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Abstract. We consider one-dimensional dynamical systems with indifferent fixed points
(fixed points with derivative one). Many such maps have absolutely continuous ergodic
infinite invariant measures. We study the limit of the ratio of the ergodic sum of f4 to
that of fp, where the integrals of f4 and fp are infinite with respect to the absolutely
continuous ergodic infinite invariant measure. If f4 and fp are analytic functions on [0, 1],
the result in this paper makes it clear whether the ratio of the ergodic sum of fy4 to that of
fB converges in the Lebesgue measure or not.

1. Introduction
Let T be a map from [0, 1] onto itself. A fixed point p is called an indifferent fixed point
of T, if

lim T7(x)=p and lim |T'(x)| =1.

X—>p X—=>p

The dynamical system we study in this paper is composed of the iterates {7" (x)},>0 of a
map T with indifferent fixed points. In most cases 7" has an infinite invariant measure.
For simplicity, we mainly consider the following class of maps. (As described in the
final section, we can obtain similar results for more general one-dimensional maps.)
We assume that the map T : [0, 1] — [0, 1] satisfies the following conditions.

(i) Thereexistsapartition0=co=p) <ci<pr <2 <--+ < pr_] <Cr—] < Cr =
pr = 1 of [0, 1] such that the restrictions of T to the intervals (p;, ¢;) and (¢;, pi+1)
are C2 functions which can be extended as C? functions to (pi,ci] and [c;, pi+1),
and T'|(p,,¢;) is convex in a right neighborhood of p; and T, p;,,) is concave in a
left neighborhood of p; 4| foreachi =1,...,r — 1.

(ii)) T(p;) = p; and T is continuous at p; foreachi =1,...,r.

(i) T(ci—1,¢;) =(0,1)foreachi =1,...,r.

(iv) T’(x) > 1if x is not a fixed point of T.
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This kind of map is studied in [I3, 14, T1, T2, T3].

Remark 1. The maps satisfying our assumption have Lebesgue equivalent ergodic o -finite
invariant measures (. We can choose a density function of ;« which is bounded away from
0 and continuous except on all the fixed points of T (cf. [T1]).

For this map let p and g be fixed points (it is not necessary that p # ¢). Let A and B be
a small one- or two-sided neighborhood of p and a small one- or two-sided neighborhood
of g respectively. (We allow A = [p,p+¢), (p—¢&,pl, (p—¢,p+e¢)if pisnotO, 1.
If p = g, we should consider A = [p, p +¢) and B = (p — ¢, pl.)

We assume that

IT(x) = x| = bolx — pl® +o(lx — p|©) inA (1.1
and

IT() = x| =6i1x =g +o(x —¢|") in B, (1.2)
where 6y > 0,61 > 0,dy > 1 and d; > 1 are constants.

If both dy and d; are greater than 1, p and g are indifferent fixed points of 7 and
an intermittent chaos with the two laminar states A and B appears in the trajectory
{T* )Y

In previous papers [I3, 14, IS], we have studied the limit of the ratio of the sojourn time
of the trajectory {T"(x)}z=0 in A to that in B, that is

ko 1a(TR )
lim S————7—
n—00 Zk:() 1p(T*(x))
where 14 is the indicator function on A.

(1.3)

Remark 2. Let pn be a Lebesgue equivalent T-ergodic o-finite invariant measure.
u(A) = oo if and only if dy > 2, and p(B) = oo if and only if d; > 2 (cf. [11, 12, T1]).

By this remark and the Hopf Ratio Ergodic Theorem [A, H, K], if dy < 2 or d; < 2,
the limit value is almost clear as we have explained in previous papers. In the case when
both dy and d; are >2, we have already obtained the results related to the limit (1.3).
Here we summarize the following.

For2 < dy < d; (or 2 < d; < dp) [13], the limit (1.3) is O (or co) for Leb-a.e. x.

For dy = d; > 2 [14],

lim sup —Zgzo lA(Tk(x)) =
n— 00 k=0 1B(Tk(x))
lim inf —Z:’;;O La(T*(x))
n—0o0 Zk:() lB(Tk(x))

For dy = di = 2 [I5], the limit (1.3) diverges for Leb-a.e. x and this converges to a
positive constant p in Lebesgue measure on [0, 1], that is

n k
lim. Leb({x; Thoo (T )

for Leb-a.e. x,

=0 forLeb-a.e.x.

> ko 18(TH ()
Some related results are found in [AN, ATZ, T3].
In this paper we consider the problem as follows.

P >8}) =0 foranye > 0.
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PROBLEM. If 14 and 1p are replaced by other functions fa and fg with [ fadp = oo
and [ fpdpu = 0o, then does a limit like (1.3) exist in some sense? What is the limit value
if it exists?

If f4 and fp are continuous on [0, 1] and bounded away from 0 at the fixed points, we
have no problem as, in this case, the answer of the problem is easily obtained from the
previous summary for 14 and 1p.

However, even if f4 and fp are analytic, the answer of the problem cannot be easily
obtained from the previous summary when f4(p) = 0 (and/or fg(q) = 0).

So, we are essentially interested in the following f4 and fp:

fa) =|p—x|""-1a(x) and fp(x)=|qg—x[""-1p(x), (1.4)
where mq and m are real constants. We allow that m( and m are negative.

