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Abstract
We present a systematic approach to refine hyperdimensional interatomic potentials, which is showcased on the ReaxFF formulation. The
objective of this research is to utilize the relationship between interatomic potential input variables and objective responses (e.g., cohesive
energy) to identify and explore suitable parameterizations for the boron carbide (B–C) system. Through statistical data analytics, ReaxFF’s
parametric complexity was overcome via dimensional reduction (55 parameters) while retaining enough degrees of freedom to capture
most of the variability in responses. Two potentials were identified which improved on an existing parameterization for the objective set if
interest, showcasing the framework’s capabilities.

Introduction
The ability to computationally design high performingmaterials
while managing tradeoffs in weight, cost, and deleterious prop-
erties is an ongoing challenge that impacts a wide range of
industries (e.g., automotive,[1,2] aerospace,[3] and defense[4,5]).
For example, developing lower density materials with similar
or superior mechanical properties compared with conventional
materials can be advantageous by decreasing the overall weight
requirement of the system. Conversely, developing materials
with comparable weights but higher mechanical strengths to
conventional materials can decrease the amount of material nec-
essary, leading to an overall lower system weight. For instance,
Mg and Al alloys are often used to design lightweight systems,
providing comparable performance to heavier (conventional)
high-strength materials.[1,6]

This materials design potential is true for superhard ceramic
materials, which have a number of defense-related applications
including unmounted soldier protection. One class of armor
materials for soldier protection are boron-based ceramics,
e.g., boron carbide (B–C) and boron oxide (B–O) systems.
These are both lighter, harder, and ballistically outperform pre-
vious silicon carbide systems.[7,8] Other important applications
of boron-based ceramics include neutron absorption and shield-
ing,[9] which are of unique importance to the nuclear energy
industry. While lighter and harder, the performance of this
class of materials can suffer due to its brittle nature and poorly
quantified fracture mechanisms.[5] Although, there exist

qualitative insights associating fracture with shear band
amorphization.[10,11] the mechanism of initiation and propaga-
tion of this amorphization process is not well understood,
especially under dynamic failure conditions. Improving our
understanding of the fracture mechanisms requires atomic
scale studies to highlight the conditions that lead to catastrophic
failure. Once these underlying atomic physics are better known,
manipulating material chemistry and/or processing conditions
can be used to engineer the microstructure, properties, and per-
formance of the material. In this approach, atomic simulations
serve as the basis for integrated computational materials engi-
neering,[12] aimed at computationally designing materials in
an accelerated fashion while minimizing the risk associated
with the development process.

As computational resources have increased in capacity and
performance, the cost of large-scale (spatial or temporal)
atomic simulations to predict mechanics and physical interac-
tion of realistic systems has become more feasible.[13] There
are two main types of simulations for studying atomistic mech-
anisms: quantum mechanics and molecular dynamics (MD)
simulations. Quantum mechanics (QM) computations predict
(sub)atomic scale interactions with a high degree of accuracy.
While approximating electronic contributions results in an
accurate approximation of atomic properties, this leads to
expensive computations, limiting QM simulations to small vol-
umes (number of atoms) and short time scales. Hence, properly
analyzing design scale features, e.g., grain boundaries,
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becomes prohibitively expensive. Classical MD enables study-
ing of materials atomic performance, within appropriate spatio-
temporal scales, to understand the failure of boron ceramics
under ballistic impact. MD solves for Newtonian physics,
often ignoring electronic influence, based on an interatomic
potential that describes the forces exerted by atoms on each
other. Ultimately, the fidelity of MD predictions is limited to
the accuracy of the interatomic potential used. A variety of
potential formulations exist that aim at reducing the computa-
tional costs by “coarse-graining” physical interactions taking
place at the subatomic level (e.g., electron interactions). Each
potential relies on specific assumptions about the system;
thus, care needs to be practiced when parameterizing potentials
to be physically predictable. Nonetheless, insights from MD
simulations enable the design and improvement of materials.

