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abstract

In the classical risk model, we use probabilistic arguments to write down expressions in terms
of the density function of aggregate claims for joint density functions involving the time to ruin,
the deficit at ruin and the surplus prior to ruin. We give some applications of these formulae in
the cases when the individual claim amount distribution is exponential and Erlang(2).
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". Introduction

We consider the classical risk model in which the surplus process fUðtÞgt�0
is given by:

UðtÞ ¼ uþ ctÿ SðtÞ

where u is the insurer’s initial surplus, c is the rate of premium income per
unit time, and SðtÞ represents the aggregate amount of claims up to time t.
The process fSðtÞgt�0 is a compound Poisson process, with SðtÞ ¼

PNðtÞ

i¼1 Xi,
where fXig

1

i¼1 is a sequence of independent and identically distributed
random variables, with Xi representing the amount of the ith claim, and NðtÞ
follows a Poisson distribution with parameter lt. We assume that the
individual claim amounts have a continuous distribution with distribution
function F ¼ 1ÿ F; density function f and mean m1, and we adopt the
notation Gðx; tÞ ¼ PrðSðtÞ � xÞ, with gðx; tÞ ¼ @

@x
Gðx; tÞ.

The finite time ruin probability is defined as:

cðu; tÞ ¼ PrðUðsÞ < 0 for some s; 0 < s � tÞ

and let dðu; tÞ ¼ 1ÿ cðu; tÞ. Prahbu’s (1961) formula for dðu; tÞ is:
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dðu; tÞ ¼ Gðuþ ct; tÞ ÿ c

Z t

0
gðuþ cs; sÞdð0; tÿ sÞds ð1Þ

with:

dð0; tÞ ¼ eÿlt þ

Z ct

0
dð0; t; xÞdx

where:

dð0; t; xÞ ¼
x

ct
gðctÿ x; tÞ

is the density associated with non-ruin from initial surplus zero over ½0; t�
and a surplus of x at time t. (See Gerber, 1979, p112).

Although extensive numerical work has been done using Prahbu’s
formula, much of which is summarised in Seal (1978), few explicit solutions
for dðu; tÞ have arisen from this formula, presumably because the use of
Prahbu’s formula requires explicit expressions for G and g: The notable
exception is when F is the exponential distribution function.

Dickson & Willmot (2005) derived an expression for the density of the
time to ruin, T , defined as:

T ¼ infft: UðtÞ < 0g

with T ¼ 1 if UðtÞ > 0 for all t > 0. Their expression was found by
inverting the Laplace transform of T . It is not a concise solution, but is
suitable for computational purposes, as illustrated by Dickson & Willmot
(2005) and Willmot & Woo (2007). Our main purpose in this paper is to
identify alternative expressions for the density of the time to ruin. We do this
in Section 2 by applying a probabilistic argument, and we can confirm the
validity of the argument by differentiating equation (1). Based on the
probabilistic argument, we then give formulae in Section 3 for some joint
distributions relating to the time to ruin, the deficit at ruin and the surplus
prior to ruin. Some illustrations of the application of these formulae are
given in Sections 4 and 5, and conclusions are presented in Section 6.

Æ. The Density of the Time to Ruin

Let wðu; tÞ denote the (defective) density of the time to ruin, so that
wðu; tÞ ¼ @

@t
cðu; tÞ. We know from Dickson & Willmot (2005) that:
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wð0; tÞ ¼ leÿltFðctÞ þ l
Z ct

0

x

ct
gðctÿ x; tÞFðxÞdx ð2Þ

¼ leÿltFðctÞ þ l
Z ct

0
dð0; t; xÞFðxÞdx ð3Þ

and we can interpret this as follows. The expression wð0; tÞdt is interpreted
as the probability of ruin occurring in the interval ðt; tþ dtÞ: The term
leÿltFðctÞdt is interpreted as the probability that the first claim occurs in the
interval ðt; tþ dtÞ, and that this claim exceeds ct; causing ruin. Similarly, for
a fixed value of x, ldð0; t; xÞFðxÞdx dt is interpreted as the probability of:
(a) non-ruin over ½0; t� with UðtÞ ¼ x; and
(b) a claim occurring in the interval ðt; tþ dtÞ of amount greater than x,

causing ruin.