We study the limit in the case when dy, d; > 1 and when f fadu and f fpdu are
infinity. So, the results in this paper include the case when 1 < dp, d; < 2 (L (AUB) < 00)
and when both [ fa dp and [ fp dp are infinite.

In the proof of Theorem 2 in [I3], the author found an uncorrectable error when he came
to write this paper. Here a proof of the corrected version of the theorem is given because
Theorem 2 in this paper includes the fact announced in [I5].

2. Results
In this section, let 7' : [0, 1] — [0, 1] be a map satisfying conditions (i)—(iv) in §1. Define
do,d; > 1,60p,61 > 0asin(1.1) and (1.2) and set f4 and fp asin (1.4).

First we note the following theorem, which follows from Thaler’s estimate (see
Theorem 1 in [T1]).

THEOREM 1. Let u be an absolutely continuous T -invariant measure. fs € L'(1) if and
only if dy — mg < 2.

Of course a similar result holds for fg. So, by the Hopf Ratio Ergodic Theorem, we
have nothing to discuss if dy —mg < 2 ord; —m; < 2.
When both dg — mq and d; — m are greater than or equal to two, we have the following
theorems.
THEOREM 2. If 2 < dy — mgo < di — my,
n Tk
lim Zk:o fa(T5(x)) N

=0 forLeb-a.e. x.
n=00 3o fB(TF(x)

THEOREM 3. Assume dy —mog =d; — mq = 2. Then
n Tk
lim sup —Zﬁzo fa( k(x)) =00
n— 00 Zk:o fB(T"(x))
n Tk
1iminf—2§=0 Jal k(x)) —
n—00 Zk:() fB(T"(x))

n k
li)ngoLeb (:x; M _

for Leb-a.e. x,

0 forLeb-a.e. x,

S0 f5(T*(x))

,0‘ > 8}) =0 foranye >0,
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where p is a positive constant. In particular, let T; be a continuous extension to [c;i—1, ¢;]
of the restriction of T to (ci—1, ¢i) for each i and let g be a density function of invariant
measure which is continuous except on all the fixed points of T. Then the following hold.
(1) If A and B are small one-sided neighborhoods of p = pi, and q = pj, respectively,
then
01 Y iy 8T () - (/T (p)) ™!
O oy T @) - (T @)
where Ti’(c,',l) and Tl-/(c,-) mean the right derivative of T at ci—1 and the left
derivative of T at c; respectively.
(2) If A and B are a small right neighborhood of p and a small left neighborhood of p
respectively, then p = 01/6p.
3) Ifr=2 p=0andq =1, then p = (01 M1)/(0oM>), where M| = limy4¢, T'(x)
and M = limy ¢, T'(x).
(4) If A and B are small two-sided neighborhoods of p = p;, and q = p;, respectively
(if T is a C? mapping on S* with endpoints identified, we allow p = 0 = 1), then

. 013z, 8T () - (T/(T T (p) ™!
00 Y iz, 8T (@) - (T/ (T (@)

In the case dy — mg = di — m| > 2, the limit superior of the ratio is infinity and the
limit inferior of the ratio is 0, which can be proved in essentially the same way as the main
result of [14].

Before closing this section, we give an example to show how our results work.

Example. Put

3 1
T(x)= :x +4x7, 5 [(1)’ 2)
x=2(1-x)", [5.1]

and consider the following ratio:

Yo TF ()
Y ro(Tk@))?

Let u be an absolutely continuous invariant measure. By Theorem 1, we know fol/ 2xd w=

2.1

00, f11/2 xdp = oo and fll/z x2dp = oo. It follows from Theorem 3(3) that

> ko T(0) 110,12 (T*(x))
Yo (TR))? 1 2,11(TH(x))
converges to % in Lebesgue measure as n goes to infinity. By this fact we can easily obtain

that (2.1) converges to % in the Lebesgue measure as n goes to infinity. Of course, the limit
superior of the ratio is infinity and the limit inferior of the ratio is O for Leb-a.e. x.

3. Basic definition and lemmas
In this section, we first define the ergodicity and give a basic corollary of the Hopf Ratio
Ergodic Theorem, and we state a basic property of the first return maps which are important
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tools in this paper. We also give two lemmas of probability theory. Furthermore, we
prepare notation which we will often use later.

First, we define the ergodicity for a transformation 7 on a o-finite measure space
X, F, w).

Definition. (T, ) is called ergodic if (D) = 0 or w(X \ D) = 0 for every D € F with
T-'D = D p-ae.

The following lemma is a basic corollary of the Hopf Ratio Ergodic Theorem.

LEMMA 3.1. Let T be a measure-preserving ergodic transformation on a o -finite measure
space (X, F, ), let f € L' () andletfgdu =00, g > 0. Then

n k
lim —21;1:0 ST @) =0 foru-ae.x.
=00 3o g(T*(x))

The proof of this is easy (see Lemma 2.1 in [12]).

The first return map of 7 on D is defined as 77 (x), where n(x) is inf{n > 1; T"(x)
€ Dj}. In the following lemma, let 7 be a transformation on a o-finite measure space
(X, F,un) and let D C X be a measurable set with D C Uflozl T~™(D). Then the first
return map is well defined.

LEMMA 3.2. Assume that u is a T-ergodic o-finite invariant measure. Let w|p be the
restriction of w to D. Then the first return map R of T on D is u|p-ergodic invariant.
As a consequence, if i is a p-absolutely continuous o -finite R-invariant measure, then
[l = constant - 4| p.