Complex reactive potentials have been developed[14–16] to
capture the high fidelity QM results while being able to
model large-scale atomic systems. One such example is
known as the Reactive Force Field (ReaxFF),[14] which was
developed as a way to better describe the complex structures
and thermodynamics occurring during chemical reactions.
The ReaxFF formulation

U = Ubond + Uover + Uunder + Uval + Upen + Utors

+ Uconj + UvdW + UCoul

= F[ f (rij), g(rij, uijk ), h(rij, qi, qj), . . .] = F(X)

(1)

incorporates a comprehensive set of many-body interatomic
interactions, bond-order, and charge. As the ReaxFF
formulation aims to model many physical interactions, accurate
parameterization requires optimizing a hyperdimensional
parametric design space. This becomes exceedingly expensive
when considering multi-component and multi-phase systems,
as with many-body potentials. One such parameterization for
B–C was developed by An and Goddard,[17] where shear-band
amorphization was qualitatively demonstrated. Parameterizing
hyperdimensional potentials like ReaxFF can take several
forms, which span the straightforward one-factor-at-a-time to
more complex multi-objective driven algorithms. Examples
of multi-objective parameterization approaches, such as the
genetic algorithm-based reactive force field optimizer
(GARFfield),[18] the multiple objective evolution strategies
(MOES),[19] and the potential optimization software for materi-
als (POSMat).[20] Another example is a statistical sampling-
based generalized methodology developed to understand how
parametric changes lead to output uncertainties of the lower
dimensional MEAM potential.[21]

In this work, a data analytics approach for exploring and
optimizing complex hyperdimensional interatomic potentials
is outlined. Multiple methodologies are integrated to systemati-
cally quantify the intricate relationship between input variables
(factors) and model outputs (responses). It should be noted that
the terms factor, input variable, and parameter are used inter-
changeably through the paper. This includes adaptive sampling
and sensitivity analysis (SA) approaches to enable focused

parametric exploration. Lastly, a demonstration of how the pro-
posed framework can be used to improve upon existing inter-
atomic potentials was performed on the B–C system based on
An’s parameterization.

Boron carbide complexity
Modeling B–C with classical MD is challenging due to the
complex crystal structures and varying stoichiometry of its
many known polymorphs. The nominal crystal structure,
shown in Fig. 1(a), is described as rhombohedral consisting
of primarily boron-rich icosahedra located at the unit cell vertex
with a three-atom backbone chain along the [1 1 1] direction.
Atomic location within these icosahedra can be subdivided
into equatorial and polar sites which are shown in Fig. 1(a)’s
inset as gold and gray atoms, respectively. Carbon atoms are
primarily located in the backbone chain but can be substituted
into distinct polar and equatorial sites of the icosahedra. Boron
carbide is classified in the R�3 m space group. However, relax-
ation of the atom positions and lattice parameters occur during
QM and molecular statics (MS) energy minimization that dis-
rupts this symmetry. For example, Fig. 1(b) shows a typical
energy minimization routine used in this work that cycles
between stages of lattice relaxation to better reduce internal
pressure and relax atomic coordinate. It should be noted that
common practice consists of simpler energy minimization
schemes, which would follow the blue dotted-curve. Clearly,
it is possible that not allowing both relaxation procedures
could lead to unoptimized atomic configurations.

Boron carbide has been experimentally observed in ranges
of carbon solubility from 8 to 20 at.% without phase separation
or interstitial carbon occupancy.[9,22] Its most abundant config-
urations have transition energies in the order of a few meV per
unit cell (u.c.).[7,23,24] Figure 1(c) shows three 20 at.% C (B4C)
and one 13 at.% C polymorphs of boron carbide, from left to
right. The two left B4C structures in Fig. 1(c) have a boron
atom inserted in the middle of the carbon backbone chain
and a carbon atom substituted in the icosahedra at polar
(B11C

pCBC) and equatorial (B11C
eCBC) sites, respectively.

