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Abstract. We prove several results for the arithmetic dynamics of monomial maps,
including Silverman’s conjectures on height growth, dynamical Mordell-Lang conjecture,
and dynamical Manin—-Mumford conjecture. These results were originally known for
monomial maps on algebraic tori. We extend them to arbitrary toric varieties.

1. Introduction
Suppose that X is an n-dimensional complex normal projective variety and ¢ : X --» X
is a dominant rational selfmap on X, defined over Q Given an ample divisor D of X,
one defines the degree of ¢ with respect to D as deg,(¢) := ¢*D - D"~!. The asymptotic
growth of the degree under iterates of ¢ is measured by the (first) dynamical degree

8(¢p) := lim degp(¢")"/*.

k— o0

The dynamical degree is independent of the choice of D (see [Dan, Theorem 1]) and is
invariant under birational conjugation. Computing the dynamical degree is a non-trivial
task. For research in this direction, see [AAdBM99, AdMV06, BK04, BK0S, BHMO03,
DF, FJ11, Ngu06] and the references therein.

From the arithmetic point of view, using the Weil height machine, we have the height
function hx p on X (Q) associated to D. Let Xy (Q) denote the set of points P € X Q)
whose forward g-orbit is well defined. For P € X, (Q), one can define the arithmetic
degree of ¢ at P as

ap(P) = lim i (@ (P))"*

provided that the limit exists, where we set h; p(P) :=max{hx p(P), 1}. The arithmetic
degree is also independent of the choice of D (see [Sill4, Remark 39]).

The relationship between 8(¢) and ay(P) is an interesting topic. In fact, in the
papers [KS16, Sil14], the authors made several conjectures, as follows.

CONJECTURE 1.1. Let P € X,(Q).
(1) The limit defining a, (P) exists.
(2) «ay(P) is an algebraic integer.
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(3)  The set of arithmetic degrees {a,(Q) | Q € X, (Q)} is finite.
(4)  If the forward @-orbit of P is Zariski dense in X, then a,(P) = §(¢).

In the paper [Sill4], Silverman proved the conjectures for monomial maps on an
algebraic torus. Recall that, given an n x n integer matrix A = (a;;), the monomial
(self)map associated to A is the map ¢4 : (C*)" — (C*)" defined by
illlxglz . anl Gn2 _x;lz,m)'

oa(Xt, ..., x0) = (x S g L

@4 is a group endomorphism when we identify (C*)" with the multiplicative algebraic
group G2 (C). It is surjective if det(A) # 0. Moreover, ¢4 extends to an equivariant
rational selfmap on any toric variety X which contains (C*)" as a dense open subset.
For the dynamics of monomial maps from a complex geometric point of view, see [HP07,
JW11, FW12, Linl2a, Lin12b, Lin13, LW14] and the references therein.

A main goal of the current paper is to extend Silverman’s results on monomial maps to
toric varieties. More precisely, we prove the following theorem.

THEOREM A. Let ¢ = @4 : X --+ X be a monomial map defined on a projective toric
variety X = X (A) by an n x n integer matrix A with det(A) £ 0. Let fi(t), ..., fs(t) €
Z[t] be the monic irreducible factors of the characteristic polynomial det(A — t1I) of A.
Then oy (P) exist for all P € X(@)w, and

{ag(P) | P € X(Q)g} = {1, p(f1). ... p(f)}.
where for a polynomial f(t) € C[t], p(f) := max{|«| : « is a root of f}.

Notice that Theorem A implies parts (1), (2) and (3) of Conjecture 1.1. Part (4) is a
consequence of the description of orbits under monomial maps in § 2.7. Also notice that
Silverman proved the result for P € G”m(Q) in [Sil14, Corollary 32]. The improvement
of the current paper is to extend the result to points (with well-defined ¢-orbits) on
an arbitrary toric variety. This extension contains some meaningful cases. For example,
monomial polynomial maps are defined on C”, not just (C*)", hence for these maps, such
generalization is natural and even necessary.

After we prove Theorem A, we also answer two questions posed by Silverman. The first
question is [Sill4, Question 13]. It asks for a description of the set

(0 € P"(Qy 1 2y (Q) = (P)}.
We describe a slightly different but closely related set for monomial maps in
Proposition 3.3.
The second question we answer is [Sill4, Question 15], and we answer by providing a
counterexample. Recall that, for a rational map ¢ : P" --+ P”, assuming the conjecture that

deg(<pk) = k‘z8(<p)k for some integer £ > 0 (which is true for monomial maps), Silverman
defined the canonical height &, (P) for P € P*(Q) by

. h(*(P
hy(P) = lim sup M.
k— 00 k 8(@)
He then asked whether the sequence {(h(*(P)))/(K's (go)k)}l‘:il in the limit has only

finitely many accumulation points. In Example 3.1 we show rational maps for which the
corresponding sequences accumulate on a whole interval.
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The main technique we use to prove the Theorem A is the orbit-cone correspondence
for toric varieties and a careful analysis of how the orbits behave under monomial maps.
As another consequence of the technique, we can also prove the dynamical Mordell-Lang
conjecture for monomial maps on toric varieties. The dynamical Mordell-Lang conjecture
predicts, for an endomorphism ¢ on a quasiprojective variety X, how the ¢-orbit of a point
P € X intersects a subvariety Y C X. More precisely, the conjectures states that the set
{k € N | ¢*(P) € Y} is a finite union of arithmetic progressions. The conjecture is proven
for many classes of maps, such as étale maps on quasiprojective varieties [BGT10] and
plane polynomial maps [Xie]. See the book [BGT16] and the references therein for more
information.

THEOREM B. Let X = X (A) be a toric variety, ¢ = @4 be a monomial map, and Y C X
be a closed subvariety of X. Then, for all P € X, the sequence

{keN|¢*(P)eY)
is a finite union of arithmetic progressions.

