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ABSTRACT

In the classical risk model, we use probabilistic arguments to write down expressions in terms
of the density function of aggregate claims for joint density functions involving the time to ruin,
the deficit at ruin and the surplus prior to ruin. We give some applications of these formulae in
the cases when the individual claim amount distribution is exponential and Erlang(2).
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1. INTRODUCTION

We consider the classical risk model in which the surplus process {U(%)},-,
is given by:

Ult)=u+ct—S@)

where u is the insurer’s initial surplus, ¢ is the rate of premium income per
unit time, and S(¢) represents the aggregate amount of claims up to time t.
The process {S(¢)},., is a compound Poisson process, with S(t) = Zfi(f) X,
where {X;}°, is a sequence of independent and identically distributed
random variables, with X; representing the amount of the ith claim, and N(t)
follows a Poisson distribution with parameter Ar. We assume that the
individual claim amounts have a continuous distribution with distribution
function F =1—F, density function f and mean m,, and we adopt the
notation G(x, t) = Pr(S(t) < x), with g(x, t) = 2 G(x, t).
The finite time ruin probability is defined as:

Y(u, t) = Pr(U(s) < 0 for some s, 0 < s <1)
and let 6(u, t) = 1 — y(u, t). Prahbu’s (1961) formula for d(u, t) is:
217
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218 Some Finite Time Ruin Problems

o(u, t) = G(u+ct, t) — c/ g(u+ cs, 5)0(0, t — s)ds (1
0
with:
50,1) =e " + / 0(0, t, x)dx
0
where:
X
0(0,t,x) = —g(ct — x,t)
ct

is the density associated with non-ruin from initial surplus zero over [0, t]
and a surplus of x at time t. (See Gerber, 1979, p112).

Although extensive numerical work has been done using Prahbu’s
formula, much of which is summarised in Seal (1978), few explicit solutions
for d(u,t) have arisen from this formula, presumably because the use of
Prahbu’s formula requires explicit expressions for G and g. The notable
exception is when F is the exponential distribution function.

Dickson & Willmot (2005) derived an expression for the density of the
time to ruin, T, defined as:

T = inf{t: U(t) < 0}

with T =o00 if U(t) >0 for all t> 0. Their expression was found by
inverting the Laplace transform of T. It is not a concise solution, but is
suitable for computational purposes, as illustrated by Dickson & Willmot
(2005) and Willmot & Woo (2007). Our main purpose in this paper is to
identify alternative expressions for the density of the time to ruin. We do this
in Section 2 by applying a probabilistic argument, and we can confirm the
validity of the argument by differentiating equation (1). Based on the
probabilistic argument, we then give formulae in Section 3 for some joint
distributions relating to the time to ruin, the deficit at ruin and the surplus
prior to ruin. Some illustrations of the application of these formulae are
given in Sections 4 and 5, and conclusions are presented in Section 6.

2. THE DENSITY OF THE TIME TO RUIN

Let w(u, t) denote the (defective) density of the time to ruin, so that
w(u, t) = 2(u, t). We know from Dickson & Willmot (2005) that:
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w(0, ) = Ze ¥ F(ct) + 4 / 29(61 — x, F(x)dx (2

= Je "F(ct) + A / i 8(0, t, x)F(x)dx (3)

and we can interpret this as follows. The expression w(0, t)dt is interpreted
as the probability of ruin occurring in the interval (t,t+ dt). The term
Je " F(ct)dt is interpreted as the probability that the first claim occurs in the
interval (t, t 4+ dt), and that this claim exceeds ct, causing ruin. Similarly, for
a fixed value of x, A5(0, t, x)F(x)dx dt is interpreted as the probability of:

(a) non-ruin over [0, tf] with U(¢) = x; and

(b) a claim occurring in the interval (¢,t+ dt) of amount greater than x,

causing ruin.

