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Abstract. LetF be a nonquasi-unipotent one-parameter (cyclic) subgroup of a unimodular
Lie groupG, 0 a discrete subgroup ofG. We prove that for certain classes of subsetsZ

of the homogeneous spaceG/0, the set of points inG/0 with F -orbits staying away
from Z has full Hausdorff dimension. From this we derive applications to geodesic flows
on manifolds of constant negative curvature.

0. Introduction
Given a dynamical system with phase spaceX and a fixed subsetZ of X, consider points
in X with orbits staying away fromZ. Although orbits of almost all points may be dense,
a number of recent results [Da1, Da2, Do, U, KM] indicate that for certain classes of
dynamical systems and subsetsZ, sets of those exceptional points are surprisingly big.
More precisely, they arethick, i.e. have full Hausdorff dimension at any point of the
space. These results motivated the following definition.

Definition. For a setF of mapsX → X, say that a subsetZ of X is F -escapableif
the set{x ∈ X | Fx ∩ Z = ∅} of points with F -orbits staying away fromZ is thick.
Similarly, {∞} is F -escapableif the set of points with bounded orbits is thick.

In all the cases considered below,F will be of the form {gt }, wheret runs through
(a subset of)R or Z; we will sometimes refer to the pair(X, F ) as adynamical system.
Note that if the spaceX is not compact, it may happen thatFx diverges for a thick set of
pointsx; in this case a lot of sets are escapable for trivial reasons. On the other hand, if
the set of recurrent points is thick (e.g. ifM carries a finiteF -invariant measure), one can
intuitively think of existence of large classes of escapable sets as of one of the features
of chaotic behavior of the system. For example, escapability of certain sets relative
to expanding endomorphisms or Anosov diffeomorphisms of Riemannian manifolds is
the subject of recent papers by Urbanski [U] and Dolgopyat [Do]. This suggests the
following problem: given a spaceX and a family of (partially) hyperbolic recurrent
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374 D. Y. Kleinbock

dynamical systems onX, describe the class of ‘dynamically small’ (i.e. escapable relative
to any member of this family) subsets ofX.

Now let G be a Lie group,0 a lattice in G, F = {gt | t ∈ R} a one-parameter
nonquasi-unipotent (see§1.3.3) subgroup ofG. In a higher-rank situation, the left action
of F on G/0 is only partially hyperbolic, hence one cannot count on the existence of
Markov partitions, which were essential in [U] and [Do]. The objective of this work is
to compensate by making use of the underlying rich algebraic structure.

It was proved by Dani for some special cases ([Da1, Da2], see also [AL ]) and then
conjectured by Margulis [Ma1, Conjecture (A)] that the abundance of bounded orbits is a
general feature of nonquasi-unipotent flows on homogeneous spaces of Lie groups. The
latter conjecture was recently settled in the joint paper [KM ] of Margulis and the author.
Namely, we formulate necessary and sufficient conditions for{∞} to be escapable. The
general problem was reduced to the case ‘G is a connected semisimple Lie group without
compact factors and0 is an irreducible lattice inG’. Under these assumptions it is
proved in [KM ] that anyF -invariant closed subsetZ ⊂ � of Haar measure 0 isF -
escapable. The argument in [KM ] is based on mixing properties of theF -action on�.
However, it turns out that some of the technique developed there allows one to state
sufficient conditions for sets to be escapable relative to (possibly non-mixing) actions on
homogeneous spaces of Lie groups.

In §1 we collect all the preliminaries needed, as well as introduce the concept of
escapability.§2 is concerned with the advantages of partial hyperbolicity of actions on
homogeneous spaces. Here we define the ‘horospherical decomposition’ of the groupG

and stress the importance of the expanding leaves of the induced foliation of the space.
We also give some background for the tesselation method first introduced in [KM ].

The goal of the next section is to formulate a Hausdorff-dimension-free condition
sufficient for the escapability of the setZ. Roughly speaking, one needs an asymptotical
uniform bound on the number of small pieces of an expanding leaf which have nonempty
intersection with ‘cylinders’ of the formg[0,t ]Z (see§3.3 for the exact statement). We
prove (Propositions 3.3) that any set satisfying that condition is escapable, this being
the only place where the definition of Hausdorff dimension (via an estimate due to
C. McMullen and M. Urbanski, see Lemma 1.2.2) is crucially involved.

Now let Z be a smooth submanifold of�. We say that it ish-transversal(see§4.1.1)
if for any x ∈ Z the tangent space to the expanding leaf atx is not contained inTxZ.
In §4 we prove the following main result (see Corollary 4.3.2).

THEOREM. Let F = {gt | t ∈ Z} be a cyclic nonquasi-unipotent subgroup ofG. Then any
h-transversal compactC1 submanifold of� is F+-escapable (hereF+ = {gt | t ∈ Z

+}).

See Corollary 4.4.2 for a continuous time analogue of this theorem, which solves a
part of Conjecture (B) from [Ma1]. One can also apply these results to geodesic flows
on manifolds of constant negative curvature. In particular, Corollary 4.4.4 asserts that if
M is a Riemannian manifold of constant negative curvature andY is a finite subset of
M, then the elements(x, ξ) (here,x ∈ M andξ is a unit tangent vector atx) such that
the geodesic throughx in the direction ofξ stays away fromY form a thick subset of
the unit tangent bundle ofM.
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1. Preliminaries
1.1. Nondense orbits.

1.1.1. For topological spacesX, Y , we will denote byXY the set of mapsY → X

and byH(X) the group of self-homeomorphisms ofX. Let F be a subset ofXX andZ

a subset ofX. Denote byE(F, Z) the set of points ofX with F -orbits escapingZ, that
is

E(F, Z)
def= {x ∈ X | F(x) ∩ Z = ∅}.

We will say thatZ is F -escapedby x if x ∈ E(F, Z).
It is easy to see that the operationE(·, ·) is ‘order-reversing’. More precisely, the

following is immediate from the definition:
• E(F, ∪i∈IZi) = ∩i∈IE(F, Zi) and E(F, ∩i∈IZi) = ∪i∈IE(F, Zi), in particular,

Z′ ⊂ Z ⇒ E(F, Z) ⊂ E(F, Z′);
• E(∪i∈IFi, Z) ⊂ ∩i∈IE(Fi, Z) andE(∩i∈IFi, Z) ⊃ ∪i∈IE(Fi, Z), with equalities if

I is finite; in particular,F ′ ⊂ F ⇒ E(F, Z) ⊂ E(F ′, Z).
The crucial role in this work will be played by the fact that sometimes one can deduce

that x ∈ E(F, Z) if one knows that another setZ′, usually bigger thanZ, is F ′-escaped
by x, whereF ′ is another subset ofXX, perhaps smaller thanF . This is formalized in
the following lemma

LEMMA. Let X be a locally compact topological space,F ′ ⊂ XX, Z ⊂ X, and letF ′′

be a compact subset of a topological subgroup ofH(X) acting continuously onX. Then
E((F ′′)−1F ′, Z) = E(F ′, F ′′(Z)).

Proof. Take x /∈ E((F ′′)−1F ′, Z), pick z ∈ (F ′′)−1F ′(x) ∩ Z and take a neighborhood
of z with compact closureQ; then

z ∈ (F ′′)−1(F ′(x) ∩ F ′′(Q)) ⊂ (F ′′)−1(F ′(x) ∩ F ′′(Q)).

By compactness ofF ′′, F ′′(Q) is compact⇒ so isF ′(x)∩F ′′(Q) ⇒ so is(F ′′)−1(F ′(x)∩
F ′′(Q)). Thereforez ∈ (F ′′)−1(F ′(x) ∩ F ′′(Q)) ⊂ (F ′′)−1(F ′(x)) ⇒ F ′(x) ∩ F ′′(z) 6=
∅ ⇒ x /∈ E(F ′, F ′′(Z)). The opposite direction is easy and does not require either
compactness ofF ′′ or local compactness ofX. �

1.1.2. We now mention ‘functorial properties’ of the operationE(·, ·) defined above.
If X, Y are topological spaces andϕ ∈ XY , we will say thatf ∈ YY factors throughϕ

if there existsϕf ∈ XX such thatϕ ◦f = ϕf ◦ϕ (ϕf is clearly unique ifϕ is surjective).
If F ⊂ YY consists of maps factoring throughϕ, we will say thatF factors throughϕ;

in this case we letϕF
def= {ϕf | f ∈ F }.

LEMMA. Let X, Y be topological spaces,ϕ ∈ XY , Z ⊂ X, and letF ⊂ YY consist of
maps factoring throughϕ. Then:
(a) ϕ is continuous⇒ ϕ−1(E(ϕF, Z)) ⊂ E(F, ϕ−1(Z));
(b) ϕ is closed⇒ ϕ−1(E(ϕF, Z)) ⊃ E(F, ϕ−1(Z)).

