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Abstract. We consider perturbation bounds and condition numbers for a complex in-
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1. Introduction

Complex indefinite linear algebraic systems arise in many scientific computing and engi-

neering applications, including structural dynamics [1,6,12], electromagnetism [11], wave

propagation [5,10], electrical power system modelling and the discretisation of different

types of Helmholtz equation [7,8,9]. Many authors have recently considered iterative meth-

ods for solving complex indefinite linear algebraic systems, including the Modified HSS

(MHSS) and preconditioned Modified HSS (PMHSS) methods [2,3,4].

The complex indefinite linear algebraic system considered is

A x ≡ (W + iT )x = b , (1.1)

where i =
p−1, W and T ∈ R(m+n)×(m+n), x and b ∈ C(m+n), and we assume the coefficient

matrixA is nonsingular. One case eample of this complex indefinite linear algebraic system

is the finite difference discretisation of the Helmholtz partial differential equation

−∇ · (c∇µ)−σ1µ+ iσ2µ = f , (1.2)

where the coefficients c, σ1 and σ2 are real-valued functions. Discretising Eq. (1.2) with

Dirichlet boundary conditions and both σ1 and σ2 strictly positive produces Eq. (1.1) with

an indefinite real part W and a definite imaginary part T of the discrete operator A =
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W + iT . Another application concerns the interior penalty discontinuous Galerkin (IPDG)

approximation of the prototypical Helmholtz problem

−△µ− k2µ = f in Ω := Ω1 \ D , (1.3)

µ = 0 on ΓD , (1.4)

∂ µ

∂ nΩ
+ ikµ = g on ΓR . (1.5)

Here i =
p−1, k ∈ R is a given positive large number (wave number), Ω1 ⊂ Rd , d = 2,3

is a polygonal/polyhedral domain (often a d-rectangle), D ⊂ Ω1 represents a scatterer,

ΓR := ∂ D hence ∂Ω = ΓR ∪ ΓD, and nΩ is the unit outward normal to ∂Ω. The Robin

boundary condition (1.3) is known as the first order absorbing boundary condition, and

implies that the scatterer is sound-soft. The finite element method has also been widely

used to discretise Helmholtz problems involving various boundary conditions.

We focus on how the iterative solution of the complex indefinite linear algebraic system

(1.1) changes when the coefficient matrix of the complex indefinite linear algebraic system

undergoes a small perturbation — and in particular, we discuss perturbation bounds and

condition numbers that to the best of our knowledge have not been analysed previously.

The system (1.1) can be rewritten in the 2-by-2 block form

A x ≡
��

W1 W2

W3 W4

�

+ i

�

T1 T2

T3 T4

���

x1

x2

�

=

�

b1

b2

�

, (1.6)

where W1, T1 ∈ Rm×m; W4, T4 ∈ Rn×n; W2, T2 ∈ Rm×n; W3, T3 ∈ Rn×m and x1, b1 ∈ Cm;

x2, b2 ∈ Cn. The problem can be specified as follows: W , T , b in Eq. (1.1) or Wi, Ti

(i = 1,2,3,4) and b j ( j = 1,2) in the corresponding Eq. (1.6) are subjected to small per-

turbations denoted by∆W , ∆T ,∆b, ∆Wi, ∆Ti and∆b j, respectively. We consider pertur-

bation bounds denoted by ‖∆x‖2, where ∆x is the error in the solution x . The relevant

perturbed system respectively obtained from Eq. (1.1) or Eq. (1.6) is

(A +∆A )(x +∆x) = (W +∆W + iT + i∆T )(x +∆x) = b+∆b

or
��

W1 +∆W1 W2 +∆W2

W3 +∆W3 W4 +∆W4

�

+ i

�

T1 +∆T1 T2 +∆T2

T3 +∆T3 T4 +∆T4

���

x1 +∆x1

x2 +∆x2

�

=b+∆b

=

�

b1 +∆b1

b2 +∆b2

�

, (1.7)

where ∆W1,∆T1 ∈ Rm×m, ∆W4,∆T4 ∈ Rn×n, ∆W2,∆T2 ∈ Rm×n, ∆W3,∆T3 ∈ Rm×n,

∆x1,∆b1 ∈ Cm and ∆x2,∆b2 ∈ Cn.