The proof of this is a minor modification of the proof of Lemma 1 in [P].
Next, we give two lemmas of probability theory. The following lemma is important in
the next section.

LEMMA 3.3. Letv : N — N be a function. Let ¢ x be a random variable on a probability
space (X, F, ) fork =0, ..., t. Assume that

E(0) = E(&x) = 0,
Eik - i) — E(€0)? < Ky ¥ hv()E(z.0),

where E(C) is the expectation of ¢ on the probability space (X, F, ), K > 0and y > 1
are constants. Then, for ¢ > 0,

(1

The proof of this is similar to Lemma 4.2 of [13].
The following lemma is a generalization of the well-known Borel-Cantelli lemma.

1 t
S 1
T DEGD o

=0

}) constant - v(z)
>ep | < .
e2(t + 1E(&,0)

LEMMA 3.4. (Borel-Cantelli lemma for dependent events, see [B].) Let {A,} be a

sequence of events on a probability space (X, F, n). Suppose that there exists M such
that p(Am N An) < Mp(Ap)(Ay) for allm # n. If 3, 1(Ay) = 00, u(A,i0.) > 0.
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The following notation will be often used in the rest of this paper:

v, ~ wy, stands for lim (v,/w,) = 1.
n—o0

4. Lemmas for measure-preserving transformations on a probability space

In this section, let S be a measure-preserving transformation on a probability space
(X, F, ) and let { E;} be a suitable sequence of measurable sets with w(E;) ~ constant -
[=X, where x is a positive constant. Put

u
Guk(x) =Y a1 (SK(x)) fork >0, u>landx € X,
=1

where @; > 0 and m are constants. And put v(u) = > ;/_, a;".
Assume that (S, {E;}) satisfies the following mixing condition:

ECuk - Cui) — ECu0)? < C1y " v@)E(Z,.0), (M1)

where C; > O and y > 1 are constants independent of i, k and u.
For each positive integer ¢, let t* be the integer satisfying

(logy 1%)'/? = [(logy /2],
where [¢] is the greatest integer not greater than 7. Put
Zn =2 forn = 1,2,....
The following lemma is used to prove Theorem 2.
LEMMA 4.1. Assume that
w(E;) ~ constant - a; and ;™ ju (E;) ~ constant - [~* (0 <5 < 1).
For large t, let u(t) be the maximal integer satisfying
logy 1 < 1* - (Eugr)). @.1)

Then

1 u(t)

t
lim a"1g (S*(x) =1 for p-ae. x.
=00 (14 1) ) am (B ,; =

Proof. Under the condition of the lemma, we have

u(t)
v(u@)) = Zal’” ~ constant - () 75/ D),
=1

Putting & x(x) = Eu(,),k(x), we have

u(t)
E(0) = Zal'"u(El) ~ constant - u(£) 7.
I=1
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Thus, we have
v(u(r))
tE(¢:,0)

~ constant -

Since it is easy to see that

u(t) ~ constant -
log, t*

we have

v(u()) t*

~ constant -

tE(&.0) tlog, t*
Let ¢ > 0 be arbitrary. By Lemma 3.3 and condition (M1), this relation means that

1 t u(t)

]

(t+1) z;‘;’f a" w(Er =0 1=1

u(t)s/(erl)

£+ >(m+1)/s

D am g ($n)) — 1

531

for large . Let n be a large positive integer and choose a constant 0 < § < 1/2.

Fork =0,1,...,2n, we similarly have

1 220/n® u(t)
u(H ) D> amgst) -1

(242 /n0) Y @ (B k0 1=

for 2z, <t < 2“*t!z,. This yields

2K+1zn71
T=2’(Zn

u(t)

C+ DX amuE) =515

Therefore, we easily obtain

Zn+1—1
(U
t=zp

u(t)

C+ DY amu(E) (S 15

constant - nz‘S

1 t
Do a g S ) — 1

1 t
DO @ g (S ) — 1

constant - nz‘S

constant - n®
£22¢ log, z

constant - n25

e2log, zn

Hence, the lemma follows from the Borel-Cantelli lemma.

The rest of this section is only used to prove Theorem 3.

O

It is not used to prove

Theorem 2. Note that the definition of u(¢) in the rest of this section differs from that

in (4.1).

LEMMA 4.2. Assume that

w(E;) ~ constant-a; and a;™u(E;) ~ constant- [~

For large t, let u(t) be the maximal integer satisfying

1 < t*(logy t)Y* - W(Eury).
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Then, for any € > 0 and large integer n,
Z)H»l*l
constant
<
“( U { >8}) =287

Proof. Applying Lemma 3.3, we easily obtain this in essentially the same way as we
proved Lemma 4.1. O

1 0]
a™1g (S5(x) — 1
@+1) Zum a™u(Ep) i=o ; o

Let 4 > u be a positive integer. Put
u
£(x) 1= Za,’"lE, (S¥(x)) fork > 0Oandx € X,
I=u
and put v(u) := Z?:u a;™. In the next lemma we assume the following mixing condition:
B & - &) —E)’ < Coy " lo)B (&), (M2)
where C; > 0 and y > 1 are constants independent of i, j, k, u and u.

