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Abstract. We construct a Teichmiiller space for the C!*-conjugacy classes of hyperbolic
dynamical systems on surfaces. After introducing the notion of an HR structure which
associates an affine structure with each of the stable and unstable laminations, we show that
there is a one-to-one correspondence between these HR structures and the C!*-conjugacy
classes. As part of the proof we construct a canonical representative dynamical system
for each HR structure. This has the smoothest holonomies of any representative of the
corresponding C'*-conjugacy class. Finally, we introduce solenoid functions and show
that they provide a good Teichmiiller space.

1. Introduction

In this paper we study the flexibility of smooth hyperbolic dynamics on surfaces. By the
flexibility of a given topological model of hyperbolic dynamics we mean the extent of
different smooth realizations of this model. Thus a typical result provides a Teichmiiller
space or a moduli space to parametrize these realizations. In this paper we will construct
Teichmiiller spaces for hyperbolic sets of surface diffeomorphisms with one-dimensional
stable and unstable manifolds including Anosov diffeomorphisms, attractors and Smale
horseshoes. In a later paper we extend these results to pseudo-Anosov systems.

To be effective it is important that these Teichmiiller spaces should be easily
characterized. For example, for Anosov diffeomorphisms of the torus that are either C*°
or C? and preserve a smooth invariant measure, the eigenvalue spectrum is known to be a
complete invariant of smooth conjugacy [4, 5]. However, it is not clear which eigenvalue
spectra are realized by such systems. Thus these do not make up a good Teichmiiller space.
The Teichmiiller spaces that we construct do not suffer from this and they usually consist of
easily characterized Holder functions. Moreover, for hyperbolic systems on surfaces other
than Anosov systems not only are the eigenvalue spectra difficult to characterize, they are
also only a complete invariant of Lipschitz conjugacy.
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A related Teichmiiller space for Anosov diffeomorphisms of tori has been constructed
by Cawley [2]. This is in terms of cohomology classes of Holder cocycles defined on
the torus. Its effectiveness for Anosov systems relies on the fact that the Lipschitz and
C'7 theories coincide. This is not the case for other hyperbolic systems and so Cawley’s
Teichmiiller description in terms of Holder cocycles will not work in the general case that
we treat here.

1.1.  Teichmiiller spaces. We now give a more precise description of our results.
Consider a C'* diffeomorphismt f of a compact surface M which has a hyperbolic
invariant subset A. We assume throughout that f|A is topologically transitive and that
A has a local product structure [17]. To avoid having to repeat this fact we adopt the
convention that by a hyperbolic set we mean one with these extra properties. We allow
both the case where A = M (so that f is Anosov and M = T2 [3, 9]) and the case
where A is a proper subset (e.g. a horseshoe or an attractor with one-dimensional unstable
manifolds such as the Plykin attractor).

We start by introducing the notion of a HR (Holder ratio) structure. We consider affine
structures on the stable and unstable laminations in A (§3). These are defined in terms
of a pair of ratio functions r* and r*. If r* and r* are Holder continuous and invariant
under f then we call the associated structure an HR structure. Theorem 5.1 gives a one-
to-one correspondence between HR structures and the C'* conjugacy classes of f|A.
The main step in the proof of this and related results is to show that, given an HR structure,
there is a canonical construction of a representative in the corresponding conjugacy class.
By Theorem 5.3, this representative has the following maximum smoothness property: the
holonomy maps for the representative are as smooth as those of any diffeomorphism that
is C'* conjugate to it. In particular, if there is an affine diffeomorphism with this HR
structure, then this representative is the affine diffeomorphism.

It is interesting to note that when we consider the C!T realizations of a particular
topological model then the stable and unstable ratio functions are independent in the
following sense. If r* is a stable ratio function for some realization and r* is the unstable
ratio function for some other realization then there is a realization that has the pair (r*, r*)
as its HR structure.

In §6 we define solenoid functions. Each HR structure has a pair (s°, s*) of these
corresponding to the stable and unstable laminations of A associated with it. The solenoid
functions s* and s* are the restrictions of the ratio functions r* and r", respectively, to a
set determined by a Markov partition of f. Theorem 6.1 states that there is a one-to-one
correspondence between Holder solenoid function pairs and HR structures. Since these
solenoid function pairs form a nice space with a simply characterized completion they
provide a good Teichmiiller space. For example, in the classical case of Smale horseshoes
the Teichmiiller space is the set of all pairs of positive Holder continuous functions with
the domain {0, 1}%V.

THEOREM 1.1. (Teichmiiller space) The natural map c which associates a solenoid
function pair to a C'* conjugacy class is injective and has a well-characterized image
and a natural inverse on it.

+ See the note in §1.2 regarding our meaning of clt.
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Although we will not prove it in this paper we mention here that the completion of
the image of ¢ is the set of pairs of continuous solenoid functions which is a closed
subset of a Banach space. They correspond to f-invariant affine structures on the stable
and unstable laminations for which the holonomies are uniformly asymptotically affine as
defined in [19].

This Teichmiiller space is also important because it enables us to construct interesting
classes of smooth hyperbolic systems. For example, in [13] we use it to construct all
such systems with an invariant measure with a given geometric measure class (such as
all Anosov diffeomorphisms with an invariant measure that is absolutely continuous with
respect to a two-dimensional Lebesgue measure). Another interesting application of this
Teichmiiller space appears in [15] which studies rigidity for diffeomorphisms on surfaces.
For example, a C” Anosov map with C>*¢ holonomies is C"~ conjugated to a hyperbolic
toral automorphism for every small « > 0, where 0 < ¢ < 1.

This paper extends the work of Sullivan and of the authors from one-dimensional
expanding dynamics (see [10], [16] and [18]) to the context of hyperbolic dynamics on
surfaces.

1.2. Conventions.

(1) Smoothness. In this paper, when we say that a map, atlas or structure is C" we
include the case CK* where k is a positive integer. For maps f this means that f is
Ckte for some 0 < @ < 1, i.e. C* with a-Holder continuous kth-order derivatives.
For an atlas or structure this means that each pair of charts in the atlas or structure
are ¥+ compatible for some 0 < @ < 1 where the & might depend upon the charts.
In the case of an atlas, we suppose that (i) one can choose « to be independent of
the charts and (ii) the overlap maps have C¥** norm bounded independent of the
charts considered. This is immediately verified if the number of charts contained in
the C** atlas is finite. Thus a C¥* atlas is C*¥12, for some 0 < o < 1. This is not
the case for C¥* structures.

(2) Stable and unstable superscripts. Throughout the paper we will use the following
notation: we use ¢ to denote an element of the set {s, u} of the stable and unstable
superscripts and ¢’ to denote the element of {s, u} that is not ¢. In the main discussion
we will often refer to objects which are qualified by ¢ such as, for example, an t-leaf.
This means a leaf which is a leaf of the stable lamination if ¢ = s or the unstable
lamination if ¢ = u. In general the meaning should be quite clear.