Some definitions, notation and useful lemmas to deduce the main results are given

in Section 2. Perturbation bounds for the complex linear algebraic system are derived in

Section 3, and the corresponding condition numbers are discussed in Section 4. We present

some illustrative numerical examples in Section 5, and briefly summarise our results in

Section 6.
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2. Preliminaries

The necessary notation, definitions and useful lemmas are as follows.

The set of m×n real matrices is denoted byRm×n, and the set of m×n complex matrices

by Cm×n. For any matrix A = (a1, a2, · · · , an) ∈ Rm×n, AT denotes the transpose of A and

Vec(A) =

�
a1
a2...
an

�

, ‖ · ‖F is the Frobenius norm and ⊗ denotes the Kronecker product. For

ǫ > 0 sufficiently small, we assume that

‖∆Wi‖F ≤ ǫδWi
, ‖∆Ti‖F ≤ ǫδTi

, ‖∆b j‖2 ≤ ǫδb j
,

i = 1,2,3,4, j = 1,2 (δWi
,δTi

,δb j
> 0). (2.1)

We also write:

δ =

�

δ1

δ2

�

≡















√

√

√

4
∑

i=1

(δ2
Wi
+ δ2

Ti
)

√

√

√

2
∑

i=1

δ2
bi















,

P =A −1(x T
1 ⊗ Im+n, x T

2 ⊗ Im+n, Im+n) ,

ω= (ωT
1

,ωT
2

,ωT
3
)T where ω1 = Vec(G) , ω2 = Vec(H) , ω3 = L =

�

∆b1

∆b2

�

,

G =

� −(∆W1 + i∆T1)

−(∆W3 + i∆T3)

�

, H =

� −(∆W2 + i∆T2)

−(∆W4 + i∆T4)

�

,

F = (F1, F2)≡ (x T ⊗A −1,A −1) =

�
�

x1

x2

�T

⊗A −1,A −1

�

,

η = (η1,η2,η3)
T , η1 =
Ç

δ2
W1
+δ2

T1
+δ2

W3
+δ2

T3
,

η2 =
Ç

δ2
W2
+δ2

T2
+δ2

W4
+δ2

T4
, η3 = δ2 . (2.2)

Lemma 2.1. If coefficient matrixA in (1.6) is nonsingular, then

�

∆x1

∆x2

�

=Pω+A −1(G, H)

�

∆x1

∆x2

�

, (2.3)

where P , ω, G and H is given by (2.3).
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Proof. Let

P =A −1
�

x T
1 ⊗ Im+n, x T

2 ⊗ Im+n, Im+n

�

,

ω= (ωT
1

,ωT
2

,ωT
3
)T , ω1 = Vec(G), ω2 = Vec(H), ω3 = L,

G =

� −(∆W1 + i∆T1)

−(∆W3 + i∆T3)

�

, H =

� −(∆W2 + i∆T2)

−(∆W4 + i∆T4)

�

, L =

�

∆b1

∆b2

�

.

From (1.7),

�

(W1 + iT1) + (∆W1 + i∆T1)
�

(x1 +∆x1) +
�

(W2 + iT2) + (∆W2 + i∆T2)
�

(x2 +∆x2)

=b1 +∆b1,
�

(W3 + iT3) + (∆W3 + i∆T3)
�

(x1 +∆x1) +
�

(W4 + iT4) + (∆W4 + i∆T4)
�

(x2 +∆x2)

=b2 +∆b2,

which can be rewritten as
�

W1 + iT1 W2 + iT2

W3 + iT3 W4 + iT4

��

∆x1

∆x2

�

=

�

∆b1

∆b2

�

−
�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

x1

x2

�

−
�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

∆x1

∆x2

�

.