The right two boron carbide structures, B12CCC and
B12CBC, have full boron icosohedra with CCC and CBC
chains, respectively. Due to the atomic size difference between
B and C atoms, these seemingly small variations in the poly-
morphic configuration lead to non-negligible structural
differences.

The complexities of the boron carbide crystal structures and
the thermodynamic landscape of its many polymorphs have led
to difficulties in developing and parameterizing accurate inter-
atomic potentials. Without accurate boron carbide potentials,
there are no sufficient MD studies to understand the root
cause of fracture nor is there clear understanding how its perfor-
mance is altered due to defects.[5] While there has been success
in observing amorphization in bulk boron carbide under
shear,[17] this parameterization has difficulties capturing poly-
morphic ordering, and predicting boron carbide defect and
grain boundary structures.
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Framework for parameterizing
interatomic potentials
Different parameterization approaches are routinely employed
in the development of interatomic potentials. Nonetheless, sys-
tematic and transferable methodologies for potential parameter-
ization are limited. When existing potentials need to be
improved upon, parameter is modified based on assumptions
of potential behavior. Due to its simplicity, a common practice
consists of varying parameters in a one-factor-at-a-time
(OFAT) fashion. The main limitation to OFAT is that there
could be hidden effects (e.g., factor interactions) which it
fails to capture. Factor interactions are of interest in hyperdi-
mensional (ℍD) force fields where a number of factors could
influence the property of interest. Herein, a systematic statistics-
based approach is proposed to parameterize and optimize these
potentials.

Figure 2 outlines the proposed systematic approach for
parameterizing and optimizing interatomic potentials. The
approach begins by adopting an initial-guess parameterization
(X0). For instance, this could be a previous parameterization
which needs to be improved upon to enhance its fidelity.
Herein, the potential developed by An and Goddard[17] was
chosen. Optimization of a large number of factors within the
ReaxFF formulation can become cumbersome and expensive
due to its hyperdimensionality. Therefore, the first step is to

perform a SA to determine which parameters best capture
response uncertainty. It is important to note that the goal is to
identify a subset of factors which are exhibit importance (sensi-
tivity) with respect to the responses of interest. Hence,
parameter-space transformation approaches to dimensionality
reduction, such as principle component analysis (which seek
to project the data onto a reduced-order linearly uncorrelated
factor space) are not directly applicable here. Identification of
the most sensible parameters enables a reduction in the domain

HD � Hdr , where D≫ dr. The dimensional reduction is
achieved by comparing sensitivity metrics. This step should
be repeated until a desirable level of variability is captured.
Then, a traditional design of experiments (e.g., Latin

Hypercube sampling) is performed on Hdr yielding statistically
representative data describing how this reduced domain can pre-
dict responses (desired material properties). The sampled
reduced domain is then used to determine an optimal parameter-
ization. For instance, the sampled set could be tested against
several properties of interest to determine their accuracy.
Alternatively, surrogate models can be fit to the sampled data
set and optimized to determine an optimal parameterization
from this reduced-order models. The latter could be performed
at orders of magnitude lower computational expense required of
computing MS for sampled candidate usually needed of meth-
ods typically used to optimize potentials.

(a) (b)

(c)

Figure 1. Boron carbide is a structurally complex polymorphic material. Its lightweight and toughness make it a great candidate for a wide variety of
applications. (a) visualization of a B–C rhombohedral unit cell with 12-atom icosahedra at the vertices and 3-atom chain at the body, (b) energy minimization
through different molecular statics stages, and (c) atomic configuration of four B–C polymorphs known to have the lowest energy (note B12CBC is boron-rich
compared with the others).
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Global SA enabled parameter
screening
SA is a practice that helps understand how changes in indepen-
dent input variables influence a model response. Understanding
these relationships is paramount to being able to efficiently
parameterize high fidelity interatomic potentials, especially
for complex atomic systems like B–C. The ReaxFF potential

permits parameterization of over 200 factors to accurately
model B–C potentials, which lends itself to SA studies.
However, not all these factors can be tunable as many corre-
spond to material-specific properties (e.g. atomic mass).

