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Abstract. We construct a Teichmüller space for the C1+-conjugacy classes of hyperbolic
dynamical systems on surfaces. After introducing the notion of an HR structure which
associates an affine structure with each of the stable and unstable laminations, we show that
there is a one-to-one correspondence between these HR structures and the C1+-conjugacy
classes. As part of the proof we construct a canonical representative dynamical system
for each HR structure. This has the smoothest holonomies of any representative of the
corresponding C1+-conjugacy class. Finally, we introduce solenoid functions and show
that they provide a good Teichmüller space.

1. Introduction
In this paper we study the flexibility of smooth hyperbolic dynamics on surfaces. By the
flexibility of a given topological model of hyperbolic dynamics we mean the extent of
different smooth realizations of this model. Thus a typical result provides a Teichmüller
space or a moduli space to parametrize these realizations. In this paper we will construct
Teichmüller spaces for hyperbolic sets of surface diffeomorphisms with one-dimensional
stable and unstable manifolds including Anosov diffeomorphisms, attractors and Smale
horseshoes. In a later paper we extend these results to pseudo-Anosov systems.

To be effective it is important that these Teichmüller spaces should be easily
characterized. For example, for Anosov diffeomorphisms of the torus that are either C∞
or C2 and preserve a smooth invariant measure, the eigenvalue spectrum is known to be a
complete invariant of smooth conjugacy [4, 5]. However, it is not clear which eigenvalue
spectra are realized by such systems. Thus these do not make up a good Teichmüller space.
The Teichmüller spaces that we construct do not suffer from this and they usually consist of
easily characterized Hölder functions. Moreover, for hyperbolic systems on surfaces other
than Anosov systems not only are the eigenvalue spectra difficult to characterize, they are
also only a complete invariant of Lipschitz conjugacy.
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A related Teichmüller space for Anosov diffeomorphisms of tori has been constructed
by Cawley [2]. This is in terms of cohomology classes of Hölder cocycles defined on
the torus. Its effectiveness for Anosov systems relies on the fact that the Lipschitz and
C1+ theories coincide. This is not the case for other hyperbolic systems and so Cawley’s
Teichmüller description in terms of Hölder cocycles will not work in the general case that
we treat here.

1.1. Teichmüller spaces. We now give a more precise description of our results.
Consider a C1+ diffeomorphism† f of a compact surface M which has a hyperbolic
invariant subset �. We assume throughout that f |� is topologically transitive and that
� has a local product structure [17]. To avoid having to repeat this fact we adopt the
convention that by a hyperbolic set we mean one with these extra properties. We allow
both the case where � = M (so that f is Anosov and M ∼= T

2 [3, 9]) and the case
where � is a proper subset (e.g. a horseshoe or an attractor with one-dimensional unstable
manifolds such as the Plykin attractor).

We start by introducing the notion of a HR (Hölder ratio) structure. We consider affine
structures on the stable and unstable laminations in � (§3). These are defined in terms
of a pair of ratio functions rs and ru. If rs and ru are Hölder continuous and invariant
under f then we call the associated structure an HR structure. Theorem 5.1 gives a one-
to-one correspondence between HR structures and the C1+ conjugacy classes of f |�.
The main step in the proof of this and related results is to show that, given an HR structure,
there is a canonical construction of a representative in the corresponding conjugacy class.
By Theorem 5.3, this representative has the following maximum smoothness property: the
holonomy maps for the representative are as smooth as those of any diffeomorphism that
is C1+ conjugate to it. In particular, if there is an affine diffeomorphism with this HR
structure, then this representative is the affine diffeomorphism.

It is interesting to note that when we consider the C1+ realizations of a particular
topological model then the stable and unstable ratio functions are independent in the
following sense. If rs is a stable ratio function for some realization and ru is the unstable
ratio function for some other realization then there is a realization that has the pair (rs, ru)
as its HR structure.

In §6 we define solenoid functions. Each HR structure has a pair (ss , su) of these
corresponding to the stable and unstable laminations of � associated with it. The solenoid
functions ss and su are the restrictions of the ratio functions rs and ru, respectively, to a
set determined by a Markov partition of f . Theorem 6.1 states that there is a one-to-one
correspondence between Hölder solenoid function pairs and HR structures. Since these
solenoid function pairs form a nice space with a simply characterized completion they
provide a good Teichmüller space. For example, in the classical case of Smale horseshoes
the Teichmüller space is the set of all pairs of positive Hölder continuous functions with
the domain {0, 1}N.

THEOREM 1.1. (Teichmüller space) The natural map c which associates a solenoid
function pair to a C1+ conjugacy class is injective and has a well-characterized image
and a natural inverse on it.

† See the note in §1.2 regarding our meaning of C1+.
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Although we will not prove it in this paper we mention here that the completion of
the image of c is the set of pairs of continuous solenoid functions which is a closed
subset of a Banach space. They correspond to f -invariant affine structures on the stable
and unstable laminations for which the holonomies are uniformly asymptotically affine as
defined in [19].

This Teichmüller space is also important because it enables us to construct interesting
classes of smooth hyperbolic systems. For example, in [13] we use it to construct all
such systems with an invariant measure with a given geometric measure class (such as
all Anosov diffeomorphisms with an invariant measure that is absolutely continuous with
respect to a two-dimensional Lebesgue measure). Another interesting application of this
Teichmüller space appears in [15] which studies rigidity for diffeomorphisms on surfaces.
For example, a Cr Anosov map with C2+ε holonomies is Cr−α conjugated to a hyperbolic
toral automorphism for every small α > 0, where 0 < ε < 1.

This paper extends the work of Sullivan and of the authors from one-dimensional
expanding dynamics (see [10], [16] and [18]) to the context of hyperbolic dynamics on
surfaces.

1.2. Conventions.

(1) Smoothness. In this paper, when we say that a map, atlas or structure is Cr we
include the case Ck+ where k is a positive integer. For maps f this means that f is
Ck+α for some 0 < α ≤ 1, i.e. Ck with α-Hölder continuous kth-order derivatives.
For an atlas or structure this means that each pair of charts in the atlas or structure
are Ck+α compatible for some 0 < α ≤ 1 where the α might depend upon the charts.
In the case of an atlas, we suppose that (i) one can choose α to be independent of
the charts and (ii) the overlap maps have Ck+α norm bounded independent of the
charts considered. This is immediately verified if the number of charts contained in
the Ck+ atlas is finite. Thus a Ck+ atlas is Ck+α , for some 0 < α ≤ 1. This is not
the case for Ck+ structures.

(2) Stable and unstable superscripts. Throughout the paper we will use the following
notation: we use ι to denote an element of the set {s, u} of the stable and unstable
superscripts and ι′ to denote the element of {s, u} that is not ι. In the main discussion
we will often refer to objects which are qualified by ι such as, for example, an ι-leaf.
This means a leaf which is a leaf of the stable lamination if ι = s or the unstable
lamination if ι = u. In general the meaning should be quite clear.

(3) fι. We define the map fι = f if ι = u or fι = f−1 if ι = s.

(4) O notation. We use the notation φ = O(ψ(x)) to indicate that for all x, |φ(x)| <
c|ψ(x)| where c > 0 is a constant which depends only upon quantities that are
explicitly mentioned. Thus φ(n) = O(νn) means that |φ(n)| < cνn for some
constant c as above. Similarly we use φ = O(ψ(x)) to indicate that, for all x,
c1|ψ(x)| < |φ(x)| < c2|ψ(x)| where c1 and c2 are constants which depend only
upon quantities that are explicitly mentioned.
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(5) Interval notation. We also use the notation of interval arithmetic for some
inequalities where

• if I and J are intervals then I + J , I.J and I/J have the obvious meaning as
intervals;

• if I = {x} then we often denote I by x; and

• I ± ε denotes the interval consisting of those x such that |x − y| < ε for all
y ∈ I .

Thus φ(n) ∈ 1±O(νn)means that there exists a constant c > 0 depending only upon
explicitly mentioned quantities such that for all n ≥ 0, 1− cνn < φ(n) < 1+ cνn.

2. The topological starting point
The basic topological object of our study will be a triple (f,�,W) consisting of an
invariant set �, a homeomorphism f : �→ � and a topological lamination structure W .
To consider the meaning of this we consider how such objects arise in hyperbolic dynamics.

Let φ be a C1+γ diffeomorphism of the surface M and suppose that φ has a
topologically transitive hyperbolic invariant set � with a local product structure [17].
If f = φ|�, let fs = f−1, φs = φ−1, fu = f and φu = φ. Fix a metric d on M .
For ι = s or u, if x ∈ � we denote the local stable and unstable manifolds through x by

Wı(x, ε) = {y ∈ M : d(φ−nı (x), φ−nı (y)) ≤ ε, for all n ≥ 0}.
These sets are respectively contained in the stable and unstable manifolds

Wı(x) =
⋃
n≥0

f n
ι (W

ı(f−nι (x), ε0))

which are the image of a C1+γ immersion λx : R→ M .

Definition 2.1. A full ι-leaf segment I is a subset of Wı(x) of the form λx(I1) where I1

is an open subinterval in R. A ι-leaf segment is the intersection with � of a full ι-leaf
segment. The collection of all subsets of ι-leaf segments is denoted by Dι.

The endpoints of such a full ι-leaf segment are the points λx(u) and λx(v) where u and
v are the endpoints of I1. The endpoints of such a ι-leaf segment I are the points of the
minimal full ι-leaf segment containing I .

We say that two embeddings i : I → R and j : J → R where I, J ∈ Dι are compatible
if whenever I ∩J �= ∅ then j ◦ i−1 : i(I ∩J )→ j (I ∩J ) extends to a homeomorphism of
the real line. A topological ι-lamination atlas is a set of such maps whose domains cover
� and which are pairwise compatible with each other. A topological ι-lamination structure
is the maximal set of such embeddings compatible with such an atlas. A topological
lamination structure W = (Ws,Wu) is a pair made up from a topological s-lamination
structure Ws and a topological u-lamination structure Wu.

