V,)y is contained
in B(y,0/2). ThusY®™ N ®,(V.)y = B(y, n) N ®,(V,)y has diameter at mosi2= 2r.
Then one can use (2.11) to get#(y, Y™, 1) < a6, or 87 (y, Y™, 1) < co6J7".
This immediately impliesx*), and it remains to apply Corollary 3.4 and both parts of
Theorem 2.3 to get the desired result. O

One can notice that for finite se® the quantitys; ((gjo,1Z)™, t) decreases (in
for suitabler andn) much faster than is needed to satisfy condition (3.9).54nwe
will study a large class of sets for which this quantity decays exponentially. The simple
argument we used to deduce the above corollary will serve as a model for the proof of
the main result.

4. Compacth-transversal submanifolds
4.1. Transversality conditions

4.1.1. Letl andm be two distributions (not necessarifi-invariant) defined on some
subsets of2. We will say thatl is m-transversal at a pointt € Q if [,,m, C g, are
defined andm, is not contained i, (in other words, if the intersectiofy N m, has
positive codimension im,). We will say thatl is m-transversalif for any x €  where
[, is defined,m, is also defined anflis m-transversal ak.

If Z is a C' submanifold of$2, the tangent bundl@ Z of Z can be thought of
as a distribution defined oZ. We will say thatZ is m-transversal (respectivelym-
transversal atz € Z) if TZ is such. An important special case is when= b, the
distribution corresponding to the foliation &f by orbits of the expanding horospherical
subgroupH of G: Z is p-transversal at € Z if dim(h, N 7.Z) < k. Clearly, anyC?
submanifold of dimension less thanis automaticallyh-transversal.

As a quantitative approach tetransversality, we will consider a functieg : Z — R,

Oy(2) E sup disty. (v, T.2).
vebh,, [vl=1

Clearly,6y(z) # 0 iff Z is h-transversal at. It is also straightforward to verify that this
function is continuous in € Z. Therefore, the following lemma holds.
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LEMMA. A compactC? submanifoldZ of Q is h-transversal iff there exist positive
c1 = c1(Z) such thaty (z) > ¢y forall z € Z.

41.2. In the continuous time case, another important example Gtiavariant

distribution is the one defined by the Lie algeljraf F = {g; | + € R}. This gives a
special case of the above definition:Cd submanifoldZ of Q is f-transversal iff the
F-orbit of any point ofZ is not tangent t&Z. We will need the following simple lemma.

LEMMA. Let F = {g, | t € R} and letZ be a compac§-transversalC! submanifold of

Q. Then:

(a) there exists positive; = €1(Z) such thatg[_, .,1Z is a C! manifold;

(b) if, in addition, T Z &1 is h-transversal, then there exists positage= c2(Z) < 1(Z)
such thatZo ,; is h-transversal.

Note thatTZ & f is automaticallyh-transversal whenevef is f-transversal and
dim(Z) < k.

Proof. Using a finite covering of by appropriate coordinate charts@f one can without
loss of generality assume thatis of the forme (U) for some bounded opeti c R,
with ¢ being aC?, nonsingular imbedding defined in an open Eétstrictly containing
U. Defineg : U’ x R — Q by putting@(u, t) = g, (¢(u)). From§f-transversality ofZ it
follows that@ is nonsingular at = 0 andu € U. Henceg is a nonsingular imbedding
of U” x [—e1, £1] into Q for somes; > 0 and an open séi” strictly containingU, and
(a) is proved.

Clearly,(TZ & f); = T(g[-¢,,e11Z). fOr z € Z, sobh-transversality ofl Z @ § implies
that g[_., .,1 Z is h-transversal at any point &, hence (by continuity of the functiof,
introduced in the previous subsection) at any point which is close enoughTherefore
one can choose, < g1 such thatZy ,; is h-transversal. O

4.2. The main theorem

4.2.1. It turns out that thg-transversality property of a compact submanifoldZ
of Q implies certain asymptotic behavior of the quantitégZ ™, r) introduced in§3.
The crucial fact is the following.

THEOREM. Let U and U’ > U be two bounded open subsetsRSf, ¢ : U’ — Q a C*
nonsingular imbedding. Assume ttat= ¢ (U) is h-transversal. Then for any=> 7 there
existsrg = ro(Z, t) > 0 such that for all positive: < rg there exists)jg = no(Z,r) > 0
with

55(Z™, 1) < Cr¥Af!

for all positiven < no, the constanC > 0 being independent o, ¢, r and 5. In other
words,

lim suplim sups* (2™, 1) < Cr¥ i7", (4.1)

r—0 n—0
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Proof. The main idea is roughly the same as that of the proof of Corollary 3.6. Using
compactness and smoothnessZofone takes a smadt such that the intersection of any
o-ball with Z lies in a very thin neighborhood of its tangent hyperplane. For fixete
picks r such that the seb,(V,) has diameter less than Then fromh-transversality of

Z it follows that one can choosg such that for all; € Z, the intersection ofb,(V,)z

with Z™ has very small relative measure dn (V,)z, hence can be covered by a very
small number of translates df..

