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Abstract. We prove the following property: ifX in G1(M) has no singularity and
x ∈ 6(X), thenorbit(x) ∩ per(X) 6= ∅. In addition, if we assumeperi (X) ∩ perj (X) = ∅
for i 6= j , thenper(X) = ⋃n−1

i=0 peri (X) is a hyperbolic set. Moreover, we shall give a
proof of the�-stability conjecture for flows.

1. Introduction
Let M be ann-dimensional compact smooth manifold without boundary and letX 1(M) be
the set ofC1 vector fields onM with theC1 topology. We denote byXt , t ∈ R, theC1 flow
on M generated byX ∈ X 1(M). We denote byper(X) the closure of the set of periodic
orbits ofX and byperj (X) the closure of the set of hyperbolic periodic orbits with index
j (index is the dimension of the stable subspace). We denote by�(X) the non-wandering
set ofX ∈ X 1(M). A set3 ⊂ M is said to be a hyperbolic set ofX ∈ X 1(M), if it is
compact,Xt -invariant (i.e.Xt(3) = 3 for all t ∈ R) and there is a continuous splitting
T M|3 = E0 ⊕Es ⊕Eu (E0(x) = R ·X(x), x ∈ 3) invariant underDxXt such that there
existK > 0, 0 < λ < 1, satisfying

‖(DxXt)|Es
x‖ ≤ Kλt and ‖(DxX−t )|Eu

x‖ ≤ Kλt

for all t ≥ 0, x ∈ 3.

When�(X) is hyperbolic and the periodic points are dense in�(X), we say thatX
satisfies Axiom A. LetG1(M) denote the set ofX ∈ X 1(M) which has a neighborhood
U such that ifY ∈ U then all the periodic orbits and singularities ofY are hyperbolic.
For X ∈ X 1(M), let Bε(X, x) = {y ∈ M : d(Xt (x), y) ≤ ε for some t ∈ R}.
Define 6(X) as the set of pointsx ∈ M such that for every neighborhoodU of X

and everyε > 0, there existY ∈ U, y ∈ per(Y ), T0 > 0 and t0, t1 ∈ R with
t0 < t1 such thatYT0(y) = y,X = Y on M − Bε(X, x), d(Yt (y),Xt(x)) ≤ ε for all
0 ≤ t ≤ T0, {Xt(x) : t0 ≤ t ≤ t1} ⊂ {Yt (y) : t ≥ 0} and(t1 − t0)/T0 > 1 − ε. Note that
6(X) is Xt -invariant.
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We shall prove Theorem A in §2, Theorem B in §3, and in §4, using the argument
in Theorem A, we shall prove the�-stability conjecture for flows. In 1997, Hayashi [5]
announced a proof of this conjecture: however, it seems that his proof has flaws. The proof
of Lemma VII.4 in [5] is not clear.

THEOREM A. If X is in G1(M) and has no singularities, then for anyx ∈ 6(X),
orbit(x) ∩ per(X) 6= ∅.

THEOREM B. Let X be inG1(M) and have no singularities. Ifperi (X) ∩ perj (X) = ∅
(for all 0 ≤ i < j ≤ n − 1), thenper(X) is hyperbolic.

THEOREM C. (�-stability conjecture for flows)If X is�-stable, thenX satisfies Axiom A.

2. Proof of Theorem A
For the proof of Theorem A, we need some properties of6(X) andG1(M). Let U0 be a
neighborhood ofX in G1(M) such that for anyY in U0, Y has no singularities. LetN∗ be
the normal bundle toX overM. For eachx ∈ M, the fiberNx is a subspace ofTxM with
codimension 1 that is perpendicular toX(x). For anyu ∈ Nx , letPX

t (u) be the orthogonal
projection ofDxXt(u) ontoNXt (x). Then

PX
t : N∗ → N∗

is aC0 flow which is linear on fibers. The next theorem is useful in this section.