(3) f.. Wedefinethemap f, = fift=uor f,= f~lift=s.

(4) O notation. We use the notation ¢ = O(¥(x)) to indicate that for all x, |¢(x)| <
clY(x)| where ¢ > 0 is a constant which depends only upon quantities that are
explicitly mentioned. Thus ¢(n) = O(V") means that |[¢p(n)|] < cv” for some
constant ¢ as above. Similarly we use ¢ = O(¥(x)) to indicate that, for all x,
c1ly ()] < |¢(x)| < 2| (x)| where ¢ and ¢ are constants which depend only
upon quantities that are explicitly mentioned.
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(5) Interval notation. We also use the notation of interval arithmetic for some
inequalities where

e if [ and J are intervals then / + J, I.J and I/J have the obvious meaning as
intervals;

e if ] = {x} then we often denote / by x; and

e [ + ¢ denotes the interval consisting of those x such that |[x — y| < ¢ for all
yel.

Thus ¢ (n) € 10O (V") means that there exists a constant ¢ > 0 depending only upon
explicitly mentioned quantities such that foralln > 0, 1 — cv" < ¢p(n) < 1 + cv™.

2. The topological starting point
The basic topological object of our study will be a triple (f, A, VW) consisting of an
invariant set A, a homeomorphism f : A — A and a topological lamination structure WW.
To consider the meaning of this we consider how such objects arise in hyperbolic dynamics.
Let ¢ be a C't7 diffeomorphism of the surface M and suppose that ¢ has a
topologically transitive hyperbolic invariant set A with a local product structure [17].
If f = ¢|A let fy = f1, ¢ = ¢, fu = fand ¢, = ¢. Fix a metric d on M.
For: = s oru, if x € A we denote the local stable and unstable manifolds through x by

W'(x,e) = {y € M:d(@ " (x).¢,"(y) <&, foralln > 0}.
These sets are respectively contained in the stable and unstable manifolds

W' x) = [ £ OV (£ (). £0))

n>0
which are the image of a C'*” immersion A, : R — M.

Definition 2.1. A full 1-leaf segment I is a subset of W' (x) of the form A, (I1) where [
is an open subinterval in R. A (-leaf segment is the intersection with A of a full (-leaf
segment. The collection of all subsets of (-leaf segments is denoted by D*.

The endpoints of such a full (-leaf segment are the points A, (1) and A, (v) where u and
v are the endpoints of 1. The endpoints of such a t-leaf segment I are the points of the
minimal full (-leaf segment containing /.

We say that two embeddingsi : / — Rand j : / — R where I, J € D' are compatible
if whenever INJ # @then joi~! :i(INJ) — j(INJ) extends to a homeomorphism of
the real line. A topological i-lamination atlas is a set of such maps whose domains cover
A and which are pairwise compatible with each other. A topological i-lamination structure
is the maximal set of such embeddings compatible with such an atlas. A topological
lamination structure W = (W*, W") is a pair made up from a topological s-lamination
structure WW* and a topological u#-lamination structure W".

By the Stable Manifold Theorem, the diffeomorphism ¢ defines such a lamination
structure W, as follows. For each i-leaf segment / consider the mappingsi : / — R which
are the restrictions to / of topological charts of the submanifold structure of /. These are
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all compatible with each other and define a topological (-lamination atlas. The topological
lamination structure W; is defined by these two atlases.

More unusually we also desire to highlight the C'* structure on M in which ¢ is a
diffeomorphism. By a C!* structure on M we mean a maximal set of charts with open
domains in M such that the union of their domains cover M and whenever U is an open
subset contained in the domains of any two of these charts i and j then the overlap map
joi™l 1 i(U) = j(U)is C'7*, where @ > 0 depends on i, j and U. We note that
by the compactness of M, given such a C!* structure on M, there is an atlas consisting
of a finite set of these charts which cover M and for which the overlap maps are C!+¢
compatible and uniformly bounded in the C'*% norm, where & > 0 just depends upon the
atlas. We denote by Sy the C' structure on M in which ¢ is a diffeomorphism. Usually
one is not concerned with this as, given two such structures, there is a homeomorphism of
M sending one onto the other and thus, from this point of view, all such structures can be
identified. For our discussion it will be important to maintain the identity of the different
smooth structures on M.

Our approach in this paper is to fix the triple (f, A, W) and to consider its C'*
hyperbolic realizations which are defined as follows. Consider a C!'* diffeomorphism ¢
of a surface with an associated C!* structure Sy and assume that ¢ possesses a hyperbolic
invariant set Ay with associated lamination structure W,. Then we say that ¢ is a C!*
hyperbolic realization of (f, A, V) if there is a topological conjugacy hy between ¢| Ay
and f|A which sends the lamination structure Y, onto V. We say that two of these cl+
hyperbolic realizations ¢ and ¥ are C'* conjugate if h? o hy has a C'* diffeomorphic
extension to an open set of M containing Ay. By diffeomorphic we mean that it is a
diffeomorphism between the structures Sy and Sy. In this paper, we are essentially
interested in studying and classifying the C'T conjugacy classes of the C'* hyperbolic
realizations of (f, A, W).

Suppose that ¢ is a C'* hyperbolic realization of f. If fz¢, is a homeomorphism which
extends the topological conjugacy hy : Ay — A toa nelghbourhood of A in M, then
we obtain a C!* hyperbolic realization ¢ = hyo¢oh, s U of f with the associated C!*
structure Sy = (h¢)*8¢ Furthermore, v is C'* conjugated to ¢ and Ay = A. Hence, to
study the C'* conjugacy classes of hyperbolic realizations of f, we can just consider the
C'* hyperbolic realizations ¢ with Ay = A which we will do from now on for simplicity
of our exposition.

2.1. Rectangles. Since there is a hyperbolic realization, for 0 < ¢ < ¢gg there is a
8 = §(e) > 0, such that for all points z, w € A with d(w, z) < 8§, W¥(z, ¢) and W"(w, ¢)
intersect in a unique point [w, z]. Here d is any smooth metric on M. Since we assume
that the hyperbolic set has a local product structure, we have that [w, z] € A. Furthermore,
the following properties are satisfied: (i) [w, z] varies continuously with w, z € A; (ii) the
bracket map is continuous on a §-uniform neighbourhood of the diagonal in A x A; and
(iii) whenever both sides are defined f([z, w]) = [f(z), f(w)]. Note that the bracket map
does not really depend on § provided § is sufficiently small.

Let us emphasize that it is a standing hypothesis that all the hyperbolic sets considered
here have such a local product structure.
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A rectangle R is a subset of A which is (i) closed under the bracket,i.e. x,y € R —
[x, y] € R; and (ii) proper, i.e. is the closure of its interior in A. This definition imposes
the condition that a rectangle has always to be proper which is more restrictive than the
usual one which only insists on the closure condition.