We now give a detailed proof. LeP be, say, a 1-neighborhood df; consider
o1 = o01(Q) from Lemma 1.3.2. Then choos® < o7 such that the closure of
7@ is contained ing(U’). For anyu < U, denote byW, the ¢-preimage of
B(¢p(u), 02), a neighborhood of: contained inU’. Denote byg, the composition
109,y 0@ : Wi = 8y, 4 — 0.

The assumption that is aC* nonsingular imbedding implies that the magsu« € U,
areC! and nonsingular imbeddings. Moreover, siri¢és compact, the norm of the first
derivative ofg, atu is for all u € U bounded from below. In other words, there exists
a constant, such that for alls € U and allu’ € W,,,

lou@") — eu @l = llgu @)l = collu” — ull. (4.2)

Furthermore, from the uniform continuity af» on U it follows that for anya > O there
existsos(«) such that for alls € U and allu’ € W, with |lu’ — u|| < o3(a) one has

ldeu ()W —u) — @, )| < allu’ —ul. (4.3)

Combining (4.2) and (4.3), we get the following: given amy> 0 andu € U, if
v = @, (') is a point ing, (W,) = log,,, (B(¢(u), 02)) with |Jv|| < c03(e), then there
exists a point” = de, (u)(u' —u) € T,z such that

" / o I
[v" =V < —|lv]l. (4.4)
2

Fix ¢ > ; our goal is to prove (4.1) for some universal const@ntTake any

1 a(t
o < min (oz, —(C203 <clcza( )>> . (4.50)
2 4
Then let
r=a()o, (4.5r)
and take any
n=cir. (4.5n)

Fix a pointz = ¢(u), u € U, and denote by the set{h € ®,(V,) | hz € Z™}. Note
that A (z, Z™, 1) is exactly equal tdy € A,(t) | V,y N A # o}.

CLAIM . There exists a constaudt independent orZ andx such that

VA®) < Ci¥ Ay ) v(V,). (4.6)
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To derive (4.1) from the claim, one can use (2.10) to get
#A (2. 2.0 < arCr® (hp- - M)
for all z € Z, or, by Lemma 3.5,

5:;16\/,;(2(”/3), 1) < aras32Vk + B Cr* (- ) T~ = arar32Vk + ) C12 AL

Sincer (andn after the choice of) can be made arbitrarily small, this completes the
proof of the theorem modulo the claim which will be demonstrated below. O

4.2.2. Proof of Claim. From Lemma 2.2 and the choice gf r ando it follows that
(®,(V,)z) C B(z,0) C B(z, 02). Thus it makes sense to consider ldmages, being
sure (cf. (1.2)) that the metric is being distorted by at most a factor of 2. Define

W

Sinceo was chosen to be less thap, one has

a £'log,(A2) = 5, ( 1) Nlog.(Zz") C §, <L1> N (log. 2)*" C b..

Jk

V(A@)ny < 28 yol(a“n), 4.7

thus it suffices to estimate

@)
vol(a®’v) < vol < (St <\;%I> N (log, Z)(Z")f*) h > (4.8)

It is now time to use differentiability ofy, that is, the inequality (4.4). Take any
7 =¢W) e ZNB(z,0),u €W, and denote logz’) = ¢,(u’) by v'. Then by (4.5),
V]| < 20 < coo3(c1c2a(t)/4), thus by (4.4) and (415
iclczcvl(t)
€2

c1d (1)

dist(v', T, Z) < v < —5 0 < 2cyr.