If A is nonsingular, it follows that

�

∆x1

∆x2

�

=A −1

�

∆b1

∆b2

�

−A −1

�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

x1

x2

�

−A −1

�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

∆x1

∆x2

�

=A −1

�

∆b1

∆b2

�

−A −1

��

∆W1 + i∆T1

∆W3 + i∆T3

�

x1 +

�

∆W2 + i∆T2

∆W4 + i∆T4

�

x2

�

−A −1

�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

∆x1

∆x2

�

=A −1(x T
1 ⊗ Im+n, x T

2 ⊗ Im+n, Im+n)





Vec(G)

Vec(H)

L





−A −1

�

∆W1 + i∆T1 ∆W2 + i∆T2

∆W3 + i∆T3 ∆W4 + i∆T4

��

∆x1

∆x2

�

.

The result follows immediately from the definitions of P , ω, G, H and L.
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3. Perturbation bounds

We now present perturbation bounds for the complex indefinite algebraic linear system

(1.1).

Theorem 3.1. Let ǫ, δ1, δ and F = (F1, F2) be given in (2.3). If ǫδ1 ≤ σmin(A ), then

‖∆x‖2 ≤
ǫmin
¦

‖F‖2‖δ‖2,
p

δT F̃δ
©

1− ǫδ1‖A −1‖2
,

where σmin(A ) is the smallest singular value ofA and F̃ = ( f̃i j) is a 2×2 matrix with entries

f̃i j = ‖F T
i

F j‖2, i, j = 1,2.

Proof. It follows from (1.7) that

(A +∆A )(x +∆x) = (W +∆W + iT + i∆T )(x +∆x) = b+∆b .

SinceA =W + iT is nonsingular,

∆x =A −1
∆b−A −1(∆W + i∆T )x −A −1(∆W + i∆T )∆x

=A −1((x T ⊗ In), In)

�

Vec(−(∆W + i∆T ))

∆b

�

−A −1(∆W + i∆T )∆x

= (x T ⊗A −1,A −1)

�

Vec(−(∆W + i∆T ))

∆b

�

−A −1(∆W + i∆T )∆x .

Let F = (x T ⊗A −1,A −1) and υ = ( υ1
υ2
) ≡ ( Vec(−(∆W + i∆T ))

∆b ). Then from (3.1)

we have

∆x =Fυ−A −1(∆W + i∆T )∆x ,

whence

‖∆x‖2 ≤ ‖Fυ‖2 + ‖A −1‖2‖∆W + i∆T‖F‖∆x‖2 ,

which together with (2.1)-(2.3) yields ‖∆W + i∆T‖F ≤ ǫδ1 and ‖υ‖2 ≤ ǫδ. Then

‖Fυ‖2 ≤ ǫ‖F‖2δ , (3.1)

‖Fυ‖22 = υTF TFυ =
2
∑

i=1

2
∑

j=1

υT
i F T

i F jυ j

≤
2
∑

i=1

2
∑

j=1

‖F T
i F j‖2‖υi‖2‖υ j‖2

≤ ǫ2
2
∑

i=1

2
∑

j=1

‖F T
i F j‖2δiδ j := ǫ2δT F̃δ , (3.2)
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where F̃ = ( f̃i j) is a 2× 2 matrix with entries f̃i j = ‖F T
i

F j‖2, i, j = 1, 2 and δ, δ1, δ2, F1,

F2 are given in (2.1) and (2.2). Combining (3.1) with (3.2) and (3.3) gives

‖∆x‖2 ≤ ǫmin

n

‖F‖2‖δ‖2,
p

δT F̃δ
o

+ ǫδ1‖A −1‖2‖∆x‖2 . (3.3)

On assuming that ǫδ1 ≤ σmin(A ), from (3.3) we obtain

‖∆x‖2 ≤
ǫ min
¦

‖F‖2‖δ‖2,
p

δT F̃δ
©

1− ǫδ1‖A −1‖2
.