Notice that ¢4 defines an étale map on the algebraic torus G} (C) C X. Thus
by [BGT10] the theorem is true for P € GJ}(C). The orbit-cone correspondence then
allows us to analyze points in X, but not in G}; (C), and prove the theorem for all P € X,,.

The last goal of this paper is to study the dynamical Manin—-Mumford problem for
monomial maps on toric varieties.

Dynamical Manin—Mumford problem. Suppose that X is a quasiprojective variety and
¢ : X — X is a dominant endomorphism. Describe all positive-dimensional irreducible
subvarieties ¥ C X such that the set of preperiodic points of ¢ contained in Y is Zariski
densein Y.

There are recent results for this problem for plane polynomial automorphisms [DF] and
for split rational maps [GNY]. To answer the problem for monomial maps, one first needs
to describe the set of preperiodic points for monomial maps on toric varieties. This is
also done in [Sil14] for G}, (C) for a major case of monomial maps. We first generalize the
result to all monomial maps for GJ, (C) in Proposition 4.2, then we extend to toric varieties
in Proposition 4.3.

Finally, we obtain the following characterization for closed subvarieties of toric varieties
containing a Zariski dense set of preperiodic points for a monomial map. This answers the
dynamical Manin—-Mumford problem for monomial maps. For notation and other details,
see §4.3.

THEOREM C. Let ¢ : X --» X be a monomial selfmap on a toric variety X. We write
Xy as a disjoint union of G} (C)-orbits X, =| | O, and write the set of preperiodic
points of ¢ as PrePer(p) = | | Ggiv for connected algebraic subgroups G, of Oy (see
Proposition 4.2 for the description of PrePer(p)).

For a closed irreducible subvariety Y C X, let o be the unique cone such that Y N Oy
is Zariski dense in Y, and let w : O — Oy /G4 be the quotient map. Then the preperiodic
points of ¢ is Zariski dense in Y if and only if m(Y N Oy) is a torsion translate of an
algebraic subgroup of Oy.
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The rest of the paper is as follows. In §2 we recall results about algebraic tori and
toric varieties, and develop necessary background for the later sections. The dynamical
Mordell-Lang theorem is discussed in §2.8. Height growth is studied in §3. Finally, we
describe the preperiodic points of monomial maps and the dynamical Manin—-Mumford
problem in §4.

2. Algebraic tori, toric varieties and monomial maps
In this section we recap the basic definitions, notation and properties of toric varieties. For
more details see the standard text by Fulton [Ful93].

2.1. Algebraic tori. From now on, we use G! to denote the algebraic torus of
dimension n over C. We will write G} (K) when we work over another field K.
There are two lattices associated with G7.,: the lattice of one-parameter subgroups N :=
Homyg gp. (G Gp), and the lattice of characters M := Homyg gp. (G, Gl m). Both M
and N are isomorphic to Z", as follows. For a= (ay, ..., a,) € Z", the one-parameter
subgroup associated to a, denoted by A, : (G}Iln — GI,is given by Ay (x) = (x“1, ..., x%).
For b= (by, ..., b,) € Z", the character associated to b, denoted by Xb G — Glln, is
givenby xP(x1, ..., x,) = xh] - ~x£f". There is a natural pairing between N and M which
makes them dual to each other, namely, M = NY and N = M". An alternative way to
describe G, is as GI;, = Spec C[M ], where C[M] denotes the group ring associated to M.
We introduce the following convenient multi-index notation. For x € C* and a=

(ai, ..., ay) €Z", we write x? := (x“l, s, x®). For P=(x1,...,x,)€G} and b=
(b1, ...,by) €Z", we set Pb .= xb1 -+ - xp". Recall that, from the group structure on G,
we also have Pk = (xl, ... k) for k e Z Thus, we have PkP = (Pk)b = (pbyk,

2.2. Algebraic subgroups of a torus. A sublattice L C M is saturated if L=
spang (L) N M. A saturated sublattice L C M corresponds to a subtorus G, of G}, which
is defined by equations
L= (P eGy|P*=1)}.
acL

Alternatively, pick a basis set of L, say ajy, ..., a,, where r is the rank of L. One can
check that G, := ()/_;{P® = 1}. Thus, the above finite intersection is independent of the
choice of basis. The dimension of G is n — r (i.e. the codimension of G is r).

For an arbitrary (not necessarily saturated) sublattice K of M, we can also define G =
(Nacz {P?* =1}. It is an algebraic subgroup of G;, but not a subtorus if L is not saturated.
If L is not saturated, then the group G, is not connected. The connected component of
G containing the unit 1 is Gj, where L is the saturation of L in M , defined by L:=
spang (L) N M. The number of connected components in G, is [Z :L].

2.3. Divisible hull. Let G be an algebraic subgroup of G7 . The divisible hull of G,
denoted by G4, is defined as

GW = (P e@G" | P* € G for some k > 1}.

PROPOSITION 2.1. Let L be a sublattice of M. Let (G)or be the subgroup of torsion
points of G, that is, p € (G))tor if and only if each coordinate of p is a root of unity.
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) GW=G- (Gl
(2) IfL C L’ are two sublattices of M, then Gy C Gy and G‘I{I,V - G%‘V.
(3) Suppose that {ay, ..., a.}is a basis of L. Then

Gi'= U NP =ml

Ky, ,€(Gl)or i=1

(4) Suppose L, L’ are two sublattices of M such that spang (L) = spang(L’). Then
Gdiv _ Gdiv
L —*>L"
(5) The set of all sublattices of M with the same R-span (or, equivalently, with the same
saturation) forms a directed system.
(6) LetV = spang (L) and L be the directed system of all sublattices of M whose R-span
is V. Then
G(Ii}v ZI(iLnGL’ = U (GrL/.
L L'el

Proof. (1) is proved in Silverman’s paper [Sil14]. Part (2) is directly by the definition of
Gp. For (3), recall that G, = ();_,{P?* =1}. Thus, for P € G‘f", the condition P¥ € G,
means (P¥)% = (P )k =1 for all i, which is equivalent to each coordinate of P® being
a kth root of unity. This proves (3).