This clearly implies
(log, Z)®Ps C (T, 2)®1240s, (4.9)

in other words, we have passed from the manifold to its tangent space. The last step is
provided by the assumption ¢ftransversality ofZ. From Lemma 4.1.1 one gets

< 6y(2) sup dist(v, T.Z) sup distv, 7.2)
c1 < z) = v, = _—
" veh,, lvl=1 : veh.~1.z dist(v, b, N T, Z)
therefore
(T,2) %20 « (T.Z Nh)2at2)  «  (T.ZNh,)% . (4.10)

(by (4.57))
Combining (4.7)—(4.10), one obtains

2 vol (s,
2 vol (s,

U(A(ZV)H)

IA

(4r)y
1) N(T.ZN hz)<4’>h) )

z)mnsz“) (4.11)

IA

Sk
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Letg =dim(T,Z Nh,) < k. It is easy to observe that

vol ( (S, (ﬁl) n Tzz)(sr)) <, vol, (S, (ﬁ]) N TZZ> . (4.12)

where vo} is the g-dimensional Lebesgue measure. But this gives one a chance to
translate everything inte//k)1I:

vol, (S, (\;#) n TZZ> < 11l g - VO, (;EI NS N1.Zn hg) , (4.13)

where by|S;[|., we mean the norm of; acting on thegth external power of). Thus
it remains to estimate this norm (again usingal, Lemma 11.1.1]):
k
1St < Cor™ Gugua - 2" (4.14)

and theg-dimensional volume of a section ¢f/+/k)I by ag-dimensional affine space:

vol, (\;%1 NS N1.zn m)) <cor, (4.15)
Putting together the estimates (4.11)—(4.15), one obtainsvia®”) is not greater
than
VA®) < 20, LW Ougra -2t
< zkcchcgt(f%) (Mg - - i) Vi vol (%1) < Ct% G- ) V(W)
whereC = 4“v/kk max,« C,C, Cy/, thus completing the proof of (4.6). O

4.3. The discrete time case

4.3.1. Observe that Theorem 4.3.1 does not say that thZ setquestion satisfies
(7). Indeed, to prove that condition one needs to have an analogue of (4.1¢with
being replaced by 1Z. It turns out that in the casgé = Z this can be easily achieved.

THEOREM. Let F = {g, | t € Z} be a cyclic nhonquasi-unipotent subgroup®f Then for
any h-transversal compaaf'! submanifoldZ of Q

3C(Z) > O such thatvr > 7
lim suplim s(;JpS;*((g[o,,]Z)"”, 1) < C(Z)? (4.16)

r—0 n—
in particular, Z as above satisfig™).

Proof. Clearly, Z can be covered by a finite number of sg{s1 < i < N, with Z; being
of the formg; (U;) for some bounded open subgétof a Euclidean space anrg being
a C* nonsingular imbedding defined in an open set strictly contaibingObserve that

1 All the constantsC,, C‘;, C"]’ below depend only on the dimension ipf
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the manifoldsg; Z;, 1 <[ < t, are all of the above form. Moreover, singg@reserves the
H-orbit foliation of 2, all these manifolds arg-transversal. Subadditivity df" gives

N t
lim sup lim supé;* ((gj0.12)™, 1) < Z Z lim suplimsups; ((:2)™, 1),
r—0 n—0 i—1 =1 r—0 n—0
which is not greater thaw:Cr? A;" by Theorem 4.2.1. O

4.3.2.

COROLLARY. For F and Z as in the above theoren?, is horosphericallyF "-escapable,
henceFT-escapable. Consequently, any comp@tsubmanifold of2 of dimension less
than min(dim(H), dim(H ™)) is F-escapable.

Proof. Immediate from Corollary 3.4 and Theorem 2.3. O

4.3.3. Remark. An important feature of condition (4.16) is its additivity: a set satisfies
(4.16) iff it can be covered by finitely many sets satisfying (4.16). Therefore the
conclusions of Theorem 4.3.1 and Corollary 4.3.2 hold wiertan be covered by
finitely many h-transversal compact! submanifolds. In particular, self-intersections of
at most finite multiplicity do not cause a problem.

The last observation can be put in a more general form: consider a condition

lim suplim suplim sups," ((gj0.12), ) = 0. (k1)
t—+00  r—0 n—0
Clearly (4.16)= (xx*) = (x+T), and one can immediately see that a finite union of sets
satisfying éx™) also satisfies#x™). This is an important difference betweesnx{) and
other escapability conditions that were considered before.

4.3.4. We now consider the situation of Example 1.3.3 and apply Corollary 4.3.2 to
geodesic flows on manifolds of constant negative curvature.

COROLLARY. Let M be a(k + 1)-dimensional complete connected Riemannian manifold
of constant negative curvature, and ketc M be a compac€?! submanifold of dimension
less thank (or a finite union thereof, see Remark 4.3.3). Then for any posititres set
S(Y) is escapable relative toy;. | i € Z} (the geodesic shift o8(M)).