ReaxFF clearly presents dimensional challenges, and a com-
plex computational and mathematical implementation, as evi-
dent from Eq. 1. Three prior B–C ReaxFF potentials[17,25]

were used to identify ReaxFF factors should be held constant
in the current study, deeming these “material specific” or insen-
sitive factors. Table I summarizes the findings from this com-
parative analysis. The integers correspond to a parameter
from the given functional subset and follow the potential tem-
plate nomenclature in the Supplementary Information. For
example, subset atom factor 03� ATO03 corresponds to the
C atomic mass. This approach suggests that 37 of the 234 fitting
factors should remain constant, resulting in a ℍ197 hyperdimen-
sional domain. In other words, we need to determine a set of
197 parameters that yield an optimal ReaxFF parameterization
to describe atomic interactions between B and C atoms.

Optimizing the resulting ℍ197 still remains computationally
expensive and challenging for tractable materials design.
Therefore, SA is essential for determining which of these
parameters should be targeted in parameterizing the potential.
Multiple techniques have been developed to perform SA on dif-
ferent types of mathematical systems. These include OFAT,
local methods, variance-based methods, etc.[26] However, the
simplicity of some techniques like OFAT can miss interactions
between factors.

This work focuses on the use of the derivative-based global
sensitivity measure (DGSM), which systematically changes
factors yielding a measure of the global sensitivity.[26,27] The
DGSM is a derivative-based global method which consists of
averaging the squared partial-derivative of each independent
variable using quasi-random sampling techniques,

Si,mDGSM =
∫

H197

∂fm(X)

∂xi

( )2

dX (2)

Figure 2. Framework workflow for parameterizing multidimensional
interatomic potentials. The framework employs several statistical techniques,
resulting in optimized potential(s) that predict properties calculated from
molecular statics.

Table I. Subset of parameters held constant from a comparative study of
three prior B–C ReaxFF parameterizations from the literature[17,25]

Potential Ntotal Constant

General 39 01, 13, 15, 19, 25, 29

Atom 64 02, 03, 08, 11, 13, 23, 27, 28, 29, 34, 35,
40, 43, 45, 49, 59, 60, 61

Bond 48 12, 15, 22, 28, 31, 37, 38, 39, 42, 44, 47

Off-diagonal 6 06

Angle 35 33

Torsion 42 –

Total 234 37
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where X = {x1, . . . , xi, . . . , x197} is the distribution of
randomly sample factors, xi is the independent input variable
(factor) and fm(X) is the MS response of interest (e.g., for

B12CCC ’s cohesive energy m = UB12CCC
coh ) obtained from MS

minimization at each sampled potential. This approach has sev-
eral commonalities to other better-known SA approaches like
Morris screening and the Sobol sensitivity index but is able
to overcome some of their limitations.[28] In fact, it is been
shown that for uniformly and normally distributed input vari-
ables, the DGSM and Sobol’s total sensitivity index (Stot) are
linked.[27] Further discussion on SA generalities and how it
was implemented here can be found in the Supplementary
Information.

The DGSMs were calculated by using the Sensitivity
Analysis Library in Python (SALib) implementation.[29]

SALib’s finite difference sampler was used to probe ℍ197,
which performs a finite difference with a predefined delta (δ)
around a base Sobol sequence design. This sequence is deter-
mined by assigning upper and lower sampling bounds, which
defines the hyperdimensional sampling volume. These bounds
were chosen by defining a bounding sampling delta (Δ) around
the initial-guess potential

{(1− D) · X0 ≤ XS ≤ (1+ D) · X0}

where XS is the Sobol sequence and X0 is the origin potential
developed by Qi.[21] The conventional finite difference sam-
pling requires that multiples of D + 1 samples be evaluated.
Therefore, a design of NT = n · (D + 1) = 1980 samples was

generated with a δ = 0.015 and a variable Δ. The former delta
influences the sampling distance from each Sobol sample,
while the latter controls the domain volume to be sampled. It
should be noted that derivative-based measures have been
found to accurately identify influential input variables from
small (n≤ 10) sample sizes.[30] Through MS energy minimiza-
tions on the sampled potentials, SA is performed on the objec-
tive response space (ODGSM). The objective response space is
composed of a set of “inexpensive” material properties