For (4), since spang (L) = spang(L’) implies that L and L’ have the same saturation,
it suffices to show that (Gr%i" = (G%iv. We have G%iv C G%i" by (2). For the other inclusion,
notice thata € L implies ka € L for some integer k > 0. Thus for P € G, we have P¥® =
(P2 =1. Apply this to basis vectors {aj, ..., a,} of L and let k be the product (or lcm)
of all the k; which work for a;; we conclude that P¥ € Gy . This shows Gy, C G%iv which
then implies that G‘ii" C (G%i".

Suppose L, L’ are two sublattices of M such that spang (L) = spang (L’). To prove (5),
we need to show that L N L' is also a sublattice of M with the same R-span. This follows
from the fact that there exist positive integers k and k" such that kL ¢ L’ and k'L’ C L.

Finally, for (6), since all lattices in £ have the same divisible hull by (4), it suffices to
show that if P € G%iv, then P € G+ for some L’ € L. Notice that P € GCI‘}V means P¥ ¢
G, for some k > 0,that is, P¥@ =1 for all a € L. This then implies that P € Gy where
kL € L. O

2.4. Toric varieties. A toric variety is a normal complex variety X which contains an
algebraic torus G, as a dense open subset, and an action G, x X — X which extends the
action of G on itself by multiplication. Any toric variety can be constructed from a fan
Ain Ng := N ®z R. A fan is a collection of cones in Ng such that: (1)if o € A and 7 is
afaceof o,thent € A;and (2)if 0,0’ € A, theno No’ € A.

For each cone o € A, one defines an affine toric variety U, := Spec C[o¥ N M]. These
affine toric varieties glue along their intersections to form the toric variety X (A). The
support of a fan A is the subset supp(A) :=(J,cn 0 C Ngr. The toric variety X (A) is
complete if and only if supp(A) = Ngr. Notice that complete toric varieties are not always
projective.
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2.5. Orbit decomposition and the orbit-cone correspondence. Let X = X(A) denote
the toric variety associated to the fan A. We can write X as a disjoint union of orbits under
the torus action. More precisely, for each T € A, pick any a € N that also lies in the relative
interiort 1° of t; there is a corresponding distinguished point P; := limy_,9 A5(x). One
can show that the limit always exists in X, and is independent of the point a. The orbit O,
is then the orbit of P; under the G -action. An alternative (and abstract) way to describe
O; is as O = Spec C[tt N M] C X. Each O is also a torus of dimension n — k, where
k = dimg (7).

The closure of O; in X is denoted by V(t). The correspondence t +— V (7) is order-
reversing in the sense that T C ¢’ if and only if V(z) 2 V(z'); and since O, and V(1)
have the same dimension, we have dimc(V (7)) =n — dimg(t). Each V(1) is itself a
toric variety, as described in the following. Let N; := spang () N N denote the sublattice
of N containing all lattice points in the vector subspace spanned by t. Define N(7) =
N/N; and M(7) = 71 N M. The star of T in A, denoted Star(t), is a fan in N(7)g.
In this notation, we have V (t) = X (Star(t)). The definition of Star(t) and the concrete
isomorphism between V() and X (Star(t)) are described in [Ful93, p. 53].

2.6. Monomial maps. Let Mat,, ,(Z) denote the set of m x n integer matrices. For a
matrix A = (a;j) € Maty, ,(Z), the associated monomial map is defined by

va: Gl — G

am1 . .Am2

ai,ai o ,da ... y%mn
1 Xy X XX, x,"m").

(X1, ooy X)) — (x
The map ¢4 is a homomorphism of the algebraic groups G2, — G and thus extends to a
rational map from any n-dimensional toric variety to any m-dimensional toric variety. We
still denote the rational map by ¢4 for ease of notation. The rational map ¢4 is equivariant
under the torus action. Therefore, an orbit (under the torus action) either maps to another
orbit, or the whole orbit is in the indeterminacy set. We can read the behavior of an orbit
under monomial maps from the action on the cones in the fan associated to the toric variety.
We will describe this in the next subsection.

2.7. Orbits under monomial maps. The monomial map ¢4 acts on the groups of one-
parameter subgroups and the characters by post-composing and pre-composing with ¢4,
respectively, as follows:

@ag: N — N’ oh M — M
hat—> @4 0 ha, X" xPoga.
After identifying N and M with Z", and N’ and M’ with Z™, a4 and goj are integral
linear transformations: ¢4 is multiplying by the matrix A and goﬁ by A. For this reason,
from now on we will denote the action by ¢4 on N and M by A and ‘A instead of @44 and
wj, respectively.
Suppose A and A’ are fans in Ng and Np, respectively. The map A acts on the cones in

A, and the action reflects how ¢4 acts on the corresponding orbits.

+ The relative interior of a cone o C Np is defined as the interior of ¢ in spang (o).
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LEMMA 2.2. Leto € A.

(1) Ifthereisac’ € A’ such that A(c) C o/, then ¢4 is well defined for all points in O
and p4(0y) C Oyr.

(2) Ifthereis no o’ € A’ such that A(c) C o/, then every point in the orbit Oy is in the
indeterminacy set, that is, Oy C I(@4).

Proof. For (1), one can see this by looking at the distinguished point P,. Since A(a) €
(0)° for a € o°, this implies ¢4 (P,) = P, and thus g4 (0,) C Oy.