THEOREM 2.1. (Liao [8, Theorem 2.1])Let X be in G1(M). Then there exist aC1

neighborhood Ũ of X in U0 and two numbersλ = λ(Ũ) > 0 and T = T (Ũ) > 0
such that for anyY ∈ Ũ and any periodic pointp of Y , the following two estimates hold:
(a) ‖PY

t |Es(p)‖ · ‖PY−t |Eu(Yt (p))‖ ≤ e−2λt for anyt ≥ T ;
(b) if τ is the period ofp, m is any positive integer, and if0 = t0 < t1 < · · · < tk = mτ

is any partition of the time interval[0,mτ ] with ti+1 − ti ≥ T , then

1

mτ

k−1∑
i=0

log‖PY
ti+1−ti

|Es(Yti (p))‖ < −λ,

1

mτ

k−1∑
i=0

log‖PY
−(ti+1−ti )

|Eu(Yti+1(p))‖ < −λ.

Now suppose thatx is in 6(X) andorbit(x)∩per(X) = ∅. Sincex belongs to6(X), we
may find a sequence{Yn} of vector fields, a sequence{Pn} of periodic orbits, a sequence
{an} (an ∈ Pn) of points, a sequence{Tn} such thatTn → ∞ (asn → ∞), and a sequence
{εn} with εn → 0 (asn → ∞) satisfying the following:
(i) limn→∞ Yn = X andPn is a periodic orbit ofYn with periodTn;
(ii) lim n→∞ an = x;
(iii) d(Xt(x), Y n

t (an)) ≤ εn (for all 0 ≤ t ≤ Tn).
We definel as the integer such that for an infinitely many number ofn, the index ofPn

(written by Ind(Pn)) is l.
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CLAIM . l 6= 0.

Proof. If l = 0 on the contrary, we may assume that

index ofPn = 0 for all n.

Since eachPn is compact, a subsequence ofPn, also denoted byPn, converges to some
Xt -invariant closed subsetF in orbit(x) by (iii) with respect to Hausdorff metric. As in [8],
we take an individual measureµn corresponding to a pointan, and we may assume that the
sequenceµn converges with weak-star topology to a probability measureµ on M. Each
µn is invariant underYn

t , andµ is a measure supported onF . Let {ϕn(a)} be a sequence
of real-valued continuous functions onM such that

lim
n→∞ ϕn(a) = ϕ(a) uniformly onM.

Then we have

lim
n→∞

∫
M

ϕn(a) dµn =
∫

M

ϕ(a) dµ. (1)

Because∣∣∣∣
∫

M

ϕn(a) dµn −
∫

M

ϕ(a) dµ

∣∣∣∣
≤

∣∣∣∣
∫

M

ϕn(a) dµn −
∫

M

ϕ(a) dµn

∣∣∣∣ +
∣∣∣∣
∫

M

ϕ(a) dµn −
∫

M

ϕ(a) dµ

∣∣∣∣
andϕn(a) → ϕ(a) implies∣∣∣∣

∫
M

ϕn(a) dµn −
∫

M

ϕ(a) dµn

∣∣∣∣ ≤
∫

M

|ϕn(a) − ϕ(a)| dµn → 0,

while µn → µ implies ∣∣∣∣
∫

M

ϕ(a) dµn −
∫

M

ϕ(a) dµ

∣∣∣∣ → 0.

Moreover, since eachµn is Yn
t -invariant,µ is Xt -invariant. In fact, by (1) above, for any

t ∈ R,∫
M

ϕ(Xt(a)) dµ = lim
n→∞

∫
M

ϕn(Xt(a)) dµn − lim
n→∞

∫
M

ϕn(Y
n
t (a)) dµn

+ lim
n→∞

∫
M

ϕn(Y
n
t (a)) dµn

= lim
n→∞

( ∫
M

ϕn(Xt (a)) dµn −
∫

M

ϕn(Y
n
t (a)) dµn

)

+ lim
n→∞

∫
M

ϕn(Y
n
t (a)) dµn

= lim
n→∞

∫
M

ϕn(Y
n
t (a)) dµn = lim

n→∞

∫
M

ϕn(a) dµn =
∫

M

ϕ(a) dµ.
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Remark.

lim
n→∞

( ∫
M

ϕn(Xt(a)) dµn −
∫

M

ϕn(Y
n
t (a)) dµn

)
= 0.