By the Stable Manifold Theorem, the diffeomorphism φ defines such a lamination
structureWφ as follows. For each ι-leaf segment I consider the mappings i : I → R which
are the restrictions to I of topological charts of the submanifold structure of I . These are
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all compatible with each other and define a topological ι-lamination atlas. The topological
lamination structure Wφ is defined by these two atlases.

More unusually we also desire to highlight the C1+ structure on M in which φ is a
diffeomorphism. By a C1+ structure on M we mean a maximal set of charts with open
domains in M such that the union of their domains cover M and whenever U is an open
subset contained in the domains of any two of these charts i and j then the overlap map
j ◦ i−1 : i(U) → j (U) is C1+α, where α > 0 depends on i, j and U . We note that
by the compactness of M , given such a C1+ structure on M , there is an atlas consisting
of a finite set of these charts which cover M and for which the overlap maps are C1+α
compatible and uniformly bounded in the C1+α norm, where α > 0 just depends upon the
atlas. We denote by Sφ the C1+ structure on M in which φ is a diffeomorphism. Usually
one is not concerned with this as, given two such structures, there is a homeomorphism of
M sending one onto the other and thus, from this point of view, all such structures can be
identified. For our discussion it will be important to maintain the identity of the different
smooth structures on M .

Our approach in this paper is to fix the triple (f,�,W) and to consider its C1+
hyperbolic realizations which are defined as follows. Consider a C1+ diffeomorphism φ

of a surface with an associated C1+ structure Sφ and assume that φ possesses a hyperbolic
invariant set �φ with associated lamination structure Wφ . Then we say that φ is a C1+
hyperbolic realization of (f,�,W) if there is a topological conjugacy hφ between φ|�φ

and f |� which sends the lamination structure Wφ onto W . We say that two of these C1+
hyperbolic realizations φ and ψ are C1+ conjugate if h−1

ψ ◦ hφ has a C1+ diffeomorphic
extension to an open set of M containing �φ . By diffeomorphic we mean that it is a
diffeomorphism between the structures Sφ and Sψ . In this paper, we are essentially
interested in studying and classifying the C1+ conjugacy classes of the C1+ hyperbolic
realizations of (f,�,W).

Suppose that φ is a C1+ hyperbolic realization of f . If ĥφ is a homeomorphism which
extends the topological conjugacy hφ : �φ → � to a neighbourhood of � in M , then
we obtain a C1+ hyperbolic realization ψ = ĥφ ◦ φ ◦ ĥ−1

φ of f with the associated C1+
structure Sψ = (ĥφ)∗Sφ . Furthermore, ψ is C1+ conjugated to φ and �ψ = �. Hence, to
study the C1+ conjugacy classes of hyperbolic realizations of f , we can just consider the
C1+ hyperbolic realizations φ with �φ = � which we will do from now on for simplicity
of our exposition.

2.1. Rectangles. Since there is a hyperbolic realization, for 0 < ε < ε0 there is a
δ = δ(ε) > 0, such that for all points z,w ∈ � with d(w, z) < δ, Ws(z, ε) and Wu(w, ε)

intersect in a unique point [w, z]. Here d is any smooth metric on M . Since we assume
that the hyperbolic set has a local product structure, we have that [w, z] ∈ �. Furthermore,
the following properties are satisfied: (i) [w, z] varies continuously with w, z ∈ �; (ii) the
bracket map is continuous on a δ-uniform neighbourhood of the diagonal in � × �; and
(iii) whenever both sides are defined f ([z,w]) = [f (z), f (w)]. Note that the bracket map
does not really depend on δ provided δ is sufficiently small.

Let us emphasize that it is a standing hypothesis that all the hyperbolic sets considered
here have such a local product structure.
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A rectangle R is a subset of � which is (i) closed under the bracket, i.e. x, y ∈ R �⇒
[x, y] ∈ R; and (ii) proper, i.e. is the closure of its interior in �. This definition imposes
the condition that a rectangle has always to be proper which is more restrictive than the
usual one which only insists on the closure condition.

If * and *′ are, respectively, stable and unstable leaf segments then we denote by [*, *′]
the set consisting of all points of the form [z, z′] with z ∈ * and z′ ∈ *′. We note that if
the stable and unstable leaf segments * and *′ are closed then the set [*, *′] is a rectangle.
Conversely in this two-dimensional situation, any rectangleR has a product structure in the
following sense: for each x ∈ R there are closed stable and unstable leaf segments of �,
*s(x,R) ⊂ Ws(x) and *u(x,R) ⊂ Wu(x) such that R = [*s(x,R), *u(x,R)]. The leaf
segments *s(x,R) and *u(x,R) are called stable and unstable spanning leaf segments
for R. The interior of R is given by intR = [int *s(x,R), int *u(x,R)], and the boundary
of R is given by ∂R = [∂*s(x,R), *u(x,R)] ∪ [*s(x,R), ∂*u(x,R)].

2.2. Markov partitions. A Markov partition of f is a collection R = {R1, . . . , Rm} of
rectangles such that (i) � ⊂ ⋃m

i=1 Ri ; (ii) Ri ∩ Rj = ∂Ri ∩ ∂Rj for all i and j ; (iii) if
x ∈ intRi and f x ∈ intRj then

(a) f (*s(x,Ri)) ⊂ *s(f x,Rj ) and f−1(*u(f x,Rj )) ⊂ *u(x,Ri); and

(b) f (*u(x,Ri)) ∩ Rj = *u(f x,Rj ) and f−1(*s(f x,Rj )) ∩ Ri = *s(x,Ri).

The last condition means that f (Ri) goes across Rj just once. In fact, it follows
from condition (a) provided the rectangles Rj are chosen to be sufficiently small [8].
The rectangles which make up the Markov partition are called Markov rectangles.

By the existence of a smooth realization our topological model (f,�,W) has such a
local product structure and a Markov partition [17]. Moreover, it is clear that they also
only depend upon (f,�,W) and are independent of the hyperbolic realization φ and the
smooth structure Sφ on M .

For ι = s or u a ι-leaf primary cylinder is a spanning ι-leaf segment of a Markov
rectangle. A ι-leaf n-cylinder is an ι-leaf segment I such that f n

ι I is an ι-leaf primary
cylinder. For n > 1, a ι-leaf n-gap is a pair of distinct points x, y such that
(i) for some rectangle R containing x and y and an embedding i : *ι(x, R) → R in

the topological lamination structure, {x, y} = i−1(J ) for some non-trivial closed
interval J in R; and

(ii) for j = 0, . . . , n − 1, f jx lies in a Markov rectangle Rij and f jy ∈ *(f jx,Rij )

but this is not the case for j = n.
A primary ι-leaf gap is the image under fι of an ι-leaf 1-gap.

We say that a rectangle R is an (ns, nu)-rectangle if there is an x ∈ R such that,
for ι = s and u, the spanning leaf segments *ι(x, R) are either an ι-leaf nι-cylinder or
the union of two such cylinders with a common endpoint. The reason for allowing the
possibility of the spanning leaf segments being inside two touching cylinders is to allow
us to regard geometrically very small rectangles intersecting a common boundary of two
Markov rectangles to be small in the sense of having ns and nu large.
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I = �s(x,R) J = �s(y,R)

x

w

y

[w, y]

R

FIGURE 1. A basic stable holonomy.

Definition 2.2. If x, y ∈ � and x �= y then define d�(x, y) = 2−n where n is the greatest
integer such that both x and y are contained in an (ns, nu)-rectangle with ns, nu ≤ n.
Similarly if I and J are ι-leaf segments then d�(I, J ) = 2−n where ns and nu are the
greatest integers such that both I and J are contained in an (ns, nu)-rectangle and n = nι′ .
Here ι′ is the element of {s, u} that is not ι.

2.3. Basic holonomies. We concentrate on the stable holonomies. The unstable
holonomies are entirely analogous. Suppose that x and y are two points inside any
rectangle R of � such that y ∈ *u(x,R). Let I and J be two stable leaf segments
respectively containing x and y and insideR. Then we define θ : I → J by θ(w) = [w, y].
Such maps are called the basic stable holonomies (in the rectangle R) (see Figure 1).
They generate the pseudo-group of all stable holonomies. Similarly we define the unstable
basic holonomies.

2.4. Foliated lamination atlas. In this section when we refer to a Cr object r is allowed
to take the values k + α where k is a positive integer and 0 < α ≤ 1.

Two charts i and j in W ι are Cr compatible if wheneverU is an open subset of an ι-leaf
segment contained in the domains of i and j then j ◦ i−1 : i(U) → j (U) extends to a
Cr diffeomorphism of the real line. Such maps are called chart overlap maps. A bounded
Cr ι-lamination atlas Aι is a set of such charts which (a) cover �; (b) are pairwise Cr

compatible; and (c) have chart overlap maps which are uniformly bounded in the Cr norm.
Let Aι be a bounded C1+α ι-lamination atlas, with 0 < α ≤ 1. If i : I → R is a chart

of Aι defined on the leaf segment I and K is a leaf segment in I then we define |K|i to
be the length of the minimal closed interval containing i(K). Since the atlas is bounded,
if j : J → R is another chart in Aι defined on the leaf segment J which contains K then
the ratio between the lengths |K|i and |K|j is universally bounded away from 0 and∞.
IfK ′ ⊂ I∩J is another such segment then we can define the ratio ri (K : K ′) = |K|i/|K ′|i .
Although this ratio depends upon i, the ratio is exponentially determined in the sense that
if T is the smallest segment containing both K and K ′ then

rj (K : K ′) ∈ (1±O(|T |αi ))ri (K : K ′).
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This follows from using the Mean Value Theorem and the C1+α smoothness of the overlap
maps.