If £ and ¢ are, respectively, stable and unstable leaf segments then we denote by [£, £]
the set consisting of all points of the form [z, z'] with z € £ and 7’ € ¢/. We note that if
the stable and unstable leaf segments £ and ¢’ are closed then the set [£, €] is a rectangle.
Conversely in this two-dimensional situation, any rectangle R has a product structure in the
following sense: for each x € R there are closed stable and unstable leaf segments of A,
£ (x, R) C W¥(x) and £“(x, R) C W"(x) such that R = [£°(x, R), £“(x, R)]. The leaf
segments £(x, R) and £“(x, R) are called stable and unstable spanning leaf segments
for R. The interior of R is given by int R = [int £°(x, R), int £“(x, R)], and the boundary
of Ris given by dR = [3£°(x, R), £"(x, R)]U [£°(x, R), 3¢"(x, R)].

2.2.  Markov partitions. A Markov partition of f is a collection R = {Ry, ..., Ry} of
rectangles such that (i) A C |J/", R;; (il) Ry N R; = dR; N IR; for all i and j; (iii) if
x €intR; and fx € int R; then

(a) f(£5(x, Ri)) C £5(fx, R;)and f~1(¢“(fx, R})) C £*(x, R;); and
(b) f(€"(x,R))NR; = €(fx, R;)and f~1(¢(fx, R;)) N R; = £5(x, Ry).

The last condition means that f(R;) goes across R; just once. In fact, it follows
from condition (a) provided the rectangles R; are chosen to be sufficiently small [8].
The rectangles which make up the Markov partition are called Markov rectangles.
By the existence of a smooth realization our topological model (f, A, W) has such a
local product structure and a Markov partition [17]. Moreover, it is clear that they also
only depend upon (f, A, W) and are independent of the hyperbolic realization ¢ and the
smooth structure Sy on M.
For « = s or u a t-leaf primary cylinder is a spanning t-leaf segment of a Markov
rectangle. A t-leaf n-cylinder is an (-leaf segment [ such that f*I is an (-leaf primary
cylinder. For n > 1, a t-leaf n-gap is a pair of distinct points x, y such that
(i) for some rectangle R containing x and y and an embedding i : £'(x, R) — R in
the topological lamination structure, {x, y} = i_l(J ) for some non-trivial closed
interval J in R; and

(i) for j =0,...,n — 1, f/x lies in a Markov rectangle R;; and fly e €(fix, Ri;)
but this is not the case for j = n.

A primary (-leaf gap is the image under f; of an t-leaf 1-gap.

We say that a rectangle R is an (ng, n,)-rectangle if there is an x € R such that,
for ¢« = s and u, the spanning leaf segments £‘(x, R) are either an t-leaf n,-cylinder or
the union of two such cylinders with a common endpoint. The reason for allowing the
possibility of the spanning leaf segments being inside two touching cylinders is to allow
us to regard geometrically very small rectangles intersecting a common boundary of two
Markov rectangles to be small in the sense of having ng and n, large.
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FIGURE 1. A basic stable holonomy.

Definition 2.2. 1f x, y € A and x # y then define dj (x, y) = 27" where n is the greatest
integer such that both x and y are contained in an (ng, n,)-rectangle with ng, n, < n.
Similarly if 7 and J are (-leaf segments then da (I, J) = 27" where ng and n, are the
greatest integers such that both 7 and J are contained in an (n,, n,)-rectangle and n = n,.
Here ¢/ is the element of {s, u} that is not .

2.3. Basic holonomies. We concentrate on the stable holonomies. The unstable
holonomies are entirely analogous. Suppose that x and y are two points inside any
rectangle R of A such that y € £“(x, R). Let I and J be two stable leaf segments
respectively containing x and y and inside R. Then we define 6 : I — J by 0(w) = [w, y].
Such maps are called the basic stable holonomies (in the rectangle R) (see Figure 1).
They generate the pseudo-group of all stable holonomies. Similarly we define the unstable
basic holonomies.

2.4. Foliated lamination atlas. In this section when we refer to a C” object r is allowed
to take the values k 4+ o where k is a positive integer and 0 < « < 1.

Two charts i and j in W* are C” compatible if whenever U is an open subset of an (-leaf
segment contained in the domains of i and j then j o i~ : i(U) — j(U) extends to a
C” diffeomorphism of the real line. Such maps are called chart overlap maps. A bounded
C” -lamination atlas A is a set of such charts which (a) cover A; (b) are pairwise C”
compatible; and (c) have chart overlap maps which are uniformly bounded in the C" norm.

Let A' be a bounded C1** ;-lamination atlas, with 0 < « < 1. Ifi : I — R is a chart
of A* defined on the leaf segment I and K is a leaf segment in / then we define |K|; to
be the length of the minimal closed interval containing i (K). Since the atlas is bounded,
if j : J — R is another chart in A* defined on the leaf segment J which contains K then
the ratio between the lengths |K|; and |K|; is universally bounded away from 0 and co.
If K’ C INJ is another such segment then we can define theratior; (K : K') = |K|; /|K'|;.
Although this ratio depends upon i, the ratio is exponentially determined in the sense that
if T is the smallest segment containing both K and K’ then

ri(K:K)eQxO(T[¢)ri(K : K').
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This follows from using the Mean Value Theorem and the C!™® smoothness of the overlap
maps.

Definition 2.3. A C" lamination atlas has bounded geometry if (i) for all pairs I, I of t-
leaf n-cylinders or t-leaf n-gaps with a common point, we have that |I1]; /| I2|; is uniformly
bounded away from 0 and oo with the bounds being independent of i, Iy, I» and n;
and (ii) for all endpoints x and y of an (-leaf n-cylinder or (-leaf n-gap I, we have that
[I]; < O(da(x, y)P) and dp(x, y) < (’)(Illfs), for some 0 < B < 1, independent of i, 1
and n.

Definition 2.4. A bounded C” (-lamination is C”-foliated if (i) the basic holonomies are
C”; and (ii) for every rectangle R the C" norm of the holonomies in R are uniformly in
this atlas.

The following result relates smoothness of the holonomy with ratio distortion and will
be used several times. It follows directly from Theorem 3 of [11].