Extending this interpretation to an initial surplus greater than zero, we get:
o u+-ct o
w(u, t) = Ae " F(u + ct) + i/ o(u, t, x)F(x)dx 4)
0

where J(u,t, x) is the density associated with non-ruin from an initial
surplus u over [0, t] and a surplus of x at time ¢t. Extending formula (3.13) of
Dickson & Waters (2006) from t = 1 to a general value for ¢, we obtain:

t—x/c

ou, t,x) =glu+ct —x,t)—cl(t > x/c)/ g(u + cs, 5)0(0, t — s, x)ds
0

- I(t > x/c)g(u +ct—Xx,t— X/C)ef/"x/c (5)

where I is the indicator function. Formula (4) is not the most useful
formula for computing w(u, t), but its structure allows us to write down a
joint density function, and this will be done in the next section.

A more convenient formula for computing w(u, t) is:

u+-ct
wu, t) = e ™ F(u + ct) + )L/ g(u+ ct — x, )F(x)dx
0
- c/ g(u+ cs, s)w(0, t — s)ds (6)
0

which follows by inserting formula (5) for d(u, t, x) in formula (4). We can
use this equation to compute w(u,t) for certain individual claim amount
distributions, as illustrated in Sections 4 and 5.
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3. JoINT DENSITIES

Now let Y = |U(T)| denote the deficit at ruin and let wy ;(u, y, t) denote
the (defective) joint density of Y and T. Dickson & Willmot (2005, Section
3) obtain formula (3) by inverting the Laplace transform of T. If we apply
the same approach to the bivariate Laplace transform of Y and T,
straightforward manipulations give:

wy (0, y, 1) = de™f(ct + y) + /I/C 0(0, t, x)f (x + y)dx. (7)

The interpretation here is as for formula (3), except that, for x < ct, F(x) in
formula (3) is replaced by f(x + y), i.e. rather than requiring a claim above x
to cause ruin, we require a claim of amount x + y to cause ruin with a
deficit of y. By adapting this interpretation to an initial surplus u > 0, we
obtain:

u+-ct
wy (U, y, 1) = de f(u+ct +y) + )»/ O(u, t, X)f (x + y)dx. 8)
0

Inserting for é(u, t, x), similar manipulations to those in the previous section
yield:

u+ct

wy r(u, y, 1) =Je"f(u+ct + y) + /1/ gu+ ct — x, )f (x + y)dx
—c /t g(u+ c(t — s), t — s)wy (0, y, s)ds. 9)

Formula (9) provides an alternative means to the transform inversion
method of calculating the joint density of Y and T presented in Dickson
(2008). Its main advantage is that it is a simple integral expression in terms of
g, which makes it suitable for direct application for certain forms of f, or
for numerical integration. Its main disadvantage is that the third term is of a
similar form to the integral term in Prahbu’s formula.

Further, if we let X = U(T") denote the surplus prior to ruin and define
wy y.r(u, X, y, t) to be the (defective) joint density of X, Y and T, we see that,

for0 < x <u+ct:

WX,Y,T(uv X, ya t) = )"5(1/{7 t’ X)f‘(x + y)

with density of Ae™f(u+ ct + y) for x = u+ ct. This argument is given by
Wu et al. (2003), but they use a different formula for d(u, t, x).
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Integrating out y, we obtain the joint density of the surplus prior to ruin

and the time to ruin as:

wy (U, X, 1) = 20(u, t, X)F(x)

for 0 < x < u+ ct, with density of le " F(u + ct) for x = u + ct. This leads to

the relationship stated in Gerber & Shiu (1997):

fx+y)
F(x)

WX,Y,T(us X, ), t) = WX,T(”? X, [)

4. EXPONENTIAL CLAIMS

oux

Let us first consider the case when F(x)=e~
f(x) = aF(x). Then, inserting for f in equation (8), this gives:

u+-ct
Wy (U, y, 1) = e Hoe T 4 ) / 3(u, t, x)oe " dx
0

u+ct
= oe™™ (ie*’ﬁ(u +ct) + )L/ o(u, t, x)F(x)dx)
0
= oe “w(u, t)
which is a well-known result — see, for example, Gerber (1979).
Consider equation (6) for w(u, t). The first two terms give:

Uu—+ct
ie"F(u+ ct) + 4 / g(u +ct — x, HF(x)dx
0
utct  om_m—1 _—ox

o0 m
— ;Le—/ir—au—act + i 2 :e—xt (}‘t) o X e e—rx(u+ct—x)dx
- m! I'(m)
m=1

o > (adt)" (u + ct)"”
At—ou—oct
e (1 + Z m!m!

m=1

S (\/m)

where:

0 (t/2)2n+v
L= ; n!(n + v)!

is the modified Bessel function of order v.
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To obtain the third term of equation (6), we first find w(0,¢) from
equation (2), as:

w(0, ) = e " F(ct) + A / Crig(ct — x, OF(x)dx

m  pct m m—1_—a(ct—x)
_ Ae—/ze—a(r +2 Z —it () t) ﬁOC (Ct — X) € e~ dx

— m! J, ct I'(m)

_ —Al —ozm‘ —it 79(01 (a;"t)m r(z)r(m) m
= +4 Z plT(m) Tm + 2) Y

m=1

— /le—/lre—ozct i (OULCI )

ml(m+ 1)!
— ;Le—/lle—actnl(t)

m=0

where:

00 (OC)LC[Z)m 1 P
n () = = I,(V4dolct ).
I ;m!(m—i— DU Voder I( )

Thus, (minus) the third term in equation (6) is:

c/ g(u+ c(t — ), t — 8)Ae”* Py (s)ds

n _n n—1
_ ;(,/ Z —(t—s) (l(t S)) o (M _é_ncf 1)'S)) e—oc(u+c(t 5) —(/+xc)sn (S)dS

_ 1 /0 Z(W—S})” o u J(Fncf 1‘)!5))” i (s)ds. (10)

We can evaluate (10) by observing that the integral is the convolution of:

_ 00 (ait)n(u_i_ct)nfl B oc)»t _ ,
nz(t)—; P P —mll(\ﬂa/ﬁ(u—i—cﬂ)

and 15,, and we can find this from the following result, taken from Erdélyi
(1954, p201).
Result4.1. Let:
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o)
)=— 1Ay +pt).
P(1) 1B B

Then:

x/%(wx/slz—/ﬁ)rexp{g(s_ soA } =

a@=ﬁ (o)t =

To apply this result we note that we can write:

Jo
m(t) = %Il (x/4odc /%t + t2).

Then, by Result 4.1, withv =1, f = u/c and 4 = V4ac:

.(s) = W\/SZA— Azs—i—\/sl2 - Azexp{zlc<s— g _AZZ }

and, from Gradshteyn & Ryzhik (1994, p1182), we have:

P —
] As+\/52—A2

which we can write as #,(s) = (s — Vs - A2) /(2oAc). Thus, we have:

M(s)iy(s) =

Valje A s—s -4 u )
20hc JSZ_AZS+¢32_A26XP{Z(S_ > _A>}

1 A A
zzcmm(s+\/Sz_—Az)zexp{i(s—\/sz_Az)]

which, by Result 4.1, is the Laplace transform of:

A t u ;
- I / N 2 “ _ I '
2eodet +ufc 2( 4‘“%/@) it u 2( 4ait(u+cz))

Hence, formula (10) becomes:

) e~ e 12< 4odt(u + ct))

ct+u
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and we obtain:

W(t, ) = Ao~ G0 (IO (\/4Mt(u + ct)) — ct:t— ” I (\/4a/1t(u + ct))) (11)

a result derived by Dickson et al. (2005) by complex inversion of the
Laplace transform with respect to t of w(u, t).