Proof. We use the notation of Example 1.3.3. Defifig to be equal to{g;; | i € Z},
with g, as in (1.3). Then the expanding horospherical subgroup correspondifg to
is exp(h), with h as in (2.1). LetZ stand forp=(S(Y)) = n~X(Y), wherer is the
canonical quotient map af/ " onto M, and letd be the dimension of. Then for all

z € Z, T, Z is a direct sum of the space isomorphic to the Lie alge?bm(s"”ol(R)g

of K and ad-dimensional subspace gf. One can easily check thgtas in (2.1) has
trivial intersection with¢. Therefore the dimension df, N 7,Z is at mostd < k, so
Z is h-transversal. MoreoverZ is clearly a compact! submanifold ofQ, hence it
is horosphericallyF.t-escapable by Corollary 4.3.2. Similar argument shows #hég
h~-transversal, thus horospherically/ -escapable. Theorem 2.3(b) then yields tHat
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is F;-escapable. It remains to notice that, | i € Z} = ,(F;) and¢ is a compact
bi-Lipschitz covering, and apply Theorem 1.2.4(b) to get the desired result. O

4.4. The continuous time case.

4.4.1. In this section we tak& to be of the form{g, | r € R}. Instead of directly
applying the methods df3, we will use a trick of Lemma 4.1.2 and reduce the problem
to the discrete time case.

THEOREM. Let F = {g, | t+ € R} be a one-parameter nonquasi-unipotent subgroup of
G, and let Z be anf-transversal compacC! submanifold ofQ such thatTZ & f is
h-transversal. Ther¥ satisfieq4.16)

Proof. Taket > ¢, and pick a positive < £>(Z) from Lemma 4.1.2(b) such thatis an
integer multiple ofe; one can do this withkx > %82(Z). Denote byF’ = {g/ | s € Z*}
the cyclic semigroup generated gy, i.e. putg, = g,. Also let Z’' stand for the
(h-transversal compadt!) manifold g{_.,z).01Z. Clearly, bothF and F’ induce the
same horospherical decomposition@f However, the constants introduced§®.3 are
parametrization-dependent; more precisely, ifjyand# we denote the constants
and? defined for the grougF’, it is easy to see that; = A5 and?’ = min{s | es > 7}.
Moreover, if§’} stands for the functiod; defined starting from the group’, one has
§'F(U,s)=86"(U,se) foranyU c Q, r > 0 ands € N.

Puts = t/e; thens > ¢, so by Theorem 4.3.1 applied t6 and Z’, there exists
positive C(Z’) such that

lim suplim sups’; ((gfo. Z)™. 5) < C(Z)s®> T3y ~". (4.17)
r—0 n—0

But g ,)Z’ clearly containgpo,1Z, so (4.17) implies

lim suplim sups;” ((g10,12)™, 1) < C(Z)e~ @+ V2 +1 1,
r—0 n—0

which means that the constafitZ) = C(Z')(2/£2(Z))? +* will satisfy (4.16). O

4.4.2, As in the previous section, we immediately get the following.

COROLLARY. For F and Z as in the above theoren?, is horosphericallyF *-escapable,
hence F*-escapable. Consequently, any finite union jdfansversal compactC?
submanifolds of dimension less thawn(dim(H), dim(H 7)) is F-escapable.

In particular, any finite subset a2 is always F-escapable. Note that this solves a
part of Conjecture (B) fromNla2] (the latter asserts that for any finite subgebf Q,
Z U {o0} is escapable).

4.4.3. Remark. Another (less painful) way to prove thé -escapability of Z
(without the stronger uniform condition (4.16)) is provided by a direct application of
Theorem 1.2.4(a). Indeed, plit’ = g[_,(z),0;; We saw thatF"(Z) is a h-transversal
compactC?! submanifold of, so it is F’-escapable by Corollary 4.3.2, therefdfeis
(F"y~LF’-escapable, andF”)~1F’ clearly containsF .
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4.4.4, The assumption dftransversality ofZ is actually very strong and does not
seem to be natural. In particular, in the situation of Corollary 4.8(%) is not f-
transversal whenever a submanifdfdof M has positive dimension. However, we are
able to prove the following.

COROLLARY. Let M be as in Corollary 4.3.4, and let ¢ M be a finite set. The(Y)
is escapable relative t¢y, | ¢t € R} (the geodesic flow ofi(M)).

Proof. We use the notation of Corollary 4.3.4. For anye Z def 7 YY), T.Z is
isomorphic tot = (““&GR’ 8). Hence

is not contained irf, Z, and the direct sum

0 x —x
h. Rf. = xX' 0 a xeRFaeR
xT a 0

has empty intersection with, Z. ThereforeZ is f-transversal and' Z &1 is h-transversal,
so Theorem 4.4.1 applies; the rest of the proof follows that of Corollary 4.3.4 without
changes. O

We remark that from the results dD@] it follows that any countable subset §f M)
is escapable relative to the geodesic flow.
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