Extending this interpretation to an initial surplus greater than zero, we get:

wðu; tÞ ¼ leÿltFðuþ ctÞ þ l
Z uþct

0
dðu; t; xÞFðxÞdx ð4Þ

where dðu; t; xÞ is the density associated with non-ruin from an initial
surplus u over ½0; t� and a surplus of x at time t. Extending formula (3.13) of
Dickson & Waters (2006) from t ¼ 1 to a general value for t, we obtain:

dðu; t; xÞ ¼ gðuþ ctÿ x; tÞ ÿ cIðt > x=cÞ

Z tÿx=c

0
gðuþ cs; sÞdð0; tÿ s; xÞds

ÿ Iðt > x=cÞgðuþ ctÿ x; tÿ x=cÞeÿlx=c ð5Þ

where I is the indicator function. Formula (4) is not the most useful
formula for computing wðu; tÞ, but its structure allows us to write down a
joint density function, and this will be done in the next section.

A more convenient formula for computing wðu; tÞ is:

wðu; tÞ ¼ leÿltFðuþ ctÞ þ l
Z uþct

0
gðuþ ctÿ x; tÞFðxÞdx

ÿ c

Z t

0
gðuþ cs; sÞwð0; tÿ sÞds ð6Þ

which follows by inserting formula (5) for dðu; t; xÞ in formula (4). We can
use this equation to compute wðu; tÞ for certain individual claim amount
distributions, as illustrated in Sections 4 and 5.

Some Finite Time Ruin Problems 219

https://doi.org/10.1017/S1748499500000348 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499500000348


â. Joint Densities

Now let Y � jUðT Þj denote the deficit at ruin and let wY ;T ðu; y; tÞ denote
the (defective) joint density of Y and T . Dickson & Willmot (2005, Section
3) obtain formula (3) by inverting the Laplace transform of T . If we apply
the same approach to the bivariate Laplace transform of Y and T ,
straightforward manipulations give:

wY ;T ð0; y; tÞ ¼ leÿltf ðctþ yÞ þ l
Z ct

0
dð0; t; xÞf ðxþ yÞdx: ð7Þ

The interpretation here is as for formula (3), except that, for x � ct, FðxÞ in
formula (3) is replaced by f ðxþ yÞ, i.e. rather than requiring a claim above x
to cause ruin, we require a claim of amount xþ y to cause ruin with a
deficit of y. By adapting this interpretation to an initial surplus u > 0, we
obtain:

wY ;T ðu; y; tÞ ¼ leÿltf ðuþ ctþ yÞ þ l
Z uþct

0
dðu; t; xÞf ðxþ yÞdx: ð8Þ

Inserting for dðu; t; xÞ, similar manipulations to those in the previous section
yield:

wY ;T ðu; y; tÞ ¼ leÿltf ðuþ ctþ yÞ þ l
Z uþct

0
gðuþ ctÿ x; tÞf ðxþ yÞdx

ÿ c

Z t

0
gðuþ cðtÿ sÞ; tÿ sÞwY ;T ð0; y; sÞds: ð9Þ

Formula (9) provides an alternative means to the transform inversion
method of calculating the joint density of Y and T presented in Dickson
(2008). Its main advantage is that it is a simple integral expression in terms of
g, which makes it suitable for direct application for certain forms of f , or
for numerical integration. Its main disadvantage is that the third term is of a
similar form to the integral term in Prahbu’s formula.