Definition 2.3. A Cr lamination atlas has bounded geometry if (i) for all pairs I1, I2 of ι-
leaf n-cylinders or ι-leaf n-gaps with a common point, we have that |I1|i/|I2|i is uniformly
bounded away from 0 and ∞ with the bounds being independent of i, I1, I2 and n;
and (ii) for all endpoints x and y of an ι-leaf n-cylinder or ι-leaf n-gap I , we have that
|I |i ≤ O((d�(x, y))

β) and d�(x, y) ≤ O(|I |βi ), for some 0 < β < 1, independent of i, I
and n.

Definition 2.4. A bounded Cr ι-lamination is Cr -foliated if (i) the basic holonomies are
Cr ; and (ii) for every rectangle R the Cr norm of the holonomies in R are uniformly in
this atlas.

The following result relates smoothness of the holonomy with ratio distortion and will
be used several times. It follows directly from Theorem 3 of [11].

PROPOSITION 2.5. Suppose that θ : I → J is a basic ι-holonomy for the rectangle R

and i : I → R and j : J → R are in Aι. The holonomy θ : I → J is C1+β for every
0 < β < α with respect to the charts of the lamination atlas Aι if and only if for every
0 < β < α and for all I1, I2 ⊂ I with I1 a leaf n-cylinder and I2 a leaf n-cylinder or a
leaf n-gap, we have ∣∣∣∣log

|jθI1|
|jθI2|

|iI2|
|iI1|

∣∣∣∣ ≤ OR(|iK|β) (2.1)

whenever K is an ι-leaf segment containing I1 and I2. Moreover, there are some 0 <

β, η < α and some affine map a : R→ R such that

‖j ◦ θ ◦ i−1 − a‖C1+η ≤ OR((d�(I, J ))
β) (2.2)

if and only if there are some 0 < β, ν < 1 such that for all I1 and I2 as before we have∣∣∣∣log
|jθI1|
|jθI2|

|iI2|
|iI1|

∣∣∣∣ ≤ OR((d�(I, J ))
βνn). (2.3)

If L ⊂ R then by |L| we mean the Euclidean length of the minimal interval in R

containing L.

2.5. C1+ foliated atlas associated with C1+ realizations. Let φ be a Cr hyperbolic
realization of (f,�,W). By the Stable Manifold Theorem, the full ι-leaf segments I

are Cr submanifolds of M , which are the image of Cr embeddings λ : I1 ⊂ R → M .
Hence, the restrictions of λ−1 to λ(I ⊂ �) form a Cr lamination atlas Aι

φ .

Let ρ be a Riemannian metric which is C1+γ , with 0 < γ ≤ 1. This is a metric which
in the charts of some atlas on M is given by g11 dx

2 + g12 dx dy + g22 dy
2 where the

functions gij are Holder continuous with exponent γ and are uniformly bounded in the
Cγ -norm. The Cr embeddings λ : I1 ⊂ R → M of the full ι-leaf segments I can be
reparametrized such that they are isometries between the Euclidean metric on I1 and the
induced ρ metric on I . By construction, these reparametrizations λ : I1 ⊂ R → M are
C1+γ embeddings. Hence, the restrictions of λ−1 to λ(I1 ∩ �) form a C1+γ lamination
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atlas Aι(ρ). We note that the charts in Aι(ρ) are C1+γ compatible with the charts in Aι
φ .

By Lemma 4.2 in [14], the lamination atlas Aι(ρ) has bounded geometry. By Theorem 2.2
in [14], the lamination atlas Aι(ρ) is C1+α-foliated, for some 0 < α ≤ 1, and the ι-basic
holonomies satisfy (2.2), with respect to the charts in this atlas.

3. HR structures
In this section we introduce HR structures. These associate an affine structure with each
stable and unstable leaf segment in such a way that these vary Hölder continuously with
the leaf. Our goal is to prove that a C1+ conjugacy class is determined by its HR structure
and vice versa.

An affine structure on a stable or unstable leaf in � is equivalent to a ratio function
r(I : J ) which can be thought of as prescribing the ratio of the size of two leaf segments
I and J in the same stable or unstable leaf. A ratio function r(I : J ) ∈ (0,∞) is defined
for any pair of leaf segments I and J which are both contained in some larger segment.
Although for notational clarity we write r(I : J ), in fact r only depends upon the endpoints
x and y of I and z and w of J . Thus the domain of r is the set of such quadruples
(x, y, z,w). Since these can be considered as forming a subset of �4 they inherit its
topology. We demand that r is continuous in this topology. Moreover, it must satisfy

r(I : J ) = r(J : I)−1 and r(I1 ∪ I2 : K) = r(I1 : K)+ r(I2 : K) (3.1)

provided I1 and I2 intersect at most in one of their endpoints.

Definition 3.1. We say that r is an ι-ratio function if it satisfies these conditions and,
moreover, (i) r is invariant under f , i.e. r(I : J ) = r(f I : f J ) for all ι-leaf segments; and
(ii) for every basic ι-holonomy map θ : I → J between the leaf segment I and the leaf
segment J defined with respect to a rectangle R and for every ι-leaf segment I1 ⊂ I and
every ι-leaf segment or gap I2 ⊂ I ,∣∣∣∣log

r(θI1 : θI2)

r(I1 : I2)

∣∣∣∣ ≤ O((d�(I, J ))
ε) (3.2)

where ε ∈ (0, 1) depends upon r and the constant of proportionality also depends upon R,
but not on the segments considered.

Definition 3.2. An HR structure is a pair (rs , ru) consisting of a stable and an unstable
ratio function.

3.1. C1+ foliated atlases associated with an HR structure. Given an ι-ratio function r ,
we define the embeddings e : I → R by

e(x) = r(*(ξ, x), *(ξ, R)) (3.3)

where ξ is an endpoint of the ι-leaf segment I , R is a Markov rectangle containing ξ

(but not necessarily containing I ) and *(ξ, x) is the ι-leaf segment with endpoints x and ξ .
For this definition it is not necessary that R contains I . We denote the set of all these
embeddings e by A(r).
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The embeddings e of A(r) have overlap maps with affine extensions, therefore the atlas
A(r) extends to a C1+α lamination structure, L(r). In Proposition 3.3, we prove that the
atlas A(r) has a bounded geometry, and in Proposition 3.5 we prove that in this the basic
holonomies are C1+β for some 0 < β < 1. Thus this lamination structure is C1+ foliated
in the sense of Definition 2.4. Moreover, it is a unique structure compatible with r in the
sense that it and r induce the same C1+ structures on leaf segments.

PROPOSITION 3.3. Let r be an ι-ratio function. Then A(r) is a C1+ bounded atlas with
bounded geometry.

Proof. Suppose that I and J are either both ι-leaf n-cylinders or else that one of them is
and the other is an ι-leaf n-gap. In addition, suppose that they have a common endpoint.
Consider the set of ratios r(I : J ). By compactness and continuity, when we restrict
n to be 1, then the set S of such ratios is bounded away from 0 and ∞. However,
since r is f -invariant, all other such ratios r(I : J ) are in this set S. This also implies
that for all endpoints x and y of an ι-leaf n-cylinder or ι-leaf n-gap I , we have that
|I |i ≤ O((d�(x, y))

β) and d�(x, y) ≤ O(|I |βi ), for some 0 < β < 1 independent of
i, I and R. ✷

PROPOSITION 3.4. Let r be an ι-ratio function. Then inequality (3.2) implies the
following inequality: there is a 0 < α ≤ 1 such that for every basic holonomy θ : I → J

defined with respect to the rectangle R,∣∣∣∣log
r(θI1 : θI2)

r(I1 : I2)

∣∣∣∣ ≤ O((d�(I, J )|K|)α) (3.4)

for all ι-leaf segments I1, I2 ⊂ K in I . Here for |K| one takes r(K : *(ξ, R)) which is
its length measured in a chart of the bounded atlas A(r), where ξ ∈ K . The constant α
depends only upon r and the constant of proportionality depends only upon r and R.

Proof. Take the largest n such that the ι-leaf segments I1 and I2 are contained in the
union of two n-cylinders with a common endpoint. By inequality (3.2) and since the ratio
functions are f -invariant, we have∣∣∣∣log

r(θI1 : θI2)

r(I1 : I2)

∣∣∣∣ =
∣∣∣∣log

r(f−nι θI1 : f−nι θI2)

r(f−nι I1 : f−nι I2)

∣∣∣∣
≤ O((d�(f

−n
ι I, f−nι J ))α).

By bounded geometry, there are 0 < ν < 1 and 0 < β ≤ 1 such that

d�(f
−n
ι (I ), f −nι (J )) ≤ O(d�(I, J )ν

n) ≤ O(d�(I, J )|K|β). ✷

PROPOSITION 3.5. Suppose that r is an ι-ratio function. Then for some 0 < α < 1, A(r)
is a C1+α bounded atlas with bounded geometry and is C1+α foliated. Moreover, there
is 0 < β < 1 such that if θ : I → J is an ι-basic holonomy defined with respect to the
rectangle R then for all segments I1, I2 ⊂ K in I ,∣∣∣∣log

rj (θI1 : θI2)

ri(I1 : I2)

∣∣∣∣ ≤ O((d�(I, J ))
β |K|βi ), (3.5)
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where i : I → R and j : J → R are in A(r) and the constant of proportionality in the O
term only depends upon the choice of A(r) and upon the rectangle R.