PROPOSITION 2.5. Suppose that 0 : I — J is a basic t-holonomy for the rectangle R
andi : I — Rand j:J — Rarein A'. The holonomy 6 : I — J is C'*P for every
0 < B < « with respect to the charts of the lamination atlas A" if and only if for every
0 < B <aandforall Iy, I, C I with Iy a leaf n-cylinder and I a leaf n-cylinder or a
leaf n-gap, we have

< Or(liK|P) 2.1

‘ og ljo | i L2]
[jO L |i 1]

whenever K is an i-leaf segment containing Iy and Ip. Moreover, there are some 0 <

B, n < a and some affine map a : R — R such that
ljoboi™" —alcien < Or(da(l, 1))*) 2.2)
if and only if there are some O < B, v < 1 such that for all I} and I, as before we have

‘lo VORIIDIT _ o dnct, 7P, 23)

g -
[jO 2| |i 1]

If L C R then by |L| we mean the Euclidean length of the minimal interval in R
containing L.

2.5. CY foliated atlas associated with C'* realizations. Let ¢ be a C" hyperbolic
realization of (f, A, ). By the Stable Manifold Theorem, the full :-leaf segments /
are C" submanifolds of M, which are the image of C" embeddings A : I1 C R — M.
Hence, the restrictions of A~! to A(I C A) form a C” lamination atlas AZb'

Let p be a Riemannian metric which is C 47 with 0 < y < 1. This is a metric which
in the charts of some atlas on M is given by g1 dx? + gr2dxdy + g» dy2 where the
functions g;; are Holder continuous with exponent y and are uniformly bounded in the
C?-norm. The C" embeddings A : I C R — M of the full i-leaf segments / can be
reparametrized such that they are isometries between the Euclidean metric on /1 and the
induced p metric on /. By construction, these reparametrizations A : I1 C R — M are
C'*7 embeddings. Hence, the restrictions of A~ to A(] N A) form a C'*7 lamination
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atlas A'(p). We note that the charts in .A'(p) are C'*? compatible with the charts in Aﬁb.
By Lemma 4.2 in [14], the lamination atlas .4'(p) has bounded geometry. By Theorem 2.2
in [14], the lamination atlas A‘(p) is C IHe_foliated, for some 0 < o < 1, and the t-basic
holonomies satisfy (2.2), with respect to the charts in this atlas.

3. HR structures

In this section we introduce HR structures. These associate an affine structure with each
stable and unstable leaf segment in such a way that these vary Holder continuously with
the leaf. Our goal is to prove that a C'* conjugacy class is determined by its HR structure
and vice versa.

An affine structure on a stable or unstable leaf in A is equivalent to a ratio function
r(I : J) which can be thought of as prescribing the ratio of the size of two leaf segments
I and J in the same stable or unstable leaf. A ratio function r(I : J) € (0, 0o) is defined
for any pair of leaf segments / and J which are both contained in some larger segment.
Although for notational clarity we write (I : J), in fact » only depends upon the endpoints
x and y of I and z and w of J. Thus the domain of r is the set of such quadruples
(x,y,z,w). Since these can be considered as forming a subset of A4 they inherit its
topology. We demand that r is continuous in this topology. Moreover, it must satisfy

r(l :J)y=r(J: I)_l and r(HhUL:K)=r(I1:K)+r(l2:K) 3.1
provided /] and I intersect at most in one of their endpoints.

Definition 3.1. We say that r is an (-ratio function if it satisfies these conditions and,
moreover, (i) r is invariant under f,i.e.r(I : J) =r(f1 : fJ) for all (-leaf segments; and
(ii) for every basic (-holonomy map 6 : I — J between the leaf segment / and the leaf
segment J defined with respect to a rectangle R and for every (-leaf segment /1 C I and
every (-leaf segment or gap I C 1,

‘1 POL D) | oy i1, 1)) 32)

r(ly : )

where ¢ € (0, 1) depends upon r and the constant of proportionality also depends upon R,
but not on the segments considered.

Definition 3.2. An HR structure is a pair (r®, r") consisting of a stable and an unstable
ratio function.

3.1. c!t foliated atlases associated with an HR structure. Given an (-ratio function r,
we define the embeddings e : I — R by

e(x) =r(t@é, x), L, R)) (3.3)

where £ is an endpoint of the i-leaf segment I, R is a Markov rectangle containing &
(but not necessarily containing /) and £(£, x) is the (-leaf segment with endpoints x and &.
For this definition it is not necessary that R contains /. We denote the set of all these
embeddings e by A(r).
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The embeddings e of A(r) have overlap maps with affine extensions, therefore the atlas
A(r) extends to a C'** lamination structure, £(r). In Proposition 3.3, we prove that the
atlas A(r) has a bounded geometry, and in Proposition 3.5 we prove that in this the basic
holonomies are C!'*# for some 0 < B < 1. Thus this lamination structure is C'* foliated
in the sense of Definition 2.4. Moreover, it is a unique structure compatible with r in the
sense that it and r induce the same C'* structures on leaf segments.

PROPOSITION 3.3. Let r be an t-ratio function. Then A(r) is a C™ bounded atlas with
bounded geometry.

Proof. Suppose that I and J are either both (-leaf n-cylinders or else that one of them is
and the other is an ¢-leaf n-gap. In addition, suppose that they have a common endpoint.
Consider the set of ratios ¥(/ : J). By compactness and continuity, when we restrict
n to be 1, then the set S of such ratios is bounded away from 0 and co. However,
since r is f-invariant, all other such ratios »(/ : J) are in this set S. This also implies
that for all endpoints x and y of an t-leaf n-cylinder or (-leaf n-gap I, we have that
[I; < Oda(x, y)P) and da(x,y) < O(lllf), for some 0 < B < 1 independent of
i, I and R. |

PROPOSITION 3.4. Let r be an i-ratio function. Then inequality (3.2) implies the
following inequality: there is a 0 < a < 1 such that for every basic holonomy 6 : I — J
defined with respect to the rectangle R,

‘ r(0l :0D)

log ————
r(ly : )

for all i-leaf segments I, I, C K in I. Here for |K| one takes r(K : £(&, R)) which is

its length measured in a chart of the bounded atlas A(r), where §¢ € K. The constant o
depends only upon r and the constant of proportionality depends only upon r and R.

= O0Wdal, DHIKD®) (3.4

Proof. Take the largest n such that the (-leaf segments /1 and I, are contained in the
union of two n-cylinders with a common endpoint. By inequality (3.2) and since the ratio
functions are f-invariant, we have

‘ r(0l :61)
r(ly : )

_ ‘10 r(f7"06 : f7"01)
r(fCth 7 )
SO@a(fTL 17N,

By bounded geometry, there are 0 < v < 1 and 0 < 8 < 1 such that

da(S7 D), 7)) < O, TV < Oda(, 1)K P). 0

PROPOSITION 3.5. Suppose that r is an i-ratio function. Then for some 0 < a < 1, A(r)
is a C'** bounded atlas with bounded geometry and is C'*® foliated. Moreover, there
is 0 < B < 1 such thatif 0 : I — J is an t-basic holonomy defined with respect to the
rectangle R then for all segments Iy, I, C K in I,

‘ ri(01 : 6h)

Bix B
ri(ly @ ) = O, )TIKI), (3.5)
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wherei : I — Rand j : J — R are in A(r) and the constant of proportionality in the O
term only depends upon the choice of A(r) and upon the rectangle R.