Theorem 3.2. Let ǫ, η1, η2, η and P = (P1, P2, P3) be as given in (2.1) and (2.2). If

ε
q

η2
1
+η2

2
≤ σmin(A ), then

‖∆x‖2 ≤
ǫ min
¦

‖P ‖2‖η‖2,
Æ

ηT P̃η
©

1− ǫ
q

η2
1
+η2

2
‖A −1‖2

,

where σmin(A ) is the smallest singular value ofA and P̃ = (p̃i j) is a 2×2 matrix with entries

p̃i j = ‖PT
i

Pj‖2, i, j = 1, 2.

Proof. Let P1 =A −1(x T ⊗ Im+n) = x T ⊗A −1, P2 =A −1(yT ⊗ Im+n) = yT ⊗A −1 and

P3 =A −1. Then from (2.2), P = (P1, P2, P3), and

‖ω1‖2 ≤εη1, ‖ω2‖2 ≤ εη2 , ‖ω3‖2 ≤ εη3 ,

so

‖P η‖2 ≤‖P ‖2
�

‖G‖2
F
+ ‖H‖2

F
+ ‖L‖2

F

� 1
2 ≤ ε‖P ‖2‖η‖2 , (3.4)

‖Pω‖2
2
=ωTP TPω =

3
∑

i=1

3
∑

j=1

ωT
i

PT
i

Pjω j

≤
3
∑

i=1

3
∑

j=1

‖PT
i

Pj‖2‖ωi‖2‖ω j‖2

≤ε2

3
∑

i=1

3
∑

j=1

‖PT
i Pj‖2ηiη j := ε2ηT P̃η , (3.5)

where P̃ = (pi j) is a 3× 3 matrix with entries p̃i j = ‖PT
i

Pj‖2. Then from Lemma 2.1, (3.4)

and (3.5) we have
�

∆x1

∆x2

�

≤ ‖Pω‖2 + ‖A −1‖2
q

‖G‖2F + ‖H‖2F












�

∆x1

∆x2

�











2

≤
εmin
¦

‖P ‖2‖η‖2,
Æ

ηT P̃η
©

1− ε
q

η2
1
+η2

2
‖A −1‖2

,

which proves the desired inequality.
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Remark 3.1. Theorems 3.1 and 3.2 provide the upper bounds of ‖∆x‖2 in terms of ǫ, δWi
,

δTi
and δb j

, i = 1,2,3,4, j = 1,2.

Thus when Wi, Ti and b j undergo small perturbations ∆Wi, ∆Ti and ∆b j, we can assess

the bound of ‖∆x‖2, and also see that the upper bounds of ‖∆x‖2 are linear about ǫ.

In general, ǫ is thus enough small such that the upper bounds of ‖∆x‖2 are very small,

especially in (1) when Ti = 0 and W has the structure

W =

�

W1 W2

W3 W4

�

,

so system (1.1) reduces to
�

W1 W2

W3 W4

�

x = b . (3.6)

System (3.6) is an important generalised saddle point system [1]. The error bound

on the iterative solution due to perturbations, and therefore the upper bound of ‖∆x‖2
of complex indefinite linear algebraic system (1.1), are of interest. Furthermore, when

Ti = 0 and W2 = W T
3 , the results of Theorems 3.1 and 3.2 reduce to Theorem 3.1 of

Ref. [15]. Indeed, the assumptions are the same — i.e., ‖F‖2‖δ‖2 = ‖P ‖2‖η‖2. However,

sometimes δT F̃δ is smaller and sometimes larger than ηT P̃η, as illustrated by a numerical

example in Section 5.

4. Condition numbers

It is well known that the condition number of a matrix plays an important role in nu-

merical analysis [13–15], and we now present relevant joint condition numbers.