In fact, since limn→∞ Yn = X, d(Xt(a), Y n
t (a)) is very small for sufficiently largen (for

anya ∈ M and a fixedt). On the other hand, asϕn is uniformly continuous onM,

|ϕn(Xt (a)) − ϕn(Y
n
t (a))| < ε

for anya ∈ M and sufficiently largen.

As µn is an individual measure corresponding toan∫
M

ϕn(a) dµn = lim
t→∞

1

t

∫ t

0
ϕn(Y

n
s (an)) ds. (2)

Now, let

ξn
−T (a) = 1

T
log‖PYn

−T (a)‖,

ξ−T (a) = 1

T
log‖PX−T (a)‖.

Then limn→∞ ξn−T (a) = ξ−T (a) uniformly onM for the numberT = T (Ũ) > 0. From
Theorem 2.1(b), for sufficiently largen,

T

Tn

{ mn∑
k=1

ξn
−T (Y n

kT (an)) + 1

T
log‖PYn

−(Tn−mnT )(Y
n
Tn

(an))‖
}

< −λ,

wheremn is the greatest integer withTn − mnT ≥ T . Since

1

Tn

log‖PYn

−(Tn−mnT )(Y
n
Tn

(an))‖ → 0 asn → ∞

for sufficiently largen, we have

T

mnT

mn∑
k=1

ξn
−T (Y n

kT (an)) < −λ

2
, an ∈ Pn.

Thus
1

pmn

( pmn∑
k=1

ξn
−T (Y n

kT (an))

)
< −λ

2
, p = 1, 2 . . . .

Therefore

1

pmnT

∫ pmnT

0
ξn−T (Y n

s (an)) ds

= 1

pmnT

pmn−1∑
k=0

∫ (k+1)T

kT

ξn−T (Y n
s (an)) ds

= 1

T

∫ T

0

1

pmn

pmn−1∑
k=0

ξn
−T (Y n

kT (Y n
s (an))) ds < −λ

2
, p = 1, 2 . . . .
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Thus, from (2), ∫
Pn

ξn−T (a) dµn < −λ

2
.

Thus, from (1) we have∫
F

ξ−T (a) dµ = lim
n→∞

∫
Pn

ξn−T (a) dµn ≤ −λ

2
< 0.

Now we need a lemma from Liao [8] to proceed.

LEMMA 2.2. (Liao [8, Lemma 3.2])Let F be a closed subset ofM, invariant underXt .
Assume that for a certaiñT ∈ (0,∞), there is a probability measureµ on F , invariant
underXt such that ∫

F

ξT̃ (a) dµ < 0 or
∫

F

ξ−T̃
(a) dµ < 0. (∗)

Then,F contains a periodic orbit ofX attracting or repelling corresponding to the first or
the second inequality of(∗).

Applying this lemma to our situation we obtain a repelling periodic orbit inF ⊂
orbit(x). But this contradicts the assumptionx ∈ 6(X). Becausex is a recurrent point of
X, orbit(x) could not contain a repelling periodic orbit. 2

Now we may assume that Ind(Pn) = l 6= 0 andYn is in Ũ (in Theorem 2.1) for alln.
We have

‖PYn

t (an)|Es(an)‖ · ‖PYn

−t (Y n
t (an))|Eu(Y n

t (an))‖ ≤ e−2λt (t ≥ T ).

For anyt ∈ R, the subspacesEs(Y n
t (an)) andEu(Y n

t (an)) converge to subspaces of
NXt (x) which we define asGs(Xt (x)) andGu(Xt (x)) respectively. Now we attach for
everyy ∈ orbit(x) two subspacesGs(y) andGu(y) with the following properties:

dimGs
y + dimGu

y = dimM − 1; (3)

(PX
t (y))Gσ

y = Gσ
Xt (y), σ = s, u for anyt ∈ R; (4)

‖PX
t |Gs

y‖ · ‖PX−t |Gu
Xt(y)‖ ≤ e−2λt , t ≥ T ; (5)

Gs(y) ⊕ Gu(y) = Ny for anyy ∈ orbit(x). (6)

By Proposition I.3 of Ma˜né [13], we can extend this splitting toorbit(x) and from
properties (3)–(6) it follows that the subspacesGs(y) and Gu(y) depend continuously
on y ∈ orbit(x). Now we obtain a dominated splittingGs ⊕ Gu over orbit(x) and this
dominated splitting is uniquely determined by the sequence of periodic orbitsPn.

