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Abstract. Many dynamical systems can be naturally represented as Bratteli—Vershik (or
adic) systems, which provide an appealing combinatorial description of their dynamics.
If an adic system X is linearly recurrent, then we show how to represent X using a
two-dimensional subshift of finite type Y; each ‘row’ in a Y-admissible configuration
corresponds to an infinite path in the Bratteli diagram of X, and the vertical shift on Y
corresponds to the ‘successor’ map of X. Any Y-admissible configuration can then be
recoded as the space-time diagram of a one-dimensional cellular automaton ®; in this way
X is embedded in ® (i.e. X is conjugate to a subsystem of ®). With this technique, we
can embed many odometers, Toeplitz systems, and constant-length substitution systems in
one-dimensional cellular automata.

1. Introduction

The Bratteli—Vershik (‘adic’) transformations are a large and diverse class of symbolic
dynamical systems which are of interest partly because many other dynamical systems
can be naturally represented as adic transformations, thereby yielding an appealing
combinatorial description of their dynamics. Cellular automata (CA) are another class of
symbolic dynamical system with versatile representation capabilities. Recent work shows
that certain simple adic systems arise naturally as subsystems of CA. For example, if
®: AL 5 AL s a non-injective, right-sided, left-permutative cellular automaton (CA),
then many orbit closures of ® are conjugate to odometers [CPY07]; a more precise
characterization of some of these odometers appears in [CY07]. Similarly, in the Game
of Life CA, the orbit closure of a certain configuration can be represented as a substitution
system [GMOS]. The main result of this paper is the following.

THEOREM 1. Let (Xp, VB) be a linearly recurrent adic system. Then there exists a one-
dimensional cellular automaton which embeds (X, VR).
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For definitions of terms in Theorem 1 and notation, see §2. The proof of Theorem 1 is
the content of §3. In §4 we give examples of dynamical systems whose adic representations
satisfy the conditions of Theorem 1. These include: all aperiodic primitive substitution
shifts; all stationary odometers; and many Toeplitz systems and Sturmian shifts. To
illustrate Theorem 1, we give explicit constructions of the CA which embed the binary
and ternary odometers. Finally, in §5, we show that the Glider—Wall CA embeds almost
any odometer (not just the stationary ones covered by Theorem 1).

2. Preliminaries

2.1. Symbolic dynamics. Let A be a finite alphabet; elements in A will be denoted
by a, b, ¢,.... A word a from A is a finite concatenation of elements from 4. Let
AF and A=F denote the set of all words of length k and length at most k, respectively.
We include the empty word, and use boldface to denote words. If a=a;---a; and
a* :a}k .. ~a,’§,thenaa* =ay--- ajai‘ .. ~a,’:. Ifa=ay ---aj,define |a| := j. The space
of all bi-infinite sequences from A is written as .A%. Elements of the latter are written
a=(---a_1-apa;---). f N:={0,1,2,...}, and Ny :={1, 2, ...}, elements of AN
and AN+ are defined analogously. If k € Z, the notation {x,}X__
left-infinite sequence (- - - Xx42 Xk+1 Xk), called a tail of x. (Note that we have reversed
the usual ordering of an N-indexed sequence here.) If x = {x,} ,11200 andy = {yn},2 then
by x -y we mean the bi-infinite sequence (---x2x;-yoy1---). fL=2%Z, N, or N,
then A" is a Cantor space: a zero-dimensional compact perfect metric space, when A
is endowed with the discrete topology and A" with the product topology. If b € A, let
[p]j :={a| a; = b}; these (clopen) sets form a countable basis for the topology on Al
The (left) shift map o : A% — AL is the map defined as (o (X)), = x,41. Let X C AZ; and
let7T: A% > AZbea homeomorphism. We say that (X, T) is a subsystem of (AL, Tyif X
is a closed and T -invariant of A]L; in the special case T = o, (X, o) is called a subshift. A
(one-dimensional) cellular automaton is a continuous, o-commuting map & : AL 5 AZ,
The Curtis—Hedlund—Lyndon theorem [Hed69] states that every CA is given by a local
rule ¢ : A1 — A for some [ > O (the left radius of ¢) and r > 0 (the right radius of ¢),
where forall x € A%, and alli € Z,

is used to denote the

[P =P Ximts Xicit 1y -5 Xigr)-

The dynamical systems (X, S) and (Y, T) are topologically conjugate if there exists a
homeomorphism f: X — Y with f o S=T o f. We say that (AZ, ®) embeds (Y, T) if
(Y, T) is conjugate to a subsystem (A%, ®). If T : A2 — AZ is a continuous map, then a
space-time diagram for (A%, T) is an element X = {X }mez € ALY where x,, = T" (x0)
for each m > 0. For more information about subshifts and cellular automata, see [Kur03].