Proof. By Proposition 3.3, A(r) is a C1+α bounded atlas. Inequality (3.5) follows from
Proposition 3.4 and so by Proposition 2.5 the holonomies are C1+α smooth for some
0 < α < 1. Therefore, L(r) is a C1+α foliated lamination structure. ✷

3.2. The HR structure associated with a Cr hyperbolic realization. Let φ be a Cr

hyperbolic realization of (f,�,W). This determines a unique HR structure as follows.
Let Aι

φ and A(ρ)ι be the C1+α-foliated lamination atlases associated with φ and with a

C1+γ Riemannian metric ρ on M (see §2.5). If I is an ι-leaf segment then by |I |ρ we mean
the length in the Riemannian metric ρ of the minimal full ι-leaf segment containing I .

Before proceeding to the construction of the HR structure associated to φ, we consider
the following lemma.

LEMMA 3.6. Let ρ be a C1+γ Riemannian metric as previously described. Then for all
ι-leaf segments I and J with a common endpoint and for all n ≥ 0 the following limit
exists and is achieved exponentially fast,

rιρ(I : J ) = lim
n→∞

|f−nι I |ρ
|f−nι J |ρ

∈ |I |ρ|J |ρ (1±O(|I ∪ J |γρ )), (3.6)

where the constant of proportionality in the O term only depends upon the choice of the
Riemannian metric ρ.

Proof. Let Î and Ĵ be the minimal full ι-leaf segments such that I = Î ∩� and J = Ĵ ∩�.
Also let kn : f−nι (Î ∪ Ĵ )→ R be an isometry between the Riemannian metric on the full
ι-leaf segments and the Euclidean metric on the reals.

The maps f̂n : kn◦f−nι (Î∪Ĵ )→ kn+1◦f−(n+1)
ι (Î∪Ĵ ) defined by f̂n = kn+1◦f−1

ι ◦kn
areC1+γ and haveC1+γ norm uniformly bounded for all n ≥ 0. Hence, by the Mean Value
Theorem and by the hyperbolicity of � for f , we get

∣∣∣∣ |f−nι I |ρ
|f−nι J |ρ

|J |ρ
|I |ρ

∣∣∣∣ ≤
n−1∑
i=0

|log f̂ ′i (xi)− log f̂ ′i (yi)|

≤ O(|I ∪ J |γρ ),

where xi ∈ ki ◦ f−iι Î and yi ∈ ki ◦ f−iι Ĵ , so (3.6) follows. ✷

PROPOSITION 3.7. Let φ be a C1+ hyperbolic realization of (f,�,W) in M . There is a
unique HR structure HRφ = (rs , ru) on � such that the C1+ stable and unstable foliated
lamination atlases As

φ and Au
φ induced by the realization φ have the following property:

(∗) for ι = s and u, a map i : I → R defined on an ι-leaf segment I is C1+α-compatible
with all j ∈ A(rι) if and only if it is C1+α-compatible with all j ∈ Aι

φ .

Furthermore, (rs , ru) = (rsρ, r
u
ρ ), for any C1+γ Riemannian metric ρ.
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Proof. Let us start proving that rιρ is an ι-ratio function. By construction (see (3.6)), we
obtain that rιρ is continuous, satisfies (3.1) and is invariant under f . So, it is enough to
prove that rιρ satisfies (3.2).

Let θ : I → J be a basic ι-holonomy. Let n be the integer part of (log d�(I, J ))/
(2 log 2). Let θ̂ : f−nι I → f−nι J be the basic ι-holonomy given by θ̂ (x) = f−nι ◦θ◦f n

ι (x).
By the f invariance of rιρ , for all ι leaf segments I1, I2 ⊂ K in I , we have that

∣∣∣∣log
r(θI1 : θI2)

r(I1 : I2)

∣∣∣∣ =
∣∣∣∣∣log

r(θ̂f−nι I1 : θ̂f−nι I2)

r(f−nι I1 : f−nι I2)

∣∣∣∣∣ . (3.7)

By (3.6) and bounded geometry, there is 0 < β1 ≤ 1, such that∣∣∣∣∣log r(θ̂f−nι I1 : θ̂f−nι I2)
|f−nι θ̂I2|ρ
|f−nι θ̂I1|ρ

∣∣∣∣∣ ≤ O(|f−nι θ̂I |γρ ) ≤ O(2−nγβ1)

≤ O(d�(I : J )γβ1/2). (3.8)

Similarly, we have∣∣∣∣log r(θ̂f−nι I2 : θ̂f−nι I1)
|f−nι I1|ρ
|f−nι I2|ρ

∣∣∣∣ ≤ O(d�(I : J )γβ1/2). (3.9)

By Theorem 2.2 in [14], the basic ι-holonomies satisfy (2.2) and so (2.3), with respect to
the charts in the lamination atlas Aι(ρ). Hence, for some 0 < β2 ≤ 1, we have∣∣∣∣∣log

|f−nι θ̂I1|ρ
|f−nι θ̂I2|ρ

|f−nι I2|ρ
|f−nι I1|ρ

∣∣∣∣∣ ≤ OR(d�(f
−n
ι I, f−nι J )β2)

≤ OR(d�(I, J )
β2/2). (3.10)

Applying (3.8), (3.9) and (3.10) to (3.7), we obtain∣∣∣∣log
r(θI1 : θI2)

r(I1 : I2)

∣∣∣∣ ≤ O(d�(I : J )β3),

where β3 = min{γβ1/2, β2/2}. Thus, rιρ satisfies (3.2), and so is an ι-ratio function.
Let us prove that rιρ satisfies property (*). As observed in §2.5, the overlap maps

between charts in Aι
φ and Aι(ρ) are C1+ compatible. Hence, it is enough to prove that

the overlap map between the charts i : I → R in Aι(rρ) and the charts j : I → R in
Aι(ρ) are C1+ compatible. By (3.6), for all ι leaf segments I1, I2 ⊂ K in I , we have∣∣∣∣log

|I1|i
|I2|i
|I2|j
|I1|j

∣∣∣∣ =
∣∣∣∣log r(I1 : I2)

|I2|ρ
|I1|ρ

∣∣∣∣ ≤ O(|K|γi ).

Hence, the overlap map (or identity map) between the charts i and j satisfies (2.1), taking
in (2.1) the holonomy map θ equal to the identity map, and so the overlap map has a C1+
extension to R proving property (*).

The uniqueness of the HR structure follows from the f -invariance of rsρ and ruρ because
two HR structures that are compatible with the lamination structures have arbitrarily close
ratios on sufficiently small segments and therefore, since the ratios are f -invariant, they
must be the same. ✷
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i(K) i(J)

I′

x0 x1x′
0 x′

1 x′′
0 x′′

1

x

y

y = u(x)i( )I

′J

FIGURE 2. The images of I an J by i and their projections in the horizontal axis.

We now consider some simple results that show that the ratio functions can be defined
in other natural ways and enable us to prove that the HR structure is an invariant of C1+
conjugacy.

LEMMA 3.8. Fix a bounded atlas for the C1+γ structure on M . Suppose that I, J and
K are full ι-leaf segments with I, J ⊂ K and that in some chart i of the atlas, K
has the form y = u(x) with x ∈ (x0, x1) and u′(x) = 0 for some x ∈ (x0, x1).
Let I ′ = {(x, 0) : x ′0 < x < x ′1} and {(x, 0) : x ′′0 < x < x ′′1 } be, respectively, the
projection of i(I ) and i(J ) onto the x-axis and let I ′′ = i−1(I ′) (see Figure 2). Then there
is 0 < α < 1 such that

|I |ρ
|I ′′|ρ ∈ 1±O(|K|αρ)
|I |ρ
|J |ρ ∈ (1±O(|K|αρ))

|x ′1 − x ′0|
|x ′′1 − x ′′0 |

|I |ρ
|J |ρ ∈ (1±O(|K|αρ))

‖i(I )‖
‖i(J )‖ (3.11)

where ‖i(I )‖ and ‖i(J )‖ are, respectively, the Euclidean distances between the endpoints
of i(I ) and i(J ). In each case the constants of proportionality only depend upon the atlas,
ρ and the C1+γ norm of u and α only depends upon the atlas.

Proof. Since ρ is C1+γ we can assume that in each chart of the atlas it can be written in
the form g11 dx

2+ g12 dx dy + g22 dy
2 where the gij are Cγ with uniformly bounded Cγ

norm. Then integrating ρ along y = u(x) and y = 0, and using that |u′| is uniformly
bounded, we get

|I |ρ, |I ′′|ρ ∈ (1±O(|K|αρ))
√
g11(x0)|x ′1 − x ′0|.

Using the Euclidean metric in R
2, a similar argument applies to the line segment with

endpoints (x ′0, u(x
′
0)) and (x ′1, u(x

′
1)) showing that

‖i(I )‖ ∈ (1±O(|K|αρ))|x ′1 − x ′0|.
Similarly for J . Hence, (3.11) follows from combining these results. ✷
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PROPOSITION 3.9. If ψ is a C1+ hyperbolic realization of (f,�,W) in M which is C1+
conjugated to φ then HRψ = HRφ .

Proof. Suppose that ϕ and ψ are C1+β conjugated. Then by conjugating ψ with the
conjugacy we obtain a new diffeomorphism ψ ′ that has the same invariant set � as ϕ and
for which ϕ|� = ψ ′|�. Moreover, it is clear that the HR structures of ψ and ψ ′ are the
same since the conjugacy maps the full ι-leaf segments of ψ to the full ι-leaf segments of
ψ ′. Thus we replace ψ by ψ ′ and assume that ψ has the properties of ψ ′. In particular, this
means that K is a ι-leaf segment for ϕ if and only if it is one for ψ. In this case we denote
by Kϕ and Kψ the minimal full ι-leaf segments containing K for ϕ and ψ respectively.
Moreover, without loss of generality we may assume that α = β = γ , where α and γ are
as in Lemma 3.8.