On the other hand, the condition in (2) implies that there are a;, a, € 6° N N and
oy, 0y € A" such that A(a;) € (6/)°, i =1, 2. This then implies that

@A Py —> (pA()}i_r)r%) Ao (X)) = Py

That is, if we approach the distinguished point P, using different one-parameter
subgroups, and then apply the monomial map ¢4, we in fact get different results. Thus,
the image @4 (Py) is not well defined, and P, € I (¢4). Moreover, since G, P, = O, and
the action is transitive, we conclude that O, C I(p4). 0O

Notice that
As={oeA|3o’ € A'suchthat A(o) C o'}

is a fan. Indeed, if 7 is a face of 0 and A(c) C o/, then A(t) C A(c) C o’. Also, if A(o) C
o’ and A(t) C 7/, then A(c Nt) Co’ Nt/ € A’. Therefore, X (A,) is still a toric variety.
When we have ¢4 (O,) C O, then the restriction

valo, : O — Oy

is again a monomial map. Notice that A(c) C ¢’ implies A(Ny) C N(’T,. Thus A induces a
map on the quotient spaces
A:N(o)— N'(o)).

The monomial map from O, to O, is the map ¢ 5 associated with the map A. Moreover, it
extends to a (rational) monomial map between the orbit closures (which are toric varieties)

pi:V(o)--» V(a").

Next, let Mat;r (Z) be the set of n x n integer matrices with non-zero determinants. A
matrix A € Mat; (Z) induces a rational monomial selfmap ¢4 on any n-dimensional toric
variety X (A). From the above discussion, we can summarize how the torus orbits act under
the monomial map ¢4 : X(A) --» X(A) using a directed graph, as follows.

e Vertices are labeled by the cones in the fan A, with an extra vertex labeled ‘I’ (for
indeterminacy).

e For a cone o € A, if there is another 6’ € A such that A(o) C ¢/, then we draw a
(directed) edge from o to o’ to denote that ¢4 maps Oy to Og.

e If such o’ does not exist in A, then we draw an edge from o to ‘I’ to denote that the
whole orbit O, is indeterminate.

Recall that X (A),, denotes the set of points P € X (A) that has well-defined orbit
under the map ¢4, that is, (pff‘ (P) is well defined for £ > 0. From the graph, we know that
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X (A)gy, is the union of the orbits O, such that o never reaches ‘I’ along the edges in the
graph.
One can show that X (A),, is a toric variety. In fact, let

1A

ZA = ﬂ A k.
k=1

Then A Aisafanand X(A)y, =X (K A) is still a toric variety. This is worth mentioning
since, in general, for a rational map ¢ : X --» X, the space X, is not necessarily a variety.

Example 2.1. The following picture shows a fan A with the corresponding toric variety
X (A) = P2,

More precisely, let 7p, 71 and 7> be the one-dimensional cones generated by (:}), ((1))

and (9), respectively. Let o9 be the cone generated by (}) and (9); o1 and o7 are defined
similarly. Then the fan A is
A = {{0}, w0, 71, T2, 00, 01, 02}

Suppose that the homogeneous coordinates of P2, written as [zo: z1 : z2] € P2, are
defined such that V (t;) = (z;=0), i=0, 1, 2. Then V(09)=[1:0:0], V(o1) =[0:1:0]
and V(o2) =[0:0:1]. Suppose that Uy, = C[x1, x2] where x; =z;/z0, i =1, 2. Let
A = (13). Then ¢4 is the monomial map (x1, x2) > (x1x3, xx3). The following diagram

shows the directed graph of A.
[
o
[

One sees that ZA = {{0}, 70, 71, 72, 00} and X (A)y, = ]P’2\{[O: 1:0],[0:0:1]}.
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Example 2.2. With the same notation as the previous example, now let B = (_12 ;) Then
the directed graph associated to B is as follows.

o

@/@

V4
(D @ @

In this case, we have Ap = {{0}} and X (A),, = (C*)2.

Finally, let us make some remarks here. First, if we order the vertices of the graph by
the dimension of the cones and give ‘I’ the order of +00 by convention, then det(A) #
0 implies that cones never collapse into lower-dimensional cones. Hence, the arrows of
the graph will be ‘order-preserving’. In particular, the positive-dimensional cones will
never map to {0}. This means points in X (A),, \Gp, never have a Zariski dense ¢ 4-orbit.
Therefore Conjecture 1.1(4) is true on X (A), .

Next, by the pigeonhole principle and the fact that the number of cones is finite, we can
easily conclude the following result, which is not true in general for rational maps.

COROLLARY 2.3. Let ¢ : X --+ X be a monomial map on a toric variety. There exists an
integer N > 0, depending on X, such that for all P € X, if p(P), *(P), ..., o™ (P) are
well defined, then P € X . O

See [HP07, Proposition 4.11] for a similar result.
2.8. The dynamical Mordell-Lang conjecture for monomial maps. As the first

application of our description of the orbits under monomial maps, we will prove the
dynamical Mordell-Lang conjecture for monomial maps on arbitrary toric varieties.

THEOREM B. Let X = X (A) be a toric variety, ¢ = @4 be a monomial map, and Y C X
be a closed subvariety of X. Then, for all P € X, the sequence

{keN|¢g"(P)eY)
is a finite union of arithmetic progressions.

Proof. The dynamical Mordell-Lang conjecture is known for étale endomorphisms of
quasiprojective varieties [BGT10]. In particular, monomial maps on the algebraic torus
@4 : G — GI are étale, thus the dynamical Mordell-Lang conjecture holds for P € GZ..

For an arbitrary P € X, from the description of X, using the directed graph associated
to ¢ = @4, we know that the points ¢¥(P) will eventually fall periodically into a finite
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number of torus orbits. More precisely, there exist o1, . .., 0 € A such that gof’k+j (P) e
0j = O; for k large enough and 1 < j < p.