2.2. Bratteli diagrams. A Bratteli diagram B = (V, £) is an infinite directed graph with
vertex set V = Uzio V, and edge set £ = UZO: 1 &n, where all V, and &, are finite, and
Vo = {X}. (Here, ‘X’ is a special symbol reserved for the bottom level of the Bratteli
diagram. We use this ‘hourglass’ symbol because, in the construction in §3, X acts as
a ‘clock’ which ‘drives’ the successor map of the adic system.) If x is an edge in &,, the
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source s(x) of x lies in V,,_1 and the range r (x) of x lies in V,,. We assume that s (v) *0
for each v € V and r ' (v) # @ for all v € V\Y. We will use x, y ... when referring to
edges, and a, b, . .. when referring to vertices, although edges in £ will be given special
labels X;, where i varies. A finite set of edges {x,4« }le, with s (x,4x+1) = r(x,4%) for
1 <k <K —1,is called a path from s(x,+1) to r(x,+x). Similarly an infinite path in B
is a sequence X = (..., x4, x3, X2, x1), withx; =¥, € &1, and x,, € &, foralln > 2, and
with s (x,41) = r(x,) for all n > 1. We will sometimes indicate such a path as
g

ciapy Ea, 2 LY (1)
(where r(x,) =a,). The set of all infinite paths in 55 will be denoted X3 (a subset of
[1,>1 &), and endowed with the subspace topology induced from the product topology on
]—[n;1 &,. Thus X3 is a compact zero-dimensional metric space.

Two Bratteli diagrams B= (V, &) and B = (V', £') are isomorphic if there exists a
pair of bijections fy:V — V' and fg:& — & satisfying fy(a) €V, if a €V,, and
s(fe(x)) = fr(sx)), r(fe(x)) = fy(r(x)) whenever x € &. Let {nk},fio be a sequence
of increasing integers with ng =0. Then B = (V', £') is a telescoping of B= (V, £)
if V; =V, (with the vertex v €V, labelled as v’ €V}), and the number of edges
from v, €V to v,’(Jrl € Vli+1 is the number of paths from vy € Vy, to vig1 € Vyyy,-
We consider two Bratteli diagrams B and B’ equivalent if B’ can be obtained from B
by isomorphism and telescoping. We say that B is simple if there exists a telescoping
B =, &) of Bsothat, foranya €V, and b € Vr/H—l’ there is at least one edge from a
tob. If x = {x,})_ and X' = {x} }1_, are two elements in X3, we write x ~ x’ if the tails
of x and x’ are equal. It follows that ~ is an equivalence relation. If BB is simple, then each
equivalence class for ~ is dense in X3, and X has no isolated points, making it a Cantor
space.

2.3. Bratteli-Vershik adic systems. Letn > 1. Foreacha €V,,let,(a) ={x €&, |
r(x) = a}. Describe B as ordered if there is a linear order > on each &,(a); elements
of &,(a) will then be labelled 1, 2, ... according to their order. If a € V\{YX}, define
la| :=1&,(a)], so that E,(a) = {1, 2, ... |a|}.

The linear order on edges in each &, (a) induces a partial ordering on paths from V,, to
Vp: the two paths

Xn Xn—1 Xm41 , ;X Xy X1,
X=ay < ay_1 < -+ < ap and X =a, <a, | < -+ < a,
from &, to &, are comparable with x < x’ if there is some k € [m + 1, n] with x; < x,’c,
and x; :x} for j €[k +1,n].