In fact, if subspacesE′s (Y n
t (an)) andE′u(Y n

t (an)) converge to subspacesG′s (Xt (x))

andG′u(Xt (x)) of NXt(x), respectively, which are different fromGs(Xt(x)),Gu(Xt(x)),
then, using the same argument as above, we may obtain a dominated splittingG′s ⊕ G′u
overorbit(x). Then we have the following lemma.

LEMMA 2.3. (Wen [19, Lemma 3.7])LetA ⊕ B andA′ ⊕ B ′ be two dominated splittings
at x with dimA = i anddimA′ = i ′. If i ≤ i ′, thenA ⊂ A′ andB ⊃ B ′. In particular, if
i = i ′, thenA = A′ andB = B ′.
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Using this lemma, we obtainGs(y) = G′s(y) andGu(y) = G′u(y) respectively for
anyy ∈ orbit(x). Thus, the dominated splittingGs ⊕ Gu overorbit(x) obtained by the
sequence of periodic orbitsPn is uniquely determined.

Let peri (X) be a set of hyperbolic periodic points of indexi.

LEMMA 2.4. If Gs is contracting, thenorbit(x) ∩ ⋃l
i=0 peri (X) 6= ∅.

Proof. We may assumeYn is C1 close toX andd(Y n
t (an),Xt (x)) ≤ εn for all 0 ≤ t ≤ Tn.

As in [10, p. 523], we obtain a vector field̄Yn close toYn such that the following condition
also holds.
(∗∗) N∗ restricted to thēYn-orbit Pn of an (which is periodic with the period̄Tn close to

Tn) has aP Ȳn

t -invariant splittingḠs ⊕ Ḡu such that

‖P Ȳn

−m(Ȳ n
mj (an))|Ḡu(Ȳ n

mj (an))‖ = ‖PX−m(Xmj (x))|Gu(Xmj (x))‖,
‖P Ȳn

m (Ȳ n
m(j−1)(an))|Ḡs(Ȳ n

m(j−1)(an))‖ = ‖PX
m (Xm(j−1)(x))|Gs(Xm(j−1)(x))‖

for all 1 ≤ j ≤ [Tn/m] − 1,

‖P Ȳn

−(Tn−m[Tn/m]+m)(Ȳ
n
Tn

(an))|Ḡu(Ȳ n
Tn

(an))‖
= ‖PX

−(Tn−m[Tn/m]+m)(XTn(x))|Gu(XTn(x))‖,
and

‖P Ȳn

Tn−m[Tn/m]+m(Ȳ n
m[Tn/m]−m(an))|Ḡs(Ȳ n

m[Tn/m]−m(an))‖
= ‖PX

Tn−m[Tn/m]+m(Xm[Tn/m]−m(x))|Gs(Xm[Tn/m]−m(x))‖,
wherem is the smallest integer such thatm ≥ T .

Since the index ofPn associated toYn is l, that ofPn associated tōYn is alsol. In
particular, dimGs = l.

As we assume thatGs is contracting we may conclude thatḠs = Es (Es is the
hyperbolic splitting ofȲ n onPn). ThereforeḠu = Eu and for sufficiently largen,

kn−1∏
j=0

‖PX−m(Xmj (x))|Gu(Xmj (x))‖ =
kn−1∏
j=0

‖P Ȳn

−m(Ȳ n
mj (an))|Ḡu(Ȳ n

mj (an))‖

≤ e−(λ/2)knm (kn = [Tn/m]).
We shall use the following definitions. We say that a pair of points(x,Xml(x)), l > 0,

is aγ -string if
l∏

j=1

‖PX−m|Gu(Xmj (x))‖ ≤ γ l

and we say that it is a uniformlyγ -string if (Xmk(x),Xml(x)) is a γ -string for all
0 ≤ k < l. Note that(x,Xmkn(x)) is theγ (= e−(λ/2)m)-string for sufficiently largen.
Now we need the following lemma.