Op
DGSM = {Up

coh,V
p, ap,ap}

where p is a specific polymorph,Up
coh is the cohesive energy per

unit cell, Vp is the unit cell volume, ap is a lattice parameter and
αp is a lattice angle.

Limited to the 50 factorswith the highestDGSM, theSA results
are shown in Fig. 3, where the factors have been rank-ordered by
their normalized DGSM. An example of B11C

pCBC’s cohesive
energy (UB11CpCBC

coh ) is shown in Fig. 3(a). SALib calculates a
DGSM (blue bars) and a Sobol index (magenta bars) for each
parameter as it relates to a specific response. The cumulative sum
of the normalized DGSM (green) is representative of the variance
captured. It is shown that these metrics do not agree in identifying
which factor presents the highest impact on the energy response

(max(SfSobol) = S7DGSM = max(SfDGSM)). Although the asymp-
totic saturation of the cumulative index supports our reasoning
behind pursuing this approach (for dimensional reduction),
interestingly it does not provide a clear directive on exactly

(a) (b)

(c)

Figure 3. Rank ordered DGSM values show how a limited number of factors explain most of the variance. (a) Rank-ordered top 60 parameters based on the
normalized DGSM (SDGSM), its cumulative sum and normalized Sobol index (SSobol), (b) cumulative variability-measure for responses and polymorphs of
interest, and (c) cumulative variability-measure for the different responses of B11CpCBC.
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howmany parameters should be considered. This manifest itself
with a relatively long tail to the rank-ordered DGSM. Therefore,
a set of rules must be employed in determining which factors are
of relevance. After rank ordering, the cumulative sum of the
DGSMwas plotted. Then, a threshold of 90% of the cumulative
sumwas chosen as the cutoff criteria. This cutoff should contain
enough information to explain 90% of the variability in the sam-
pled data. This approachwas performed across Op

DGSM and poly-
morphs, as shown in Fig. 3(b). From the Ucoh analysis, it is
observed that about seven parameters are needed to explain

90% of the observed variability in UB11CpCBC
coh , while about

three parameters are needed for UB12CBC
coh . The number and type

of factor that best explain the variability also changes as a func-
tion of response within a single polymorph, as shown in Fig. 3
(c). Hence, to be able to properly describe variability for such
a complicated system like B–C, a set of factors is taken from
the union of all these subsets. The set of factors identified as
of importance are listed in Table II, which are then defined as

the reduced domain (Hdr � dr = 55). It should be noted that
torsion factors are excluded from the table since none were clas-
sified as important.

Objective and reduced domain
sampling selection
The DGSM provides a measure of how much a factor is able to
explain a response’s variability, which allows the reduction of
very large domains. Each parameter Si,mDGSM was then used to
enable screening a factor’s ability to explain variability in
objective response Ym. Further, a good parameterization
requires a potential to predict multiple responses, meaning
parameterizing these potentials is a multi-objective optimiza-
tion exercise. Here, the focus is on inexpensive properties as
defined by the response set ODGSM. Furthermore, the analysis
focuses on the four lowest energy polymorphs, considering
that these are the most abundant.[28]

However, it is important to understand the relationship
between factors and responses, and how correlation between
responses could be exploited in other ways. The Pearson corre-
lation heatmap was plotted from the SA dataset, Fig. 4(a),
which shows how responses correlate across the multiple poly-
morphs. It is shown that cohesive energies are clustered into a
high correlation region, as are the volume and lattice parameter
a. For instance, the cohesive energies for the B11C

pCBC and
B11C

eCBC polymorphs, |ρ(U(11Cp), U(11Ce))| = 0.96, are
highly linearly correlated. However, the lattice parameter for
B12CCC and lattice angle for B12CBC, |ρ(a(