The proof is straightforward, see [K ] for details.
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1.2. Hausdorff dimension

1.2.1. All distances (diameters of sets) in various metric spaces will be denoted by
‘dist’ (‘diam’), and B(x, r) (respectivelyY (r)) will stand for ther-neighborhood of a
point x (respectively a setY ). To avoid confusion, we will sometimes put subscripts
indicating the underlying metric space. If the metric space is a group ande is its identity
element, we will simply writeB(r) instead ofB(e, r).

We will denote by dim(X) the Hausdorff dimension of a metric spaceX. See [F] for
the definition and basic facts, such as
• X ⊂ Y ⇒ dim(X) ≤ dim(Y );
• X = ⋃

j∈N
Xj ⇒ dim(X) = supj∈N

dim(Xj );
• ϕ ∈ XY is Lipschitz ⇒ dim(ϕ(Y )) ≤ dim(Y ).

One can also estimate Hausdorff dimension of the direct product of two spaces in
terms of the dimension of factors or, more generally, estimate Hausdorff dimension of a
bundle in terms of the dimension of the base and fibers.

LEMMA. Let X1 and X2 be Riemannian manifolds,A1 ⊂ X1, A2 ⊂ X2, B ⊂ X1 × X2.
Denote byBa the intersection ofB and {a} × A2 (the slice ofB at an elementa of A1)
and assume thatBa is nonempty for alla ∈ A1. Then:
(a) dim(B) ≥ dim(A1) + infa∈A1 dim(Ba);
(b) dim(B) ≤ dim(A1) + dim(X2).

Proof.Using countable coverings by normal neighborhoods, one can reduce the statement
to X1 and X2 being open subsets in Euclidean spaces. Then the lower estimate (a)
(which was referred to as the Marstrand slicing theorem in [KM ]) follows from a
theorem of Marstrand ([Mrs ] or [F, Theorem 5.8]). As for the upper estimate, one
hasB ⊂ A1 × X2, and from a theorem of Besicovitch and Moran [BM ] it follows that
dim(A1 × X2) ≤ dim(A1) + dim(X2). Actually, both theorems cited above are stated
and proved for one-dimensionalX1 and X2, but the same proofs work for arbitrary
dimensions. �

1.2.2. We now describe a construction (cf. [F, PW]) of a class of sets for which there
is a natural lower estimate for Hausdorff dimension. LetX be a Riemannian manifold,
ν a Borel measure onX, A0 a compact subset ofX. Say that a countable collectionA
of compact subsets ofA0 of positive measureν is tree-like relative toν if A is the union
of finite nonempty subcollectionsAj , j ∈ Z

+, such thatA0 = {A0} and the following
two conditions are satisfied:

∀j ∈ N ∀A, B ∈ Aj eitherA = B or ν(A ∩ B) = 0; (TL1)

∀j ∈ N ∀B ∈ Aj ∃A ∈ Aj−1 such thatB ⊂ A. (TL2)

Say also thatA is strongly tree-likeif it is tree-like and in addition

dj (A)
def= sup

A∈Aj

diam(A) → 0 asj → ∞. (STL)

Let A be a tree-like collection of sets. For eachj ∈ Z
+, let Aj = ⋃

A∈Aj
A. These

are nonempty compact sets, and from (TL2) it follows thatAj ⊂ Aj−1 for any j ∈ N.
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Therefore one can define the (nonempty)limit set of A to be

A∞ =
⋂

j∈Z+
Aj .

Further, for any subsetB of A0 with ν(B) > 0 and anyj ∈ N, define thej th stage
density1j(B,A) of B in A by

1j(B,A) = ν(Aj ∩ B)

ν(B)
,

and thej th stage density1j(A) of A by 1j(A) = infB∈Aj−1 1j(B,A).
The following estimate, based on an application of Frostman’s lemma, is essentially

proved in [Mc] and [U].

LEMMA. Assume that there existsk > 0 such that

lim inf
r→0

log(ν(B(x, r)))

log(r)
≥ k (1.1)

for any x ∈ A0. Then for any strongly tree-like (relative toν) collectionA of subsets
of A0

dim(A∞) ≥ k − lim sup
j→∞

∑j

i=1 log(1i(A))

log(dj (A))
.

1.2.3. LetX be a metric space. A subsetA of X will be called thick (in X) if for
any nonempty open subsetW of X, dim(W ∩ A) = dim(W) (i.e. A has full Hausdorff
dimension at any point ofX). Clearly, thick subsets are dense inX and, if dim(X) > 0,
have cardinality of continuum. However, the thick subsets of Riemannian manifoldsX

that we are going to consider may be small from the point of view of both topology
(i.e. they may be of first category inX) and measure theory (they may have zero volume).

Let X andY be Riemannian manifolds. Say that a continuous mapϕ : Y → X is a
bi-Lipschitz coveringif for any x ∈ X there exists a neighborhoodU of x, a Riemannian
manifold M and a bi-Lipschitz homeomorphismU × M → ϕ−1(U) sendingϕ to the
natural projectionU × M → U . Clearly, such a mapϕ is automatically open and
surjective. We will say that the covering iscompactif M can be taken to be compact.
Using the properties of Hausdorff dimension mentioned above, one can easily prove the
following lemma.

LEMMA. Let X and Y be Riemannian manifolds,ϕ ∈ XY a bi-Lipschitz covering andA
a subset ofX. ThenA is thick iff ϕ−1(A) is thick.

1.2.4. LetX be a locally compact metric space andF ⊂ XX. Say that a subsetZ of
X is escapable relative toF (or, briefly, F -escapable) if the setE(F, Z) is thick in X.

Clearly, any subset of anF -escapable set isF -escapable, and for any subsetF ′ of
F , any F -escapable set isF ′-escapable (but a union of two escapable sets need not be
escapable). Furthermore, one can use the facts listed in the two previous sections to
derive the following.
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THEOREM.
(a) Let X be a locally compact metric space,F ′ a subset ofXX and F ′′ a compact

subset of a topological subgroup ofH(X) acting continuously onX. ThenZ ⊂ X

is (F ′′)−1F ′-escapable iffF ′′(Z) is F ′-escapable.
(b) LetX andY be Riemannian manifolds,ϕ ∈ XY a compact bi-Lipschitz covering and

F a subset ofYY which factors throughϕ. ThenZ ⊂ X is ϕF -escapable iffϕ−1(Z)

is F -escapable.

Proof. Part (a) follows from Lemma 1.1.1, while part (b) is obtained by combining
Lemma 1.1.2 with Lemma 1.2.3 (note that a compact covering is necessarily closed).�

1.3. Lie groups and homogeneous spaces

1.3.1. LetG be a unimodular real Lie group. We will denote byg the Lie algebra of
G and fix a Euclidean structure ong inducing a right-invariant Riemannian metric onG.
The fact thatg can serve as a good approximation forG at a neighborhood of identity
will be recorded as a lemma.

LEMMA. There exists positiveσ0 < 1 such that:
(a) the exponential mapexp :g → G is injective onBg(4σ0); moreover,
(b) for any u, v ∈ Bg(4σ0),

1
2‖u − v‖ ≤ dist(exp(u), exp(v)) ≤ 2‖u − v‖ (i.e. up to a

factor of 2, exp is an isometry4σ0-close to0 ∈ g).

1.3.2. Let 0 be a discrete subgroup ofG; we will always denote by� the
homogeneous spaceG/0, and equip it with the Riemannian metric coming fromG.
For anyx ∈ � we letπx stand for the quotient mapG → �, g → gx, which will be an
isometry restricted to a (depending onx) neighborhood ofe ∈ G.

Note that the tangent space to� at anyx ∈ � can be identified withg = TeG via
(dπx)e; we will make use of this identification and denoteTx� by gx . Similarly, for any
subspacel ⊂ g, lx will stand for the corresponding subspace ofgx , i.e. lx = (dπx)e(l).
In other words,l will be viewed as aG-invariant distribution on�. We also denote by
expx : gx → � the compositionπx ◦ exp.

The following lemma lists several elementary local geometric properties of�.

LEMMA. For any boundedQ ⊂ � there exists positiveσ1 = σ1(Q) < σ0, such that for
all x ∈ Q:
(a) πx is injective (hence an isometry) onB(4σ1);
(b) for anyy ∈ B(x, 2σ1) andg ∈ B(2σ1), dist(gx, gy) ≤ 2 · dist(x, y).

From (a) and Lemma 1.3.1 it follows immediately that forx ∈ Q, the map expx is
injective and bi-Lipschitz onBg(2σ1), i.e.

1
2‖u − v‖ ≤ dist(exp(u), exp(v)) ≤ 2‖u − v‖ ∀u, v ∈ Bgx

(2σ1). (1.2)

We will denote by logx : � → gx the inverse of expx defined (and bi-Lipschitz) at least
in B(x, 2σ1), x ∈ Q.
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1.3.3. An elementg ∈ G will be calledquasi-unipotentif |λ| = 1 for all eigenvalues
λ of Ad g; a subsetF of G will be called quasi-unipotentif all elements ofF are
quasi-unipotent, andnonquasi-unipotentotherwise.