LEMMA 2.5. (Mañé [12, Lemma II.3])For all 0 < γ0 < γ1 < 1, there existN(γ0, γ1) >

0 and0 < c(γ0, γ1) < 1 such that if(x,Xmkn(x)) is aγ0-string andkn ≥ N(γ0, γ1), then
there exist0 < n1 < · · · < nθ ≤ kn, θ > 1 such thatθ ≥ kn · c(γ0, γ1) and(x,Xmni (x))

is a uniformlyγ1-string for all 1 ≤ i ≤ θ .
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From the above lemma, we may assume that for some 0< γ < γ1 < 1, for any large
n, there exist 0< n1 < · · · < nθ ≤ kn such that(x,Xmni (x)) is a uniformlyγ1-string.
Note that, sincekn → ∞ (n → ∞), θ → ∞ and by the compactness oforbit(x), the
sequence{Xmni (x)} accumulates to some pointz in orbit(x). Thus we obtain a pair of
points{Xmnα (x),Xmnβ (x)}, α < β, in orbit(x) which are arbitrarily close to each other.
Here we need another lemma.

LEMMA 2.6. (Mañé [12, Lemma II.2]) Given 0 < γ̂ < 1 and σ > 0, there exists
ε = ε(γ̂ , σ ) > 0 such that if(xi, g

ni (xi)), i = 1, 2, . . . , k, are uniformly γ̂ -strings
satisfyingd(gni (xi), xi+1) < ε for all 1 ≤ i ≤ k − 1 and d(gnk (xk), x1) < ε, then
there exists a periodic pointx of g with period N = n1 + n2 + · · · + nk such that
d(gn(x), gn(x1)) < σ for all 0 ≤ n ≤ n1 and d(gNi+n(x), gn(xi+1)) < σ , for all
0 ≤ n ≤ ni+1, whereNi = n1 + · · · + ni .

Applying this lemma to the pair{Xmnα (x),Xmnβ (x)} we find a periodic pointp of

X near the arc(Xmnα (x),Xmnβ (x)). Since dimGs is constant overorbit(x), there exists
an admissible neighborhoodU [12, p. 173]. We may assume that this periodic orbitP

of p for X is in U . SinceGs is contracting, the fact that periodic orbitP is near the
arc(Xmnα (x),Xmnβ (x)) andP is in U implies that the index ofP ≤ l, completing the
proof of Lemma 2.4. 2

Now suppose thatGs is not contracting. Then, we can findy ∈ orbit(x) and a sequence
jn → ∞ such that

lim
n→∞

1

jn

log‖PX
mjn

(y)|Gs(y)‖ ≥ 0, (∗∗∗)

wherem is the same as above. Without loss of generality we may suppose that the sequence
{jn} is such that there exists anXm-invariant probability measureµ onorbit(x) such that

∫
orbit(x)

φ dµ = lim
n→∞

1

jn

jn−1∑
i=0

φ(Xmi(y))

for every continuousφ : orbit(x) → R. Applying this equality toφ defined by
φ(a) = log‖PX

m (a)|Gs(a)‖ we obtain

∫
orbit(x)

φ dµ = lim
n→∞

1

jn

jn−1∑
i=0

log‖PX
m (Xmi(y))|Gs(Xmi(y))‖

≥ lim
n→∞

1

jn

log‖PX
mjn

(y)|Gs(y)‖ ≥ 0. (7)

On the other hand, by Birkhoff’s theorem,

∫
orbit(x)

φ dµ =
∫

orbit(x)

lim
n→∞

1

n

n−1∑
i=0

log‖PX
m (Xmi(a))|Gs(Xmi(a))‖ dµ. (8)

LEMMA 2.7. (Ergodic closing lemma, Hayashi [5, Lemma VII.6])

µ(6(X) ∪ Sing(X)) = 1
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for everyX1-invariant probability measureµ on the borel sets ofM, whereSing(X)

denotes the set of singularities ofX.