Proof. By Proposition 3.3, A(r) is a C'T® bounded atlas. Inequality (3.5) follows from
Proposition 3.4 and so by Proposition 2.5 the holonomies are C!T® smooth for some
0 < a < 1. Therefore, £(r) is a C' ¢ foliated lamination structure. O

3.2. The HR structure associated with a C" hyperbolic realization. Let ¢ be a C”
hyperbolic realization of (f, A, W). This determines a unique HR structure as follows.
Let Azb and A(p)* be the C1t-foliated lamination atlases associated with ¢ and with a
C'*7 Riemannian metric p on M (see §2.5). If I is an (-leaf segment then by |1], we mean
the length in the Riemannian metric p of the minimal full :-leaf segment containing /.
Before proceeding to the construction of the HR structure associated to ¢, we consider
the following lemma.

LEMMA 3.6. Let p be a C'*7 Riemannian metric as previously described. Then for all
t-leaf segments I and J with a common endpoint and for all n > 0 the following limit
exists and is achieved exponentially fast,

J 1
rL(I:J): lim |f‘i“)e&

1+ O(IUJY)), 3.6
i T € £ O VI (3.6)

where the constant of proportionality in the O term only depends upon the choice of the
Riemannian metric p.

Proof. Let [ and J be the minimal full -leaf segments such that / = INAandJ = JNA.
Also let ky, @ f," (f uJ ) — R be an isometry between the Riemannian metric on the full
t-leaf segments and the Euclidean metric on the reals.

The maps fn : k,,off"(fUJA) — knt1 off(”“)(fuf) defined by fn = kn+1 off1 oky
are C!1*7 and have C!*? norm uniformly bounded for all » > 0. Hence, by the Mean Value
Theorem and by the hyperbolicity of A for f, we get

T | S A,
| = 2 og fi (xi) —log f; (yi)l
|ft nJ|,0 |I|,0 ; i 1 i 1
<O(Iu ),
where x; € ki o f,"'1 and y; € k; o f,~'J, 50 (3.6) follows. O

PROPOSITION 3.7. Let ¢ be a C't hyperbolic realization of (f, A, W) in M. There is a
unique HR structure HRy = (r*, r*) on A such that the C I+ stable and unstable foliated
lamination atlases Afb and A(’;, induced by the realization ¢ have the following property:

(%) fort=sandu, amapi: I — R defined on an i-leaf segment I is C'**-compatible
with all j € A(r*) if and only if it is C'T®-compatible with all j € AZY

N

Furthermore, (r*, r') = (ry,

rz), for any C*Y Riemannian metric p.
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Proof. Let us start proving that r;) is an ¢-ratio function. By construction (see (3.6)), we
obtain that r;) is continuous, satisfies (3.1) and is invariant under f. So, it is enough to
prove that r; satisfies (3.2).

Let 6 : I — J be a basic (-holonomy. Let n be the integer part of (logda (I, J))/
(2log?2). Let 0 : ST — f,7"J be the basic (-holonomy given by 0(x) = [, oo f(x).
By the f invariance of r,‘g, for all ¢ leaf segments /1, I, C K in I, we have that

oI, : 01 Of"1 :6f "1
‘lo r@h :6h)| _ r( fl,nl JEn 2) . 37)
r(ly: Ip) r(f7 "I f7 D)
By (3.6) and bounded geometry, there is 0 < 1 < 1, such that
logr@f "1 : 0f "I )|f72|p <O(f7"011%) < 0@
|fL 1|,0
< O = TP/, (3.8)
Similarly, we have
logr(@f "L :0f~ "1)|f il < OWdn(l : J)YP1/?y, (3.9)
|ft I2|p

By Theorem 2.2 in [14], the basic ¢-holonomies satisfy (2.2) and so (2.3), with respect to
the charts in the lamination atlas A'(p). Hence, for some 0 < 8, < 1, we have

‘lo U ON LBl | o dn g, 0y

|£7" 00, |f I,

< Or@da(, )P/, (3.10)

Applying (3.8), (3.9) and (3.10) to (3.7), we obtain

r(@1; :01) B
‘10 W <O0@da( : J)ﬁ ),
where 3 = min{ypi1/2, B2/2}. Thus, r,, satisfies (3.2), and so is an ¢-ratio function.

Let us prove that r;) satisfies property (*). As observed in §2.5, the overlap maps
between charts in A, and A'(p) are C I+ compatible. Hence, it is enough to prove that
the overlap map between the charts i : I — R in A'(r,) and the charts j : I — Rin
A'(p) are clt compatible. By (3.6), for all ¢ leaf segments I1, I C K in I, we have

‘log [I1li 1121 12|,
|L2]; |11 [11]p

Hence, the overlap map (or identity map) between the charts i and j satisfies (2.1), taking
in (2.1) the holonomy map 6 equal to the identity map, and so the overlap map has a C'*
extension to R proving property (*).

The uniqueness of the HR structure follows from the f-invariance of r; and rj; because
two HR structures that are compatible with the lamination structures have arbitrarily close
ratios on sufficiently small segments and therefore, since the ratios are f-invariant, they

<O(K).

= ‘logr(h : D)

must be the same. O

https://doi.org/10.1017/50143385702000792 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000792

Teichmiiller spaces for hyperbolic surface dynamics 1917

YA

xo T ) xg ] x

FIGURE 2. The images of I an J by i and their projections in the horizontal axis.

We now consider some simple results that show that the ratio functions can be defined
in other natural ways and enable us to prove that the HR structure is an invariant of C'*
conjugacy.

LEMMA 3.8. Fix a bounded atlas for the C'*V structure on M. Suppose that I, J and
K are full i-leaf segments with 1,J C K and that in some chart i of the atlas, K
has the form y = u(x) with x € (xg9,x1) and u'(x) = 0 for some x € (xg,x1).
Let I' = {(x,0) : x) < x < x}} and {(x,0) : xj < x < x|} be, respectively, the
projection of i (I) and i (J) onto the x-axis and let 1" = i~ (I) (see Figure 2). Then there
is 0 < o < 1 such that

11,

el+O0(K|“
7, (1K[%)
1] | = xgl
—L e (1+£0(K[%) -
171,

1
=

liCDl

(DI

where ||i(I)|| and i (J)|| are, respectively, the Euclidean distances between the endpoints

ofi(I) andi(J). In each case the constants of proportionality only depend upon the atlas,
p and the C'*Y norm of u and a only depends upon the atlas.

|x
X

U 1+ 0(K[%) (3.11)

1o

Proof. Since p is C'77 we can assume that in each chart of the atlas it can be written in
the form g1 dx? + grodxdy+g» dy2 where the g;; are C?” with uniformly bounded C”
norm. Then integrating o along y = u(x) and y = 0, and using that |u’| is uniformly
bounded, we get

1o, 11", € (1 £ OUKIF)V 811 (x0)|x] — X0

Using the Euclidean metric in R?, a similar argument applies to the line segment with
endpoints (x;), u(x()) and (x], u(x})) showing that

i1 € (1 £ OUKIZNIx] — xpl.