Further, if we let X � UðT ÿÞ denote the surplus prior to ruin and define
wX;Y ;T ðu; x; y; tÞ to be the (defective) joint density of X, Y and T , we see that,
for 0 < x < uþ ct:

wX;Y ;T ðu; x; y; tÞ ¼ ldðu; t; xÞf ðxþ yÞ

with density of leÿltf ðuþ ctþ yÞ for x ¼ uþ ct. This argument is given by
Wu et al. (2003), but they use a different formula for dðu; t; xÞ.
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Integrating out y, we obtain the joint density of the surplus prior to ruin
and the time to ruin as:

wX;T ðu; x; tÞ ¼ ldðu; t; xÞFðxÞ

for 0 < x < uþ ct, with density of leÿltFðuþ ctÞ for x ¼ uþ ct. This leads to
the relationship stated in Gerber & Shiu (1997):

wX;Y ;T ðu; x; y; tÞ ¼ wX;T ðu; x; tÞ
f ðxþ yÞ

FðxÞ
:

ª. Exponential Claims

Let us first consider the case when FðxÞ ¼ eÿax, where a > 0, so that
f ðxÞ ¼ aFðxÞ. Then, inserting for f in equation (8), this gives:

wY ;T ðu; y; tÞ ¼ leÿltaeÿaðuþctþyÞ þ l
Z uþct

0
dðu; t; xÞaeÿaðxþyÞdx

¼ aeÿay leÿltFðuþ ctÞ þ l
Z uþct

0
dðu; t; xÞFðxÞdx

� �
¼ aeÿaywðu; tÞ

which is a well-known result ö see, for example, Gerber (1979).
Consider equation (6) for wðu; tÞ. The first two terms give:

leÿltFðuþ ctÞ þ l
Z uþct

0
gðuþ ctÿ x; tÞFðxÞdx

¼ leÿltÿauÿact þ l
X1
m¼1

eÿlt
ðltÞm

m!

Z uþct

0

amxmÿ1eÿax

GðmÞ
eÿaðuþctÿxÞdx

¼ leÿltÿauÿact 1þ
X1
m¼1

ðaltÞmðuþ ctÞ
m

m!m!

 !
¼ leÿltÿauÿactI0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �
where:

IvðtÞ ¼
X1
n¼0

ðt=2Þ2nþv

n!ðnþ vÞ!

is the modified Bessel function of order v.
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To obtain the third term of equation (6), we first find wð0; tÞ from
equation (2), as:

wð0; tÞ ¼ leÿltFðctÞ þ l
Z ct

0

x

ct
gðctÿ x; tÞFðxÞdx

¼ leÿlteÿact þ l
X1
m¼1

eÿlt
ltð Þm

m!

Z ct

0

x

ct

am
ðctÿ xÞ

mÿ1
eÿaðctÿxÞ

GðmÞ
eÿaxdx

¼ leÿlteÿact þ l
X1
m¼1

eÿlteÿact
altð Þ

m

m!GðmÞ
Gð2ÞGðmÞ
Gðmþ 2Þ

ðctÞ
m

¼ leÿlteÿact
X1
m¼0

alct2
ÿ �m

m!ðmþ 1Þ!

¼ leÿlteÿact�1ðtÞ

where:

�1ðtÞ ¼
X1
m¼0

ðalct2Þm

m!ðmþ 1Þ!
¼

1ffiffiffiffiffiffiffiffiffiffiffi
alct2
p I1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4alct2

p� �
:

Thus, (minus) the third term in equation (6) is:

c

Z t

0
gðuþ cðtÿ sÞ; tÿ sÞleÿðlþacÞs�1ðsÞds

¼ lc
Z t

0

X1
n¼1

eÿlðtÿsÞ ðlðtÿ sÞÞ
n

n!

an
ðuþ cðtÿ sÞÞ

nÿ1

ðnÿ 1Þ!
eÿaðuþcðtÿsÞÞeÿðlþacÞs�1ðsÞds

¼ lceÿauÿðlþacÞt
Z t

0

X1
n¼1

ðlðtÿ sÞÞ
n

n!

an
ðuþ cðtÿ sÞÞ

nÿ1

ðnÿ 1Þ!
�1ðsÞds: ð10Þ

We can evaluate (10) by observing that the integral is the convolution of:

Z2ðtÞ ¼
X1
n¼1

ðaltÞn

n!