LEMMA 4.3. Assume (4.2). For large t, let u(t) be the maximal integer satisfying (4.3)
and let u(t) be the maximal integer satisfying

I < t(logy '™ - u(Eq).- 4.4)
Then, for any ¢ > 0 and large integer n,

a1 1 1 U0 " constant
w a1, (S (X))>8}> < —
(Ul & 2 ot

t=2n =1 @™ (ED =0 1=a)

Proof. Fork =0,1,...,2n, we have

2K+Izn_l

1 t iu(t)
u( { ” a1, (8 () > s})
=L2J e+ DX @ (E) 1; g@) ’

2K+]Zn_l IZ(2K+1zn)

1 m k
Z a"1g (8% (x)) > ¢

<u(] >
(2"Zn+1)2;‘(11’1)(11’"#(151) k=0  i=u(2*z,)

2K+lzn —1 ’;(2)(4—1 n

1 /( ) . 3
< E E a1 (S"(x)) ) d
(e(2%z, + 1) Zu(z”) alm,U«(El))3 k=0 I=u(Z*zy)
By (M2) and (4.2), we obtain

2kl 1 (2 Fg,) 3
/( > > al’"lEl(Sk(x))) du < constant - (2T z,)3n3,

k=0 I=u(2¥z,)

Thus, we have

28t 7, —1 0
"1 (SF(x)) })
H( U {(t—i— I)Zu(,) () £ Z Z ar lg X)) > ¢

t=2Kz, k=0 I=u(t)

constant

W fOI‘K=0,1,...,2n.

Therefore, we obtain the lemma. O
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By Lemmas 4.2 and 4.3, we obtain the following proposition.

PROPOSITION 4.4. Under the same assumption as in Lemma 4.3,

1 0]
lim Z ZagmlE,(Sk(x)) =1 forpu-ae. x.
=@ +1) Z;‘L’f a™u(En =0 =1

Here we give some lemmas, which are valid without mixing assumptions (M1) and
M2).

LEMMA 4.5. Ifu(t) is the maximal integer satisfying (4.4), then

t
u({ 21 Eay (S¥()) = 1}) <2(log, )"Y*  for sufficiently large t.
k=0

Proof. By the Chebychev inequality, we easily obtain this. O

LEMMA 4.6. Let T be a sufficiently large positive integer and let s be a positive number.
Put T = [t¥log, t] and T = [t*/logyt]. If i(t) is the maximal integer satisfying (4.4),

then R
' constant - loglog t
H(U {$'(x) € Eﬁ(t)}) < .
” logt
=t
Proof. Calculating Zf:f ! (logzt)’l/ 4, we obtain the lemma. O

LEMMA 4.7. Let T be a sufficiently large positive integer and let s be a positive number.
Put T = [t¥/logyT]. If W (E;) ~ constant - [~

LA r constant
u({z > 1e (s (x))zr})s st

k=0 [=1

Proof. By the Chebychev inequality, we easily obtain this. O

Let A be the smallest o -algebra including the sets S™ E;, n, t > 0. In the next lemma
we assume the following condition:

w(S™MkANB) > Cy-u(A) - n(B) forA,Be A, (MO)
where M is a positive integer and Co > 0 is a constant independent of A, B and k.

LEMMA 4.8. Let T be a sufficiently large positive integer and let s be a positive number.
Put T = [t°1og, ). If w(E;) ~ constant - [ ™%,

1 >constam~log T

u({ > e (85G)) = 1}) > 1- (—
=0 €

Proof. This is easily obtained by simple calculation. a
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5. Piecewise monotonic maps with countable partitions
Piecewise monotonic maps with countable partitions naturally arise from the first return
maps. We will show that (S, { E;}) of this section satisfies conditions (M0), (M1) and (M2)
of the previous section if S satisfies some assumptions.

Let J be the union of disjoint intervals Ji, ..., J,, with Leb(J) < oo. In this section,
we assume that S : J — J satisfies the following conditions (1)—(4).
(1) There exists a partition {/, },ca of J such that the restriction of S to the interval I

is a C? function for each A.

(2) For each A, there exists an i such that S(/;) = J;.
(3) There exists a positive constant K¢ such that

1" (x)1/(S'(x))? < Ko < o0,

whenever the first and the second derivatives of S are defined.
(4) There exists a constant K1 > 1 with $'(x) > Ky, whenever the first derivative of S
is defined.
Then we have the following lemma.

LEMMA 5.1. (See [R]) S has an absolutely continuous invariant probability measure 1
and there exists a non-negative function g < Ky such that p(U) = fU g(x)Leb(dx) for
all measurable set U, where K7 is a positive constant.

Put K§ = Ko/[1 — (1/Ko)]. Then it is easy to see that
1S5/ (S () < K,

whenever the first and the second derivatives of S¥ are defined. Note that SK : J — J
satisfies conditions (1)—(4) if we replace S with Sk, Let {I)Ek)}ke Ak be the partition
associated with S¥ and let (pib be the inverse function of the restriction to I)Ek) of Sk,
Let vy, and w;, be the left and right endpoints of S¥(15), respectively. The following lemma
is used to show Lemma 5.3.

LEMMA 5.2. (See Lemma 5.2 of [13]) K3Leb(I") < o' (x) < K4Leb(I*) for x €

Sk (I)Ek)), where K3 and K4 are constants independent of k and ).

The following lemma means that S has a mixing property.