Example.Let G = SOk+1,1(R), let 0 be a discrete torsion-free subgroup ofG, � = G/0

and letK =
(

SOk+1(R)

0
0
1

)
be a maximal compact subgroup ofG. Choose a Riemannian

metric onG which is leftK-invariant (as well as right invariant). Then it is well-known

that the double coset spaceM
def= K\� is a Riemannian manifold of constant negative

curvature, and� can be identified with the bundle of orthonormal frames associated
to M. Moreover, any complete connected Riemannian manifold of constant negative

curvature can be realized in the above way. Consider alsoC =
(

SOk(R)

0
0
I2

)
; then the

double coset spaceC\� can be identified with the unit tangent bundle ofM, that is,
S(M) = {(x, ξ) | x ∈ M, ξ ∈ TxM, ‖ξ‖ = 1}.

Denote byϕ the canonical quotient map� → S(M), and consider a nonquasi-
unipotent one-parameter subgroupF = {gt | t ∈ R} of G commuting withC, where

gt =

 Ik 0 0

0 cht sht

0 sht cht


 . (1.3)

Then the action ofF on � factors throughϕ, and it is well-known (cf. [Mau]) that the
induced action is exactly the geodesic flow onS(M). In other words, let{γx,ξ (t)}
be the geodesic onM through x in the direction of ξ parametrized by arclength.
With some abuse of notation, we letγt be the time-t map of the geodesic flow, i.e.
γt (x, ξ) = (γx,ξ (t), γ̇x,ξ (t)); thenγt = ϕgt .

2. The expanding horospherical subgroup and its tesselations
2.1. From now on, we will be considering actions of nonquasi-unipotent one-
parameter subgroupsF of a unimodular Lie groupG on � = G/0, where 0 is a
discrete subgroup ofG. Specifically, we will talk aboutF = {gt | t ∈ T }, whereT
will stand for eitherR or Z. We also introduce the notationT + def= {t ∈ T | t ≥ 0} and

T − def= {t ∈ T | t ≤ 0}, and letF± = {gt | t ∈ T ±}.
To study F -escapable sets, it is helpful to consider a special ‘horospherical’

decomposition ofG relative toF+. Following [KM , §1.3], one can define subgroupsH ,
H 0, H− of G such thatH− is a horospherical subgroup with respect tog1, while H is
horospherical with respect tog−1, and the Lie algebrash, h0 andh− of H , H 0 andH−

span the Lie algebrag of G. The subgroupF is nonquasi-unipotent iff bothh andh−

are nonzero. We will refer toH as theexpanding horospherical subgroupcorresponding
to F+ (see§2.2 for motivation). By symmetry,H− is of course expanding horospherical
with respect toF−. Note that bothH andH− are connected simply connected nilpotent
Lie groups.

Sinceg = h ⊕ h0 ⊕ h−, the product ofH−, H andH 0 (in any order) is open inG
and contains the identity. Moreover, the direct product ofH−, H 0 andH also hasg as
its Lie algebra, so one can apply Lemma 1.3.1 to it to get that the multiplication map
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from a neighborhood of identity in that direct product toG is one-to-one and distorts
distances by at most the factor of 2.

We will denote byk the dimension ofH and fix a Haar measureν on H .

Example.If G and F = {gt | t ∈ R} are as in Example 1.3.3, bothH and H− are
isomorphic toR

k. Trivial computation shows that the Lie algebra ofH is given by

h =




 0 x −x

xT 0 0
xT 0 0




∣∣∣∣∣∣ x ∈ R
k


 . (2.1)

2.2. The subalgebrash, h0, h− are invariant under AdF , which implies that the
subgroupsH , H 0, H− are normalized byF . Moreover, it is easy to show that for
all t > 0 the inner automorphism8t : G → G, g → gtgg−t , defines anexpanding
automorphism ofH . More precisely, denote bySt the restriction ofd8t on h. From
the definition ofh it follows that the absolute valuesλt

1, . . . , λ
t
k of the eigenvalues ofSt

(ignoring multiplicities) are greater than 1. We will order them so thatλ1 ≤ · · · ≤ λk,
and denote byJ = λ1 · · · λk the Jacobian of81; then

ν(8t(V )) = J tν(V ) (2.2)

for any t ∈ T and any measurable subsetV of H .
Clearly, if V is a small enough neighborhood of identity inH , then the contracting

properties of the map8−1
t , t > 0, on V are more or less determined by the bounds

λ−t
1 , . . . , λ−t

k on the spectrum ofS−1
t . More precisely, the following lemma is true.

LEMMA. There exists a constanta0 > 0 such that for all t ∈ T + and all g, h ∈
BH(σ0), g 6= h, one has

ǎ(t)
def= 1

a0
t−kλ−t

k ≤ dist(8−1
t (g), 8−1

t (h))

dist(g, h)
≤ â(t)

def= a0t
kλ−t

1 . (2.3)

Proof. Pass to the action ofSt on h using Lemma 1.3.1, and then apply the estimates on
iterations of linear transformations as in [Ma2, Lemma II.1.1]. �

Note that the functionša(t) and â(t) defined in (2.3) are decreasing for larget and
tend to zero ast → ∞. We put

t̂
def= inf

{
τ ∈ T + | â(t) ≤ 1

16
√

k
and â′(t) ≤ 0 for all t ≥ τ

}

and will be in many cases takingt to be not less than̂t .

2.3. We will consider the foliation of� by orbits ofH , and will be estimating the
Hausdorff dimension of subsets of� by looking at their intersections with leaves of this
foliation. To make this idea more transparent, we introduce the following definition:
say that a subsetZ of � is horospherically escapable relative toF+ (or, briefly,
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Nondense orbits of flows on homogeneous spaces 381

horosphericallyF+-escapable) if there exists an open dense subset�+ of � such that
for any y ∈ �+ and for any neighborhoodV of identity in H ,

dim({h ∈ V | hy ∈ E(F+, Z)}) = dim(H). (2.4+)

In other words, if for anyy ∈ �+ the setH ∩ π−1
y (E(F+, Z)) has full Hausdorff

dimension ate ∈ H .
The importance of this notion is shown by the following theorem.

THEOREM.
(a) Z ⊂ � is horosphericallyF+-escapable⇒ it is F+-escapable.
(b) Z is compact and horospherically escapable relative to bothF+ and F− ⇒ it is

F -escapable.

We remark that horosphericalF−-escapability means existence of an open dense
subset�− of � such that for anyy ∈ �− and for any neighborhoodV − of identity in
H−,

dim({h− ∈ V − | h−y ∈ E(F−, Z)}) = dim(H−). (2.4−)

Proof. Given a nonempty openW ⊂ �, choose a pointx ∈ W ∩ �+ and put
Q = B�(x, 1). Then takeU ⊂ BG(σ1(Q)) of the form V V −V 0, whereV , V − and
V 0 are small neighborhoods of identity inH , H− andH 0 respectively, such thatUx is
insideW ∩ �+. Sinceπx |U is an isometry, it suffices to prove that

dim(π−1
x (E(F+, Z) ∩ Ux)) = dim({g ∈ U | gx ∈ E(F+, Z)}) = dim(G).

Furthermore, sinceU is bi-Lipschitz homeomorphic toV × V 0 × V −, it is enough to
show that

dim({(h, h0, h−) ∈ V × V 0 × V − | hh0h−x ∈ E(F+, Z)}) = dim(G). (2.5)

Observe that for anyh− ∈ V − and h0 ∈ V 0, the pointsy = h0h−x are in �+, hence
satisfy (2.4+). Therefore, by Lemma 1.2.2(a), the right-hand side of (2.5) is not less than
(and therefore equal to)k + dim(V 0 × V −) = dim(G), which proves (a).

For (b), we are given two dense open sets�+ and �− and an arbitrary nonempty
open setW . Pick a pointx ∈ W ∩ �+ ∩ �− and again chooseU ⊂ BG(σ1(Q)), with
Q = B�(x, 1) as above. However,U will now be of the formV −V V 0, with V , V − and
V 0 being small neighborhoods of identity inH , H− andH 0 respectively, such thatUx

is insideW ∩ �+ ∩ �−. For brevity, we will skip the bi-Lipschitz argument and work
with U as if it were the direct product ofV , V − andV 0.