ðuþ ctÞ
nÿ1

ðnÿ 1Þ!
¼

altffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
altðuþ ctÞ

p I1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �
and Z1, and we can find this from the following result, taken from Erde¤ lyi
(1954, p201).
Result 4.1. Let:
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fðtÞ ¼
tv=2

ðtþ bÞv=2
Iv A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ bt

q� �
:

Then:

~fðsÞ ¼
Z 1
0

eÿstfðtÞdt ¼
Avffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 ÿ A2
p

1

sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p� �v exp

b
2

sÿ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2

p� �� �
: &

To apply this result we note that we can write:

Z2ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffi
al=c

p ffiffi
t
pffiffiffiffiffiffiffiffiffi

u

c
þ t

p I1
ffiffiffiffiffiffiffiffiffiffi
4alc
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u

c
tþ t2

r� �
:

Then, by Result 4.1, with v ¼ 1, b ¼ u=c and A ¼
ffiffiffiffiffiffiffiffiffiffi
4alc
p

:

~Z2ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffi
al=c

p Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p

1

sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p exp

u

2c
sÿ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2

p� �n o
and, from Gradshteyn & Ryzhik (1994, p1182), we have:

~Z1ðsÞ ¼
2
A

A

sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p

which we can write as ~Z1ðsÞ ¼ sÿ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p� �

=ð2alcÞ. Thus, we have:

~Z1ðsÞ~Z2ðsÞ ¼

ffiffiffiffiffiffiffiffiffiffi
al=c

p
2alc

Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p

sÿ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p

sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p exp

u

2c
sÿ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2

p� �n o
¼

1

2c
ffiffiffiffiffiffiffi
alc
p

Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p

A2

sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2
p� �2 exp

u

2c
sÿ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 ÿ A2

p� �n o

which, by Result 4.1, is the Laplace transform of:

A

2c
ffiffiffiffiffiffiffi
alc
p

t

tþ u=c
I2

ffiffiffiffiffiffiffiffiffiffi
4alc
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ

u

c
t

r� �
¼

t

ctþ u
I2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �
:

Hence, formula (10) becomes:

leÿauÿðlþacÞt
ct

ctþ u
I2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �
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and we obtain:

wðu; tÞ ¼ leÿauÿðlþacÞt I0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �
ÿ

ct

ctþ u
I2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4altðuþ ctÞ

p� �� �
ð11Þ

a result derived by Dickson et al. (2005) by complex inversion of the
Laplace transform with respect to t of wðu; tÞ:

ä. Erlang(Æ) Claims

Let us now consider the situation when FðxÞ ¼ eÿaxð1þ axÞ, so that:

gðx; tÞ ¼
X1
n¼1

eÿlt
ltð Þn

n!

a2nx2nÿ1eÿax

Gð2nÞ
:

We know from Cheung et al. (2007) that:

wY ;T ðu; y; tÞ ¼ kðu; tÞaeÿay þ hðu; tÞa2yeÿay ð12Þ

and the analysis below provides formulae for hðu; tÞ and kðu; tÞ. We remark
that solutions for hðu; tÞ and kðu; tÞ were obtained by Dickson (2008), using a
very different approach. The formulae which we obtain below are quite
different for u > 0, but the same for u ¼ 0. However, the approach presented
here also leads to alternative formulae for hð0; tÞ and kð0; tÞ. These formulae
are stated without proof at the end of this section.