LEMMA 5.3. Assume that the invariant density g satisfies 0 < Ks < g, where K5 is
a constant. Let A be a union of disjoint intervals, that is A = Uj (xj,yj), and let

B = UAEAB I)Ek), where A g is a subset ofAk. Then
1w(ST*ANB) < K- n(A) - w(B),

where Kg is a constant independent of A, B and k.
Furthermore, let { B;} be sequences of sets like B satisfying lim;_, oo (B;) = 1. Then,
for sufficiently large t,
K7-u(A) <= u(S* AN By),

where K7 is a constant independent of A, B; and k.
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Proof. For simplicity, we omit the index (k) in the proof. Without loss of generality for
each j, we assume that there exists an i such that (x;, y;) C J;. By the assumption on g,

we have
w(S™*ANB) _ K235 2@ (vj) — ¢a(x))

uw(B) - KsLeb(B)
where ), is the sum over A € Ap with Sk o (xj,y;). By the Mean Value Theorem,
there exists z; € (x;, y;) such that

’

o (yj) — @a(xj) = @3 (2j))(yj — x;)-
This equality and the previous lemma imply

WSHANB) _ KaKaYien, X; LebU) () —x))

w(B) - KsLeb(B)
_ K> K4Leb(A) - Ky Kap(A)

which shows the first half of the lemma.

To prove the latter half, choose i such that (AN J;,) > rl_lu(A). Let B’ be the union
of I, satisfying A € Ap, such that S D Ji,- Then B’ is not the empty set for sufficiently
large t. In a similar way as we proved the first half of the lemma, we obtain

Ks- (AN Jip) - w(B) < p(S*(AN ;) N B) < w(ST*AN By),
where K3 is a positive constant. Therefore, we obtain the lemma. O

Let {A;} be a decreasing sequence of subsets of A. Put

E = U I.

reN;

Then the following lemma is proved similarly to Lemma 5.3.

LEMMA 5.4. Assume that S satisfying conditions (1)—(4) is ergodic and has the invariant
density g with 0 < K5 < g. And assume that J is a union of Ly, ..., Ly such that
s~y = Ly, where a is a cyclic permutation of {1, ..., M}. Then (S, {E;}) satisfies
condition (MO0) in §4.

Let P be the Frobenius—Perron operator corresponding to (S, Leb). (The definition of
the Frobenius—Perron operator is found in [LM].)
The following lemma can be obtained similarly to Lemma 5.5 of [I13].

LEMMA 5.5. Assume that S satisfying conditions (1)—(4) is ergodic and that P is
asymptotically periodic, that is for any probability density function f,

M
n—00 ; l o L!(Leb)
where g1, ..., gm are probability density functions with g;(x) - gj(x) = 0 for alli # j

and « is a cyclic permutation of {1, ..., M}. Then (S, {E;}) satisfies conditions (M1) and
(M2) in §4 with X = J.
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6. Proof of theorems
In this section we are going to prove Theorems 2 and 3. Let T be a map satisfying
conditions (i)—(iv) in §1. Let 7; be as in Theorem 3.

To prove our theorems, the first return map of 7 is an important tool. We consider the
first return map of 7 on 2 = Ulr;ll [Tf1 (ci), szi-ll (c¢i)]. Then it is clear that the first return
map R of T on 2 is well defined except on the set of the endpoints of the countable partition
of Q. Let u be a Lebesgue equivalent T -ergodic invariant measure (such a measure exists
as we have already noted in §1) and let [z be an absolutely continuous R-ergodic invariant
measure. We note that i = constant - u|o (Lemma 3.2). Since it is easy to see that S = R
satisfies conditions (1)—(4) in §5, by Lemma 5.1 we can choose g with 1(2) = 1. Thus,
for convenience, we choose w satisfying u(2) = 1.

Now let p = p;, and ¢ = p;,. We first consider the case when A and B are a small
right neighborhood of p and a small left neighborhood of ¢, respectively. Put ¢ = ¢;, and
d= Ciy—1-

We prepare some notation.

Notation. For all integer n > 0 and any large integer 7,
ap =T;;"(¢c) and b, =T, "(d),
ain =T, N(an) fori #io and i =T, (by) fori # iy,
Y im0 Lip.o (TF(x) - (TH(x) — p)™o
> im0 L.y (TF)) - (g — TF(x))ym
E(an) = Jle,@inl,  EB) = JIBin. d],
iig i#i]
T
T; := max {T; Z 1o(T*(x)) = t},
k=1

t* : the integer satisfying (log, 12 = [(log, n'’?,

F(t,x):=

where [¢] is the greatest integer not greater than ¢,
n(0, r): the maximal integer satisfying

log, t* < " w(E(an,))) ifdo—mo > 2
1 < t(logy )4 (E (@n0.0)))  if do —mo = 2,

n(l, t): the maximal integer satisfying:

logy t* < t*w(E(Bn1,r)) ifdi —my >2
1 < t(logy V4 U(EBuct.y)) ifdi —my =2,

Ho(t, %) := Y 1ip.a,qm (TF@)) - (T*(x) — p)™,
k=0

Ho(t, %) =Y layq,.0(TF)) - (T*(x) = p)™,
k=0
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Tt
Hy(t,x) ==Y L b, (TH)) - (g = TH)™,
k=0
T
Hi(t,x) =Y 1p0,.q(T* @) - (g — TF)™,
k=0

H,(t, x
n(t, x) = M
Hy(t, x)
The following lemma is important in applying the result in §4.