5. ERLANG(2) CLAIMS

Let us now consider the situation when F(x) = e (1 + ax), so that:

00 o (/'Lt)n OCanZn—l e—%x
, 1) = .
gl ) =D e T(2n)

n=1
We know from Cheung et al. (2007) that:
Wy (U, y, t) = k(u, e + h(u, )’ ye ™ (12)

and the analysis below provides formulae for h(u, t) and k(u, t). We remark
that solutions for h(u, t) and k(u, t) were obtained by Dickson (2008), using a
very different approach. The formulae which we obtain below are quite
different for u > 0, but the same for u = 0. However, the approach presented
here also leads to alternative formulae for h(0, t) and k(0, t). These formulae
are stated without proof at the end of this section.

We start by finding wy (0, y, t). From equation (7) we have:

. )V ct
g0, = 2+ % [ ¥ gtet = x 0 xdx
0

and we will write:

/m fg(ct —x, O)f(y + x)dx = /C[ cz;xg(x, Of (v + ct — x)dx.
o 1 0 t

Now:
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c /“ g(x, O)f (v + ¢t — x)dx

00 / (/Lt)n 2n 2n 1 et
) VT e

) ()vt)n OCZ<”+1) o ct 5
—it e a(y+ct) x2n l(y + ct — x)dx
n! I'(2n) o

u@ 20D el (4 e (ct)”" (Ct)2n+1
n! I'(2n) 2n 2n+1

eiﬁ ()vt)” ocz("“) e,x(yj;m , (ct)Zn N (ct)2n+l
n! T'(2n) 2n  2n(2n+1)

n=1

M ==

I
o
s,

Il
o

e 10

N

(13)

n=1

and similar manipulations give:

/thg(x, Of (y + ct — x)dx

_ Z —/Lt ” : 2(”*” e—oc(y+ct) y(Ct)szrl + (Ct)szrz ) (14)
n! T (2n) 2n+1 " 2n+ H2n+2)

Combining the terms in y in (13) and (14) gives:

Z e,/[ (i[)n 2(n+1) e—o((}'+¢7f) ¢y (Ct)zn ((, t)2/1+l
n! T'(2n) 2n t2n+1

n=1

N e, A" (cot)
_ 2., =0 —(A+(D()I(
= clye™ ) e nl 2n+ 1)

n=1

and combining the remaining terms gives:

i e,m (it)” a2(n+1) e,a(Hn) C(Ct)ZnJrl B (Ct)2n+2
n! T'(2n) 2n2n+1) tC2n+1)2n+2)

(/Lt)n (act)Z)H—l
n Cn+2)

n=1

00
= coe™ E e—(i+c1)t

n=1

Hence:
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Wy (0, v, ) = hea(y + ciye 0

}“ A A o —(Atcot (/lt)” (cat)zn
Foerye) e A Qn+ 1)

n=1

yl N (A (act)™!
- —oLy —(Atco)t

o2 ) e A 2n+2)

n=1

- 00 » it)n (cat)Zn
— /1 2 oy (/.+coz)r(
wye) e nl 2n+ 1)

(/L[) (act)2n+1
n n+2)°

n=0

4 220{67” Z ef(/ier)t (1 5)

Noting that:
2n+ D! =4"(1),0),
and

2n+2)! =2[4'(),(2),]

where (a), = I'(a + n)/T'(a) is Pochhammer’s symbol, we can write:

: 3 o)t
WY,T(Oy y’ t) — O(Zyefotyief(/Hrca)t ()Fz( ey (O(C) )

27 4
A
+ oe™ Jacte” e F2<2 2; %) (16)

where:

Zm
Z(C )m(CZ)m (C )m m'

OFq(C17 Cz, e

is a generalised hypergeometric function. This form of solution is convenient
for computational purposes.
Consider now wy r(u, y, t) and the first two terms in formula (9):
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u+ct
le M f(u+ct+y)+ if gu+ ct — x, )f (x + y)dx
0

— /ﬂhefx(u+y)f(2»+ac)ta2(u + et +y)

oo

+ ’12‘«’”’%/0 S (et + y = x)dx

m=1
— ;Le—x(u-ﬁ—y)—(ﬁ—occ)raZ(u 4 Ct+y)

utct  2m 2m—1 —ox

—t (/“t)m xX € 2 —o(u+ct+y—x)
) mZ: 0 o (u+ct+y—xe Y9 x

— /lefx(u+y)7(i+aw)ta2(u+Ct+y)