We start by finding wY ;T ð0; y; tÞ. From equation (7) we have:

wY ;T ð0; y; tÞ ¼ leÿltf ðyþ ctÞ þ
l
c

Z ct

0

x

t
gðctÿ x; tÞf ðyþ xÞdx;

and we will write:

Z ct

0

x

t
gðctÿ x; tÞf ðyþ xÞdx ¼

Z ct

0

ctÿ x

t
gðx; tÞf ðyþ ctÿ xÞdx:

Now:
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c

Z ct

0
gðx; tÞf ðyþ ctÿ xÞdx

¼ c

Z ct

0

X1
n¼1

eÿlt
ltð Þn

n!

a2nx2nÿ1eÿax

Gð2nÞ
a2ðyþ ctÿ xÞeÿaðyþctÿxÞdx

¼ c
X1
n¼1

eÿlt
ltð Þn

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ

Z ct

0
x2nÿ1ðyþ ctÿ xÞdx

¼ c
X1
n¼1

eÿlt
ltð Þn

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ ðyþ ctÞ

ðctÞ
2n

2n
ÿ
ðctÞ

2nþ1

2nþ 1

� �� �
¼ c

X1
n¼1

eÿlt
ltð Þn

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ y

ðctÞ
2n

2n
þ
ðctÞ

2nþ1

2nð2nþ 1Þ

� �
ð13Þ

and similar manipulations give:

Z ct

0

x

t
gðx; tÞf ðyþ ctÿ xÞdx

¼
X1
n¼1

eÿlt
ln

tnÿ1

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ y

ðctÞ
2nþ1

2nþ 1
þ

ðctÞ
2nþ2

ð2nþ 1Þð2nþ 2Þ

� �
: ð14Þ

Combining the terms in y in (13) and (14) gives:

X1
n¼1

eÿlt
ltð Þn

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ cy

ðctÞ
2n

2n
ÿ

y

t

ðctÞ
2nþ1

2nþ 1

� �
¼ ca2yeÿay

X1
n¼1

eÿðlþcaÞt ltð Þn

n!

ðcatÞ2n

ð2nþ 1Þ!

and combining the remaining terms gives:

X1
n¼1

eÿlt
ltð Þn

n!

a2ðnþ1Þ

Gð2nÞ
eÿaðyþctÞ cðctÞ

2nþ1

2nð2nþ 1Þ
ÿ

ðctÞ
2nþ2

tð2nþ 1Þð2nþ 2Þ

� �
¼ 2caeÿay

X1
n¼1

eÿðlþcaÞt ltð Þn

n!

actð Þ2nþ1

ð2nþ 2Þ!
:

Hence:
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wY ;T ð0; y; tÞ ¼ leÿlta2 yþ ctð ÞeÿaðyþctÞ

þ
l
c
ca2yeÿay

X1
n¼1

eÿðlþcaÞt ltð Þn

n!

ðcatÞ2n

ð2nþ 1Þ!

þ
l
c
2caeÿay

X1
n¼1

eÿðlþcaÞt ltð Þn

n!

actð Þ2nþ1

ð2nþ 2Þ!

¼ la2yeÿay
X1
n¼0

eÿðlþcaÞt ltð Þn

n!

ðcatÞ2n

ð2nþ 1Þ!

þ 2laeÿay
X1
n¼0

eÿðlþcaÞt ltð Þn

n!

actð Þ2nþ1

ð2nþ 2Þ!
: ð15Þ

Noting that:

ð2nþ 1Þ! ¼ 4nð1Þnð
3
2Þn

and

ð2nþ 2Þ! ¼ 2 4nð32Þnð2Þn
� �

where ðaÞn ¼ Gðaþ nÞ=GðaÞ is Pochhammer’s symbol, we can write:

wY ;T ð0; y; tÞ ¼ a2yeÿayleÿðlþcaÞt
0F2 1;

3
2

;
lðacÞ2t3

4

� �
þ aeÿaylacteÿðlþcaÞt

0F2
3
2
; 2;

lðacÞ2t3

4

� �
ð16Þ

where:

0FqðC1;C2; . . . ;Cq; ZÞ ¼
X1
m¼0

1
ðC1ÞmðC2Þm:::ðCqÞm

Zm

m!

is a generalised hypergeometric function. This form of solution is convenient
for computational purposes.