12Cl), α(
12Bl))| =

0.26, are not correlated. Therefore, within this sampling
domain, the number of responses that must be fitted can be
reduced, assuming that these correlations can be used to pre-
dictably estimate changes on Yj based on the observed changes
on Yi. For example, instead of using an objective function that
aims to predict the volume of all the polymorphs, the volume of
B11C

pCBC could be exclusively considered. Nonetheless, as
these are fairly inexpensive properties, the set of properties

analyzed (Ucoh, V, a, and α for each polymorph) remained
unchanged.

Interestingly, the lattice angle for all polymorphs are mostly
uncorrelated. Nonetheless, it can be seen that for B12CCC its
lattice angle and parameter are moderately correlated, |ρ(a
(12Cl), α(

12Cl)| = 0.87, unlike other polymorphs. This could
be due to the “symmetry disruption” that arises by the presence
of C in other polymorphs’ icosahedral or backbone sites.
Further, α(11Ce) is the least correlated response as analyzed
from the SA results, again likely due to the symmetry chal-
lenges and structural complexity created by adding a larger C
atom into an equatorial site.

A proper exploration of the ℍ197 domain requires that the
Δ parameter is chosen accordingly. This Δ value must
sample a domain that yields a response domain where all the
responses are contained within the dataset. This means that
the sampled potentials yield a response domain that contains
the response target (i.e., DFT) values within it, e.g.,
min(UMS

coh,) ≤ UDFT
coh ≤ max(UMS

coh ). However, for very large Δ,
more Sobol samples are needed to properly sample the larger
hyperdimensional volume. To determine whether the sampled
volume is accurately capturing the responses, boxplots of the
normalized responses are shown in Fig. 4(b) for two Δ settings.
This normalization approach is similar to the “standard score”,
however, instead of regressing to the mean the data was nor-
malized to its corresponding target

Y ′
i =

Y i − Y i

sY i
= Y i

MS − YDFT
sY i

Ms

(3)

where Y i
MS are the responses obtained from MS minimization

for the i-th property, YDFT is the target (DFT) value,[24] and
sY i

MS
is the response’s standard deviation. Since the response

distribution is “regressed to target”, an ideal normalized
response distribution encompassing the target values would be
centered at zero. Therefore, the sampled potentials should
yield a response distribution where the boxplot medians (red
lines at notches) are approximately zero. From the D = 5%
case, it can be seen that the sampled potentials yield responses
that are unlikely to accurately predict target values.
Furthermore, the response distribution does not encompass all

the objectives since max(aB11CpCBC
MS ) , aB11CpCBC

DFT . This is illus-

trated in Fig. 4(b), where the upper whisker of the aB11CpCBC
MS dis-

tribution (first red boxplot) falls below zero. This suggests that
the sampling parameters (Δ and δ) are not optimal for the objec-
tive set. While maintaining δ constant, the Δ parameter is
increased to sample a larger domain on ℍ197. The D = 7.25%
case is shown in Fig. 4(b) where the boxplots are shown to
have shifted towards the zero line. While not perfectly aligned
at zero, it is an improvement on D = 5%. Most importantly,
the response distribution fully encompasses the objective set tar-
get. Therefore, the latter could be considered a better sampling
of the hyperdimensional domain as applied to B–C, which con-
tains more robust information.
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Understanding how factor modification results in property
trade-offs are essential in optimizing multi-objective potentials.
Ashby-like diagrams (convex-hulls) were generated for the vol-
ume and cohesive energy of the different polymorphs, Fig. 4(c).
The target DFT values are shown as stars, with colors
corresponding to the respective polymorph’s Ashby diagram.
This analysis clearly shows how the three lowest energy
polymorphs fall within the center of the diagrams intersection
(ca. 110 Å3/u.c.,− 110 eV/u.c.). Hence, the resulting dataset
contains enough information to properly describe the relation-
ship between factors and these responses. However, the target
values for B12CBC falls just outside of this information-rich
region. While some of the sampled potentials within XDGSM