By Lemma 2.7,orbit(x) ∩ 6(X) is anX1-invariant total probability subset oforbit(x).
Hence, if we define anX1-invariant probability measureν onorbit(x) (see [10, p. 522]) by

ν = 1

m

m−1∑
i=0

(Xi)∗(µ),

whereµ is anXm-invariant probability measure onorbit(x), we obtain

0 = ν(orbit(x) − orbit(x) ∩ 6(X)) = 1

m

m−1∑
i=0

µ(Xi(orbit(x) − orbit(x) ∩ 6(X)))

= 1

m

m−1∑
i=0

µ(orbit(x) − orbit(x) ∩ 6(X)) = µ(orbit(x) − orbit(x) ∩ 6(X)).

This together with (7) and (8) implies

0 ≤
∫

orbit(x)∩6(X)

lim
n→∞

1

n

n−1∑
i=0

log‖PX
m (Xmi(a))|Gs(Xmi(a))‖ dµ(a).

Hence there existsz ∈ 6(X) ∩ orbit(x) such that

lim
n→∞

1

n

n−1∑
i=0

log‖PX
m (Xmi(z))|Gs(Xmi(z))‖ ≥ 0. (9)

Now we may take−λ < −λ0 < 0 such that forn0 large enough

1

n0

n0−1∑
i=0

log‖PX
m (Xmi(z))|Gs(Xmi(z))‖ > −λ0

2
m. (10)

By the hypothesisorbit(x)∩per(X) = ∅, we havez 6∈ per(X). By the same argument used
in the proof of Lemma 2.4, we may takēY arbitrarily close toX and a periodic orbitP of
Ȳ with periodτ (τ is very large, becausez 6∈ per(X)) such thatȲ satisfies(∗∗). That is,
N∗ restricted to thēY -orbit P has aP Ȳ

t -invariant splittingḠs ⊕ Ḡu such that forp ∈ P ,

‖P Ȳ−m(Ȳm(j+1)(p))|Ḡu(Ȳm(j+1)(p))‖ = ‖PX−m(Xm(j+1)(z))|Gu(Xm(j+1)(z))‖,
‖P Ȳ

m (Ȳmj (p))|Ḡs(Ȳmj (p))‖ = ‖PX
m (Xmj (z))|Gs(Xmj (z))‖

for all 0 ≤ j ≤ [τ/m] − 2,

‖P Ȳ
−(τ−m[τ/m]+m)(Ȳτ (p))|Ḡu(Ȳτ (p))‖ = ‖PX

−(τ−m[τ/m]+m)(Xτ (z))|Gu(Xτ (z))‖,
and

‖P Ȳ
τ−m[τ/m]+m(Ȳm[τ/m]−m(p))|Ḡs(Ȳm[τ/m]−m(p))‖

= ‖PX
τ−m[τ/m]+m(Xm[τ/m]−m(z))|Gs(Xm[τ/m]−m(z))‖.
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Then we have

‖P Ȳ−τ (Ȳτ (p))|Ḡu(Ȳτ (p))‖ (k = [τ/m] − 1)

≤
( k−1∏

i=0

‖P Ȳ−m(Ȳmk−mi(p))|Ḡu(Ȳmk−mi(p))‖
)

× ‖P Ȳ
−(τ−mk)(Ȳτ (p))|Ḡu(Ȳτ (p))‖

=
k−1∏
i=0

(‖P Ȳ−m(Ȳmk−mi(p))|Ḡu(Ȳmk−mi(p))‖

× ‖P Ȳ
m (Ȳm(k−1)−mi(p))|Ḡs(Ȳm(k−1)−mi(p))‖)

×
( k−1∏

i=0

‖PX
m (Xm(k−1)−mi(z))|Gs(Xm(k−1)−mi(z))‖

)−1

× ‖P Ȳ−(τ−mk)(Ȳτ (p))|Ḡu(Ȳτ (p))‖
≤ e−2λmk × e(λ0/2)mk × ‖P Ȳ

−(τ−mk)(Ȳτ (p))|Ḡu(Ȳτ (p))‖.
Note that we used (10) to induce the last inequality above. Ifτ is very large, thenk can
also be large so that

e−2λmk × e(λ0/2)mk × ‖P Ȳ
−(τ−mk)(Ȳτ (p))|Ḡu(Ȳτ (p))‖ < 1.