Similarly for J. Hence, (3.11) follows from combining these results. a
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PROPOSITION 3.9. If vy is a C'F hyperbolic realization of (f, A, W) in M which is C'*
conjugated to ¢ then HRy, = HRy.

Proof. Suppose that ¢ and ¥ are C!*# conjugated. Then by conjugating v with the
conjugacy we obtain a new diffeomorphism v/’ that has the same invariant set A as ¢ and
for which ¢|A = /| A. Moreover, it is clear that the HR structures of v and v’ are the
same since the conjugacy maps the full (-leaf segments of i to the full :-leaf segments of
Y’. Thus we replace v by v’ and assume that v has the properties of v/'. In particular, this
means that K is a -leaf segment for ¢ if and only if it is one for . In this case we denote
by K, and Ky the minimal full (-leaf segments containing K for ¢ and  respectively.
Moreover, without loss of generality we may assume that « = 8 = y, where « and y are
as in Lemma 3.8.

Since A is hyperbolic and compact it can be covered by a finite set of charts of M such
that in each chart both the full u-leaf segments K, and Ky are plots of the form y = u(x)
where u is C'*7 and has a uniformly bounded C!*7 norm.

Thus for a chart containing K, and Ky, K, is of the form y = u,(x) withx € (xo, x1).
Then by a composition of this chart with a transformation of the form (x, y) — (x,y —
uy(x)) we obtain a chart i = ig in which i(Ky) is of the form {(x,0) : xo < x < x1}.
The set of such charts {ix} is a bounded C117 atlas, since the maps u have a uniformly
bounded C!'*” norm.

Now consider the image of Ky underi = ig. Recall that K, N Ky = K C A and
that each point of K is an accumulation point. Therefore K, and Ky are tangential at
all points of K. Thus in a neighbourhood U of i(K), Ky is of the form y = uy (x)
where uy (x) = 0 and uip(x) = 0if x € K. We can now apply Lemma 3.8 to deduce

that
I I
Hylp e(l+ 0(|K|%))M‘
|J [ |,o |J v |p
From this it follows immediately that the ¢-ratio functions are the same for ¢ and ¥, and
hence that they induce the same HR structures. O

LEMMA 3.10. Fix a bounded atlas for the C'*" structure on M. Suppose that I, J and
K are full i-leaf segments with 1, J C K then

i (Dl
(Dl

I
1, e 1+ O0(KI))
[1p
where i is any chart in the atlas which contains K in its domain and ||i (1) and ||i (J)|| are,
respectively, the Euclidean distances between the endpoints of i (I) and i (J). The constants
of proportionality depend only upon the atlas p and the bounded atlas considered.

Proof. Consider a chart i whose domain contains K. After composing i with a rotation
and a translation if necessary we obtain that if K is sufficiently small then i (K) is of the
form y = u(x) with x € (xq, x1) and u(xg) = 0 = u(x;) where the C'*” norm of u is
uniformly bounded. The result then follows directly from Lemma 3.8. a
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COROLLARY 3.11. Suppose that instead of using equation (3.6) to define the ratios
r(I : J) we use the Euclidean distances so that

o)
(L2 T) = lim lif7 1]
n—oo |[i fAJ ||

where i f'I|| and ||i f'J || are as in Lemma 3.8. Then (r],r}) = (r;, rz).

4. Orthogonal structures

In this section r = k 4+ « where k > 1 is an integer and 0 < o < 1. An orthogonal chart
(i, U) on A is an embedding i : U — R? of an open subset U of A which embeds every
leaf segment in U into a horizontal or vertical arc of R (say stables into horizontals and
unstables into verticals). Two such charts (i1, U;) and (i, Uz) on A are C” compatible if
the chart overlap map 1'201'171 (U NU,) — ip(U1NUR) is CT in the sense that it extends
to a C" diffeomorphism of a neighbourhood of i1 (U1 N U>) in R2 onto a neighbourhood of
i»(U; NUy) in R2.

Definition 4.1. A C” orthogonal atlas O on A is a set of orthogonal charts which cover A
and are C" compatible with each other. Such an atlas is said to be bounded if its overlap
maps have a uniformly bounded C” norm, with the bound depending only upon the atlas O.

Since A is compact any atlas contains a bounded atlas.

PROPOSITION 4.2. An HR structure on A canonically determines a C'* bounded
orthogonal atlas such that for every x € A there is a chart (i, Uyx) with x € Uy with
the following properties: (i) the image by iy of the i-leaf segments passing through x
determines the same affine structure on these leaf segments as the one given by the HR
structure; and (ii) the map iy o f o i;l has an affine extension to R?* (in particular
is C').

Proof. Given an HR structure on A we construct orthogonal charts using small rectangles
R as follows. Suppose that x € A and R is a small rectangle containing x. Let £° (x, R) and
£*(x, R) denote the stable and unstable leaf segments of x in R with an orientation chosen
on them. For y € R, letis(y) = £r°(£°(x, y) : £*(x, R)) where the plus sign is chosen if
y is positively oriented with respect to x and the minus sign otherwise. Define similarly i,,.
The chart i on R is now given by i,(z) = (is([z, x]), i.([x, z])) € R?. Hence, this chart
satisfies property (i) of this proposition.

Since the HR structure determines an affine structure along leaf segments which is kept
invariant by f, for every x € A themapifyo f oiy ! has a smooth (affine) extension
to R2.

Since an HR structure determines a unique affine structure on all leaf segments and since
the basic holonomies for this are C!T by Proposition 3.5 for some o > 0, the overlap map
between any two canonical charts iy and iy has a C I+ extension (not necessarily unique).
Therefore, the orthogonal charts form a C'* orthogonal atlas.

The converse statement follows in a similar way to the proof of Proposition 3.7. a
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5. HR structures determine smooth conjugacy classes

As we have seen, a C!* hyperbolic realization ¢ of ( f, A, VW) determines an HR structure
which is an invariant of the C'* conjugacy class of ¢. In Proposition 4.2, for any given HR
structure we have constructed a corresponding C'* orthogonal atlas ©. Using O, we will
prove in Proposition 5.5 that an HR structure is a complete invariant of the C'* conjugacy
class of ¢. In Proposition 5.7, again using the C'* orthogonal atlas, we will construct for
any given HR structure (r*, r*) a C'* hyperbolic realization ¢ of ( f, A, W) with respect
to a C1* structure Sgr such that r; = r¥ and r; = r". Putting together Propositions 3.7,
5.5 and 5.7 we obtain the following theorem.