Consider now wY ;T ðu; y; tÞ and the first two terms in formula (9):
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leÿltf ðuþ ctþ yÞ þ l
Z uþct

0
gðuþ ctÿ x; tÞf ðxþ yÞdx

¼ leÿaðuþyÞÿðlþacÞta2ðuþ ctþ yÞ

þ l
X1
m¼1

eÿlt
ðltÞm

m!

Z uþct

0
f m*ðxÞf ðuþ ctþ yÿ xÞdx

¼ leÿaðuþyÞÿðlþacÞta2ðuþ ctþ yÞ

þ l
X1
m¼1

eÿlt
ðltÞm

m!

Z uþct

0

a2mx2mÿ1eÿax

Gð2mÞ
a2ðuþ ctþ yÿ xÞeÿaðuþctþyÿxÞdx

¼ leÿaðuþyÞÿðlþacÞta2ðuþ ctþ yÞ

þ leÿaðuþyÞÿðlþacÞt
X1
m¼1

ðltÞm

m!

a2mþ2

Gð2mÞ

Z uþct

0
x2mÿ1ðuþ ctþ yÿ xÞdx

¼ leÿaðuþyÞÿðlþacÞta2ðuþ ctþ yÞ

þ leÿaðuþyÞÿðlþacÞt
X1
m¼1

ðltÞm

m!

a2mþ2

Gð2mÞ
ðuþ ctþ yÞ

uþ ctð Þ
2m

2m
ÿ
ðuþ ctÞ

2mþ1

2mþ 1

� �
¼ leÿaðuþyÞÿðlþacÞta2ðuþ ctþ yÞ

þ lyeÿaðuþyÞÿðlþacÞt
X1
m¼1

ðltÞm

m!

a2mþ2

Gð2mÞ
uþ ctð Þ

2m

2m

þ leÿaðuþyÞÿðlþacÞt
X1
m¼1

ðltÞm

m!

a2mþ2

Gð2mÞ
ðuþ ctÞ

2mþ1

2mð2mþ 1Þ

¼ la2yeÿaðuþyÞÿðlþacÞt
X1
m¼0

ðltÞm

m!

½aðuþ ctÞ�
2m

ð2mÞ!

þ laeÿaðuþyÞÿðlþacÞt
X1
m¼0

ðltÞm

m!

½aðuþ ctÞ�
2mþ1

ð2mþ 1Þ!

¼ a2yeÿayleÿauÿðlþacÞt 0F2
1
2 ; 1; ltðaðuþ ctÞÞ

2=4
ÿ �

þ aeÿayaðuþ ctÞleÿauÿðlþacÞt 0F2 1; 32 ; ltðaðuþ ctÞÞ
2=4

ÿ �
: ð17Þ
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Next, (minus) the third term of formula (9) is:

c

Z t

0
gðuþ cðtÿ sÞ; tÿ sÞwY ;T ð0; y; sÞds

¼ c

Z t

0
gðuþ cðtÿ sÞ; tÿ sÞla2yeÿay

X1
n¼0

eÿðlþcaÞs lsð Þn

n!

ðcasÞ2n

ð2nþ 1Þ!
ds

þ c

Z t

0
gðuþ cðtÿ sÞ; tÿ sÞ2laeÿay

X1
n¼0

eÿðlþcaÞs lsð Þn

n!

acsð Þ
2nþ1

ð2nþ 2Þ!
ds

¼ cla2yeÿay
Z t

0

X1
m¼1

eÿlðtÿsÞ ðlðtÿ sÞÞ
m

m!
f m*ðuþ cðtÿ sÞÞ

�
X1
n¼0

eÿðlþcaÞs lsð Þn

n!