Denote byB the set{g ∈ U | gx ∈ E(F+, Z)}. SinceV 0x ⊂ �+, the pointsy = h0x

satisfy (2.4+) for anyh0 ∈ V 0; in other words, the sliceB∩V h0 has Hausdorff dimension
k for any h0 ∈ V 0. Thus, by Lemma 1.2.2,

dim(B ∩ V V 0) = dim(V 0) + k. (2.6)

We now claim that for allg ∈ B there exists a neighborhoodV −(g) of identity in
H− such thatV −(g)g ⊂ B. Indeed, forg ∈ B denote byε(g) the distance between
disjoint closed setsZ andF+gx; it is always positive becauseZ is compact. Since the
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map8t , t > 0, is contracting onH−, one can find an open neighborhoodV −(g) of the
identity in H− such thatV −(g)gh ⊂ U and diam(8t(V

−(g)) ≤ ε(g)/2 for any t ∈ T +.
ThengtV

−(g)gx = 8t(V
−(g))gtgx is for any t ∈ T + disjoint from Z(ε(g)/2), hence the

claim.
Take h0 and h such thathh0 ∈ B ∩ V V 0. The pointsy = hh0x are in �−, so

one can apply (2.4−) with V −(hh0) in place ofV −, and then combine it with (2.6) via
Lemma 1.2.2(a) to conclude that dim({g ∈ B | gx ∈ E(F−, Z)}) = dim(G). At the
same time,{g ∈ B | gx ∈ E(F−, Z)} = {g ∈ U | gx ∈ E(F+, Z) ∩ E(F−, Z)} is equal
to {g ∈ U | gx ∈ E(F, Z)}, which finishes the proof. �

2.4. To prove horospherical escapability of subsets of� we will be using the
following criterion.

PROPOSITION. For Z ⊂ �, the following are equivalent:
(i) Z is horosphericallyF+-escapable;
(ii) there exists an open dense subset�+ of � such that for anyx ∈ �+ there is a

sequence of neighborhoodsV (s) of identity inH (s ∈ N) with

diam(V (s)) → 0 as s → ∞ (2.7)

and
dim({h ∈ V (s) | hx ∈ E(F+, Z)}) → k as s → ∞. (2.8)

Proof. From (i) it follows that the left-hand side of (2.8) is equal tok for any open
V (s) ⊂ H . Conversely, assume (ii) and take any neighborhoodV of identity in H ;
by (2.7),V (s) ⊂ V for large enoughs. Hence

dim({h ∈ V | hx ∈ E(F+, Z)}) ≥ dim({h ∈ V (s) | hx ∈ E(F+, Z)}) → k ass → ∞,

and (2.4+) follows. �

2.5. We now recall and refine some of the results of [KM , §3]. Say that an open
subsetV of H is a tesselation domainfor the right action ofH on itself relative to a
countable subset3 of H if:
(i) ν(∂V ) = 0;
(ii) γ1(V ) ∩ γ2(V ) = ∅ for different γ1, γ2 ∈ 3; and
(iii) X = ⋃

γ∈3 γ (V ).
The pair(V , 3) will be called atesselationof H . We will use a one-parameter family

of tesselations ofH defined as follows: if{X1, . . . , Xk} is a fixed orthonormalstrong
Malcev basisof h (see [CG] or [KM , §3.3] for the definition), we letI = {∑k

j=1 xjXj |
|xj | < ε/2} be the unit cube inh, and then takeVr = exp((r/

√
k)I ). It was proved in

[KM ] that Vr is a tesselation domain ofH ; let 3r be a corresponding set of translations.
The properties of the family{Vr | r ≤ σ0}, with σ0 from Lemma 1.3.1, are listed below.

PROPOSITION. There exist positive constantsa1 anda2 such that for any positiver ≤ σ0:
(a) B(r/4

√
k) ⊂ Vr ⊂ B(r);

(b) for any positiver ′ ≤ r, Vr ′ ⊂ Vr ;
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(c) for any positiveb ≤ 1,

ν((∂Vr)
(br)) ≤ a1ν(Vr) · b; (2.9)

(d) for any subsetA of H

#{γ ∈ 3r | Vrγ ∩ A 6= ∅} ≤ ν(A(2r))

ν(Vr)
; (2.10)

in particular, for A of diameter not greater thanlr ≤ σ0,

#{γ ∈ 3r | Vrγ ∩ A 6= ∅} ≤ a2(l + 4)k. (2.11)

Roughly speaking, parts (a) and (d) mean that one can think of the setsVr as balls
of radiusr: each of theVr is contained in a ball of radiusr, and each such ball can be
covered by at mosta26k translates ofVr .

Note that givenVr , there are many choices of3r giving a tesselation(Vr, 3r) of H .
In what follows we will arbitrarily choose3r for all positive r ≤ σ0; nothing will ever
depend on these choices.

2.6. Recall thatH is the expanding horospherical subgroup corresponding toF+,
which means that it comes with a one-parameter family{8t | t ∈ T +} of expanding
automorphisms. Givenr ≤ σ0 and t ∈ T +, let us denote by3r(t) the set of translations
γ ∈ 3r such that the translatesVrγ lie entirely inside the image ofVr by the map8t ,
i.e.

3r(t)
def= {γ ∈ 3r | Vrγ ⊂ 8t(Vr)}.

Let us show now that whent is large enough, the measure of the union of the translates
Vrγ , γ ∈ 3r(t), is approximately equal to the measure of8t(Vr); in other words,
boundary effects are negligible.

PROPOSITION. For any r ≤ σ0 and anyt ∈ T +:
(a) J t ≥ #3r(t) ≥ J t (1 − 2a1â(t));
(b) the union

⋃
γ∈3r(t)

Vrγ contains the8t -image of the ballB((1/4
√

k−2â(t))r) (note

that the latter ball containsB(r/8
√

k) whenevert ≥ t̂).

Proof. The upper estimate for #3r(t) is immediate from∪γ∈3r(t)Vrγ ⊂ 8t(Vr) and
(Vr, 3r) being a tesselation ofH . For the lower estimate, one has

3r(t) = {γ ∈ 3r | Vrγ ∩ 8t(Vr) 6= ∅} r {γ ∈ 3r | Vrγ ∩ ∂(8t(Vr)) 6= ∅}
= {γ ∈ 3r | Vrγ ∩ 8t(Vr) 6= ∅} r {γ ∈ 3r | 8−1

t (Vrγ ) ∩ ∂(Vr) 6= ∅}.
Since(Vr, 3r) is a tesselation ofH , the number of elements in the first set is not less
thanν(8t(Vr))/ν(Vr) = J t , while the cardinality of the second one is not greater than

ν((∂Vr)
(diam(8−1

t (Vr ))))

ν(8−1
t (Vr))

≤
(by (2.2) and (2.3))

J t ν((∂Vr)
(â(t) diam(Vr )))

ν(Vr)

(by Proposition 2.5(a)) ≤ J t ν((∂Vr)
(2â(t)r))

ν(Vr)
≤

(by (2.9))
J t2a1â(t),
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hence (a). Now observe that the above argument also gives

⋃
γ∈3r(t)

8−1
t (Vrγ ) ⊃ Vr r (∂Vr)

(2â(t)r) ⊃ B

((
r

4
√

k
− 2â(t)

)
r

)
,

which implies (b). �

3. A condition sufficient for escapability
3.1. Suppose a subsetU of �, y ∈ �, t ∈ T + and positive r ≤ σ0 are
given. We want to generalize the definition of the set3r(t) in the following two
ways: let3+

r (y, U, t) (respectively3−
r (y, U, t)) consist of all translationsγ ∈ 3r(t)

such thatVrγy has nonempty (respectively empty) intersection withU . Note that
3r(t) = 3+

r (y, �, t) = 3−
r (y, ∅, t) for any y ∈ �, and that3r(t) is a disjoint union

of 3+
r (y, U, t) and 3−

r (y, U, t) for any y and U . Also define the quantityδ±
r (y, U, t)

to be the density (relative measure) in8t(Vr) of the union ofVrγ , γ ∈ 3±
r (y, U, t), in

other words

δ±
r (y, U, t)

def=
ν

(⋃
γ∈3±

r (y,U,t) Vrγ
)

ν(8t(Vr))
= J−t#3±

r (y, U, t),

and put δ̄−
r (U, t)

def= infy∈� δ−
r (y, U, t) and δ̄+

r (U, t)
def= supy∈� δ+

r (y, U, t). By
Proposition 2.6(a),

1 ≥ δ̄+
r (U, t) + δ̄−

r (U, t) ≥ 1 − 2a1â(t) (3.1)

for any t ∈ T + andU ⊂ �.
Before stating the main result of this section, let us introduce more notation. If

t1 < t2 ∈ T , we let

[t1, t2]
def=

{ {t1 + 1, . . . , t2} if T = Z

{t | t1 ≤ t ≤ t2} if T = R.

In other words, [t1, t2] stands for the compact segment ofT with endpoint t2 and
‘magnitude’ t2 − t1 (where magnitude means either length or number of elements). We

also putg[t1,t2]
def= {gt | t ∈ [t1, t2]}.