Finally, two elements x, X' € X are comparable with x < X if there is a k such that
xp = x,, for all n > k, and x; < x;. Thus each equivalence class for ~ is totally ordered.
There is the obvious notion of ordered isomorphism of two ordered Bratteli diagrams B,
B': the isomorphism between /3 and 5’ also has to satisfy fg(x) < fe(y)ifx <y.IfB'isa
telescoping of the ordered Bratteli diagram B, then the order induced on B’ from the order
on 3 makes B’ an ordered Bratteli diagram. We say that the ordered Bratteli diagrams B,
B’ are equivalent if B’ is the image of B by telescoping and order isomorphism.
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An infinite path is maximal (minimal) if all the edges making up the path are maximal
(minimal). If x= {x,,},ll=o<> is not maximal, let k be the smallest integer such that
xi € & (ax) is not a maximal edge, and let yj be the successor of x; in & (ay). Then the
successor Vi(x) is defined to be Vi(x) = - - - xg42 Xg+1 Yk 1 - - - 1. Similarly, every non-
minimal path x has a unique predecessor Vg l(x). Let Xmin (Xmax) C X be defined as
the set of minimal (maximal) elements of X 3. By compactness, these sets are non-empty.
Simple ordered Bratteli diagrams which have a unique minimal and maximal element
(called xpin and Xpmax, respectively) are called properly ordered. If B is properly ordered,
then Vi can be extended to a homeomorphism on Xpg by setting Vg(Xmax) = Xmin. We
call (X, VR) a Bratteli-Vershik or adic system. See [DHS99] for an introduction to adic
systems. Note that (X, Vi) is a minimal system, since V3 orbits are equivalence classes
for ~. A pointed topological dynamical system is a triple (X, 7, x) where 7 : X — X is a
homeomorphism of the compact metric space X and x € X. For example, (X3, V3, Xmin)
is pointed. We say that the two pointed systems (X;, T;, X;), i = 1, 2 are isomorphic
if there exists a topological conjugacy f : X| — X, with f(x1) = x2. The pointed adic
system associated with an equivalence class of properly ordered Bratteli diagrams is well
defined up to isomorphism (see [HPS92, §4]).

The properly ordered Bratteli diagram B is called linearly recurrent [CDHMO3] if:

(LR1) there exists a constant K such that |E,| < K for each n > 1; and
(LR2) forn > 1, all minimal edges in &, have the same source in £,_.
These two conditions imply that |V,| < K for each n > 1 [CDHMO03, Lemma 2]. An
adic system (X, Vp) is called linearly recurrent if B is equivalent to a linearly recurrent
Bratteli diagram. If B arises from a substitution (see §4), then (LR2) is equivalent to
saying that the substitution is left proper. (A similar, but stronger, condition in substitution
tiling systems is ‘forcing the border’; see [Kel95].)

3.  Proof of Theorem 1

In this section, B is any linearly recurrent Bratteli diagram. In this case, vertices in V can
be labelled from a finite alphabet A4, so that for all n > 1, V,, C A. For each n > 1 there is
a function 7" : A — A=K such that 7" completely describes &, and its ordering. In other
words, if a € V,, we write " (a) = t{ (a)7) (@) - - - 7}, (a), where [ = |£,(a)|, and where
1/ (a) is the source in VV,_; of the edge in &, (a) which has the ordering label k. If T is the
empty word, this is taken to mean that a does not appear as a vertex in V,. As B satisfies

(LR2), we will use the label @ for the source of all minimal edges in &,, for any n € N;
thus the unique minimal element in X3 will be (- - - L a L a L a L X).

We shall use ‘stars’ such as *, «, . .. to indicate [}, so that ‘t}! (a)’ means the last letter
of T"(a), provided that there is no ambiguity.

Let 7 := {r"}72,. Then (LR1) implies that 7 is finite. Let Ap be the finite alphabet

Ag =X} Ul@, ", ¥ ) lae A x €[l,1}])
U{(a, ", x)la e A,n eN,x €[L,1]]}.