Thus, Ḡu ⊂ Eu (whereEs ⊕ Eu is the hyperbolic splitting ofP for Ȳ ). Therefore,
dimEu ≥ dimḠu = (dimM − 1)− l. That is, dimEs ≤ l. If dim Es = l, thenḠu = Eu,
Ḡs = Es . By Theorem 2.1(b) and (10) above, we have,

e−(λ/2)mk >

k−1∏
i=0

‖P Ȳ
m (Ȳmi(p))|Es(Ȳmi(p))‖

=
k−1∏
i=0

‖PX
m (Xmi(z))|Gs(Xmi(z))‖

> e−(λ0/2)mk (from (10)).

This is a contradiction. Thus we obtain

Ind(P ) < l.

Using the same argument as above, we again have a sequence{Yn}, a sequence{Pn}
of periodic orbits, a sequence{an} with an ∈ Pn, a sequence{Tn} such thatTn → ∞, a
sequence of arcs{arc(z,XTn(z))}, and a sequenceεn → 0 such that:
(i) limn→∞ Yn = X andPn is a periodic orbit ofYn with periodTn;
(ii) lim n→∞ an = z;
(iii) d(Xt(z), Y

n
t (an)) ≤ εn for all 0 ≤ t ≤ Tn.

For all n, we can assume that Ind(Pn) = l′ with l′ < l. As before, we can obtain
the dominated splittingGs ⊕ Gu over orbit(z) (⊂ orbit(x)) with dimGs = l′, and
if Gs is contracting the situation is as same as Lemma 2.4. Otherwise, we can find
w ∈ orbit(z) ∩ 6(X) such thatorbit(w) ⊂ orbit(z) ⊂ orbit(x) and has a dominated
splitting with dimGs < l′ < l.
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In the case whenGs is not contracting, by repeating this argument we eventually obtain
a sequence{Yn} of vector fields, and a sequence{Pn} of periodic orbits, such that

lim
n→∞ Yn = X, Ind(Pn) = 0 for all n,

contradicting the claim. We have finished the proof of Theorem A.

3. Proof of Theorem B
If X is in G1(M), then the number of attracting or repelling periodic orbits is finite (by
Pliss [17]). Hence,per0(X) andpern−1(X) are hyperbolic. It suffices to show thatperj (X)

is hyperbolic for each 0< j < n − 1. Using Theorem 2.1 and the argument of Hayashi
[5], we obtain the dominated splittingGs ⊕ Gu overperj (X) such that

N∗|perj (X) = Gs ⊕ Gu, dimGs = j

and satisfying for anyx ∈ perj (X),

‖PX
m (x)|Gs(x)‖ · ‖PX−m(Xm(x))|Gu(Xm(x))‖ ≤ e−2λm,

wherem is the smallest positive integer withm ≥ T (T is given in Theorem 2.1). Now we
have only to prove thatGs is contracting, as in Hayashi [5]. SupposeGs is not contracting,
then by the same argument as in Theorem A, we havex ∈ 6(X) ∩ perj (X), x 6∈ per(X)

having property(∗∗∗). Sincex ∈ 6(X), we can obtainY , C1-close toX having a periodic
point p with periodτ such that, for sufficiently smallε > 0, d(Yt (p),Xt (x)) ≤ ε for all
0 ≤ t ≤ τ , and we can creatēY C1-close toY such thatȲ has property(∗∗). Thus, as in
the proof of Theorem A, the index of the periodic orbitP throughp for Ȳ is not greater
thanj . If Ind P = j , then as before we can conclude that this is a contradiction. Now
assume that Ind(P ) < j . As before, we may obtain a sequence{Yn}, a sequence{Pn}
of periodic orbits, a sequence{Tn} such thatTn → ∞, a sequence{an} of points, and a
sequenceεn such thatεn → 0 and satisfies:
(i) limn→∞ Yn = X andPn is a periodic orbit ofYn with periodTn;
(ii) lim n→∞ an = x;
(iii) d(Xt(x), Y n

t (an)) ≤ εn for all 0 ≤ t ≤ Tn;
(iv) Ind(Pn) = l (0 ≤ l < j) for all n.