THEOREM. Let an open subsetU of �, t ∈ T + with t̂ ≤ t , and positiver ≤ σ0 be given;
denote byFt the semigroup{gjt | j ∈ N}. Then for anyy ∈ � there is a subsetA∞(y) of
Vr such that

dim(A∞(y)) ≥ k − log(δ̄−
r (U, t))

log(â(t))
(3.2)

and
A∞(y)y ⊂ E(Ft , U). (3.3)

Proof. We will construct a family
{A(y) | y ∈ �

}
of strongly tree-like (relative to the

Haar measureν on H ) collections of subsets ofVr inductively as follows. First let
A0(y) = {Vr} for all y ∈ �, then define

A1(y) = {8−1
t (Vrγ ) | γ ∈ 3−

r (gty, U, t)}. (3.4)
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More generally, ifAi (y) is defined for ally ∈ � and i < j , we let

Aj (y) = {8−1
t (Aγ ) | A ∈ Aj−1(γgty), γ ∈ 3−

r (gty, U, t)}. (3.5)

The properties (TL1) and (TL2) follow readily from the construction and(Vr, 3r)

being a tesselation ofH ; hence it makes sense to talk about the limit setA∞(y) of
A(y). Also, from (3.5) and Lemma 2.2 it follows that for allj ∈ N and y ∈ �, the
constantdj (A(y)) is not greater than 2r(â(t))j , and therefore (STL) is satisfied (recall
that â(t) < 1 for t ≥ t̂). Let us now show by induction that thej th density1j(A(y))

of A(y) is for all y ∈ � andj ∈ N bounded from below byδ. Indeed, by definition

11(Vr,A(y)) = ν(A1(y))

ν(V r)
=

(by (3.4))

ν(
⋃

γ∈3r(gt y,U,t) 8−1
t (Vrγ ))

ν(Vr)

(by relative8t -invariance ofν) = J−t#3−
r (gty, U, t)

= δ−
r (gty, U, t) > δ̄−

r (U, t).

On the other hand, ifj ≥ 2 and B ∈ Aj−1(y) is of the form 8−1
t (Aγ ) for

A ∈ Aj−2(γgty), formula (3.5) gives

1j(B,A(y)) = ν(B ∩ Aj (y))

ν(B)
= ν(8−1

t (B ∩ Aj (y)))

ν(8−1
t (B))

= ν(Aγ ∩ Aj−1(γgty)γ )

ν(Aγ )
= ν(A ∩ Aj−1(γgty))

ν(A)
= 1j−1(A,A(γgty)),

and induction applies. Finally, the measureν clearly satisfies (1.1) withk = dim(H),
and an application of Lemma 1.2.2 yields that for ally ∈ �

dim(A∞(y)) ≥ k − lim sup
j→∞

j log(δ̄−
r (U, t))

log(2r(â(t))j )
,

which is exactly the right-hand side of (3.2).
It now remains to show (3.3). First note that from (3.4) it immediately follows that

for all y ∈ �, the set8t(A1(y))gty = gtA1(y)y is disjoint from U . The definition
(3.5) and induction then givegjtAj (y)y ∩ U = ∅ for all y ∈ � and j ∈ N. But U is
open, hence the closure ofFtz is disjoint fromU for any z ∈ A∞(y)y; in other words,
z ∈ E(Ft , U), and the proof is completed. �

3.2.
COROLLARY. Let U , t and r be as in the above theorem, and letZ ⊂ � be such that
g[0,t ]Z ⊂ U . Then for anyx ∈ �,

dim({h ∈ Vr | hx ∈ E(F+, Z)}) ≥ k − log(δ̄−
r (U, t))

log(â(t))
. (3.6)

Proof. Indeed, one hasE(Ft , U) ⊂ E(Ft , g[0,t ]Z) = E(F+, Z) by Lemma 1.1.1;
therefore the set described in the left-hand side of (3.6) containsA∞(x), and the claim
follows from (3.2). �
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3.3. Now we are ready to use Proposition 2.4 and write down a condition† sufficient
for horospherical escapability ofZ ⊂ �.

PROPOSITION. For Z ⊂ �, assume that for anyx ∈ � there exist sequencesrs → 0,
ts ∈ T +, t̂ ≤ ts , and a sequence of open setsUs containingg[0,ts ]Z, s ∈ N, with

lim
s→∞

− log(δ̄−
rs
(Us, ts))

ts
= 0 (3.7)

(i.e. δ̄−
rs
(Us, ts) decays at most subexponentially with respect tots). Then Z is

horosphericallyF+-escapable.

Proof. Indeed, the sequence

log(â(ts))

ts
= log(a0) + k log(ts) + ts log(λ̂)

ts

is bounded between two negative constants, hence (3.7) is equivalent to

lim
s→∞

log(δ̄−
rs
(Us, ts))

log(â(ts))
= 0. (3.8)

Clearly, the sequenceV (s) = Vrs
satisfies (2.7), and (2.8) follows from (3.6) and (3.8);

an application of Proposition 2.4 finishes the proof. �

In what follows, we will be taking the setsUs to beηs-neighborhoods ofg[0,ts ]Z for
some positiveηs . In other words, we will be checking the following condition:

lim inf
r→0,t≥t̂ ,η>0

− log(δ̄−
r ((g[0,t ]Z)(η), t))

t
= 0, (∗−)

which has just been proven to be sufficient for escapability ofZ.

3.4. In many cases it is more convenient to estimateδ̄+
r (U, t) from above than

δ̄−
r (U, t) from below‡. One immediately has the following.

COROLLARY. (∗−) is equivalent to

lim inf
r→0,t≥t̂ ,η>0

− log(1 − δ̄+
r ((g[0,t ]Z)(η), t))

t
= 0, (∗+)

i.e. to the existence of sequencesrs → 0, ηs > 0 and ts ∈ T +, t̂ ≤ ts , with

lim
s→∞

− log(1 − δ̄+
rs
((g[0,ts ]Z)(ηs), ts))

ts
= 0. (3.9)

In particular, any set satisfying(∗+) is horosphericallyF+-escapable.

† See [K ] for a weaker condition also sufficient for escapability ofZ, as well as for a unified exposition of
methods and results from [KM ] and the present paper.
‡ One of the reasons is the subadditivity ofδ̄+

r (U, t) in the first variable:U ⊂ ∪n
i=1Ui implies δ̄+

r (U, t) ≤∑n
i=1 δ̄+

r (Ui , t) for any t andr.
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Proof.By (3.1),− log(1− δ̄+
r (U, t)) ≤ − log(δ̄−

r (U, t)), hence (∗−) implies (∗+) . On the
other hand, take sequences satisfying (3.9) and letUs = (g[0,ts ]Z)(ηs). If {τs} is bounded,
one necessarily haŝδ+

rs
(Us, ts) = 0 for larges, henceδ̄−

rs
(Us, ts) = 1 and (3.8) is satisfied.

Otherwise,â(ts) decays at least exponentially with respect tots , therefore

lim
s→∞

− log(1 − δ̄+
rs
(Us, ts))

τs

= lim
s→∞

− log(1 − δ̄+
rs
(Us, ts) − 2a1â(ts))

ts
,

while the denominator on the right-hand side is not less that− log(δ̄−
rs
(Us, ts)) by (3.1).�

3.5. The use ofη-neighborhoods has the following technical advantage: in order to
estimate the quantityδ+

r (x, Y (η), t) uniformly for all x ∈ �, one can in many cases worry
only about pointsx in the setY . Let us record this observation as a lemma.

LEMMA. Let a bounded subsetY of �, t ≥ t̂ , η < 6σ1(Y ) and r < σ1(Y )ǎ(t) be given.
Then for anyx ∈ � there existsy ∈ Y such that

δ+
r/16

√
k
(x, Y (η/3), t) ≤ a2(32

√
k + 4)kδ+

r (y, Y (η), t). (3.10)

Proof. Take anyx ∈ �; if 8t(Vr/16
√

k)x ∩ Y (η/3) = ∅, (3.10) is trivially satisfied for any
y ∈ Y . Otherwise, there existsy ∈ Y andx ′ ∈ 8t(Vr/16

√
k)x such that dist(y, x ′) < η/3.

Since diam(Vr/16
√

k) ≤ r/8
√

k, 8t(Vr/16
√

k)x is contained in8t(BH (r/8
√

k))x ′.
Consider

V ′ def=
⋃

γ∈3r(t)

Vrγ and V ′′ def=
⋃

γ∈3+
r (y,Y (η),t)

Vrγ ;

clearly V ′′ ⊂ V ′ ⊂ 8t(Vr). Note that Lemma 2.2 implies8t(Vr) ⊂ B(r/ǎ(t)) ⊂
B(2σ1(Y )). On the other hand, by Proposition 2.6(b),V ′ contains8t(BH (r/8

√
k));

therefore

V ′x ′ ⊃ 8t(BH (r/8
√

k))x ′ ⊃ 8t(Vr/16
√

k)x.

We now claim that8t(Vr/16
√

k)x ∩ Y (η/3) ⊂ V ′′x ′. Indeed, it suffices to show that
V ′x ′ ∩ Y (η/3) ⊂ V ′′x ′. Takeh ∈ V ′ such that dist(hx ′, Y ) < η/3. From the choice ofr
andη it follows that h ∈ BH(2σ1) andx ′ ∈ B�(y, 2σ1). Thus by Lemma 1.3.2(b),

dist�(hx ′, hy) < 2η/3 ⇒ dist�(hy, Y ) < η ⇒ h ∈ V ′′.