LEMMA 6.1. Put S = R and E; = E(oy) or E; = E(B;). Then (S, {E]}) satisfies the
conditions (MO0), (M1) and (M2) in §4.

Proof. Itis easy to see that (S, { E;}) satisfies conditions (1)—(4) in §5. Furthermore, as we
have already noted, S has an absolutely continuous ergodic invariant measure and we can
choose a density function which is bounded away from 0. The asymptotic periodicity of
the Frobenius—Perron operator follows from Theorems 1 and 4 in [R] and the ergodicity of
S. So, all the assumptions of Lemmas 5.4 and 5.5 are satisfied. Therefore, we obtain the
lemma. O

As we see in the following lemma, it is essential for our purpose to calculate the limit
value of F (¢, x).

LEMMA 6.2. Assume that
ffAdu=oo, /deu=oo

and that lim;_, o F (¢, x) exists. Then

lim F(t,x) = lim for p-a.e. x.
t—00 t—>00 Z;co fB(Tk(x))
Proof. We easily obtain this by Lemma 3.1. a

In the rest of this section, we assume (1.1) and (1.2). Let g be a continuous version of
the Radon—Nikodym derivative of the invariant measure u on 2.
Put

1O (@ — p)™ p(E (ar))

= lim .
1=00 5D (g — by)™ (E(Br)

The following lemma confirms the existence of p and it is important in determining the
limit value of F(z, x).

o (6.1)

LEMMA 6.3.
1) If2<dy—mog<d —my, p=0.
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2) Ifdo—mo=d;y—m =2,
L0 Yisio €T () - (T (T (p))) !
00 Y isi, 8T (@) - (T/(T7 (@)~

In particular:
@ p=061/6ifp=q;
(b)  p = (T{(©)8)/(T3()o) if r =2, p=0andq = 1.

To prove this, we need the following lemma.
LEMMA 6.4. (See the corollary in §3 of [T2])
Leb([p. an]) ~ (Bo(do — n)~"/ D=1,

Proof of Lemma 6.3. Since g is a continuous version of the Radon—-Nikodym derivative of
the invariant measure p on €2, we have

(@ = DM@ ~ @ =y Y [ " gdLen.
i#io Y i (P
Noting that g is continuous and bounded away from 0, we have
(an —p)"™ Y f gdLeb ~ (a, — p)™ Y ¢(T;" (p) Leb([ T (p), i n)-
i#ig T (P) i#io
Since 7; has a positive derivative at Ti_1 (p) for each i # iy, we have
Leb(I7;' (p), @in]) ~ (T (T, (p)) ™" Leb((p, an)).
Thus, it follows from Lemma 6.4 that
Leb(I7;" (p), i) ~ (T (T (p)) ™! (Bo(do — Dm) /0~ D.
Hence, we have

(an — p)" u(E(en)) ~ Y &(T (p) (T (T ()™ (Bo(do — 1)~ o+ D/ o=,
i#ig
(6.2)
In the rest of the proof, for simplicity we use the following notation:

S(p) =Y &I (p) (T (1 (p) ™"
i#io
Now we are going to estimate n(0, ¢). Similarly to the previous argument, we have

w(E(an,n)) ~ S(p) Leb([p, an©,n])-

This relation and the definition of n(0, ¢) imply

log, t*
% if do —mo > 2
S(p)*

an0,t) — P~ 1
— — ifdy— =2.
S(ptQogyni/A 0T
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However by Lemma 6.4, we have
an(o.) — P ~ (Bo(do — Dn(0, 1))~/ D=1,

Therefore, we obtain

1 (S(p)t* )"01 .
if d() —mgy > 2
_ *
n(0. 1) ~ | fo(do =D \logy1
m(S(p)t(log2 HYHd=1 it dy — my = 2.

We are going to estimate

n(0,t) n(0,7)

> (ar=py"™ u(E@)) ~ Y S(p)(Eo(dy — D)=V,
=1

=1

In the case dy — mo = 2, we have

Aol n S(p)
; (ar = p)" (E ) ~ oom = logn(0.).

This and relation (6.3) imply that

n(0,1)

S(p)
Z (a1 — p)" w(E () ~ 2P logz.
=1 00

In the case dy — mo > 2, we have

n(0,1)
> (ar = p)"™u(E(e)) ~ constant - n(0, r)! ~(motD/do=1)
=1

* do—mo—2
~ constant - .
log, t*

In the same way, if d; — m| = 2, we have

n(l,t) S
> (g —b)" (EPBD) ~ % log1.
I=1 1

If di — my > 2, we have

n(L,1) t* di—mip—2
Z (g —b)™ w(E(Br)) ~ constant - ( ) .

= log, t*

By relations (6.4)—(6.7) we obtain the lemma.

LEMMA 6.5. p in (6.1) satisfies the following property:

0
Yheo 200" (@ = p)™ 1 gy (RE(x)

lim =p forulg-ae. x.