Since � is hyperbolic and compact it can be covered by a finite set of charts of M such
that in each chart both the full u-leaf segments Kϕ and Kψ are plots of the form y = u(x)

where u is C1+γ and has a uniformly bounded C1+γ norm.
Thus for a chart containingKϕ and Kψ , Kϕ is of the form y = uϕ(x) with x ∈ (x0, x1).

Then by a composition of this chart with a transformation of the form (x, y) → (x, y −
uϕ(x)) we obtain a chart i = iK in which i(Kϕ) is of the form {(x, 0) : x0 < x < x1}.
The set of such charts {iK} is a bounded C1+γ atlas, since the maps u have a uniformly
bounded C1+γ norm.

Now consider the image of Kψ under i = iK . Recall that Kϕ ∩ Kψ = K ⊂ � and
that each point of K is an accumulation point. Therefore Kϕ and Kψ are tangential at
all points of K . Thus in a neighbourhood U of i(K), Kψ is of the form y = uψ(x)

where uψ(x) = 0 and u′ψ(x) = 0 if x ∈ K . We can now apply Lemma 3.8 to deduce
that

|Iϕ |ρ
|Jϕ |ρ ∈ (1±O(|K|γρ ))

|Iψ |ρ
|Jψ |ρ .

From this it follows immediately that the ι-ratio functions are the same for ϕ and ψ , and
hence that they induce the same HR structures. ✷

LEMMA 3.10. Fix a bounded atlas for the C1+γ structure on M . Suppose that I, J and
K are full ι-leaf segments with I, J ⊂ K then

|I |ρ
|J |ρ ∈ (1±O(|K|γρ ))

‖i(I )‖
‖i(J )‖

where i is any chart in the atlas which containsK in its domain and ‖i(I )‖ and ‖i(J )‖ are,
respectively, the Euclidean distances between the endpoints of i(I ) and i(J ). The constants
of proportionality depend only upon the atlas ρ and the bounded atlas considered.

Proof. Consider a chart i whose domain contains K . After composing i with a rotation
and a translation if necessary we obtain that if K is sufficiently small then i(K) is of the
form y = u(x) with x ∈ (x0, x1) and u(x0) = 0 = u(x1) where the C1+γ norm of u is
uniformly bounded. The result then follows directly from Lemma 3.8. ✷
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COROLLARY 3.11. Suppose that instead of using equation (3.6) to define the ratios
r(I : J ) we use the Euclidean distances so that

rιe(I : J ) = lim
n→∞

‖if n
ι I‖

‖if n
ι J‖

where ‖if n
ι I‖ and ‖if n

ι J‖ are as in Lemma 3.8. Then (rse , r
u
e ) = (rsρ, r

u
ρ ).

4. Orthogonal structures

In this section r = k + α where k ≥ 1 is an integer and 0 < α ≤ 1. An orthogonal chart
(i, U) on � is an embedding i : U → R

2 of an open subset U of � which embeds every
leaf segment in U into a horizontal or vertical arc of R (say stables into horizontals and
unstables into verticals). Two such charts (i1, U1) and (i2, U2) on � are Cr compatible if
the chart overlap map i2◦i−1

1 : i1(U1∩U2)→ i2(U1∩U2) is Cr in the sense that it extends
to a Cr diffeomorphism of a neighbourhood of i1(U1∩U2) in R

2 onto a neighbourhood of
i2(U1 ∩ U2) in R

2.

Definition 4.1. A Cr orthogonal atlas O on � is a set of orthogonal charts which cover �
and are Cr compatible with each other. Such an atlas is said to be bounded if its overlap
maps have a uniformly boundedCr norm, with the bound depending only upon the atlas O.

Since � is compact any atlas contains a bounded atlas.

PROPOSITION 4.2. An HR structure on � canonically determines a C1+ bounded
orthogonal atlas such that for every x ∈ � there is a chart (ix, Ux) with x ∈ Ux with
the following properties: (i) the image by ix of the ι-leaf segments passing through x

determines the same affine structure on these leaf segments as the one given by the HR
structure; and (ii) the map if (x) ◦ f ◦ i−1

x has an affine extension to R
2 (in particular

is C1+).

Proof. Given an HR structure on � we construct orthogonal charts using small rectangles
R as follows. Suppose that x ∈ � andR is a small rectangle containing x. Let *s(x,R) and
*u(x,R) denote the stable and unstable leaf segments of x in R with an orientation chosen
on them. For y ∈ R, let is(y) = ±rs(*s(x, y) : *s(x,R)) where the plus sign is chosen if
y is positively oriented with respect to x and the minus sign otherwise. Define similarly iu.
The chart i on R is now given by ix(z) = (is([z, x]), iu([x, z])) ∈ R

2. Hence, this chart
satisfies property (i) of this proposition.

Since the HR structure determines an affine structure along leaf segments which is kept
invariant by f , for every x ∈ � the map if (x) ◦ f ◦ i−1

x has a smooth (affine) extension
to R

2.

Since an HR structure determines a unique affine structure on all leaf segments and since
the basic holonomies for this are C1+α by Proposition 3.5 for some α > 0, the overlap map
between any two canonical charts ix and iy has a C1+ extension (not necessarily unique).
Therefore, the orthogonal charts form a C1+ orthogonal atlas.

The converse statement follows in a similar way to the proof of Proposition 3.7. ✷
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5. HR structures determine smooth conjugacy classes
As we have seen, a C1+ hyperbolic realization φ of (f,�,W) determines an HR structure
which is an invariant of the C1+ conjugacy class of φ. In Proposition 4.2, for any given HR
structure we have constructed a corresponding C1+ orthogonal atlas O. Using O, we will
prove in Proposition 5.5 that an HR structure is a complete invariant of the C1+ conjugacy
class of φ. In Proposition 5.7, again using the C1+ orthogonal atlas, we will construct for
any given HR structure (rs , ru) a C1+ hyperbolic realization φ of (f,�,W) with respect
to a C1+ structure SHR such that rsφ = rs and ruφ = ru. Putting together Propositions 3.7,
5.5 and 5.7 we obtain the following theorem.

THEOREM 5.1. Given (f,�,W), there is a natural one-to-one correspondence

(HR structures) ←→
(
C1+ conjugacy

classes

)
.

Definition 5.2. A structure Sφ of a Cr hyperbolic realization φ is holonomically optimal
if it maximizes the smoothness of the holonomy maps amongst the systems in the C1+
conjugacy class of φ.

At the end of this section we will prove the following optimality result.

THEOREM 5.3. (i) The structure SHR determined by an orthogonal atlas O is the
holonomically optimal representative of the C1+ conjugacy class.

(ii) If φ and ψ are Cr Anosov diffeomorphisms determining the same HR structure then
they are Cr−ε conjugated for all small ε > 0 where r > 1.

PROPOSITION 5.4. Let φ be aC1+ hyperbolic realization of (f,�,W) with an associated
structure Sφ and let O denote the orthogonal atlas determined by HRφ . For every
orthogonal chart i : R → R

2 in O and for every z ∈ R there is a chart (v, V ) ∈ Sφ
with z ∈ V such that V ∩� = V ∩ R and such that v|(V ∩�) = i|(V ∩ R).
Proof. Let i : R → R

2 be an orthogonal chart and (j, V ′) be a chart of Sφ such that
(i) each full s-leaf segment and each full u-leaf segment in U are the graph of a C1+
function respectively over the x- and y-axes; (ii) j (z) = 0; and (iii) j ◦ i−1 is the identity
along the leaf segments *s(z, R) and *u(z, R). Thus j ◦ i−1(0) = 0. Let K = i(R), and
the map u : K → R

2 be defined by u = j ◦ i−1. We are going to prove that u has a C1+
extension ũ : R2 → R

2 and that the derivative dũ(0) of ũ at 0 is an isomorphism. Thus,
there is a small open set V ⊂ V ′ containing z such that V ∩ � = V ∩ R and such that
ũ|j (V ) is a C1+ diffeomorphism onto its image. Hence, (v = ũ−1 ◦ j, V ) is a chart C1+
compatible with the structure Sφ and v|(V ∩�) = i|(V ∩ R). To prove that u has a C1+
extension ũ : R2 → R

2 we start by finding the natural candidates ∂xu(x, y) and ∂yu(x, y)

to be the derivatives ∂xũ(x, y) and ∂yũ(x, y) of the extension ũ at the points (x, y) ∈ K .
Let πs : R

2 → R and πu : R
2 → R be the projections onto the x- and y-axes,

respectively. For every (0, y) ∈ K , consider the s-spanning leaf segments I sy in R of the
form (x, vy,s(x)) for x ∈ πs ◦ i(I sy ) in this chart, and for every (x, 0) ∈ K , consider the
u-spanning leaf segments Iuy in R of the form (vx,u(y), y) for y ∈ πu ◦ i(Ius ) in this chart,

where vy,s and vx,u are C1+ functions. Consider the basic holonomies θz,ι : I ι0 → I ιz in
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y
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y = θy,s(x)

x
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i(θz,s(i
−1(x, 0)))

FIGURE 3. The map θ̂z,ι .

R and let θ̂z,ι : πι ◦ i(I ι0) ⊂ R → R be defined by θ̂z,ι(x) = πι ◦ i ◦ θz,ι ◦ i−1(x, 0)
(see Figure 3). Hence,

u(x, y) = (θ̂y,s(x), vy,s(θ̂y,s(x)))

= (vx,u(θ̂x,u(y)), θ̂x,u(y)).

By Corollary 2.4 in [14], the maps θ̂y,s and θ̂x,u have C1+α1 extensions θ̃y,s and θ̃x,u which
vary Hölder continuously with y and x respectively, for some 0 < α1 < 1. Thus, we define

∂xu(x, y) = (θ̃ ′y,s(x), v′y,s(θ̃y,s(x))θ̃ ′y,s(x)),
∂yu(x, y) = (v′x,u(θ̃x,u(y))θ̃ ′x,u(y), θ̃ ′x,u(y)).