Finally, V ′′ is the union of at most #3+
r (y, Y (η), t) translatesVrγ , each of diameter

at most 2r. By (2.11), each of them can be covered by at mosta2(32
√

k + 4)k translates
of the formVr/16

√
kγ . This implies

#3+
r/16

√
k
(x, Y (η/3), t) ≤ a2(32

√
k + 4)k#3+

r (y, Y (η), t)

as desired. �
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3.6. We now illustrate the use of the above lemma by proving escapability of a finite
set in the discrete time case (the corresponding fact forT = R is also true and will be
proved in§4.4).

COROLLARY. Finite subsets of� are F -escapable for any nonquasi-unipotent cyclic
subgroupF of G.

Proof. Let Z be a finite subset of�. For anys ∈ N, let t = ts = s + t̂ . Our goal is to
find rs → 0 andηs such that (3.9) is satisfied. DenoteY = g[0,t ]Z; we will prove that
for some (decreasing to zero ast → ∞) r = r(t) andη = η(t), one hasδ̄+

r (Y (η), t) ≤
constant·J−t , with ‘constant’ being independent oft . By virtue of Lemma 3.5, it suffices
to find r andη such that for anyy ∈ Y , δ+

r (y, Y (η), t) ≤ constant·J−t . SinceY is finite,
one can chooseσ > 0 such thatσ -neighborhood of any point ofY contains no other
points ofY . Denote the closure ofY (1) by Q, and assume also thatσ < σ1(Q).

Now putr = η = 1
2 ǎ(t)σ ; then (2.3) implies that for anyy ∈ Y , 8t(Vr)y is contained

in B(y, σ/2). ThusY (η) ∩ 8t(Vr)y = B(y, η) ∩ 8t(Vr)y has diameter at most 2η = 2r.
Then one can use (2.11) to get #3+

r (y, Y (η), t) ≤ a26k, or δ+
r (y, Y (η), t) ≤ c06kJ−t .

This immediately implies (∗+), and it remains to apply Corollary 3.4 and both parts of
Theorem 2.3 to get the desired result. �

One can notice that for finite setsZ the quantityδ̄+
r ((g[0,t ]Z)(η), t) decreases (int

for suitabler and η) much faster than is needed to satisfy condition (3.9). In§4 we
will study a large class of sets for which this quantity decays exponentially. The simple
argument we used to deduce the above corollary will serve as a model for the proof of
the main result.

4. Compacth-transversal submanifolds
4.1. Transversality conditions

4.1.1. Letl andm be two distributions (not necessarilyG-invariant) defined on some
subsets of�. We will say thatl is m-transversal at a pointx ∈ � if lx, mx ⊂ gx are
defined andmx is not contained inlx (in other words, if the intersectionlx ∩ mx has
positive codimension inmx). We will say thatl is m-transversalif for any x ∈ � where
lx is defined,mx is also defined andl is m-transversal atx.

If Z is a C1 submanifold of�, the tangent bundleT Z of Z can be thought of
as a distribution defined onZ. We will say thatZ is m-transversal (respectivelym-
transversal atz ∈ Z) if T Z is such. An important special case is whenm = h, the
distribution corresponding to the foliation of� by orbits of the expanding horospherical
subgroupH of G: Z is h-transversal atz ∈ Z if dim(hz ∩ TzZ) < k. Clearly, anyC1

submanifold of dimension less thank is automaticallyh-transversal.
As a quantitative approach toh-transversality, we will consider a functionθh : Z → R,

θh(z)
def= sup

v∈hz,‖v‖=1
disthz

(v, TzZ).

Clearly,θh(z) 6= 0 iff Z is h-transversal atz. It is also straightforward to verify that this
function is continuous inz ∈ Z. Therefore, the following lemma holds.
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LEMMA. A compactC1 submanifoldZ of � is h-transversal iff there exist positive
c1 = c1(Z) such thatθh(z) ≥ c1 for all z ∈ Z.

4.1.2. In the continuous time case, another important example of aG-invariant
distribution is the one defined by the Lie algebraf of F = {gt | t ∈ R}. This gives a
special case of the above definition: aC1 submanifoldZ of � is f-transversal iff the
F -orbit of any point ofZ is not tangent toZ. We will need the following simple lemma.

LEMMA. Let F = {gt | t ∈ R} and letZ be a compactf-transversalC1 submanifold of
�. Then:
(a) there exists positiveε1 = ε1(Z) such thatg[−ε1,ε1]Z is a C1 manifold;
(b) if, in addition,T Z⊕ f is h-transversal, then there exists positiveε2 = ε2(Z) ≤ ε1(Z)

such thatZ[0,τ ] is h-transversal.

Note that T Z ⊕ f is automaticallyh-transversal wheneverZ is f-transversal and
dim(Z) < k.

Proof.Using a finite covering ofZ by appropriate coordinate charts of�, one can without
loss of generality assume thatZ is of the formϕ

(
U

)
for some bounded openU ⊂ R

d ,
with ϕ being aC1, nonsingular imbedding defined in an open setU ′ strictly containing
U . Defineϕ̃ : U ′ × R → � by putting ϕ̃(u, t) = gt (ϕ(u)). From f-transversality ofZ it
follows that ϕ̃ is nonsingular att = 0 andu ∈ U . Henceϕ̃ is a nonsingular imbedding
of U ′′ × [−ε1, ε1] into � for someε1 > 0 and an open setU ′′ strictly containingU , and
(a) is proved.

Clearly, (T Z ⊕ f)z = T (g[−ε1,ε1]Z)z for z ∈ Z, soh-transversality ofT Z ⊕ f implies
that g[−ε1,ε1]Z is h-transversal at any point ofZ, hence (by continuity of the functionθh

introduced in the previous subsection) at any point which is close enough toZ. Therefore
one can chooseε2 ≤ ε1 such thatZ[0,τ ] is h-transversal. �

4.2. The main theorem

4.2.1. It turns out that theh-transversality property of a compactC1 submanifoldZ

of � implies certain asymptotic behavior of the quantitiesδ̄+
r (Z(η), t) introduced in§3.

The crucial fact is the following.

THEOREM. Let U and U ′ ⊃ U be two bounded open subsets ofR
d , ϕ : U ′ → � a C1

nonsingular imbedding. Assume thatZ = ϕ
(
U

)
is h-transversal. Then for anyt ≥ t̂ there

existsr0 = r0(Z, t) > 0 such that for all positiver ≤ r0 there existsη0 = η0(Z, r) > 0
with

δ̄+
r (Z(η), t) ≤ Ct2k

λ−t
1

for all positiveη ≤ η0, the constantC > 0 being independent onZ, t , r andη. In other
words,

lim sup
r→0

lim sup
η→0

δ̄+
r (Z(η), t) ≤ Ct2k

λ−t
1 . (4.1)
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Proof. The main idea is roughly the same as that of the proof of Corollary 3.6. Using
compactness and smoothness ofZ, one takes a smallσ such that the intersection of any
σ -ball with Z lies in a very thin neighborhood of its tangent hyperplane. For fixedt , one
picks r such that the set8t(Vr) has diameter less thanσ . Then fromh-transversality of
Z it follows that one can chooseη such that for allz ∈ Z, the intersection of8t(Vr)z

with Z(η) has very small relative measure in8t(Vr)z, hence can be covered by a very
small number of translates ofVr .

We now give a detailed proof. LetQ be, say, a 1-neighborhood ofZ; consider
σ1 = σ1(Q) from Lemma 1.3.2. Then chooseσ2 < σ1 such that the closure of
Z(σ2) is contained inϕ(U ′). For any u ∈ U , denote byWu the ϕ-preimage of
B(ϕ(u), σ2), a neighborhood ofu contained inU ′. Denote byϕu the composition
logϕ(u) ◦ ϕ : Wu → gϕ(u), u → 0.

The assumption thatϕ is aC1 nonsingular imbedding implies that the mapsϕu, u ∈ U ,
areC1 and nonsingular imbeddings. Moreover, sinceU is compact, the norm of the first
derivative ofϕu at u is for all u ∈ U bounded from below. In other words, there exists
a constantc2 such that for allu ∈ U and allu′ ∈ Wu,

‖ϕu(u
′) − ϕu(u)‖ = ‖ϕu(u

′)‖ ≥ c2‖u′ − u‖. (4.2)

Furthermore, from the uniform continuity ofdϕ on U it follows that for anyα > 0 there
existsσ3(α) such that for allu ∈ U and allu′ ∈ Wu with ‖u′ − u‖ < σ3(α) one has

‖dϕu(u)(u′ − u) − ϕu(u
′)‖ ≤ α‖u′ − u‖. (4.3)

Combining (4.2) and (4.3), we get the following: given anyα > 0 and u ∈ U , if
v′ = ϕu(u

′) is a point inϕu(Wu) = logϕ(u)(B(ϕ(u), σ2)) with ‖v‖ ≤ c2σ3(α), then there
exists a pointv′′ = dϕu(u)(u′ − u) ∈ Tϕ(u)z such that

‖v′′ − v′‖ ≤ α

c2
‖v′‖. (4.4)

Fix t ≥ t̂ ; our goal is to prove (4.1) for some universal constantC. Take any

σ ≤ min

(
σ2,

1

2
c2σ3

(
c1c2ǎ(t)

4

))
. (4.5σ)

Then let
r = 1

4 ǎ(t)σ, (4.5r)

and take any
η ≤ c1r. (4.5η)

Fix a point z = ϕ(u), u ∈ U , and denote byA the set{h ∈ 8t(Vr) | hz ∈ Z(η)}. Note
that 3+

r (z, Z(η), t) is exactly equal to{γ ∈ 3r(t) | Vrγ ∩ A 6= ∅}.
CLAIM . There exists a constant̃C independent onZ andx such that

ν(A(2r)) ≤ C̃t2k

(λ2 · · · λk)
tν(Vr). (4.6)
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To derive (4.1) from the claim, one can use (2.10) to get

#3+
r (z, Z(η), t) ≤ a1C̃t2k

(λ2 · · · λk)
t

for all z ∈ Z, or, by Lemma 3.5,

δ̄+
r/16

√
k
(Z(η/3), t) ≤ a1a2(32

√
k + 4)kC̃t2k

(λ2 · · · λk)
tJ−t = a1a2(32

√
k + 4)kC̃t2k

λ−t
1 .