Each 3-tuple (a, T, x) represents a vertex—edge pair a <& which occurs at a level of the
Bratteli diagram of ‘type’ T (we do not have to keep track of the exact level, but only
the level type, because 7 is finite by (LR1)). Thus, (a, T, x) represents a link in a path
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CE X A X X| X
a a Xﬂa ‘? = anything
T¥, X X, X X X
a ?
ac A acA
i€[0,1,)
EIEE T jld g 2 L [y
a b a b b a c
2 I Zi+1 T g+l T; Xﬂ ’CZ ofr! )
a b a T..(a) ? 2 5
ae A, b=1(a) acA, b=1(a) aea, c=na)
. 2 —
JEr0.4 L ie0d) jelo L) where %=,
‘Cn+lj ,tn 1 Tn+]j rn i Tn+l .] Tn QE Tn+lﬁ+l ‘E“ /Q:
a b a b a b a c
,cu+1j o1 Tn+l j o i+1 Tn+|j+1 o 0 Tml ofl" O
a b a |b a [t ?  la
ac A, aeA, aeA, 2 6_A5+1(
b = t*(a) b =7*(a) b=1"(a) N y Tr* a e
Jel0 g™ jeroy] jero™) where F=h
ie 0,0, 1 ie [0,4y)

FIGURE 1. Admissible {0, 1}2-blocks defining the subshift of finite type S.

%
in Xp. The 3-tuples (a, T!, ¥,) represent links of the form a <~ {. Thus, the path (1) can
be represented with the sequence (..., (a3, 13, x3), (a2, 12, x2), (a1, 1, X;), X). Let
yc A%{N be the set of all space-time diagrams for (X, Vi). Let YX*° = (X, X, .. .); we
extend Y to Y C AgZ*% by letting

YV i={y={(Ym)}Imez | 37 € Y suchthat Vm € Z, yu = §m - ¥}

There is a natural homeomorphism from ) to Y. Note that we use positive integers to
denote column locations in y, unless there is a possibility of confusion.

A (two-dimensional) subshift is a closed, shift-invariant subset S C AZ IS C AZ
is a subshift, then for any finite K C Z?, let Sk := {sg | s € S} be the set of all S-
admissible K-blocks. If z € Z?, then Sg = SK+z (because S is shift-invariant). We
say S is a subshift of finite type (SFT) if there is some finite neighbourhood K C Z?
such that S ={a e A7 | ag, € Sk, ¥z € Z?}. For example, if ® : A% — AZ s a one-
dimensional CA, then the set of space-time diagrams for ® is an SFT in A2

Let K= {0, 1}?, and let S C A%z be the SFT defined using the K-blocks in Figure 1.
The following lemma is straightforward.

LEMMA 2. Y is the subset {yeS; y8=X, y91 =(a,X;) for some a € A and

i ell, 111}
T j| |t
We will sometimes use the symbols a I, a X ,...0r s ,...to denote
elements of Ap. For example, if B is the Bratteli diagram from Figure 2, then
T 1l [T 2] [ 3] [ 1] [ 2 [T x| [T ¥
Asz{a la Pla |?|b ’1b ’la ’Ib ’X}
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a.l a <l all

RN IR
‘.".’.'j&b \b \b »%X

2 2

FIGURE 2. The Bratteli diagram corresponding to the substitution 7 (a) = abb, t(b) = ab.

where the dropped index in X indicates that there is a unique edge from each vertex in V;
to X. A (possibly infinite) concatenation of letters from Ap is a fragment of a space-time
diagram if it appears in some y € ).

E R R
LEMMA 3. If —) is a fragment of y € ), then — determines .
j-1

i i1

EAEES )
. . T X
Proof. We prove the case where all tiles in o [peer| are from { la € A,

i -1

n>1x €[l1, l”]] other cases are similar. If T’" | = T;”Jrll, then Tm+1 = T’" as is the

case if T’” 1= X with x < oI

n
m m T X | o
™ |17, .
m+1 = L |
T
W 4
. n m+1 __ T x+1
w1thx<lb,thenTj =la VIf
— — - rn+1 y rn * Tn-l *
T | T, [T c b a
— 1
m+1 = ™ 1
o ’
T 1

with y < [7*1, then T’j’.’+l = [*i(c) | Finally, if

Tm Tm Tm _cn+l * Tn * _cn-l *
j+1 J J-1 C b a
m-+1 = - 1)
T 1

then since all minimal edges in &, have source a, then we must have T’;"H =la | O

[ | | o
Let W4 be the set of all fragments | appearing in Y, where m, j, € Z.