were able to predict the target values UB12CBC
coh and VB12CBC

independently (see Fig. 4(b)), these potentials did not yield
a response space that contained both simultaneously, i.e.,
Ucoh(V )|B12CBC � ODGSM. Nonetheless, it is expected that the

selected sampling domain will contain enough information for
a proper analysis of the ReaxFF potential. Last, it should be
noted that the finite difference nature of the sampling can be
appreciated from Fig. 4(c), where the scatter plots reflect the dis-
creteness of the sampling technique.

Reduced domain parametric
exploration
With a significantly reduced domain (ℍ55) to query, a focused
search can be performed on the smaller hyperdimensional
domain whose bounding volume was determined from the
SA. This reduced domain was sampled using 1100 Latin
Hypercube samples (LHS), which is a statistical technique
that generates quasi-random samples for multidimensional
independent variables. The LHS technique is often used to stat-
istically characterize high-dimensional spaces since it can yield
accurate results with a reduced number of samples, with respect

Figure 4. A global sensitivity analysis provides insights into the responses of interest. (a) Pearson correlation coefficient heatmap for energy, volume lattice
constant, and angle for the polymorphs of interest, (b) response box-plots for two sampling bounds, and (c) Ashby-like plots of the resulting molecular statics
energy minimization for the Δ = 7.25% case. (The following nomenclature was adopted: 11Cp = B11CpCBC, 11Ce = B11CeCBC, 12Cl = B12CCC, and 12Bl = B12CBC).
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to traditional Monte Carlo sampling. Since LHS produces a
normalized design for each dimension with values between
[0, 1], the designed samples were linearly transformed to distri-
butions bounded by X0 + D

Xs = (1+ D · (1− 2XLHS)) · X0

= (1+ D) · X0, XLHS = 0
(1− D) · X0, XLHS = 1

{
(4)

where Δ defines the sampling distribution and XLHS is a
LHS design composed of individual experiments ((Xi

LHS)
being uniformly distributed about 0 and 1 {XLHS [ R55 :

0 ≤ Xi
LHS ≤ 1}. As for the SA, this sampling scheme is

bounded by D = 7.25% as this volume was found to be
information-rich. While the idea to sample a larger volume is
appealing, it must be noted that the input variables defining

Hdr correspond to this particular volume. Hence, exploring a
larger volume might result in a different set of reduced
parameters.

While the domain considered during sampling was relatively
constrained, eight sampled potentials failed to converge to a stable

atomic configuration during theMSenergyminimization scheme.
These were unsuccessful due to instabilities in the potential
parameterization. Further, nine potentials converged to unphysi-
cal regimes (e.g., cohesive energies order of magnitude smaller
than expected[24]). This unphysical regimewasdefined as sampled
potentials resulting in values ± 10 “standard deviations” from the
target (DFT) values, defined assYi ;

���
Yi

√ = (YDFT
i )1/2. Hence, a

sampled parameterization Xi resulting in a cohesive energy of
|U (Xi)| . UDFT + 10

������
UDFT

√∣∣ ∣∣ would be filtered out from the

1100 sample dataset. These data were filtered to exclude poten-
tials deemed to have resulted in poor convergence, yielding a
dataset of 1083 successful potentials. The resulting “successful”
dataset for B11C

pCBC is graphically shown and further dis-
cussed in the Supplementary Information.