Thus, for a closed subvariety ¥ C X, we consider Y; =Y N O}, which is a closed
subvariety of O;. Since the orbit of P eventually falls periodically on Oy, ..., Op, it
suffices to show that for each j, the sequence

{L1o"(P)eY;)

is a finite union of arithmetic sequences. However, since O is itself an algebraic torus, and
@"lo; is monomial, we know the dynamical Mordell-Lang conjecture holds for ¢”|o;.
Therefore, the above sequence is indeed a finite union of arithmetic sequences, and the
proof is complete. O

3. Height growth under monomial maps

We focus on the study of height growth in this section. The first goal is to prove Theorem A.
Before we do so, we will need two lemmas. The first lemma states that for a point in the
algebraic torus, the height growth under a monomial map only depends on the monomial
map and is independent of the compactification (i.e. the toric variety which contains the
torus as a dense open subset).

LEMMA 3.1. Let X1, X» be two n-dimensional projective toric varieties. Denote h; =
hx,, the corresponding height functions on X;, i =1, 2. Then we have h1(P) < hy(P) for
P e G (Q). More precisely, there exist C1, C3 > 0 such that for all P € G}, (Q), we have

Ciha(P) + O(1) = hi(P) = C2h2(P) + O(1).

Proof. First of all, choosing different ample divisors, say on X, will result in height
functions that are asymptotically equivalent [KS16, Proposition 12]. Thus, without loss
of generality, we may choose G -invariant very ample divisors D, Dy on X1, X,
respectively, to compute the heights. Such divisors correspond to polytopes P;, P2 C MR.

The embeddings of X; into projective spaces are given by the characters P; N M.
D1, D, being very ample implies that P, P, are of full dimension. As a consequence,
there is a positive integer C and an element v € M such that P; C CP> + v. This implies

hX1,D1 = th,CD2 + 0(1) = ChX2,D2 + 0(1)
The other inequality can be proved similarly. Therefore, we have h < hj. O

The second lemma is about linear algebra concerning the spectral radius of a linear map
on a subspace invariant under iterates of the map. We will need it when we look at the
monomial map on various orbits of a toric variety. I would like to thank Jeff Diller for
discussing the proof of this lemma with me.

LEMMA 3.2. Let T :R" — R" be a linear transformation, W be a subspace of R"
which is invariant under TP but not fewer iterates of T, and V be the smallest
subspace of R" which contains W and is invariant under T, that is, V is the span of
W, T(W), T2(W), ..., TP~Y(W). Then we have

p(TPlw) = p(T|v)".
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Proof. First, since both V and W are invariant under 77, we have
p(TPlw) < p(TPlv) =pUT|v)") = p(TIv)".

We will need to prove the inequality in the other direction. Suppose that v € V is
an eigenvector which realizes the spectral radius p(7T'|y), that is, T (v) = Av and |A| =
p(Tly). Write v =wq + - - - + wp_1 such that w; € W; := TJ(W). Notice that each W;
is invariant under 7'”. Moreover, each T? |y i is conjugate to 77|y by T/, thus there are
positive numbers Co =1, Cy, ..., Cp—1 such that

ITPlw, | <Cj - ITP .

Here ||T7|w; | is the operator norm with respect to some norm || - || on R". Taking the
pkth iterate of T, we have

p(TIV)P* vl = ITP* (v)||

p—1
<Y T W)
j=0
p—1
<> TPl I lhwjl
j=0
p—1
<Y CITP W)k - llwj ]
j=0
p—1
= TP )k - Cllwjl.
j=0

Taking kth root on both sides, we get
p(T1)? < CYAITP )k

where C > 0 is a constant independent of k. Finally, taking the limit k — co, we obtain
the desired inequality

p(T1V)P < lim CYENTP ) | = p(TP1w).
k— 00
This completes the proof of the lemma. O

We are now ready to prove Theorem A.

Proof of Theorem A. For points in G}, (Q), it is proved in [Sil14, Corollary 32] that the set
of the arithmetic degrees is exactly {1, p(f1), ..., p(fs)}. The height function used in the
proof is the one from the embedding GJ, (Q) c P". By Lemma 3.1, it will give us the same
arithmetic degrees as the embedding G, (@) C X we use here.

Thus, it remains to show that for P € Xw(Q)\an(@), ay,(P) exists and is in the set
{1, o(f1), ..., p(fs)}. From the discussion in §2.7, we know that a point P € X, (Q) must
be in an orbit which is ‘preperiodic’ (in the graph associated to ¢). By [KS16, Lemma 15],
it suffices to give a proof for points on a periodic orbit. Moreover, when the orbits become
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periodic, every orbit in a period has the same dimension. Hence, we can assume we are
in the situation that P € Op and (pl(P) € 0; where O; = Op if l=1'" mod p for some
p > 0. Here, we use O; := Og, to denote G}, -orbits of the same dimension.

To find the arithmetic degree of P under ¢, we need to look at the limit

lim hy(¢*(P)V*.
k—o00

We know the subsequence & x (p*P T (P))!/* P converges to ayr (¢! (P)), since 7 is a
monomial selfmap on O;. Thus the sequence has p limit points, and we need to show these
values are in fact the same.

Without loss of generality, we consider the subsequences hy (¢*?(P))!/*P) and
hx(<pk1"H (P)Y/&p+D " which converge to ayr(P) and ayr(¢(P)), respectively. The
mappings can be illustrated by the following diagram, and we need to show that ayr (P) =
oty (P(P)).

P
PeOy—F— -~ 0

9(P) € O ————> Oy

In fact, a claim which is slightly more general than the above is still true.

Claim. Let G7, be an algebraic torus. Then in the following diagram, ¢4, ¢p and ¢c are
all dominant monomial maps G}, — GJ1,.