=00 g S (g — by g g (RE(x))

As a consequence, 1(t, x) converges to p as t goes to infinity for p|q-a.e. x.
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Proof. 1t follows from Lemma 6.4 that
W(E (o)) ~ constant - (a; — p)

and

constant- [ (O <s < 1) ifdy—mg>2

(@ — p)" w(E (o)) ~ . ,

constant - / if dy —mgy = 2.
We have a similar estimate for w(E(B;)). Thus, by Lemmas 4.1 and 6.1 and
Proposition 4.4, we have

t n(0,1) n(0,1)

DD = p) " gy (RN@) ~ 1 Y (ar — p)™ u(E (@)
=1 =1

k=0

and
t n(l,p) n(l,t)

DD @@= b g (RE@)) ~ 1Y (g — )™ w(EB))

k=0 I[=1 =1
for u|q-a.e. x. Hence, we can easily obtain equality (6.8).
Obviously, for ¢|q-a.e. x, we have

. n(0,1) . n(0,1)
D0 @) N (THE) < Hat.x) <> (@-1= p)" Lgpar (T (1))
k=0 I[=1 k=0 I=1
t n(0,1)
=3 D (@-1=p)" L) (R (x)),
k=0 [=1
and also have a similar estimate for Hy(¢, x). From this fact and equality (6.8) it follows
that n (¢, x) converges to p for u|g-a.e. x. O

We are going to show the following proposition.

PROPOSITION 6.6. If2 < dy—my < d; —my, F(t, x) converges to 0 as t goes to infinity
for p-a.e. x.

In order to show this, we prove the following lemma.

LEMMA 6.7. If2 < dy — mg < di — my, then

M'“(ﬂ U{x;F(t,,x) >8}) =0 foranye > 0.

k=0 t=k
To prove Lemma 6.7, we prepare the following lemma.

LEMMA 6.8.
() Ifdy—mo =2, Hy(t, x) ~ constant - t logt for u|q-a.e. x.
(2) Ifd; —my > 2, Hy(t, x) ~ constant - t (t*/log, t*)1 ™72 for u|g-a.e. x.

Proof. We first show (1). Since
t n(0,1)

Ha(t.x) ~ ) Y (a1 = )" 1g@)(R () for ulg-ae. x,
k=0 I=1

Lemma 6.8(1) follows from Proposition 4.4 and relation (6.4).
(2) is similarly proved. a
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Proof of Lemma 6.7. 1t is sufficient to prove that
Ho(t,x)/Hp(t,x) > 0 (t > 00).

We first consider the case dy — mqo > 2.

. o 2 2 2.
For ¢ choose the integer n satisfying 2" <t < 2"tD" Put z(n) = 2" asin §4.
It is easy to see that, for almost every x,

1 z(n+1) .
fim sy D i (RFG) = 0. (6.9)
k=0

Let & > 0 be arbitrary and put
Cp = {x: Ho(z(n + 1), x) = eHp(z(n), x)}.

Then we have Ho(z(n+ 1), x) > constant- ez(n)(z(n)/log, 2(n))1 ™ =2 for almost every
x € C, by Lemma 6.8(2). Hence, it follows from (6.9) that for almost every x € Cy,
there exists at least one k < 2041 guch that R¥ (x) enters E(«a;;), where n satisfies the
following relation:

n d|—m1—2
Z (a; — p)™® ~ constant - 2812(71)1 5 ( ) ) )
1=n0.1) (n22571)% \logy 2(m)

(6.10)

Since we have

n
Z (a; — p)™ ~ constant - 7' 70/~ = constant - (=0~ D/ (oD
1=n(0,1)

it follows from (6.10) that

—m1—2\ @o—=1)/(do—mo—1)
8Z(7’l) ( Z(i’l) >dl mi 2>(0 /(do—myg

n ~ constant - ((n222”+1)2 10g2 2

Thus, we have the following estimate for w(E (ct;)):

1/(do—1)
Ww(E(aj;)) ~ constant - <:>
n

22(2n+1),,4 log, z(n) (di—m;—1)\ I/ do—mo—1)
ez(n) < z(n) ) '

Choose 89 such that (dy —my —1)/(do —mog—1) = 1 4+ 8y. (Since 2 < dy — mg <
dy — m1, we have g > 0.) Then we have

~ constant - (

w({x : R¥(x) € E(a;) forsome 0 < k < 2(”+1)2})
< constant - 2(n+1)2(22(2n+1)n4/(2”28))1/(d0—m0—1)(n2/2n2)1+60
— constant - 22! (22(2"+1)n4/(2"28))1/(d0*m071)n2(1+80)/2n280.
This means that

u(ﬁ GCn>=0,

k=0 n=k
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and, hence,
Hy(z(n+1),x)

im =0 -a.e. Xx.
=% Hy(z(n), x) Hla

Therefore, we have

Hy(z, x) |
im = -a.e. x.
o )
The case dy — mo = 2 is also proved similarly. O
Proof of Proposition 6.6. Let Q be an arbitrary set with u|q(Q) = 0. Since

Leb({Up2o T7"R) = 1 and Leb( U5~y T ™" Q) = 0, it is sufficient to show that

“|Q<m U{x; F(t,x) > 8}) =0 foranye > 0.

k=0 t=k

Obviously, this is equivalent to

ulg(ﬂ U{x; F(t,x) > 8}) =0 foranye > 0.

k=0 t=k
Thus, the proposition follows from Lemma 6.7. a
The lemmas in the rest of this section are essential to prove Theorem 3.
LEMMA 6.9. Ifdy —mo =d; —m1 =2,
Ho(7, x) + Ha (1, x)

lim su =0 for -a.e. x.
t%oole(Lx)"'Hb(t’x) f #la

Proof. Let pg be an arbitrary sufficiently large constant. For ¢t > 2, let n*(0, t) be the
maximal integer satisfying
1 < 3pot (log 1) i (E (ctn=(0,1)))-
Then it follows from Lemma 5.3 that
n({x € Q: R'(x) € E(an.n)), Hi(t, x) = 0})
constant