ðcasÞ2n

ð2nþ 1Þ!
ds

þ 2claeÿay
Z t

0

X1
m¼1

eÿlðtÿsÞ ðlðtÿ sÞÞ
m

m!
f m*ðuþ cðtÿ sÞÞ

�
X1
n¼0

eÿðlþcaÞs lsð Þn

n!

acsð Þ
2nþ1

ð2nþ 2Þ!
ds

¼ cla2yeÿaðuþyÞÿðlþacÞt
X1
m¼1

lma2m

m!Gð2mÞ

�
X1
n¼0

ln

n!

ðacÞ2n

ð2nþ 1Þ!

Z t

0
ðtÿ sÞ

m
ðuþ cðtÿ sÞÞ

2mÿ1
s3nds

þ 2claeÿaðuþyÞÿðlþacÞt
X1
m¼1

lma2m

m!Gð2mÞ

�
X1
n¼0

ln

n!

ðacÞ2nþ1

ð2nþ 2Þ!

Z t

0
ðtÿ sÞ

m
ðuþ cðtÿ sÞÞ

2mÿ1
s3nþ1ds:

Using a binomial expansion of ðuþ cðtÿ sÞÞ
m, it is straightforward to show

that for r � 0 and m; n � 1:

Z t

0
ðtÿ sÞ

n
ðuþ cðtÿ sÞÞ

m
srds ¼

Xm

i¼0

m

i

� �
ciumÿitnþiþrþ1 r!ðnþ iÞ!

ðnþ rþ iþ 1Þ!
:

Thus, we can use expression (17) and the above development to write hðu; tÞ
and kðu; tÞ from formula (12) as:
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hðu; tÞ ¼ leÿauÿðlþacÞt
�

0F2
1
2 ; 1; ltðaðuþ ctÞÞ

2=4
ÿ �

ÿ
ct

u

X1
m¼1

lta2u2ÿ �m
m!Gð2mÞ

X1
n¼0

la2c2t3
ÿ �n
n!ð2nþ 1Þ!

X2mÿ1
i¼0

2mÿ 1
i

� �
ðct=uÞið3nÞ!ðmþ iÞ!

ðmþ 3nþ iþ 1Þ!

�
and

kðu; tÞ ¼ leÿauÿðlþacÞt
�
aðuþ ctÞ 0F2 1; 32 ; ltðaðuþ ctÞÞ

2=4
ÿ �

ÿ
2a ctð Þ

2

u

X1
m¼1

lta2u2ÿ �m
m!Gð2mÞ

X1
n¼0

la2c2t3
ÿ �n
n!ð2nþ 2Þ!

�
X2mÿ1
i¼0

2mÿ 1
i

� �
ðct=uÞið3nþ 1Þ!ðmþ iÞ!

ðmþ 3nþ iþ 2Þ!

�
:

Although these formulae for hðu; tÞ and kðu; tÞ are not particularly elegant,
their implementation is straightforward, provided that we truncate the infinite
sums at a suitable point. Given the form of the solution for wðu; tÞ in the
previous section, it would appear possible that the solutions for hðu; tÞ and
kðu; tÞ could be expressed entirely in terms of generalised hypergeometric
functions. Indeed, it can be shown that, by setting u ¼ 0 in the third term of
formula (9), we can obtain an alternative to formula (16), namely:

wY ;T ð0; y; tÞ ¼ hð0; tÞa2yeÿay þ kð0; tÞaeÿay

where:

hð0; tÞ ¼ leÿðlþacÞt 0F2
1
2
; 1;

la2c2t3

4

� �
ÿ
la2c2t3

3 0 F2 2;
5
2

;
la2c2t3

4

� �� �
and

kð0; tÞ ¼ actleÿðlþacÞt 0F2 1;
3
2

;
la2c2t3

4

� �
ÿ
la2c2t3

12 0 F2
5
2
; 3;

la2c2t3

4

� �� �
:
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å. Concluding Remarks