Since θ̃y,s and vy,s are C1+, for every y ∈ πu ◦ i(*u(z, R)), ∂xu(x, y) varies Hölder
continuously with x ∈ πs ◦ i(*s(z, R)). Since the C1+α1 extensions θ̃y,s and θ̃x,u

vary Hölder continuously with y and x, and by the Hölder continuity of the stable and
unstable bundles (see §6 in [6]), for every x ∈ πs ◦ i(*s(z, R)), ∂xu(x, y) varies Hölder
continuously with y ∈ πu ◦ i(*u(z, R)). Therefore, ∂xu(x, y) varies Hölder continuously
with (x, y) ∈ K . Similarly, we obtain that ∂yu(x, y) varies Hölder continuously with
(x, y) ∈ K .

By the Whitney Extension Lemma (see [1]), the map u has a C1+ extension ũ with
∂xũ(x, y) = ∂xu(x, y) and ∂yũ(x, y) = ∂yu(x, y), if

‖U((x, y), (x + hx, y + hy))‖ ≤ O(‖(hx, hy)‖1+α)
for some α > 0, where

U((x, y), (x ′, y ′)) = u(x ′, y ′)− u(x, y)− ∂xu(x, y)(x
′ − x)− ∂yu(x, y)(y

′ − y).

Since θ̃y,s and vy,s are C1+, for all y ∈ πu ◦ i(*u(z, R)), we have that the maps
uy : πs ◦ i(*sφ(z, R)) → R

2 defined by uy(x) = (θ̃y,s(x), vy,s(θ̃y,s(x))) are C1+α1 , for

some α1 > 0. Since θ̃x,u and vx,u are C1+, for all x ∈ πs ◦ i(*u(z, R)), we have that the
maps ux : πu ◦ i(*uφ(z, R))→ R

2 defined by ux(y) = (vx,u(θ̃x,u(y)), θ̃x,u(y)) are C1+α1 ,
for some α1 > 0. Therefore,

u(x + hx, y + hy)− u(x, y) = uy+hy (x + hx)− uy+hy (x)+ ux(y + hy)− ux(y)

∈ ∂xu(x, y + hy)hx + ∂yu(x, y)hy ±O(‖(hx , hy)‖1+α1).
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Since ∂xu(x, y) varies Hölder continuously with (x, y) ∈ K , there is a 0 < α ≤ α1 such
that

U((x, y), (x + hx, y + hy)) ∈ ∂xu(x, y + hy)hx − ∂xu(x, y)hx ±O(‖(hx , hy)‖1+α1)

⊂ ±O(‖(hx, hy)‖1+α). ✷

PROPOSITION 5.5. Let φ and ψ be C1+ hyperbolic realizations of (f,�,W). The maps
φ and ψ are C1+ conjugated if and only if they determine the same HR structures on �.

Before proceeding to the proof of this proposition we are going to prove an auxiliary
lemma that we will also use later in the proof of Proposition 5.7.

LEMMA 5.6. Consider (f,�,W) and let h : � → � be a homeomorphism preserving
the order along the leaf segments of W . Let S and S ′ be C1+ structures on M such that
there are charts (u1, U1), . . . , (up,Up) ∈ S and (v1, V1), . . . , (vp, Vp) ∈ S ′ with the
following properties:
(i) � ⊂⋃p

q=1 Uq ;

(ii) for every q = 1, . . . , p, hq : Uq → Vq is a C1+ diffeomorphism between S and S ′
which extends h|(� ∩ Uq).

Then h : �→ � extends to a C1+ diffeomorphism defined on an open set of M .

Let us introduce some useful notions for the proof of this lemma. We say that a
rectangle Mn is an (Ns,Nu)-Markov rectangle if, for all x ∈ Mn and for ι ∈ {s, u},
the ι-spanning leaf segments *ι(x,Mn) are ι-leaf Nι-cylinders. Let us consider the set of
all (N,N)-Markov rectangles Mn for some fixed N > 1. A corner c is an endpoint of a
stable spanning segment and of an unstable spanning segment contained in the boundary
of an (N,N)-Markov rectangle Mn. A ι-partial side s is a closed ι-leaf segment whose
endpoints are corners and such that int s does not contain any corner. Let CN be the set of
all such corners and SN be the set of all such s-partial sides and u-partial sides. For all
corners c ∈ CN and for all partial sides s ∈ SN , there are corner rectangles R(c) and side
rectangles R(s) with the following properties (see Figure 4):
(i) c ∈ R(c);
(ii) if c1 and c2 are corners of the ι-partial side s then s ⊂ R(c1)∪R(s)∪R(c2) and the

ι′-boundary of R(s) is contained in R(c1) ∪ R(c2);
(iii) the rectangles R(c) are pairwise disjoint for all c ∈ CN ;
(iv) the rectangles R(s) are pairwise disjoint for all s ∈ SN .

Proof. We will consider separately the cases where (i) both the stable and unstable leaf
segments are one-dimensional topological manifolds (the Anosov case); (ii) both the stable
and unstable leaf segments are Cantor sets (e.g. Smale horseshoes); (iii) the stable leaf
segments are Cantor sets and the unstable leaf segments are one-dimensional topological
manifolds (attractors); and (iv) the stable leaf segments are one-dimensional topological
manifolds and the unstable leaf segments are Cantor sets (repellers).

Case (i). In this case � = M and so by the hypotheses of this lemma h : M → M is a
C1+ diffeomorphism.
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FIGURE 4. The corner and side rectangles.

Case (ii). Since � is compact and a Cantor set, there is a finite set {Mn : 1 ≤ n ≤ m}
of pairwise disjoint rectangles with the following properties: (i)

⋃m
n=1 Mn ⊃ �; (ii) for

each rectangle Mn there are charts (un,Un) ∈ S and (vn, Vn) ∈ S ′ such that Un ⊃ Mn

and h has a C1+ diffeomorphic extension hn : Un → Vn. Take pairwise disjoint open sets
U ′n ⊂ Un such that Mn ⊂ U ′n and the sets V ′n = hn(U

′
n) are also pairwise disjoint. The map

ĥ :
m⋃
n=1

U ′n→
m⋃
n=1

V ′n

defined by ĥ|U ′n = hn is a C1+ diffeomorphic extension of the conjugacy h : �→ �.

Case (iii). Since � is compact, there exists N large enough such that for every (N,N)-
Markov rectangle Mn there are charts (un,Un) ∈ S and (vn, Vn) ∈ S ′ such that

Un ⊃
(
Mn ∪

( ⋃
s∈SN∩Mn

R(s)

)
∪

( ⋃
c∈CN∩Mn

R(c)

))

and h has a C1+ diffeomorphic extension hn : Un → Vn. For every corner c ∈ CN , we
choose an (N,N)-Markov rectangle Mn(c) containing c, and an open set U(c) ⊃ R(c)

with the following properties:
(i) for every (N,N)-Markov rectangle Mm containing c,

U(c) ⊂ Um and V (c) = hn(c)(U(c)) ⊂ Vm;
(ii) the sets U(c) are pairwise disjoint for all c ∈ CN ; and
(iii) the sets V (c) = hn(c)(U(c)) are also pairwise disjoint for all c ∈ CN .
We define the C1+ diffeomorphic extension

hC :
⋃
c∈CN

U(c)→
⋃
c∈CN

V (c)

of h
∣∣(� ∩ ( ⋃

c∈CN U(c)
))

by hC |U(c) = hn(c)|U(c). Similarly, for every partial side
s ∈ SN , we choose an (N,N)-Markov rectangle Mn(s) containing s, and an open set
U(s) ⊃ R(s) with the following properties:
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FIGURE 5. The open sets associated with the corner and side rectangles.

(i) for every (N,N)-Markov rectangle Mm containing s,

U(s) ⊂ Um and V (s) = hn(s)(U(s)) ⊂ Vm;
(ii) the sets U(s) are pairwise disjoint for all s ∈ SN ; and
(iii) the sets V (s) = hn(s)(U(s)) are also pairwise disjoint for all s ∈ SN .
We define the C1+ diffeomorphic extension

hS :
⋃
s∈SN

U(s)→
⋃
s∈SN

V (s)

of h
∣∣(� ∩ ( ⋃

s∈S U(s)
))

by hS |U(s) = hn(s)|U(s). Let s ∈ SN be a partial side with
endpoints c1 and c2. We define

Hs : un(s)(U(s))→ vn(s)(V (s)) and Hck : un(s)(U(ck))→ vn(s)(V (ck))

by
Hs = vn(s) ◦ hS ◦ u−1

n(s) and Hck = vn(s) ◦ hC ◦ u−1
n(s)

for k = 1 and 2. We choose open sets U ′(s), U ′(c1), U ′(c2), U ′′(s) and sets U ′′(c1) and
U ′′(c2) with the following properties (see Figure 5):
(i) U ′(s) = U ′(c1) ∪U ′′(c1) ∪ U ′′(s) ∪U ′′(c2) ∪ U ′(c2);
(ii) s ∩ U ′(s) = s ∩ U(s);
(iii) U ′(c1) ∪ U ′′(c1) ⊂ U(c1) and U ′(c2) ∪ U ′′(c2) ⊂ U(c2);
(iv) U ′′(c1) ⊂ U(s) and U ′′(c2) ⊂ U(s); and
(v) U ′(c1) ∩ U ′′(s) = ∅ and U ′(c2) ∩ U ′′(s) = ∅.
Now, using bump functions, there is a C1+Hölder map H̃s : un(s)(U ′(s)) ⊂ R