PA
n n
G ———=Gnq

wcl lwc

G G

¢B

Suppose the diagram commutes, that is, ¢4 and ¢p are semiconjugate by ¢c. Then for
P e G} (Q) and Q = ¢c(P), we have oy, (P) = oy, (Q).

Proof of Claim. Observe that by [Sill4, Corollary 32], a,, (P) can be calculated in the
following way. First, find the smallest algebraic subgroup G that contains the ¢ 4-orbit of
P. Then the identity component Gy of G is invariant under ¢4, and oy, (P) = §(palg,)-

Then, since ¢4, ¢p and ¢c are group homomorphisms, and ¢ o oc = @c o @4, one
can show that ¢c (G) is the smallest algebraic subgroup of G, containing the ¢ g-orbit of
Q. In particular, ¢¢ is a monomial map that maps G onto ¢¢ (G)o, the identity component
of ¢c(G). Furthermore, Gg and ¢c(G)o are invariant under ¢4 and ¢p, respectively.
Hence we have the semiconjugation on the restrictions

valGy

Go Gy

(/’C|GOL lrpcloo

pc(G)o ————— ¢c(G)o
©Bloc (G
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Suppose that ¢alG,, ¢Blec(G), and ¢clc, are monomial maps associated with integer
matrices Ag, Bg, and Cy, respectively. Then we have CoAg = BgCp. Over QQ, we have
the conjugation Ag=Cj 'ByCo, which implies that Ap and By has the same set of
eigenvalues, hence the same spectral radius. This show that |G, and ¢gle.(G), have
the same dynamical degree, and therefore oy, (P) = ay, (Q). O

Hence, we know that the sequence defining the arithmetic degree of P under ¢
converges, and the limit is ayr (P)V/P, that is, ay(P) =agr (P)Y/P. On the other hand,
@? is associated with the matrix A?, and ¢?| ¢, is associated with the map AP : N(op) :=
N/Ng, — N (0¢) induced from A?. Notice that Ny, is invariant under A”, not A. Applying
Lemma 3.2, we know that oryr (P) is equal to p(f;)? for some j. Therefore,

ay(P) = apr (P)P = p(f})

and the proof of the theorem is complete. O

3.1. Filtration of points by arithmetic degrees. In this subsection, we will answer the
question [Sill4, Question 13]. Let ¢ = ¢4 : X --+ X be a monomial map. Order the
possible arithmetic degrees as

l=po<pr<-- <ps.
We will describe the set
Zj=1{0 € GRL(Q) : y(Q) = pj},
for j =0, 1, ..., s. Notice that one can derive the set in the question,
{Q eXyiay(Q)=pj}

from Z;.
Let £ be the set of sublattices of M that are invariant under ‘A, that is,

£={L C M : L is a saturated sublattice of M and AL C L}.
For L € £, 'A induces a linear selfmap
A:M/L—> M/L.
Let (L) denote the spectral radius of Q.

PROPOSITION 3.3.

div
Zj= U GL .
Lef,r(L)<p;j

Proof. Suppose Q € (Gr%i" for some L with 7(L) < p;. Then the smallest algebraic
subgroup containing the g-orbit of Q is a subgroup of G‘iiv. Thus oy (Q) =6(¢lg,)- By
definition, L is the subgroup of M consisting of the characters which vanish (i.e. = 1) on
G . Hence, the character lattice of G is the quotient lattice M /L and the monomial map
¢|g, corresponds to the linear map induced by ‘A, that is, {A. Therefore,

oy (Q) = 8(plg, ) = (spectral radius of A) < 0js
which implies Q € Z;.
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Conversely, for Q € Z;, suppose the smallest algebraic subgroup which contains the
@-orbit of Q is G, for a sublattice L C M. Then the invariance of G, under ¢ implies
that L is invariant under A. Hence the saturation L is a lattice in £ and r(L) < pj. This
completes the proof. O

3.2. Accumulation points of the sequence defining canonical height.  In this subsection,
we will answer the question [Sill4, Question 15] with a counterexample whose
sequence for canonical height {(h((pk(P))) / (k%((p)k)},‘:il accumulates on an interval.
Following [Sil14], we make several definitions to simplify notation. For a number field
kK, P=(x1,...,x,) €«", and v € M,, we define log|| Q|, to be the column vector

_t

log|| Qllv :="(logllxtllv, - . ., loglxallv).

By defining this notation, we have the equation

logllga(P)lly = Alog|| P|ly.
Also, for a real vector a = (ay, . . ., a,), we define maxt(a) := max{0, ai, ..., a,}.

Example 3.1. Pick any 2 x 2 integer matrix A such that the eigenvalues of A are a pair of
conjugate complex numbers x, i such that /i is not a root of unity (i.e. the argument of
W is not a rational multiple of 277). Such matrix A is similar to a real matrix of the form

. (zi’;g ’0315"99), where § is the modulus of © (hence also the dynamical degree of ¢4) and
0 is the argument of .

For a point P = (x, y) € (Q@*)2, in order to compute its canonical height, we first fix a
number field K containing x, y. Next, we consider the sequence {(l/8i)h(g02(P))}l9’iO in
the definition of canonical height. We have

Sikh(so’,;(P)) = >~ max* (A" log| Pll,)

veMk

1 < ANF
- Zmax"'((E) 10g||P||j).
Q]

The first equality is by definition. For the second equality, note that for each point P, the
sum in the height definition is in fact finite, that is, log|| P||, # 0, for only finitely many

8k [K:Q]

v € Mg. We use log|| P|l;, j =1..., [ to denote those values.
We define Ry := (5o ZZ ~ g;nf) to be the rotation matrix with angle ¢. Notice that A/§ is

then similar to the matrix Ry, say A/8 = BRy B! for some invertible matrix B. Moreover,
we also know that (A /8) is similar to Ryg.