Definition 4.1 (cf. Ref. [13]).

condx1,x2
:= lim
ε→0

sup
Sε

‖(∆x T
1 ,∆x T

2 )
T‖2

ε‖(x T
1

, x T
2
)T‖2

,

˜cond x1 ,x2
:= lim
ε→0

sup
Ŝε

‖(∆x T
1

,∆x T
2
)T‖2

ε‖(x T
1

, x T
2
)T‖2

,

where

Sε =

�

R : ‖R‖F ≤ ε












�

W1 + iT1 W2 + iT2 b1

W3 + iT3 W4 + iT4 b2

�











F

,

R =
�

∆W1 + i∆T1 ∆W2 + i∆T2 ∆b1

∆W3 + i∆T3 ∆W4 + i∆T4 ∆b2

��

,

Ŝε =
�

(∆Wi,∆Ti,∆b1,∆b2) : (‖∆Wi‖F ,‖∆Ti‖F ,‖∆b1‖2,‖∆b2‖2)
≤ ε(α(1)

i
,α
(2)

i
,β1,β2), i = 1,2,3,4

	

.
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The following theorem gives explicit expressions for the upper bounds of the joint con-

dition numbers.

Theorem 4.1. With the above notation and P̃ is given by Theorem 3.2,

condx1 ,x2
=




A −1Y






2

√

√

√

4
∑

i=1

‖Wi‖2F +
4
∑

i=1

‖Ti‖2F + ‖b1‖22 + ‖b2‖22
q

‖x1‖22 + ‖x2‖22
, (4.1)

˜cond x1,x2
≤















Ç

α
(1)2

1
+α

(2)2

1
+α

(1)2

3
+ α

(2)2

3
Ç

α
(1)2

2
+α

(2)2

2
+α

(1)2

4 + α
(2)2

4
q

β2
1
+ β2

2







T

P̃







Ç

α
(1)2

1
+α

(2)2

1
+α

(1)2

3
+α

(2)2

3
Ç

α
(1)2

2
+α

(2)2

2
+α

(1)2

4 +α
(2)2

4
q

β2
1
+ β2

2















1
2

q

‖x1‖22 + ‖x2‖22
,

(4.2)

where

Y =
�

x T
1
⊗ Im 0 x T

2
⊗ Im 0 −Im 0

0 x T
1
⊗ In 0 x T

2
⊗ In 0 −In

�

.

Proof. Neglecting higher orders in (2.3), we have the first-order expansion

�

∆x1

∆x2

�

= −A −1Y















Vec(∆W1 + i∆T1)

Vec(∆W3 + i∆T3)

Vec(∆W2 + i∆T2)

Vec(∆W4 + i∆T4)

∆b1

∆b2















, (4.3)

such that













�

∆x1

∆x2

�











2

=





































A −1Y















Vec(∆W1 + i∆T1)

Vec(∆W3 + i∆T3)

Vec(∆W2 + i∆T2)

Vec(∆W4 + i∆T4)

∆b1

∆b2



















































2

≤ ‖A −1Y ‖2



















































Vec(∆W1 + i∆T1)

Vec(∆W3 + i∆T3)

Vec(∆W2 + i∆T2)

Vec(∆W4 + i∆T4)

∆b1

∆b2










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Now there exists x0 with ‖x0‖2 = 1 such that ‖A −1Y ‖2 = max‖x‖2=1 ‖A −1Y x‖2 =
‖A −1Y x0‖2 , so since the perturbations are arbitrary we can choose















Vec(∆W1 + i∆T1)

Vec(∆W3 + i∆T3)

Vec(∆W2 + i∆T2)

Vec(∆W4 + i∆T4)

∆b1

∆b2















= ε













�

W1 + iT1 W2 + iT2 b1

W3 + iT3 W4 + iT4 b2

�











F

x0 ,

which implies (4.1) holds. The first-order expansion of
�

∆x1
∆x2

�

in Lemma 2.1 is

�

∆x1

∆x2

�

=Pω ,

so from (3.6) and the definition of ˜cond x1 ,x2
we get (4.2).

Remark 4.1. From Theorem 4.1 we can compute the joint condition numbers condx1 ,x2

and ˜cond x1,x2
for the complex indefinite linear algebraic systems (1.1), as illustrated by

numerical example in Section 5. In particular, when Ti = 0 and W2 = W T
3

the results of

Theorem 4.1 reduce to Theorem 4.2 of Ref. [13].

5. Numerical example

We consider the discretisation of different types of Helmholtz equations [5,13,14] to

assess perturbation bounds of ‖∆x‖2 and the joint condition numbers condx1,x2
, ˜cond x1,x2

for complex indefinite linear algebraic systems (1.1).