j1
T | T | Th

I+
Let f : W4 —: Ap be the function such that if e e is the unique extension of

J -1
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m
| Tj+l j j1
Tm+l

j-1

, then

m m m
| Tj+1 TJ Tj’l

m+1
f Tm+l = Tj .

j-1

This also means that any (northwest diagonal) ray

R = {( T, Tzi+2> ‘ ke N}

which is a fragment in ) determines the horizontal Tq := {Tk0 |k e NT}. Let R be the
collection of such rays R, and let F : R — Ag be the function which maps these rays in
R to their horizontal image Ty. Call any 3-tuple T ., in a ray a step. Note
that any ray in R can be extended in a unique way to a ‘two-sided’ ray fragment from }:
simply attach infinitely many steps of the form .

Let Ap := .A% and W3 C Ag be the set of all horizontal 3-tuple fragments from )). We
will use Sy, S . . . to denote letters from Ag. Define a left radius one, right radius one CA
D W3Z — W3Z with local rule ¢ : W33 — Wj3 as

zly]¢] if [P ©|__is admissible
€
where y:=f(d,e,f,g) g|h]i]
. —_ and z:=f(x.,d,e.y),
QMN%NMHMMW%—< ) B Y
given x:=f(a,b,c,d)
L arbitrary otherwise.

Let the maximal element of Xp be ({mp}np>1, {(*n}n>1), and let Q := {®"((Xinit) }n>0,
where

6 4 2

4 3 2 1
Xinit 1= R R e I e e R B -6 X Y|X| X
nt ** " %my my m, |sm, |m; |m, |s|la |a .

LEMMA 4. (2, ®) is topologically conjugate to (X, VB).

Proof. Let C1:Q — R be the map which takes a sequence {Si}i ez to the ray with
steps Sk. Note that if C;(x) is a fragment from an element y in ), then C1(P(x)) is also
a fragment from ), by Lemma 3 and also by the definition of ®. Note also (see Figure 3)
that C1 (Xjni) s a fragment from the space-time diagram of the minimal element

1 1 1
Amin = c--d<d<---a<a< FEL--

Now define C := F o C;. By the above remarks, C maps 2 into Xp3. Note that
C (Xinit) = amin, and that by induction

C (q)n (Xinit)) = Vg (@min),
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(Assumingﬂ:h? 47
A A
8 )8 707 6 06 |5 75 4 24 3403 (.22 1
T T . T T T )°-4|t
ﬂms ﬂm7 T 'Qmsr ﬂms ,th ,ng ,sz 1 X X X t=-5
mg |M; Mg |My; My Mz My mj”
g 1707 [ 6 06 |5 25 [4 14 |3 )3 [2)2 1
it 3 T T T )7-3|T
B [ Nl SO - N i N g IX X X (=
m; my mg m, mYy
N s 25 [4 904 [ 333 [2),2 1
3 T T T 72T
3 m, m;
22 1
T )7-1t
I X X -
— P o

@1 Xy =

FIGURE 3. The space-time diagram of an;, and its five predecessors in the adic system. This 72-indexed

configuration is an admissible element of the subshift of finite type defined using the 2 x 2 tiles in Figure 1.

Finally, the tinted diagonal ray (top left to bottom right) is X;,i¢. If read ‘diagonally’ from top right to bottom left,
this configuration is a the space-time diagram of Xjuj; under the CA ®.

for all n € N. It can be seen that C : {®”" (Xinit) }n>0 — {Vg(amin)}nzo is a uniformly
continuous bijection with a uniformly continuous inverse. Thus C can be extended to a
conjugacy between (€2, ) and (X, VR). O

Theorem 1 follows directly from Lemma 4.

4.  Examples

4.1.  Substitution subshifts and odometers. For any n € N, let Z, be the cyclic group
of order n. If n:= (n; )°°O € N is a sequence of positive integers, then define Z,
[172¢ Zp,,and let + be the operation of ‘addition with carry’ on Zy (thus, Zy is not just the
direct product of the cyclic groups {Z,, ?io- Letl:=(...,0,0,0, 1) € Z,. The n-adic
odometer is the homeomorphism ¥, : Z2, —> 25 defined by Y (x) =x+ 1. If for all i,
n; = N for some N € N, then yr, is called the N-ary odometer (because then elements of
Zn, behave like the ‘N-ary representations’ of natural numbers, except that they may have
infinitely many non-zero ‘digits’). In particular, if N =2, we get the binary odometer;
if N =3, we get the fernary odometer. If the sequence (”i)?io is bounded, and if each
number which appears in the sequence appears infinitely many times, then (Zy, ¥y) is
isomorphic to an N-ary odometer, where M is the product of all the numbers which appear
in (”i)?iO' For details, and an exposition of odometers, see [Dow05].