> constant - u({x € Q: R (x) € E(ap*0.0))}) > ———.
pot (log 1)

Since Z;’iz(t log t)’1 = 00, by Lemmas 3.4 and 5.3, we obtain

u( () Utr € @: R (x) € E(eneo.)). Hi(t, x) = 0}) > 0.

k=2 t=k

Thus, we have

o0 o
M( ﬂ (Jtx € @ Ho(. x) = 2ppt log, Hi(t, x) = 0}) > 0.
k=2 t=k

By the ergodicity, we have

,L( ﬂ (Jtx € @ Ho(r. x) = 2ppt logt, Hy (2, x) = 0}) =1.

k=2 t=k
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By Lemma 6.8, for almost every x, there exist infinitely many ¢ such that

Ho(t,x) + H,(t, x) -
Hi(t,x)+ Hp(t,x) —

This implies the lemma. |

£0.

LEMMA 6.10. Ifdy —mo =d; —m =2,

tlim Leb({x : |[F(t,x) —p| =>¢€}) =0 foranye > 0.
—00

Proof. Let d, = max,{dp as in (1.1) for p} and s = 1/(dsx — 1). Put T = 7°/logt and
7 = t¥log t. Then we have

Leb({x : [F(r,x) — p| = €})
<Leb({x: Th(x) ¢ Q fork =0,...,7/2})
+Leb({x : t{k <7:TF(x) € Q) < 7, TX(x) € Q for some k < 7/2})
+Leb({x : gk <7:T*(x) € Q} = £})

7
+ constant - Leb(U {xeQ:|nt,x)—p|l> 8})
=7
T
+ constanbLeb(U (xeQ:R'(x)e E (0t0,1)) U E(,B,,(l,,))}>
t=T

+ constanbLeb(U {x € Q:R'(x) € E(ap.5)) Y E(ﬁn(l!f))}>. 6.11)
=0

We are going to check that each term in the right-hand side converges to 0 as t goes
to infinity. It is clear that the first term of (6.11) converges to 0. It is easy to see that the
second term of (6.11) is less than

constant - Leb({x € Q : #{k < t/2: Tk(x) e} <1t).
Since we can see that
Leb({x € Q: ik <t/2: Tk(x) e} <1}

< Leb({x €Q: Y Y 1R ) = ‘L’/Z})
k

=0 I=1

T t/2
< Leb({x €Q: Y Y 1R ) = ‘L’/Z})

k=0 [=1
+ Leb({x € Q : R¥(x) € Ey for some k < 7)),

it follows from Lemma 4.7 that the second term of (6.11) converges to 0 as T goes to
infinity.
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It is easy to see that the third term of (6.11) is less than
constant - Leb({x € Q : #{k < 7 : T*(x) € Q} > 7}).

Since we have

plreQipkst:T'a) e Q) 2 1)) < u({x €eQ:) D lnRG) < r})
k=0 [=1

<1 —M({x €Q: ) g, (R'x) = 1})
k=0

by Lemma 4.8 the third term of (6.11) converges to 0.

The fourth, fifth and sixth terms of (6.11) converge to 0 by Lemmas 6.5, 4.6 and 4.5
respectively.

Therefore we obtain the lemma. O

Proof of Theorems 2 and 3. In the case when A and B are a small right neighborhood of
p and a small left neighborhood of ¢ respectively, Theorem 2 follows from Lemmas 6.2
and 6.3 and Proposition 6.6, and Theorem 3 follows from Lemmas 6.2, 6.3, 6.9 and 6.10.

The other cases are similarly proved. a

7. Remark

Until now we have assumed that 7" satisfies conditions (i)—(iv) in §1. In this section we

consider the map T satisfying more general conditions. We consider non-Markovian maps.

Assume that 7 : [0,1] — [0, 1] with several fixed points satisfies the following
conditions:

(a) there exists a partition 0 = ¢p < ¢] < ¢ < -+ < ¢ = 1 of [0, 1] such that
the restrictions of T to the interval (c;_1, ¢;) is a C? function for each i and can be
extended to [¢;_1, ¢;] as a CZ function T;;

(b) T/(x) > lif x is not a fixed point; and

(c) T(0,1]) = [0,1] Leb-a.e. and T has a Lebesgue equivalent ergodic invariant
measure ji.

(Condition (c) is not very restrictive. Each T satisfying conditions (a) and (b) has an
absolutely continuous invariant measure p and (7', ) can be decomposed into ergodic
components. Furthermore, each ergodic component is supported by a union of a finite
number of intervals (see [Z]). Thus if 7 is not ergodic, choose an ergodic component.
Then we can obtain the same results as we state later.)

Let p and g be fixed points and let A and B be small one-sided neighborhoods of p and
q respectively. We make the same assumptions as in (1.1) and (1.2) for T in A and for T
in B respectively.

Then, we can obtain the results which are similar to Theorems 1-3 except the limit value
p in Theorem 3. In general, the limit value p depends on w but it is a positive constant in
the situation corresponding to Theorem 3.

These facts can be proved in essentially the same way as Theorems 1-3.
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