LEMMA 3.4. Let 0 be an angle such that 6/ € Q, and v; = (xj, y;), j=1,...,1, be
finitely many non-zero vectors in R2. Treating (v1, . .., v;) as a point in R? then for any
continuous function f : R¥* — R, the closure of the set

{f(RkoV1, ..., ReoVD Yoo

is either a point or a close interval in R.
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Proof. Since 6/ ¢ QQ, we know that for v; the set
S ={Riov1}2y = {RyVilger/2r2)
is (topologically) a circle. Moreover, once we know a point p € S, then we can find the
corresponding ¢. This observation implies that the closure of the set
{(Rko V1, - - -, RrovDIieo

is also homeomorphic to a circle. Since f is continuous, the image of a circle is either a
point or a closed interval in R. O

Now, since (A/3) is similar to Ry, the same conclusion will hold for (A/§), with v; =
log||P||j and f be the sum of the max ™ function. For a point P such that the function
l
gp(¢):= f(BRyB™'vi, ..., BRyB v = Z max* (BRsB~ ! log|| P| )
j=1

is not a constant function on the circle, the image of f is a closed interval. For instance,
notice that gp(0) = h(P) and gp() = h(P~1). Thus gp is non-constant for any P such
that h(P) ;éh(P_l). Therefore, for such P, the sequence {(I/Sk)h((pg(P))},f‘;O has a
whole interval (of positive length) as its limit points.

4. Preperiodic points of monomial maps
In this subsection we describe the set of preperiodic points for an arbitrary monomial map.
The major case has already been described in [Sil14].

4.1. Preperiodic points on algebraic tori. We first describe the preperiodic points of
monomial maps on an algebraic torus. First we need a lemma. Notice that the first part of
the lemma has already been proved in [Sil14, Lemma 22].

LEMMA 4.1. Let A = (a;j) € Mat! (Z) be a matrix and let the set
Z={0eGylea(Q)=1}.

(1) IfD=det(A) #0,and P = (x1, ..., xp) € Z, then each x; is a Dth root of unity.

(2) If D=0, then Z is the algebraic subgroup G, of G7, corresponding to the lattice
L C M generated by the row vectors of A. In particular, dim(Z) = n — rank(L) =
n — rank(A).

Proof. For part (1), let ad(A) be the classical adjoint of A. Then

ad(A)-A=D-I,.
Now suppose P € Z. Applying @aq(4) on both sides of the equation ¢4 (P) = 1, we obtain
®ad(A) (@A (P)) = @ada)(1) = 1.
Furthermore, we calculate the left-hand side of the equation:

©ad(4)(PA(P)) = @ad(a) © 9a(P)

= @ad(A)-A (X1, ., Xp)
=¢D~I(-xl5 AR} xn)
=(x1D,...,x,?)=1.
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Therefore, each x; is a Dth root of unity.
For (2), let u; = (a;;) be the ith row vector of A. Then, by definition,

Z={\x""=1}=Gr.
i=1

O

Remark. Notice that the converse of (1) in Lemma 4.1 is not true. For example, let A =
(g (3)) Then D = 6, but for a primitive sixth root of unity w, ¢4 (w, w) # 1.

PROPOSITION 4.2. Let A = (a;j) € Mat} (Z) be a matrix and ¢a be the associated

monomial map.

(1)  If none of the eigenvalues of A is a root of unity, then PrePer(p4) = (G)tor-

(2) If some eigenvalue of A is a root of unity, then there is a non-trivial algebraic
subgroup G C G, such that PrePer(p,) = G4,

Remark. Notice that G4V = G - (G} )tor» thus (1) is in fact the special case of (2) for G =
{1}, the trivial subgroup.

Proof. Part (1) is proved in [Sil14, Proposition 21 (d)]. To prove (2), we will first explain
how to construct the group G in next two paragraphs.

Suppose A € Mat! (Z) is a matrix which has some roots of unity as its eigenvalues.
Then for some k > 1 the matrix A* — I is singular, that is, rank(Ak — I) < n. We look at
the Jordan form of A. Let B be a single Jordan block of A of an eigenvalue w which is a
primitive kth root of unity. That is, B is of the form

wl0---0
Owl---0
B=|:::"
000---1
000---w
Then for every positive integer /, we have
Okl * --- %
00kl--- %
B —p=1|:: -
000- -kl
000---0
Thus, the rank of BX' — I is its size minus one. Moreover, for any integer s > 0, BS (BX —
I) has the same rank as BX — I; and for any other Jordan block whose corresponding
eigenvalue is not a klth root of unity, B* (B*' — I') will have full rank.
Now we observe the matrix A. Write A in the Jordan form as A = PJP~!. Applying
the argument in the previous paragraph to Jordan blocks in J, we see that for some ko,

rank(AK0 — J) reaches its minimum. More precisely, let £ denote the number of Jordan
blocks whose associated eigenvalues are roots of unity. Then

rank(A — ) =n — ¢.
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Let L(A) := M N Row(A% — 1), the intersection of M and the row space of A% — . We
claim that
di
PrePer(pa) = GLIE'A),

that is, the group G in the proposition is Gz,(4).