Sincer (and η after the choice ofr) can be made arbitrarily small, this completes the
proof of the theorem modulo the claim which will be demonstrated below. �

4.2.2. Proof of Claim. From Lemma 2.2 and the choice ofη, r andσ it follows that
(8t(Vr)z)

(η) ⊂ B(z, σ ) ⊂ B(z, σ2). Thus it makes sense to consider logz-images, being
sure (cf. (1.2)) that the metric is being distorted by at most a factor of 2. Define

a
def= logz(Az) = St

(
r√
k
I

)
∩ logz(Z

(η)) ⊂ St

(
r√
k
I

)
∩ (logz Z)(2η) ⊂ hz.

Sinceσ was chosen to be less thanσ0, one has

ν(A(2r)H ) ≤ 2k · vol(a(4r)h), (4.7)

thus it suffices to estimate

vol(a(4r)h) ≤ vol

( (
St

(
r√
k
I

)
∩ (logz Z)(2η)g

)(4r)h
)

. (4.8)

It is now time to use differentiability ofϕ, that is, the inequality (4.4). Take any
z′ = ϕ(u′) ∈ Z ∩ B(z, σ ), u′ ∈ Wu, and denote logz(z

′) = ϕu(u
′) by v′. Then by (4.5σ ),

‖v′‖ < 2σ < c2σ3(c1c2ǎ(t)/4), thus by (4.4) and (4.5r)

dist(v′, TzZ) ≤ 1

c2

c1c2ǎ(t)

4
‖v′‖ <

c1ǎ(t)

2
σ ≤ 2c1r.

This clearly implies
(logz Z)(2η)g ⊂ (TzZ)(2η+2c1r)g, (4.9)

in other words, we have passed from the manifold to its tangent space. The last step is
provided by the assumption ofh-transversality ofZ. From Lemma 4.1.1 one gets

c1 ≤ θh(z) = sup
v∈hz,‖v‖=1

dist(v, TzZ) = sup
v∈hzrTzZ

dist(v, TzZ)

dist(v, hx ∩ TzZ)
;

therefore

(TzZ)(2η+2c1r)g ⊂ (TzZ ∩ hz)
(2η/c1+2r)h ⊂

(by (4.5η))
(TzZ ∩ hz)

(4r)h . (4.10)

Combining (4.7)–(4.10), one obtains

ν(A(2r)H ) ≤ 2k · vol

( (
St

(
r√
k
I

)
∩ (TzZ ∩ hz)

(4r)h

)(4r)h
)

≤ 2k · vol

( (
St

(
r√
k
I

)
∩ TzZ

)(8r)h
)

. (4.11)
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Let q = dim(TzZ ∩ hz) < k. It is easy to observe that†

vol

( (
St

(
r√
k
I

)
∩ TzZ

)(8r) )
≤ Cqr

k−q · volq

(
St

(
r√
k
I

)
∩ TzZ

)
, (4.12)

where volq is the q-dimensional Lebesgue measure. But this gives one a chance to
translate everything into(r/

√
k)I :

volq

(
St

(
r√
k
I

)
∩ TzZ

)
≤ ‖St‖∧q · volq

(
r√
k
I ∩ S−1

t (TzZ ∩ hz)

)
, (4.13)

where by‖St‖∧q we mean the norm ofSt acting on theqth external power ofh. Thus
it remains to estimate this norm (again using [Ma2, Lemma II.1.1]):

‖St‖∧q ≤ C ′
q t

(k

q)(λk−q+1 · · · λk)
t ; (4.14)

and theq-dimensional volume of a section of(r/
√

k)I by aq-dimensional affine space:

volq

(
r√
k
I ∩ S−1

t (TzZ ∩ hz)

)
≤ C ′′

q rq . (4.15)

Putting together the estimates (4.11)–(4.15), one obtains thatν(A(2r)) is not greater
than

ν(A(2r)) ≤ 2kCqC
′
qC

′′
q t(

k

q)(λk−q+1 · · · λk)
t rk

≤ 2kCqC
′
qC

′′
q t(

k

q)(λk−q+1 · · · λk)
t
√

kk vol

(
r√
k
I

)
≤ C̃t2k

(λ2 · . . . · λk)
tν(Vr),

whereC̃ = 4k
√

kk max0≤q<k CqC
′
qC

′′
q , thus completing the proof of (4.6). �

4.3. The discrete time case

4.3.1. Observe that Theorem 4.3.1 does not say that the setZ in question satisfies
(∗+). Indeed, to prove that condition one needs to have an analogue of (4.1) withZ

being replaced byg[0,t ]Z. It turns out that in the caseT = Z this can be easily achieved.

THEOREM. Let F = {gt | t ∈ Z} be a cyclic nonquasi-unipotent subgroup ofG. Then for
anyh-transversal compactC1 submanifoldZ of �

∃C(Z) > 0 such that∀t ≥ t̂

lim sup
r→0

lim sup
η→0

δ̄+
r ((g[0,t ]Z)(η), t) ≤ C(Z)t2k+1λ−t

1 ; (4.16)

in particular, Z as above satisfies(∗+).

Proof. Clearly,Z can be covered by a finite number of setsZi , 1 ≤ i ≤ N , with Zi being
of the formϕi

(
Ui

)
for some bounded open subsetUi of a Euclidean space andϕi being

a C1 nonsingular imbedding defined in an open set strictly containingUi . Observe that

† All the constantsCq , C′
q , C′′

q below depend only on the dimension ofh.
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the manifoldsglZi , 1 ≤ l ≤ t , are all of the above form. Moreover, sinceg preserves the
H -orbit foliation of �, all these manifolds areh-transversal. Subadditivity of̄δ+

r gives

lim sup
r→0

lim sup
η→0

δ̄+
r ((g[0,t ]Z)(η), t) ≤

N∑
i=1

t∑
l=1

lim sup
r→0

lim sup
η→0

δ̄+
r ((glZi)

(η), t),

which is not greater thanNtCt2k

λ−t
1 by Theorem 4.2.1. �

4.3.2.
COROLLARY. For F andZ as in the above theorem,Z is horosphericallyF+-escapable,
henceF+-escapable. Consequently, any compactC1 submanifold of� of dimension less
than min(dim(H), dim(H−)) is F -escapable.

Proof. Immediate from Corollary 3.4 and Theorem 2.3. �

4.3.3. Remark. An important feature of condition (4.16) is its additivity: a set satisfies
(4.16) iff it can be covered by finitely many sets satisfying (4.16). Therefore the
conclusions of Theorem 4.3.1 and Corollary 4.3.2 hold whenZ can be covered by
finitely manyh-transversal compactC1 submanifolds. In particular, self-intersections of
at most finite multiplicity do not cause a problem.

The last observation can be put in a more general form: consider a condition

lim sup
t→+∞

lim sup
r→0

lim sup
η→0

δ̄+
r ((g[0,t ]Z)(η), t) = 0. (∗∗+)

Clearly (4.16)⇒ (∗∗+) ⇒ (∗+), and one can immediately see that a finite union of sets
satisfying (∗∗+) also satisfies (∗∗+). This is an important difference between (∗∗+) and
other escapability conditions that were considered before.

4.3.4. We now consider the situation of Example 1.3.3 and apply Corollary 4.3.2 to
geodesic flows on manifolds of constant negative curvature.

COROLLARY. Let M be a(k + 1)-dimensional complete connected Riemannian manifold
of constant negative curvature, and letY ⊂ M be a compactC1 submanifold of dimension
less thank (or a finite union thereof, see Remark 4.3.3). Then for any positiveτ the set
S(Y ) is escapable relative to{γiτ | i ∈ Z} (the geodesic shift onS(M)).