2 → R
2 with

the following properties:
(i) H̃s |un(s)(U ′′(s)) = Hs ;
(ii) H̃s |un(s)(U ′(ck)) = Hck for all k ∈ {1, 2}; and
(iii) H̃s(z) = vn(s) ◦ h ◦ u−1

n(s)(z) for all z ∈ un(s)(U ′(s) ∩�).
Using the facts that Hs and Hck coincide on uns (U

′(s) ∩ U(ck) ∩ �) and that R(s) is
compact, there is an open set Ũ(s) ⊂ U ′(s) such that s ∩ Ũ(s) = s ∩ U ′(s) and such that
H̃s restricted to un(s)(Ũ (s)) is injective. Set Ṽ (s) = v−1

n(s) ◦ H̃s ◦ u(Ũ(s)). Letting, for

every c ∈ CN , Ũ (c) and Ṽ (c) be the open sets defined by

Ũ (c) = U(c)

∖(
U(c) ∩

( ⋃
s∈SN

U(s)

))
and Ṽ (c) = hC(Ũ(c)),
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we obtain that the map

h̃ :
( ⋃
c∈CN

Ũ(c)

)
∪

( ⋃
s∈SN

Ũ(s)

)
→

( ⋃
c∈CN

Ṽ (c)

)
∪

( ⋃
s∈SN

Ṽ (s)

)

defined by

h̃(z) =
{
v−1
n(s) ◦ H̃s ◦ un(s)(z) for all z ∈⋃

s∈SN
Ũ(s),

hC(z) for all z ∈⋃
c∈CN Ũ(c),

is a C1+ diffeomorphic extension of

h

∣∣∣∣
(
� ∩

(( ⋃
c∈CN

Ũ(c)

)
∪

( ⋃
s∈SN

Ũ(s)

)))
.

For any (N,N)-Markov rectangle Mn, letting

Ũn =
( ⋃

c∈Mn∩CN
Ũ (cnk )

)
∪

( ⋃
s∈Mn∩SN

Ũ (snk )

)

we have that ∂Mn ⊂ Ũn. We take open sets ˜̃Un with pairwise disjoint closures and such

that ˜̃Un ∪ Ũn ⊃ Mn. Using bump functions, there is a C1+ injective map

Ĥn : un(Ũn ∪ ˜̃Un) ⊂ R
2 → R

2

with the following properties:

(i) Ĥn(z) = vn ◦ h̃ ◦ u−1
n (z) for all z ∈ un(Ũn \ ( ˜̃Un ∩ Ũn));

(ii) Ĥn(z) = vn ◦ hn ◦ u−1
n (z) for all z ∈ un( ˜̃Un \ ( ˜̃Un ∩ Ũn)); and

(iii) Ĥn(z) = vn ◦ h ◦ u−1
n (z) for all z ∈ un(� ∩ ( ˜̃Un ∪ Ũn)).

Using the fact that vn ◦ h̃ ◦ u−1
n and vn ◦ hn ◦ u−1

n coincide on un(� ∩ Ũn), there is an

open set Ûn ⊂ ˜̃Un ∪ Ũn containing Mn such that Ĥn restricted to un(Ûn) is injective.
Set V̂n = v−1

n ◦ Ĥn ◦ un(Ûn). Therefore, the map

ĥ :
⋃
Mn

Ûn→
⋃
Mn

V̂n

defined by
ĥ(z) = v−1

n ◦ Ĥn ◦ un(z) for all z ∈ Ûn

is a C1+ diffeomorphism with ĥ|� = h which ends the proof of this case.

Case (iv). The proof follows in a similar way to the case (iii). ✷

Proof of Proposition 5.5. By Proposition 3.7, if φ and ψ are C1+ conjugated then they
determine the same HR structure on �. Let us prove that if φ and ψ determine the same
HR structure on � then φ and ψ are C1+ conjugated. Since the HR structures induced
by φ and ψ are the same, for every z ∈ � and every rectangle R containing z we have
that the orthogonal charts i : R→ R

2 as constructed in Proposition 4.2 are also the same.
By Proposition 5.4, for every z ∈ � there is an open set W of M and there is an orthogonal
chart i : R→ R

2 with the following properties:
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(i) W ∩ R = W ∩�;
(ii) i|(W ∩�) extends to a chart (u,W) which is C1+ compatible with the structure Sφ ;

and
(iii) i|(W ∩�) extends to a chart (v,W) which is C1+ compatible with the structure Sψ .
The identity map id : � → � is a conjugacy between φ and ψ , and so the map
v ◦ id ◦ u−1|u(W ∩ �) is also the identity. Hence, the identity map idW : u(W) → R

2

is a smooth extension of v ◦ id ◦ u−1|u(W ∩ �). Now, we choose an open set U ⊂ W

of M containing z and such that u(U) ⊂ v(W). Since W ∩ R = W ∩ � we obtain that
U ∩ R = U ∩ � and by taking V = v−1 ◦ idW ◦ u(U) we obtain that V ∩ R = V ∩ �.
The map hU : U → V is well defined by

hU(z) = v−1 ◦ idW ◦ u(z) (5.1)

and is a C1+ diffeomorphic extension to U of the conjugacy id|(�∩U) between φ and ψ .
Hence, the hypotheses of Lemma 5.6 are satisfied with h = id : � → � which implies
that the conjugacy id : �→ � between φ andψ extends to a C1+ diffeomorphism defined
on an open set of M . ✷

PROPOSITION 5.7. Given an HR structure (rs, ru) on �, there is a C1+ hyperbolic
realization φ of f with the HR structure HRφ of Proposition 3.7 equal to (rs , ru).

Proof. Here, we are going to construct a C1+ structure SHR such that for every z ∈ � there
is an orthogonal chart iz : Rz → R

2 as constructed in Proposition 4.2 and there is a chart
(uz, Uz) ∈ SHR with the following properties:
(i) z ∈ Rz ∩ Uz and Rz ∩ Uz = � ∩ Uz; and
(ii) uz|(� ∩ Uz) = iz|(Rz ∩ Uz).
Hence, the map ufz ◦ f ◦ u−1

z |(Rz ∩ f−1(Rf z)) has an affine diffeomorphic extension
Fz : R2 → R

2. Taking U ′z = uz(Uz) ∩ F−1
z (uf z(Uf z)) and V ′z = Fz(U

′
z), we obtain that

the map
fz : u−1

z (U ′z)→ u−1
f z (V

′
z)

defined by u−1
z ◦ Fz ◦ uf z is a C1+ diffeomorphic extension of f |(� ∩ u−1

z (U ′z)) with
respect to the C1+ structure SHR. Thus, by compactness of � and by Lemma 5.6, the map
f : �→ � has a C1+ diffeomorphic extension φ to an open set UM of M with respect to
the structure SHR. Let Xs be the horizontal axis in R

2 and Xu be the vertical axis in R
2.

For every z ∈ �, we have that TzM = Es
z

⊕
Eu
z where Eι

z = duz(z)
−1(Xι) for ι ∈ {s, u}.

Since uz(*
ι(z, Rz) ∩ Uz) ⊂ Xι, we obtain that dφ(z)(Eι

z) = Eι
φ(z). Now, we take a

C1+ Riemannian metric ρ on M compatible with the C1+ structure SHR. By the bounded
geometry of the atlases A(rs) and A(ru) associated with the HR structure (rs , ru), there
are constants C > 0 and λ > 1 with the following properties:
(i) |dφ−n(z)vs |ρ ≥ Cλn|vs |ρ for all vs ∈ Es

z ; and
(ii) |dφn(z)vu|ρ ≥ Cλn|vu|ρ for all vu ∈ Eu

z .
Therefore, φ is a hyperbolic realization of (f,�,W). By the Stable Manifold Theorem,
for every z ∈ � and for every ι ∈ {s, u}, the leaf *ιφ(z, Rz) is a C1+ manifold. For every
triple (y, z,w) of points in *ι(z, Rz), let *ι(y, z) be the ι-leaf segment with endpoints y
and z and *ι(z,w) be the leaf segment with endpoints z and w. Applying Lemma 3.8,
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we obtain ∣∣∣∣log rι(y, z,w)
|*ι(z,w)|ρ
|*ι(y, z)|ρ

∣∣∣∣ ≤ O(|*ι(y,w)|αρ),

where 0 < α ≤ 1 and the constant of proportionality are uniform on z ∈ �. Therefore, the
HR structure determined by φ is equal to the initial HR structure (rs , ru), which ends the
proof. ✷

Now, let us construct the C1+ structure SHR. Let {M1, . . . ,Mn} be a Markov partition
for f . For every Markov rectangle Mm, we take a rectangle Rm ⊃ Mm which contains a
small neighbourhood of Mm with respect to the distance d�. We construct an orthogonal
chart im : Rm → R

2 as in Proposition 4.2. Let hm,k : im(Rm ∩ Rk) → ik(Rm ∩ Rk)

be the map defined by hm,k(x) = im ◦ i−1
k (x). By Proposition 4.2, there is a C1+

diffeomorphic extension Hm,k : Um,k → Uk,m of hm,k which sends vertical lines into
vertical lines and horizontal lines into horizontal lines. Let us denote by Sm the rectangle
in R

2 whose boundary contains the image under im of the boundary of Mm. For every
pair of Markov rectangles Mm and Mk which intersect in a partial side Im,k = Mm ∩Mk ,
let Jm,k and Jk,m be the smallest line segments containing respectively the sets im(Im,k)
and ik(Im,k). Hence, Jk,m = Hm,k(Jm,k). Let M̃ = ⊔n

m=1 Sm/{Hm,k} be the disjoint
union of the squares Sm where we identify two points x ∈ Jm,k and y ∈ Jk,m if
Hk,m(x) = y. Hence, M̃ is a topological surface possibly with boundary. By taking
appropriate extensions Em of the rectangles Sm and using the maps Hm,k to determine the
identifications along the boundaries, we get a surface M̂ = ⊔n

m=1 Em/{Hm,k} without
boundary. The surface M̂ has a natural smooth structure SHR that we now describe: if a
point z is contained in the interior of Em then we take a small open neighbourhood Uz of
z contained in Em and we define a chart uz : Uz → R

2 as being the inclusion of Uz ∩ Em

into R
2. Otherwise z is contained in a boundary of two or three or four sets Em1, . . . , Emn

which we order such that the maps Im1,m2 , . . . , Imn,m1 are well-defined. In this case we
take a small open neighbourhoodUz of z and we define the chart uz : Uz → R

2 as follows:
(i) uz|(Uz ∩ En) is the inclusion of Uz ∩ En into R

2; and
(ii) uz|(Uz ∩ Ej) = Hmn−1,mn ◦ · · · ◦Hmj ,mj+1 for j ∈ {1, . . . , n− 1}.
Since the maps Hm1,m2 , . . . , Hmn−1,mn and Hmn,m1 are smooth, we obtain that the set of all
these charts form a C1+ structure SHR on M̂.