Helmholtz equations can arise in modelling wave propagation [5,10]. In particular, let

us consider the two-dimensional Helmholtz problem

−∆µ− k2µ = f :=
sin(kr)

r
in Ω , (5.1)

∂ µ

∂ nΩ
+ ikµ = g on ΓR := ∂Ω , (5.2)

where ∆ denotes the Laplacian, Ω is the unit regular hexagon with centre (0,0), and g is

chosen so that the exact solution is

µ =
cos(kr)

k
− cos k + i sin k

k(J0(k) + iJ1(k))
J0(kr)

in polar coordinates, where Jv(z) are Bessel function of the first kind. In discretising (5.1)

and (5.2) using finite elements, the complex indefinite linear algebraic systems (1.1) is ob-

tained. To ensure the coefficient matrix is nonsingular, sometimes blocks in the coefficient
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Table 1: Perturbation bounds of ‖∆x‖2 with x1 = 0.

x2 d1 d2

(1,0,0, · · · , 0,0)T 2.5184e− 8 2.5184e− 8

(0,1,0, · · · , 0,0)T 1.9937e− 8 2.0185e− 8

(0,0,0, · · · , 0,1)T 1.6351e− 8 1.6351e− 8

(1,1,0, · · · , 0,0)T 2.7820e− 8 2.6691e− 8

(1,1,0, · · · , 0,0)T 1.2708e− 8 1.2536e− 8

.

Table 2: Perturbation bounds of ‖∆x‖2 with x2 = 0.

x1 d1 d2

(1,0,0, · · · , 0,0)T 1.4782e− 8 1.3972e− 8

(0,1,0, · · · , 0,0)T 2.0257e− 8 2.0257e− 8

(0,0,0, · · · , 0,1)T 3.7358e− 8 3.7358e− 8

(0,1,0, · · · , 0,1)T 2.8264e− 8 2.8136e− 8

(1,1,0, · · · , 0,0)T 3.6007e− 8 3.7040e− 8

(0,0, · · · , 0,1,1)T 1.4631e− 8 1.4893e− 8

Table 3: condx1,x2
and upper bounds of

˜cond x1,x2
.

x1 x2 condx1 ,x2
˜cond x1,x2

(1,0,0, · · · , 0,0)T (1,0,0, · · · , 0,0)T 113.8204 7.3992

(1,1,0, · · · , 0,0)T (0,1,0, · · · , 0,0)T 118.4619 8.3580

(0,0,0, · · · , 0,1)T (0,0,0, · · · , 0,1)T 114.7253 8.0068

(1,0,0, · · · , 0,1)T (1,0,0, · · · , 0,1)T 117.6485 7.8101

(0,1,0, · · · , 0,1)T (1,1,0, · · · , 0,0)T 120.0079 8.2946

matrix must be modified — e.g. by taking the (1,1) block of the coefficient matrix to be

W1 + εIm+ i(T1 + εIm).

We set ε = 10−8, ‖∆Wi‖F ≤ ε, ‖∆Ti‖F ≤ ε, ‖∆b j‖2 ≤ ε, i = 1,2,3,4; j = 1,2. All the

runs were done in MATLAB 7.0 on a CPU 1.86GHZ and 1022MB memory computer. We list

perturbation bounds of ‖∆x‖2 in Tables 1 and 2, denoting the bounds from Theorem 3.1

by d1 and those from Theorem 3.2 by d2.

Tables 1 and 2 show that the perturbation bounds of ‖∆x‖2 are linear in ǫ and about

O (10−8). Sometimes the bounds derived from Theorem 3.1 are smaller than those derived

from Theorem 3.2, and sometimes larger.

Table 3 shows the computed values for condx1 ,x2
and its upper bounds for various x1

and x2.
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6. Conclusion

The perturbation bounds and joint condition numbers obtained in this article for a com-

plex indefinite linear algebraic system arising in various scientific and engineering applica-

tions improve some existing results.
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