THEOREM 5.1. Given (f, A, W), there is a natural one-to-one correspondence

cl+ conjugacy)

(HR structures) <— (
classes

Definition 5.2. A structure Sy of a C” hyperbolic realization ¢ is holonomically optimal
if it maximizes the smoothness of the holonomy maps amongst the systems in the C'*
conjugacy class of ¢.

At the end of this section we will prove the following optimality result.

THEOREM 5.3. (i) The structure Syr determined by an orthogonal atlas O is the
holonomically optimal representative of the C'* conjugacy class.

(ii) If ¢ and W are C" Anosov diffeomorphisms determining the same HR structure then
they are C" ¢ conjugated for all small ¢ > 0 where r > 1.

PROPOSITION 5.4. Let ¢ be a C'F hyperbolic realization of (f, A, W) with an associated
structure Sy and let O denote the orthogonal atlas determined by HRgy. For every
orthogonal charti : R — R? in O and for every z € R there is a chart (v, V) € Sy
with z € V such that VN A =V N R and such that v|(V N A) =i|(V N R).

Proof. Leti : R — RZ? be an orthogonal chart and (j, V') be a chart of Sy such that
(i) each full s-leaf segment and each full u-leaf segment in U are the graph of a C!*
function respectively over the x- and y-axes; (ii) j(z) = 0; and (iii) j o i ~! is the identity
along the leaf segments £°(z, R) and £“(z, R). Thus j 0 i~'(0) = 0. Let K = i(R), and
the map u : K — RZ? be defined by u = j o i~!. We are going to prove that u has a C'*
extension i : RZ — RZ and that the derivative dii(0) of & at 0 is an isomorphism. Thus,
there is a small open set V C V' containing z such that V. N A = V N R and such that
it|j (V) is a C'* diffeomorphism onto its image. Hence, (v = #i~! o j, V) is a chart C!*
compatible with the structure Sy and v|(V N A) =i|(V N R). To prove that u has a cl+
extension i : RZ — R? we start by finding the natural candidates dyu(x, y) and dyu(x, y)
to be the derivatives 9, (x, y) and dyu(x, y) of the extension i at the points (x, y) € K.
Let 7, : R2 — R and 7, : R* — R be the projections onto the x- and y-axes,
respectively. For every (0, y) € K, consider the s-spanning leaf segments /J in R of the
form (x, vy s(x)) for x € my o i(I;,) in this chart, and for every (x, 0) € K, consider the
u-spanning leaf segments I;‘ in R of the form (vx ,(y), y) for y € 7, 0 i(I{) in this chart,
where vy ; and vy, are C I+ functions. Consider the basic holonomies [ Ié — Il in
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FIGURE 3. The map éu.

Randletf,, : m 0i(l}) C R — R be defined by 6, ,(x) = m 0io06,,0i '(x,0)
(see Figure 3). Hence,
w(x, y) = (By,5(x), vy 5 Gy 5 (x)))
= WeuGru (), Oxu ()

By Corollary 2.4 in [14], the maps éy,S and éx,u have C!121 extensions 9~y,S and éx,u which
vary Holder continuously with y and x respectively, for some 0 < «; < 1. Thus, we define
eu(x, y) = (6] ((x), V) (B s(x))6; ((x)),
dyu(x, y) = Wy 4 Oru ()0, (1), 0y, (1))

Since 67” and vy g are clt, for every y € m, o i(£“(z, R)), 0ru(x,y) varies Holder
continuously with x € 75 o i(£°(z, R)). Since the C!**! extensions Oy,s and Oy,
vary Holder continuously with y and x, and by the Holder continuity of the stable and
unstable bundles (see §6 in [6]), for every x € 75 0 i(£°(z, R)), O u(x, y) varies Holder
continuously with y € m, o i(€“(z, R)). Therefore, d,u(x, y) varies Holder continuously
with (x,y) € K. Similarly, we obtain that dyu(x, y) varies Holder continuously with

(x,y) € K.
By the Whitney Extension Lemma (see [1]), the map u has a C!'* extension i with
Oxut(x, y) = dyu(x, y) and dyu(x, y) = dyu(x, y), if

U (e, y), (x + B, y + By)IE < O(ll(he, hy) |1
for some o > 0, where
U((x,y), (", y) = ux’,y) —ux, y) — deu(x, y)(x' — x) — dyu(x, y)(y' — y).
Since éy,s and vy, are C'*, for all y € m, o i(£*(z, R)), we have that the maps
uy : 75 0 i(Ly(z, R)) — R? defined by uy(x) = By 5(x), vy 5By 5(x))) are C'+1, for
some ¢« > 0. Since éx,u and vy , are Ct, forall x € 7y 0 i(€“(z, R)), we have that the
maps uy : m 0i(€4(z, R)) — R? defined by ur(y) = (vr.u@r.u (1)), Or.u(y)) are C1He1,
for some «; > 0. Therefore,
u(x+hy,y+ hy) —u(x,y) = Uy+th, (x 4+ hy) — uy+hy(x) +ux(y + hy) —ux(y)
€ duut(x, y + hy)hy + dyu(x, )by £ O (hy, hy)[|'TN).
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Since dyu(x, y) varies Holder continuously with (x, y) € K, thereis a0 < o < « such
that

U((x, y), (x + by, y +1y)) € deulx, y + hy)he — deu(x, Ve £ Oy, hy) |01
C £O(||(hy, hy)[|T). O

PROPOSITION 5.5. Let ¢ and  be C'* hyperbolic realizations of (f, A, W). The maps
¢ and r are C'F conjugated if and only if they determine the same H R structures on A.

Before proceeding to the proof of this proposition we are going to prove an auxiliary
lemma that we will also use later in the proof of Proposition 5.7.

LEMMA 5.6. Consider (f, A, VW) and let h : A — A be a homeomorphism preserving
the order along the leaf segments of W. Let S and S’ be C'* structures on M such that
there are charts (w1, Ur), ..., (up,Up) € S and (vi, V1), ..., (vp, V,) € S with the
following properties:

i AcU,_ Uy

(ii) foreveryq=1,...,p, hy : Uy — V,isa C'* diffeomorphism between S and S’

which extends h|(A N Uy).
Thenh : A — A extends to a C'* diffeomorphism defined on an open set of M.