(/lt) Osz+2 u+-ct
+ Je )t Z Tt X" u+ et + y — x)dx
m. m

= Je  utN=Cradi2(y 4ot 4 y)

A,t)m O(2m+2
m!l T (2m)

2m+1
+ Ae*&((uﬂ) (Atoce)t Z( ( + Ct) (u + Ct) }

t
[(u +ct+y) PP
— le—x(u-%—y)—(/l-f—occ)raZ(u + Ct+y)

/It)m OC2m+2 (u+ct)2m
m! T'Cm) 2m

o (
+ ;Lye—a(wry)f(lwc)t Z

o o] (/lt)m a2m+2 (H+Ct)2m+1
tre D T amam D)

m=1

m 2m
= Ao ye—"‘(“ﬂ) (tacyt Z (4 t) [o(u + c1)]

— (2m)!
. - o =) (;Lt)m [a(u + Ct)]2m+l
+ Joe o(u+y)—(A+ac)t
Z; m Qm+ 1)

= oPye e I F, (% 1; At(o(u + ct))2/4)

+ e o(u + ct)de N (Fo (1,3 At(olu + 1)’ /4). (17)
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Next, (minus) the third term of formula (9) is:

c/ gu+c(t —s), t — s)wy (0, y, s)ds
0

— l ) } 2., —ay - —(A+ca)s ()"S)n (Cas)zn d
= Og(u+c(t—s),t—s),ocye nEZOe TW s
00 n 2n+1
S5 e 08 9™

t
+c / gu+c(t —s), t — 5)240e™ ot )

n=0

= cia’ye” / e (e — ))mfm (u+c(t—s)
0 =1

» As)" (cocs)z”
(Atco)s (
Xze i ant

n=0

+ 2cAoe™ / e M= (= ))mfm*( + c(t — 5))

m=1

. (;\.S) (acs)ZnJrl
(A4-co)s d
) ZO ¢ en+2 "

00 am_2m

) Ao
_ 2 —o(u+y)—(A+ac)t
= cla’ye
Y ; miT(2m)

00 An (OCC)zn ¢ . .
X;nuznﬂ)!/o“ $)'(u+ et = )" s ds

=] m_2
Ao

+ ZC/"Lae—z(u-%—y)—(/H—oc(')t Z
m!I"(2m)

m=1

X i;{”((}w)bﬂrl/r(t _ S)m(u + C(t _ S))2m—133n+1ds
—~n!l(2n+2)! J,

Using a binomial expansion of (u + c(t — s))", it is straightforward to show
that forr > 0and m,n > 1:

t 2 my N V!(I’l i)!
t ! t— " 'd = E 1 m—ztn+1+r+1 _ BT
/(:( S)(u C( S)) T 170<i>cu (n+r+l+1)'

Thus, we can use expression (17) and the above development to write h(u, t)
and k(u, t) from formula (12) as:
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h(u, t) — )Leau(i.+a<?)t< 0 (2 , 1 /L[(OC(U —+ Ct)) /4)

< ()" S (2P EE) TR (2m — 1 (ct/u) (3n)!(m + i)
_Em 1 m'F(2m)Zn'(2n+l)'Z< i ) (m+3n+i+1) )

and

k(u, t) = Je (e (oc(u + ct) o F5(1,3; At(o(u + ct))2/4)

2oc(ct) (Ato’u (2e*c’t 3)
Z m!T'(2m) & Z =« n!(2n +2)!