For any sequence ne NY, the dynamical system (Z,,¥n) has a natural adic
representation using the ordered Bratteli diagram where |V;| =1 and &; = Z,, (with the
obvious ordering, and with 0, not 1, as the minimal element), for every i € N. For example,
the adic representation of the binary odometer appears at the top of Figure 4.

A Bratteli diagram B is stationary if ©" := 7 for all n € N, and there is exactly one
edge from each vertex in V; to X. Suppose that B is simple and stationary, and that
every minimal edge in &, has the same source in £,—;. The resulting adic system
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Bratteli g — ‘/1\ ‘/1\ ‘/1\ .
diagram w7 SN e S S —"

Alphabet A, for subshift S: (recall that A, = A%)

Local rule table for cellular automaton $ The characters in the Rule

2 34 5 6 7|08 1X2X 3X|0X1
0

—

Table encode elements of the
subalphabet Wy, C A,. This

encoding is described by the
—————— following Legend.

oo aikibrn DO|o

HO N i ibd i i VIO
O ik iR INIO

R Y Y I U R S R

BN RV RV BNV RO L

N W= e
NP W =i
BN AV B R USRS

O ik RN INIO
O iR RN INIO

B B Y I O I R T R

O i ik iR INIO

FIGURE 4. The rule table for a CA embedding the binary odometer. Grey cells in the rule table are arbitrary;

these values are never encountered when ¢ acts on an ‘odometer’ configuration, so it doesn’t matter what we put

here. Also note that we have only defined ¢ on elements of the sub-alphabet W3; the definition of ¢ on the rest
of Ag is also arbitrary.

(X, V) is also called stationary. Clearly, any stationary adic system is linearly
recurrent. The family of stationary adic systems is (up to conjugacy) the union of the
family of aperiodic primitive substitution systems and the family of N-ary odometers
(see [For97, Theorem 17] or [DHS99, Proposition 20]). For example, the adic system
generated by the Bratteli diagram in Figure 2 is conjugate to the substitution subshift
generated by the substitution t(a) = aab, t(b) = ab. (For an introduction to substitution
systems, see [Fog02] or [DHS99].) Thus, Theorem 1 yields the following result.

COROLLARY 5.

(a) Any aperiodic primitive substitution system can be embedded in a one-dimensional
cellular automaton.

(b)  Any stationary odometer can be embedded in a one-dimensional cellular automaton.

(Corollary 5(b) was earlier proved in [CPY07], but the CA in [CPYO07] were left-
permutative, whereas the CA produced by Theorem 1 are not.) Examining the construction
in Theorem 1, we observe that the CA (X, ) which embeds a stationary odometer has left
radius 0. Thus, if Agp = {aj, a2, ..., ag}, then it is possible to describe the local rule ¢
using a K x K table, where entry (j, k) corresponds to ¢ (a;, ar). Figures 4 and 5 show
the rule tables for the CA which embed the binary and ternary odometers.
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123 4 56 8 910 111213141516 17 181912021 22 23 24:125:26 27| 1X:2X:3X 4X 5% & 7% 8¥|0XK I1X 2X| XX

RN 10 [N (V0 F NG WO O S )

=)
©

1717, 18

20 20 20
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FIGURE 5. The rule table for a CA embedding the ternary odometer. As in Figure 4, the shaded areas can be filled
in arbitrarily, and we have only defined the rule on the sub-alphabet W3 C Agp.

42. Toeplitz subshifts. If Ais a finite alphabet, and X = A%, a Toeplitz sequence is a
o-aperiodic element x € X such that for each m € Z, there is some p such that x,,4 py =
xm for each n € Z. The Toeplitz subshift associated with x (also sometimes called the
Toeplitz flow) is the subshift (O, (a), o). See [Dow05].