If l = 0, then this is a contradiction as before. So, we assume thatl 6= 0. Using the same
argument as in Theorem A, we can obtain the dominated splittingGs ′ ⊕ Gu′ overorbit(x)

(⊂ perj (X)) with dimGs ′ = l < j . Now if Gs ′ is contracting, then by Lemma 2.4, we
obtain

j−1⋃
i=0

peri (X) ∩ perj (X) ⊃
l⋃

i=0

peri (X) ∩ orbit(x) 6= ∅.

This contradicts the assumption of Theorem B.
On the other hand, ifGs ′ is not contracting, then we obtainy ∈ orbit(x) ∩ 6(X) with

property(∗∗∗) andy is not a periodic point, because, ify is a periodic point ofX, then
from Lemma 2.3 we haveGs ′ ⊂ Es (whereEs is the hyperbolic splitting ofy of X),
contradicting (∗∗∗). As in the proof of Theorem A, we obtain a sequence{Yn} and a
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sequence{Pn} of periodic orbits with index smaller thanl (<j). Repeating this argument,
we obtain a sequence{Yn} and a sequence{Pn} of periodic orbits with index 0. But this is
a contradiction. Therefore, we may assume thatGs ′ is contracting and thereforeperj (X)

is hyperbolic. This proves Theorem B.

4. Proof of the�-stability conjecture for flows

Using the argument in the proof of Theorem A, we shall prove the�-stability conjecture.

As X is �-stable, there exists a neighborhoodU(X) of X such that ifY is in U(X),
then there exists a homeomorphismhY : �(Y ) → �(X) which satisfiesXt(hY (y)) =
hY (Yt ′(y)) for anyy ∈ �(Y ) and t, t ′ ∈ R. If Y is in U(X), thenY is in G1(M) from
[2] and, by Hayashi’s connecting lemma [5], Sing(Y ) ∩ per(Y ) = ∅. With this property,
we may use the same argument as in Ito and Toyoshiba [7] (where the connecting lemma
is crucial again). We findZ ∈ U(X) which is close toX and satisfies Axiom A. Hence,
per(Z) is decomposed into a finite union of disjoint basic sets

�(Z) = Sing(Z) ∪ per(Z) = Sing(Z) ∪ 31 ∪ · · · ∪ 3s(Z),

where each3i (1 ≤ i ≤ s(Z)) is a basic set. SinceX is �-stable, there exists a
homeomorphismhZ such that

�(X) = Sing(X) ∪ per(X)

= hZ(�(Z)) = hZ(Sing(Z)) ∪ 3X
1 ∪ · · · ∪ 3X

s(Z),

where3X
i = hZ(3i) (1 ≤ i ≤ s(Z)). Note that3X

i ∩ 3X
j = ∅ for i 6= j . To complete

the proof, we show that each3X
i (1 ≤ i ≤ s(Z)) is a hyperbolic set. From the argument

of Palis [16], in each3X
i (1 ≤ i ≤ s(Z)), periodic orbits have the same index and are

dense. So, each3X
i has a dominated splitting. Suppose that3X

j is not hyperbolic and

has a dominated splittingN∗|3X
j = Gs ⊕ Gu (dimGs = l). We note that all periodic

orbits in3X
j have indexl. From the argument by Ma˜né [12] (see [5, pp. 131–132] for the

flows version of this), we may assume thatGs is not contracting, since otherwise we are
done. Then, using the same argument as in the proof of Theorem A, we obtain a point
x ∈ 6(X) ∩ 3X

j , x 6∈ per(X) such thatorbit(x) ⊂ 3X
j and

orbit(x) ∩
l−1⋃
i=0

peri (X) 6= ∅.

Therefore, there existsk 6= j such that

3X
k ∩ 3X

j 6= ∅.

This is a contradiction. Therefore, we conclude that each3X
i (1 ≤ i ≤ s(Z)) is hyperbolic,

completing the proof.
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