Liu & Zhao (2007) consider the joint distribution of the surplus prior to
ruin, the deficit at ruin and the time to ruin in the compound binomial model.
If, instead, we consider a discrete time compound Poisson risk model where
the premium income per unit time is one and claims are distributed on the
integers, as described in Dickson & Waters (1992), then there are
counterparts of formulae in Sections 2 and 3 for this model. However, from a
computational point of view, the recursive calculation scheme of Dickson &
Waters (1992) (which is for the joint distribution of the deficit at ruin and the
time to ruin, but can be extended to include the surplus prior to ruin) seems
preferable.

Dickson & Willmot (2005) derived an expression for wðu; tÞ when the
individual claim amount distribution is an infinite mixture of Erlang
distributions with the same scale parameter. Each of the individual claim
amount distributions in Sections 4 and 5 is a special case of this distribution,
but it seems rather difficult to condense Dickson & Willmot’s expression to
give a simple formula for wðu; tÞ for comparison with the formulae presented
in Sections 4 and 5. Indeed, we would conjecture that, if simplification of
Dickson & Willmot’s expression was possible, we would not obtain the
formulae for wðu; tÞ in Sections 4 and 5. To a large extent this conjecture is
based on the fact that, in the case of exponential individual claims, Drekic &
Willmot (2003) obtain a formula for wðu; tÞ by inverting its Laplace
transform, and this formula is expressed in terms of an infinite sum, where
the summand contains a Bessel function. Whilst their result can be shown to
be the same as formula (11) when u ¼ 0, we are unable to show that the same
is true for u > 0. Whilst Dickson & Willmot’s formula has wide applicability
ö see Willmot & Woo (2007) ö the formulae for wðu; tÞ presented in
Sections 4 and 5 seem preferable from a programming point of view for these
individual claim amount distributions. Indeed, in the case of exponential
claims, we can use supplied functions in a package such as Mathematica to
ease computation.

The application of formulae (6) and (9) for individual claim amount
distributions other than those considered in Sections 4 and 5 is feasible.
We have chosen our examples for ease of presentation. The ideas
extend to Erlang(n; a) claims where n > 2. In this case it is straightforward to
solve directly for wðu; tÞ, while the derivation of wðu; y; tÞ is a little
tedious. We state, without proof, that, when the individual claim amount
distribution is Erlang(n; a), the joint density of the time to ruin and the deficit
at ruin is:

wðu; y; tÞ ¼
Xn

i¼1

hiðu; tÞ
aiyiÿ1eÿay

GðiÞ
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where:

hiðu; tÞ ¼ leÿauÿðlþcaÞt

�X1
m¼0

ðltÞm

m!

ðaðuþ ctÞÞ
nðmþ1Þÿi

Gðnðmþ 1Þ ÿ iþ 1Þ

ÿ
ctðnÿ iþ 1Þ

u

X1
m¼1

ðltÞm auð Þnm

m!GðnmÞ

X1
r¼0

ðltÞr

r!

ðactÞnðrþ1Þÿi

ðnðrþ 1Þ ÿ iþ 1Þ!

�
Xnmÿ1

k¼0

nmÿ 1
k

� �
ct

u

� �k ðnðrþ 1Þ þ rÿ iÞ!ðmþ kÞ!

mþ kþ nðrþ 1Þ þ rÿ iþ 1ð Þ!

�
:

We know from Cheung et al. (2007) that, when the individual claim amount
distribution is a finite mixture of Erlang distributions with the same scale
parameter, then the joint density wðu; y; tÞ decomposes in a similar way to the
case of Erlang(n,a) claims. It therefore seems that the techniques presented
above will equally apply to this individual claim amount distribution.
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