Proof. We use the notation of Example 1.3.3. DefineFτ to be equal to{giτ | i ∈ Z},
with gt as in (1.3). Then the expanding horospherical subgroup corresponding toF+

τ

is exp(h), with h as in (2.1). LetZ stand forϕ−1(S(Y )) = π−1(Y ), whereπ is the
canonical quotient map ofG/0 onto M, and letd be the dimension ofY . Then for all

z ∈ Z, TzZ is a direct sum of the space isomorphic to the Lie algebrak =
(

sok+1(R)

0
0
0

)
of K and ad-dimensional subspace ofgz. One can easily check thath as in (2.1) has
trivial intersection withk. Therefore the dimension ofhz ∩ TzZ is at mostd < k, so
Z is h-transversal. Moreover,Z is clearly a compactC1 submanifold of�, hence it
is horosphericallyF+

τ -escapable by Corollary 4.3.2. Similar argument shows thatZ is
h−-transversal, thus horosphericallyF−

τ -escapable. Theorem 2.3(b) then yields thatZ
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is Fτ -escapable. It remains to notice that{γiτ | i ∈ Z} = ϕ(Fτ ) and ϕ is a compact
bi-Lipschitz covering, and apply Theorem 1.2.4(b) to get the desired result. �

4.4. The continuous time case.

4.4.1. In this section we takeF to be of the form{gt | t ∈ R}. Instead of directly
applying the methods of§3, we will use a trick of Lemma 4.1.2 and reduce the problem
to the discrete time case.

THEOREM. Let F = {gt | t ∈ R} be a one-parameter nonquasi-unipotent subgroup of
G, and let Z be an f-transversal compactC1 submanifold of� such thatT Z ⊕ f is
h-transversal. ThenZ satisfies(4.16).

Proof. Take t ≥ t̂ , and pick a positiveε ≤ ε2(Z) from Lemma 4.1.2(b) such thatt is an
integer multiple ofε; one can do this withε ≥ 1

2ε2(Z). Denote byF ′ = {g′
s | s ∈ Z

+}
the cyclic semigroup generated bygε, i.e. put g′

s = gsε. Also let Z′ stand for the
(h-transversal compactC1) manifold g[−ε2(Z),0]Z. Clearly, bothF and F ′ induce the
same horospherical decomposition ofG. However, the constants introduced in§2.3 are
parametrization-dependent; more precisely, if byλ′

1 and t̂ ′ we denote the constantsλ1

and t̂ defined for the groupF ′, it is easy to see thatλ′
1 = λε

1 and t̂ ′ = min{s | εs ≥ t̂}.
Moreover, if δ̄′+

r stands for the function̄δ+
r defined starting from the groupF ′, one has

δ̄′+
r (U, s) = δ̄+

r (U, sε) for any U ⊂ �, r > 0 ands ∈ N.
Put s = t/ε; then s ≥ t̂ ′, so by Theorem 4.3.1 applied toF ′ and Z′, there exists

positiveC(Z′) such that

lim sup
r→0

lim sup
η→0

δ̄′+
r ((g′

[0,s]Z
′)(η), s) ≤ C(Z′)s2k+1(λ′

1)
−s . (4.17)

But g′
[0,s]Z

′ clearly containsg[0,t ]Z, so (4.17) implies

lim sup
r→0

lim sup
η→0

δ̄+
r ((g[0,t ]Z)(η), t) ≤ C(Z′)ε−(2k+1)t2k+1λ−t

1 ,

which means that the constantC(Z) = C(Z′)(2/ε2(Z))2k+1 will satisfy (4.16). �

4.4.2. As in the previous section, we immediately get the following.

COROLLARY. For F andZ as in the above theorem,Z is horosphericallyF+-escapable,
hence F+-escapable. Consequently, any finite union off-transversal compactC1

submanifolds of dimension less thanmin(dim(H), dim(H−)) is F -escapable.

In particular, any finite subset of� is alwaysF -escapable. Note that this solves a
part of Conjecture (B) from [Ma2] (the latter asserts that for any finite subsetZ of �,
Z ∪ {∞} is escapable).

4.4.3. Remark. Another (less painful) way to prove theF+-escapability of Z

(without the stronger uniform condition (4.16)) is provided by a direct application of
Theorem 1.2.4(a). Indeed, putF ′′ = g[−ε2(Z),0]; we saw thatF ′′(Z) is a h-transversal
compactC1 submanifold of�, so it is F ′-escapable by Corollary 4.3.2, thereforeZ is
(F ′′)−1F ′-escapable, and(F ′′)−1F ′ clearly containsF+.
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4.4.4. The assumption off-transversality ofZ is actually very strong and does not
seem to be natural. In particular, in the situation of Corollary 4.3.4S(Y ) is not f-
transversal whenever a submanifoldY of M has positive dimension. However, we are
able to prove the following.

COROLLARY. Let M be as in Corollary 4.3.4, and letY ⊂ M be a finite set. ThenS(Y )

is escapable relative to{γt | t ∈ R} (the geodesic flow onS(M)).

Proof. We use the notation of Corollary 4.3.4. For anyz ∈ Z
def= π−1(Y ), TzZ is

isomorphic tok =
(

sok+1(R)

0
0
0

)
. Hence

fz =




 0 0 0

0 0 a

0 a 0




∣∣∣∣∣∣ a ∈ R




is not contained inTzZ, and the direct sum

hz ⊕ Rfz =




 0 x −x

xT 0 a

xT a 0




∣∣∣∣∣∣ x ∈ R
k, a ∈ R




has empty intersection withTzZ. ThereforeZ is f-transversal andT Z⊕f is h-transversal,
so Theorem 4.4.1 applies; the rest of the proof follows that of Corollary 4.3.4 without
changes. �

We remark that from the results of [Do] it follows that any countable subset ofS(M)

is escapable relative to the geodesic flow.

Acknowledgements.The author is deeply grateful to his advisor Professor G. A.
Margulis who suggested this problem. Without his encouragement and guidance this
paper would never have been written. Thanks are also due to D. Dolgopyat for useful
discussions and to A. Eskin and G. D. Mostow for correcting a number of misprints. The
results of this paper were announced at the special session on Geometric and Hyperbolic
Dynamics at the AMS Meeting, October 1995.

REFERENCES

[AL] C. S. Aravinda and F. E. Leuzinger. Bounded geodesics in rank-1 locally symmetric spaces.Ergod.
Th. & Dynam. Sys.15 (1995), 813–820.

[BM] A. S. Besicovitch and P. A. P. Moran. The measure of product and cylinder sets.J. London Math.
Soc.43 (1945), 110–120

[CG] L. J. Corwin and F. P. Greenleaf.Representations of Nilpotent Lie Groups and their Applications.
Part I (Cambridge Stud. Adv. Math. 18). Cambridge University Press, Cambridge, 1990.

[Da1] S. G. Dani. Divergent trajectories of flows on homogeneous spaces and Diophantine approximation.
J. Reine. Angew. Math.359 (1985), 55–89.

[Da2] S. G. Dani. Bounded orbits of flows on homogeneous spaces.Comment. Math. Helv.61 (1986),
636–660.

[Do] D. Dolgopyat. Bounded orbits of Anosov flows.Duke Math. J.87 (1997), 87–114.

https://doi.org/10.1017/S0143385798100408 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798100408


396 D. Y. Kleinbock

[F] K. J. Falconer.The Geometry of Fractal Sets (Cambridge Tracts in Mathematics, 85). Cambridge
University Press, Cambridge and New York, 1986.

[K] D. Y. Kleinbock. Nondense orbits of nonquasiunipotent flows and applications to Diophantine
approximation.Ph.D. Thesis, Yale University, 1996.

[KM] D. Y. Kleinbock and G. A. Margulis. Bounded orbits of nonquasiunipotent flows on homogeneous
spaces.Amer. Math. Soc. Transl.171 (1996), 141–172.

[Ma1] G. A. Margulis. Dynamical and ergodic properties of subgroup actions on homogeneous spaces
with applications to number theory.Proceedings of the International Congress of Mathematicians,
Vol. I, II (Kyoto, 1990). Mathematical Society Japan, Tokyo, 1991, pp. 193–215.

[Ma2] G. A. Margulis. Discrete subgroups of semisimple Lie groups. Springer, Berlin and New York,
1991.

[Mau] F. J. Mautner. Geodesic flows on symmetric Riemannian spaces.Ann. Math.65 (1957), 416–431.
[Mrs] J. M. Marstrand. The dimension of Cartesian product sets.Proc. Camb. Phil. Soc.50 (1954), 198–

202.
[Mc] C. McMullen. Area and Hausdorff dimension of Julia sets of entire functions.Trans. Amer. Math.

Soc.300 (1987), 329–342.
[PW] Ya. Pesin and H. Weiss. On the dimension of deterministic and random Cantor-like sets.Math. Res.

Lett. 1 (1994), 519–529.
[U] M. Urbanski. The Hausdorff dimension of the set of points with nondense orbit under a hyperbolic

dynamical system.Nonlinearity2, (1991), 385–397.

https://doi.org/10.1017/S0143385798100408 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798100408