Given a Bratteli diagram B whose vertices are labelled from 4, we say that B has the
equal path number property if for each n > 1, the number of paths from Y to any a €V,
is constant. A dynamical system (Y, T') with Y a metric space is expansive if there exists
some € > 0 such that for each x # y, there is some integer n such that (7" (x), T"(y)) > €.
It is shown in [GJ00, Theorem 8] that the family of expansive adic systems associated
with properly ordered Bratteli diagrams having the equal path number property is (up to
conjugacy) the family of Toeplitz flows.

Inspection of [GJ00, proof of Theorem 8] reveals that condition (LR2) is satisfied. To
find which Toeplitz systems satisfy condition (LR 1), we look at how one generates Toeplitz
sequences, which is described in [Dow05]. Fix an alphabet .A. Pick an integer s; > 2, and
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pick a subset F| C [0, s1) and an A-valued labelling of Fi,say A| € AF1 Foreachn €7,
let X5, 4+, = A1. Let Pery, (X) := F + 51Z. Given s, choose sg11 such that sg4 is a
proper multiple of s;. Choose Fyy1 C [0, sg+1 — 1)\Pery, (X), and choose Ax41 € AFfi1,
Let Xu5;, 1+ Fg,; = Ak41 for all integers n. For any integer n, the sets [nsg, (n + 1)s) are
k-intervals, and the coordinates in a k-interval not filled in during the first k steps in the
construction are called k holes. The choices above must be made so that eventually all of
x is filled in. Also, after completing this procedure, we redo the construction, at each stage
k redefining F so that all essentially si-periodic parts of x are filled in.

COROLLARY 6. Let (Oy(a), o) be a Toeplitz subshift, and let {sk}]fil be the sequence
defined above. Suppose there is some K > 0 such that for each i €N, s;jy1/s;i < K. Then
(Oy (@), o) can be embedded in a one-dimensional cellular automaton.

Proof. If (Xpg, VR) is the adic representation of (O, (a), o) from [GJ00, Theorem 8],
then (X, Vp) satisfies (LR2) by construction. We must show that it also satisfies (LR1).
Vertices in V; correspond to the words {x,s+1, . . . X(u+1)5;—1 | B € Z}; there are finitely
many such words. If s;41/s; < K, this means that each word corresponding to a vertex
in V;41 is a concatenation of at most K words represented by vertices in V;. Thus,
there at most K edges with a specified vertex as range, so (LR2) is satisfied. Now apply
Theorem 1. |

4.3. Sturmian sequences. In [Dur03, Proposition 5.1], it is shown that a Sturmian
subshift (see [Fog02]) is isomorphic to a linearly recurrent adic system if and only if the
coefficients of the continued fraction expansion of « are bounded. It follows that this class
of Sturmian subshifts can also be embedded in the CA described in Theorem 1.

5. Odometers in the Glider—Wall cellular automaton
Corollary 5(b) only covers stationary odometers. We now give a different construction
which can embed any odometer.

The Glider—Wall cellular automaton & (see [Mil88]) is defined on the alphabet A4 =
{@, L, R, W} (‘empty’, ‘left gliding’, ‘right gliding’ and ‘wall’, respectively). We give
here only a partial definition of its local rule ¢ : A3 — A. Using “«’ to represent any letter:
oG, W, x) =W, ¢(W,L,0)=R, (@, R, W)=L, ¢(x,0,L)=L, ¢(R, D, x) =R,
and ¢ (%, R, #) =¢ (@, L, x) =@. (Note that these equations do not define the rule on
all of A3. However, this much is sufficient for our purposes.) A physical interpretation of
® is that Ls glide to the left through empty space, until they hit a wall, when they change
into an R and glide to the right through empty space; and vice versa for particles R.

THEOREM 7. Let n = (n;){2, be a sequence of positive integers. If ny is even, then the
Glider-Wall CA embeds the n-adic odometer:

Proof. Choose x:=-- - Uy Ug—1---Uy-W W W ... where the word U := WL@J - - -
W has length |Wy| = % Hf:l n;. Then columns of the ®-space-time diagram of x under
the Uy portion of x will have periodicity 1_[5'(:1 n;, and a conjugacy between (€2, ®) and
the given odometer can be established. O

Question. Are there similar CA which embed other (non-linearly recurrent) adic systems?
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