Suppose that P € PrePer(¢4). Then g 4r (P) = @4s (P) for some r > s > 0. This implies
that g4 —as (P) = @asar—s—)(P) = 1. If 1 is not an eigenvalue of A”™*, then by part (1) of
Lemma 4.1, each coordinate of P is a root of unity, hence P € G‘,{iz’A). If 1 is an eigenvalue
of A”~*, then the row space (over R) of A*(A”~* — I) contains the row space of AX — I as
a subspace (this can be seen using the Jordan form of A). Hence by part (2) of Lemma 4.1,

PeGyr_ygs C G(XX_AS C G‘:;Z071 = G?ZA)'

Conversely, suppose that P € GCE(VA) =Gr) - (GI)wor- By Lemma 4.1, part (2), one
can conclude that ¢4, _;(P) = p for some p € (G} )or, that is, all coordinates of p are
roots of unity. Expanding the equality, we get gpf“’(P) = @ 4ko (P) = p P. This implies that

the orbit of P is finite. Therefore P € PrePer(¢4). O

4.2. Preperiodic points on toric varieties. ~For a monomial selfmap ¢ = ¢4 on a toric
variety X = X (A), we can again use the G} -orbit decomposition discussed in §2.7 to find
the preperiodic points on X,. We know X, is a toric variety, thus it can also be written
as the disjoint union of finitely many G -orbits, and each orbit itself is an algebraic torus.
There are two kinds of G/, -orbits, as follows.

The first kind is the ‘periodic’ orbit, that is, an orbit O, such that ¢”(0,) = O, for
some integer p > 1. For a point P € O,, P is preperiodic for ¢ if and only if P is
preperiodic for ¢?, and ¢? : O, — O, is a monomial selfmap when we view O, as an
algebraic torus. Since this is the case discussed in the last section, we are done.

The second kind of orbit is ‘preperiodic but not periodic’. This means an orbit O, such
that (pj(O(,) # Oy forall j=1,2,..., but gok(Og) is periodic, that is, of the first kind,
for some k. Let us pick the smallest such k and denote i = ¢* and O, = ¥ (0O, ). Notice
that by Proposition 4.2, the set of preperiodic points of ¢ in O is of the form G4 for some
algebraic subgroup G (possibly trivial) of O;. Moreover, a point P € O, is preperiodic if
and only if v (P) is preperiodic, that is, ¥ (P) € G, or P € 1 (G%). Finally, since
is a group homomorphism, one has the equality ¢~ (GI) = v~ 1(G).

We sum up our discussion as follows.

PROPOSITION 4.3. Let ¢ : X --+» X be a monomial selfmap on a toric variety X. If we
write X, which is also a toric variety, as a disjoint union of orbits X, =| | O, then for
each Oy, PrePer(¢) N O, = Ggi" for some algebraic subgroup G, of O, that is,

PrePer(¢) = I_l Ggi". O
4.3. The dynamical Manin—-Mumford problem for monomial maps. In this subsection
we will prove Theorem C. First, we consider the case of a monomial map ¢ = ¢4 on an

algebraic torus (Ggl. From the discussion in the previous section, we know that the set of
preperiodic points under ¢ in Ggl has the form G4, where G is an algebraic subgroup of
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(Gﬁq. For the special case of G = {0}, GV is in fact the set of torsion points. In this case,
the dynamical Manin—-Mumford problem becomes the original Manin—-Mumford problem
on algebraic tori, which is proved by Laurent [Lau84].

THEOREM 4.4. (Laurent) IfY C Ggl is an irreducible variety, containing a Zariski dense

set of torsion points of an (Q), then Y is a torsion translate of an algebraic subgroup of
Gd.

In the general case where PrePer(an) = G for a non-trivial algebraic group G, since
GIv = (Go)diV for the identity component G, we can assume G is connected.

We consider the quotient group G% /G. The quotient is in itself an algebraic torus, and
the quotient map Gfln — Gf’n / G is a monomial map. Concretely, let L C M be the saturated
sublattice corresponding to G, thatis, G = G, and letay, ..., aj_, be a basis of L (here
¢ =dim G as a variety over C). Then we define a monomial map as follows:

. d d—¢
m: Gy, — G
P (P, ..., Pl-t),

The map 7 is surjective with kernel G. Thus (G% /G = G%’Z and m is the quotient map.
As a consequence of Laurent’s theorem, we will prove the following proposition.

PROPOSITION 4.5. Suppose that Y C Oy is an irreducible subvariety. Then Y contains a
Zariski dense set of preperiodic points of ¢ if and only if w(Y) is a torsion translate of an
algebraic subgroup of Gﬁ;".

Proof. If Y contains a Zariski dense set of preperiodic points of ¢, then 7 (Y) contains
a dense set of torsion points of an_e. Hence by Laurent’s theorem, 7 (Y) is a torsion
translate of an algebraic subgroup of G%‘e.

Conversely, suppose that 77(Y) is a torsion translate of an algebraic subgroup of G4,
We need to show that the preperiodic points of ¢ are dense in Y. First, notice that the set
of preperiodic points of ¢ is the union of the fibers 7 ~!(Q) over all torsion points Q of
G-t

For a closed subvariety Z C Y (in particular, dim Z < dim Y), if n(Z) # n(Y), then
m(Z) cannot contain all the torsion points in 7 (Y). Thus, Z does not contain all the
preperiodic points of Y.

Now assume 7(Z) =7 (Y), and for Q € 7(Y), denote Y := n_l(Q) NY and Zgp :=
z~{o)ynzZc Y. For a generic point Q € 7 (Y), we have

dimYp =dimY —dimz(Y) > dim Z — dim 7 (Z) =dim Zy.

However, since the torsion points are Zariski dense in 77 (Y), there exists some torsion point
Q € n(Y) such that dim Yy > dim Zg. Therefore, Z cannot contain all the preperiodic
points in Y. This completes the proof. O

Proof of Theorem C. For a monomial map ¢ : X --» X on a toric variety, the restriction
¢lx, : Xo = X, is a dominant morphism on the quasiprojective variety X,. If we write
X, as the disjoint union of G} -orbits X, =| | O, and suppose that ¥ C X is a closed
irreducible subvariety, then Y N O, is Zariski dense in Y for a unique cone o. Applying
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Proposition 4.5 to the algebraic torus O, and its closed subvariety Y N O, we complete
the proof of Theorem C. O
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