A particular challenge to hyperdimensional models is data
visualization, which can enable a further understanding of the
model’s behavior. To address this challenge, a matrix of scatter
plots for the cohesive energy of the B11C

pCBC polymorph was
chosen, shown in Fig. 5(a). Here, cohesive energy is represented
as a function of the 8-dimensions identified in the SA as impor-
tant factors (see Table II). Each box represents a 2-dimensional
plane with the scattered markers representing the sampled factor

Figure 5. Exploratory and surrogate modeling-based techniques can be used to determine optimal parameterizations. (a) scatter plot matrix for B11CpCBC’s
cohesive energy across an 8-dimensional space, and (b) performance of two candidate potentials (which are compared to the X0

[17]).
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distribution, and the coloring representing the cohesive energy
value for the corresponding potential. It can be noticed that
while these factors were identified as important, that does not
necessarily make them ideal for predicting the objective
response at hand. For instance, no clear trend is observed from
the ATO17-ATO20 plane. However, the ATO17-BON33
plane shows a clear trend where lower values of BON33 result
in higher energies. Moreover, the BON33-OFF02 plane illus-
trates that energies become larger as OFF02 increases. Further
analysis of this plane shows that there are no main interactions
between these two factors (see Supplementary Information).

The approach followed in exploring the reduced hyperdi-
mensional space yields an information-rich refined potential
samples. An exploratory approach is employed as a first step
to determine suitable parameterizations and provide rigorous
analysis. Two tentative suitable parameterizations (X339 and
X732) were identified from screening the successful samples.
These were compared with the initial-guess potential X0,
Fig. 5(b). The bar plots correspond to a property’s error with
respect to the target value, e.g., the volume error for the i−th
sampled parameterization is

DV = VXi − V

V

∣∣∣∣
∣∣∣∣ = VXi − VDFT

VDFT

∣∣∣∣
∣∣∣∣ (6)

where V≡ VDFT is the target value. Note that these measures the
absolute error, hence, the bar direction (sign) is not indicative of
over/underestimation. Since cohesive energies depend on the
DFT implementation, the corresponding cohesive energy errors

were calculated with respect to its ground state UB11CpCBC
Xi

DU poly = U poly
Xi

− UB11CpCBC
Xi

UB11CpCBC
Xi

∣∣∣∣∣
∣∣∣∣∣ (7)

where U poly
Xi

is the polymorph’s cohesive energy for the i−th

sampled potential. This was done since capturing the correct
polymorphic energetic order/trend is more important than
matching a specific cohesive energy value. Several characteris-
tics can be observed when comparing with the X0 parameteri-
zation. First, DFT values yield a trend in polymorphic energy

order such that UB11CeCBC
DFT , UB12CCC

DFT , UB12CBC
DFT . This order

is not captured by X0, which predicts UB12CBC
X0

, UB11CeCBC
X0

.

Therefore, this suggests that these sampled potentials (X339

and X732) are capturing some physics not observed on X0.
While the refined sampling in this work yielded multiple
parameterizations that capture this trend, none were as pro-
nounced as the DFT case. It is worth noting that while param-
eterization X339 captured an average lower error across all the
objectives, the polymorphic energy trend is very subtle.
Parameterization X732 does have a more pronounced energy
difference, but it results in higher errors for many of the
responses.

Conclusions
A systematic approach to optimizing hyperdimensional com-
plex interatomic potentials is presented. The framework herein
employs multiple statistical techniques, including SA and stat-
istical sampling techniques. The ReaxFF formulation was used
to showcase the proposed framework due to its parametric com-
plexity, providing a challenging test case. Further, the frame-
work was applied to the B–C system, which introduces
structural and thermodynamic complexities external to the
force field formulation. It is shown that a derivative-based SA
enables dimensionality reduction (from about 200 to 55 fac-
tors), leading to a more manageable domain space. A matrix
scatter plot was presented as a method for visualizing multi-
dimensional data. It was shown that factors identified as impor-
tant through the SA do not imply that these factors would make
great predictors. Two trial parameterizations were compared
with the initial-guess parameterization X0. The trial potentials
obtained through the proposed framework capture the correct
energetic order, as opposed to X0. An optimal parameterization
likely requires multi-objective optimization with a response set
that includes more expensive properties, e.g., elastic tensor.

Supplementary material
The supplementary material for this article can be found at
https://doi.org/10.1557/mrc.2018.155.
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