T2 2m — 1\ (ct/u)'(3n + Dl(m + i)!
XZ( i > (m+3n+i+2) )

i=0

Although these formulae for h(u, t) and k(u, t) are not particularly elegant,
their implementation is straightforward, provided that we truncate the infinite
sums at a suitable point. Given the form of the solution for w(u,t) in the
previous section, it would appear possible that the solutions for h(u, t) and
k(u, t) could be expressed entirely in terms of generalised hypergeometric
functions. Indeed, it can be shown that, by setting u = 0 in the third term of
formula (9), we can obtain an alternative to formula (16), namely:

wy.7(0, y, t) = h(0, t)a’ ye™™ + k(0, t)oe™

where:

. 1 Jotc? Ittt 5 Ylatea
h = Je Wt F 1; — F,(2,=;——
0, 1) e ( 2 (2 2 ) 3 0 2( 2 2 ))
and

) 3 /10(2 2 3 A,O(2 2 3 5 A,O(2 2 3
_ —(A+ac)t
k(0, t) = actle ( F2<1 37 ) 2 0F2<2 3; T ))
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6. CONCLUDING REMARKS

Liu & Zhao (2007) consider the joint distribution of the surplus prior to
ruin, the deficit at ruin and the time to ruin in the compound binomial model.
If, instead, we consider a discrete time compound Poisson risk model where
the premium income per unit time is one and claims are distributed on the
integers, as described in Dickson & Waters (1992), then there are
counterparts of formulae in Sections 2 and 3 for this model. However, from a
computational point of view, the recursive calculation scheme of Dickson &
Waters (1992) (which is for the joint distribution of the deficit at ruin and the
time to ruin, but can be extended to include the surplus prior to ruin) seems
preferable.

Dickson & Willmot (2005) derived an expression for w(u,t) when the
individual claim amount distribution is an infinite mixture of Erlang
distributions with the same scale parameter. Each of the individual claim
amount distributions in Sections 4 and 5 is a special case of this distribution,
but it seems rather difficult to condense Dickson & Willmot’s expression to
give a simple formula for w(u, t) for comparison with the formulae presented
in Sections 4 and 5. Indeed, we would conjecture that, if simplification of
Dickson & Willmot’s expression was possible, we would not obtain the
formulae for w(u, t) in Sections 4 and 5. To a large extent this conjecture is
based on the fact that, in the case of exponential individual claims, Drekic &
Willmot (2003) obtain a formula for w(u,t) by inverting its Laplace
transform, and this formula is expressed in terms of an infinite sum, where
the summand contains a Bessel function. Whilst their result can be shown to
be the same as formula (11) when u = 0, we are unable to show that the same
is true for u > 0. Whilst Dickson & Willmot’s formula has wide applicability
— see Willmot & Woo (2007) — the formulae for w(u,t) presented in
Sections 4 and 5 seem preferable from a programming point of view for these
individual claim amount distributions. Indeed, in the case of exponential
claims, we can use supplied functions in a package such as Mathematica to
ease computation.

The application of formulae (6) and (9) for individual claim amount
distributions other than those considered in Sections 4 and 5 is feasible.
We have chosen our examples for ease of presentation. The ideas
extend to Erlang(n, o) claims where n > 2. In this case it is straightforward to
solve directly for w(u,t), while the derivation of w(u,y,t) is a little
tedious. We state, without proof, that, when the individual claim amount
distribution is Erlang(n, o), the joint density of the time to ruin and the deficit
at ruin is:

oy ~le ™

w(u, y,t)—Zh(u ) ———— 0
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where:

o) LAN L n(m+1)—i
) _ —ou—(A+co)t (/Lt) (OC(M + Ct))
hi(u, 1) =2 (Z m Tm+ 1) — i+ 1)

m=0

ct(n—i+ 1) S ()" ()™ S (At) (awet) 0
_ u le: m!I"(nm) ;V—!(H(7+l)—i+l)!

W nm— 1\ etk (n(r 4 1) +r — i)(m + k)!
XZ( k )(E)(m+k+n(r+1)+r—i+1)!>‘

k=0

We know from Cheung et al. (2007) that, when the individual claim amount
distribution is a finite mixture of Erlang distributions with the same scale
parameter, then the joint density w(u, y, t) decomposes in a similar way to the
case of Erlang(n,o) claims. It therefore seems that the techniques presented
above will equally apply to this individual claim amount distribution.
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