We will also denote its embedding into M̂ by � and by a rectangle we also mean the
embedding of a rectangle into M̂. By Proposition 4.2 and by construction of the maps
Hm,k, for every z ∈ � and for every rectangle Rz the orthogonal chart iz : Rz → R

2 has
an extension vz whose restriction to an open set Vz of z is a chart C1+ compatible with the
structure SHR.

Proof of Theorem 5.3. Let φ be a Cr hyperbolic realization of (f,�,W). Let cn : I →
[0, 1] be defined as d2,n ◦ d1,n, where d1,n : I → f−nι I is given by f−nι , and d2,n = λ ◦ in,
where in : f−nι I → R is contained in a bounded Cr lamination atlas with bounded
geometry Aι

φ induced by φ and λ is the affine map of R which sends the endpoints of
in(f

−n
ι I ) into 0 and 1. Using (3.6), we obtain that c = lim cn is a chart of the form

given in (3.3) with respect to rι (up to scale) and c is C1+ compatible with the charts
in Aι

φ . Since the atlas Aι
φ has bounded geometry, the function d2,n ◦ d1,n ◦ i−1

0 is the
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composition of an exponential contraction in ◦ d1,n ◦ i−1
0 in the Cr norm followed by

a linear map λ. Hence, there is C > 0 such that the Cr norm of d2,n ◦ d1,n ◦ i−1
0 is

bounded byC for all n ≥ 0. Thus, by Arzelá-Ascoli’s Theorem we obtain that the sequence
d2,n ◦ d1,n ◦ i−1

0 converges in the Cr−ε norm to a Cr map d with Cr norm also bounded
by C. Hence, c = d ◦ i−1

0 is Cr compatible with the charts in Aι
φ and so A(rι) is a Cr

atlas. Thus, if the ι-basic holonomies θ : I → J are Cs for some 1 < s ≤ r with respect
to the charts in Aι

φ then the basic holonomies are also Cs with respect to the charts in
A(rι). Since by Proposition 3.7 the charts in A(rι) do not depend upon the Cr ′ hyperbolic
realizations ψ which are C1+ compatible with φ, we obtain that the basic holonomies in
A(rι) attain at least the maximum smoothness of the basic holonomies with respect to any
atlas Aι

ψ induced by these realizations ψ .
By construction of the structure SHR in Proposition 5.7, the smoothness of the

hyperbolic representative in this structure and the smoothness of the basic holonomies
in this structure are equal to the smoothness of the basic holonomies in A(rs) and A(ru),
which ends the proof of part (i) of this theorem.

Let φ and ψ be two Cr Anosov diffeomorphisms which are C1+ conjugated and let Aι
φ

and Aι
ψ be, respectively, Cr atlases induced by φ and ψ for ι ∈ {s, u}. By Proposition 3.7,

φ and ψ determine the same pair of ratio functions (rs, ru). As before the charts in A(rι)
are Cr compatible with the charts in Aι

φ and Aι
ψ and the overlap maps have Cr uniformly

bounded norm. Therefore, the conjugacy between φ and ψ is Cr along the stable and
unstable leaves of the transverse stable and unstable foliations with uniformly smooth
leaves. Hence, by Journé (see [7]) the conjugacy is Cr−ε for all small ε > 0, which
ends the proof of part (ii) of this theorem. ✷

6. Solenoid functions
We now discuss the solenoid functions that will provide us with our Teichmüller space.
We show how to associate with each HR structure on � a canonical pair of solenoid
functions which will classify the HR structures.

For ι = s or u let Sι denote the set of all ordered pairs (I, J ) where at least one of I
and J is a primary cylinder, the other is either a primary cylinder or a primary gap and the
intersection of I and J consists of a single endpoint (see §2.2 for the definition of primary
cylinders and gaps). Pairs (I, J ) where both are primary cylinders are called leaf–leaf
pairs or otherwise leaf–gap pairs.

We define a pseudo-metric dSι : Sι × Sι→ R
+ on the set Sι by

dSι ((I, J ), (I
′, J ′)) = max{d�(I, I ′), d�(J, J ′)}.

Now suppose that we have an HR structure (rs , ru) for (f,�,W). Then for ι = s and
u this defines functions ss : Ss → R

+ and su : Su → R
+ by restricting the stable and

unstable ratio functions rs and ru to the sets Ss and Su. We call such functions ss and
su realized solenoid functions and denote the set of such pairs of them by S(f,�,W).
The main theorem of this section gives an abstract characterization of this set.

THEOREM 6.1. S(f,�,W) is the set of all function pairs (ss , su) where for ι = s and u,
sι : Sι → R

+ is Hölder continuous in dSι and satisfies sι(J, I) = sι(I, J )
−1 and both the

f -matching and boundary conditions described later.
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FIGURE 6. The f -matching condition.

In the discussion which follows we refer to Hölder continuous functions sι : Sι → R
+

satisfying sι(J, I) = sι(I, J )
−1 and the f -matching and boundary conditions as abstract

solenoid functions. Of course our aim is to show that the abstract functions are the realized
functions.

6.1. Hölder continuity of solenoid functions. This means that for t = (I, J ) and
t ′ = (I ′, J ′) in Sι, |sι(t) − sι(t

′)| ≤ O((dSι (t, t
′))α). Clearly every realized solenoid

function satisfies this by inequality (3.2).

6.2. The f -matching condition. This condition is a consequence of the f -invariance of
the ratio functions. Consider an ι-ratio function r and let (I, J ) ∈ Sι. Suppose that we
have pairs

(I0, I1), (I1, I2), . . . , (In−2, In−1) ∈ Sι

such that I = ⋃k−1
j=0 fιIj and J = ⋃n−1

j=k fιIj . Then it is easy to see that, by the
f -invariance of r ,

r(I : J ) =
∑k−1

j=0
∏j−1

i=0 r(Ii+1 : Ii)∑n−1
j=k

∏j−1
i=0 r(Ii+1 : Ii)

.

Since a realized solenoid function sι is the restriction of such an r to such pairs it must
satisfy the f -matching condition (see Figure 6). For all such pairs (I, J ) and (Ij , Jj ),

sι(I : J ) =
∑k−1

j=0
∏j−1

i=0 sι(Ii+1 : Ii)∑n−1
j=k

∏j−1
i=0 sι(Ii+1 : Ii)

. (6.1)

6.3. The boundary condition. Leaf segments I in the boundaries of Markov rectangles
can sometimes be written as the union of primary cylinders in more than one way. If J is
another leaf segment adjacent to I then the value of r(I : J ) must be the same whichever
decomposition we use. If we write J = I0 = I ′0 and I as

⋃s
i=1 Ii and

⋃s ′
j=1 I

′
j where the

Ii and I ′j are primary cylinders with Ii �= I ′j for all i and j , then the previous two ratios are

s∑
i=1

i∏
j=1

r(Ij : Ij−1) =
s ′∑
i=1

i∏
j=1

r(I ′j : I ′j−1).
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s(I0 , I1) s(I1 , I2)

s(I′0 , I
′
1) s(I′1 , I

′
2) s(I′2 , I

′
3)

I0 I1 I2

I′0 I′1 I′2 I′3

FIGURE 7. The boundary condition.

Thus a realized solenoid function sι must satisfy the boundary condition (see Figure 7)
which is: for all such leaf–leaf pairs (Ij , Ij−1) ∈ Sι, j = 1, . . . , s and (I ′j , I ′j−1) ∈ Sι,
j = 1, . . . , s′ with I0 = I ′0 and with

⋃s
j=1 Ij =

⋃s
j=1 I

′
j and Ii �= I ′j for all i and j

s∑
i=1

i∏
j=1

sι(Ij : Ij−1) =
s ′∑
i=1

i∏
j=1

sι(I
′
j : I ′j−1). (6.2)

Proof of Theorem 6.1. Clearly every realized solenoid pair is an abstract one by this
discussion.

Now we prove the converse. Since the solenoid functions are continuous and their
domains are compact they are bounded away from 0 and∞. By this boundedness and the
f -matching condition of the solenoid functions and by iterating the domains Ss and Su of
the solenoid functions backward and forward by f , we determine the ratio functions rs

and ru at very small (and large) scales, such that f leaves the ratios invariant. Then, using
the boundedness again, we extend the ratio functions to all pairs of small adjacent leaf
segments by continuity.

By the boundary condition of the solenoid functions, the ratio functions are well
determined at the boundaries of the Markov rectangles. The proof of Proposition 3.4 shows
how to deduce inequality (3.4) from the Hölder continuity of the solenoid function. ✷
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