Let us introduce some useful notions for the proof of this lemma. We say that a
rectangle M, is an (Ns, N,)-Markov rectangle if, for all x € M, and for ¢ € {s,u},
the (-spanning leaf segments ¢‘(x, M) are (-leaf N,-cylinders. Let us consider the set of
all (N, N)-Markov rectangles M,, for some fixed N > 1. A corner c is an endpoint of a
stable spanning segment and of an unstable spanning segment contained in the boundary
of an (N, N)-Markov rectangle M,,. A t(-partial side s is a closed (-leaf segment whose
endpoints are corners and such that ints does not contain any corner. Let Cy be the set of
all such corners and Sy be the set of all such s-partial sides and u-partial sides. For all
corners ¢ € Cy and for all partial sides s € Sy, there are corner rectangles R(c) and side
rectangles R(s) with the following properties (see Figure 4):

(i) ceR();

(i) if ¢ and ¢, are corners of the ¢-partial side s then s C R(c1) U R(s) U R(c2) and the
t’-boundary of R(s) is contained in R(c1) U R(c2);

(iii) the rectangles R(c) are pairwise disjoint for all ¢ € Cy;

(iv) the rectangles R(s) are pairwise disjoint for all s € Sy.

Proof. We will consider separately the cases where (i) both the stable and unstable leaf
segments are one-dimensional topological manifolds (the Anosov case); (ii) both the stable
and unstable leaf segments are Cantor sets (e.g. Smale horseshoes); (iii) the stable leaf
segments are Cantor sets and the unstable leaf segments are one-dimensional topological
manifolds (attractors); and (iv) the stable leaf segments are one-dimensional topological
manifolds and the unstable leaf segments are Cantor sets (repellers).

Case (i). In this case A = M and so by the hypotheses of this lemma s : M — M is a
C'* diffeomorphism.
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R(c) R(c)

R(s)

FIGURE 4. The corner and side rectangles.

Case (ii). Since A is compact and a Cantor set, there is a finite set {M,, : 1 < n < m}
of pairwise disjoint rectangles with the following properties: (i) |,_; M, D A; (ii) for
each rectangle M, there are charts (u,, U,) € S and (v,, V;;) € S such that U, D M,
and h has a C'* diffeomorphic extension £, : U, — V,. Take pairwise disjoint open sets
U, C U, suchthat M,, C U, and the sets V, = h, (U,) are also pairwise disjoint. The map

m m
h:Ju, - v,
n=1 n=1

defined by fl|U,2 = h, is a C'* diffeomorphic extension of the conjugacy & : A — A.

Case (iii). Since A is compact, there exists N large enough such that for every (N, N)-
Markov rectangle M,, there are charts (u,, U,) € S and (v,, V;;) € S’ such that

Un D (M,, u( U R(s)) U( U R(c)))

seSNNM,, ceCyNM,

and & has a C1*t diffeomorphic extension %, : U, — V. For every corner ¢ € Cy, we
choose an (N, N)-Markov rectangle M, containing ¢, and an open set U(c) D R(c)
with the following properties:

(i) forevery (N, N)-Markov rectangle M,, containing c,

U() CUpn and V(c) = hpe)(U(c)) C Vi

(i) the sets U(c) are pairwise disjoint for all ¢ € Cy; and
(iii) the sets V(c) = hy(c) (U(c)) are also pairwise disjoint for all ¢ € Cy.
We define the C'* diffeomorphic extension

he: | JU@— |J Vo

ceCy ceCy

of h| (A N (UCECN U(c))) by helU(c) = huylU(c). Similarly, for every partial side
s € Sy, we choose an (N, N)-Markov rectangle M, ) containing s, and an open set
U (s) D R(s) with the following properties:
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Ulcy) Ule)!

FIGURE 5. The open sets associated with the corner and side rectangles.

(i) forevery (N, N)-Markov rectangle M,, containing s,
UG)CUy and V(s) = hue)(UG)) C Vi

(ii) the sets U(s) are pairwise disjoint for all s € Sy; and
(iii) the sets V (s) = hy5)(U (s)) are also pairwise disjoint for all s € Sy .
We define the C!* diffeomorphic extension

hs: | JUuw— | ve

SESN SESN

of h|(A N (USES U(s))) by hs|U(s) = hu)|U(s). Let s € Sy be a partial side with
endpoints c; and ¢;. We define

H; :un(s)(U(s)) - Un(s)(v(s)) and Hck :un(s)(U(ck)) g Un(s)(v(ck))

by
Hy = vp(s) o hs o “;(ls) and  He, = vn(s) 0 hc 0 u;(.lf)

for k = 1 and 2. We choose open sets U’(s), U’(c1), U'(c2), U"(s) and sets U”(c1) and
U’ (c7) with the following properties (see Figure 5):

A U'(s)=U'(ch)UU" () UU"(s) UU"(c2) UU'(c2);

i) sNU'(s) =sNU();

(i) U'(c))UU"(c1) CU(cy) and U’ (c2) UU"(¢c2) C U(cr);

@(iv) U’(c1) c U(s)and U"(c2) C U(s); and

v) Ullcn)NU"(s) =@ and U'(c2) NU"(s) =@

Now, using bump functions, there is a C ! THOler 55 H; Un(s)(U'(s)) C R2 — R? with
the following properties:

(i) {Ism(s)(U”(s)) = Hs

(i)  Hsluns)(U'(ck)) = H, forall k € {1, 2}; and

(iii) H(z) = Unis) 0o hou,, )(z) forall z € w5 (U'(s) N A).

Using the facts that H; and HCA coincide on u,, (U'(s) N U(ck) N A) and that R(s) is
compact there is an open set U (s) € U’(s) such that s N U (s) = s N U’(s) and such that
H restricted to un(s)(U(s)) is injective. Set V(s) = v (, o H o u(U(s)) Letting, for

every ¢ € Cy, U(c) and V(c) be the open sets defined by

Uc) = U(c)\(U(c)m< U U(s)>) and V(c) = he(U(c)),

SESN
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we obtain that the map
h: < U (7(c))u( U (7(s)) - ( U V(c)>u< U \7(s)>
CECN SESN CECN SESN
defined by

Py — v;(i) o Hy o uy(sy(z) forallz € s, (?(s)’
he(z) forall z € UceCN U(o),

is a C!* diffeomorphic extension of
d(onl(Y o))
CECN SESN
For any (N, N)-Markov rectangle M, letting
m=< U 0@Qu( U 0@0
ceM,NCy SEM,NSN

we have that 9M,, C U,. We take open sets U, with pairwise disjoint closures and such

that U, U U, D M,,. Using bump functions, there is a C'* injective map
Ifln : u,,(f]n U ﬁn) cR? > R?

with the following properties: B

(i)  Hu(2) =vhohou;'(z)forall z € uy (U, \ (U, N Typ));

(i) An(@) = v o hyou ' (2) forall z € un(Uy \ (Uy N Ty)); and

(i) Hy(z) =vpoho u,'(z) forall z € u, (AN ((7,, U Uy)).

Using the fact that v, o ho u;l and v, o h, o u;l coincide on u, (A N 0,1), there is an

open set ﬁn C U,, U U,, containing M,, such that I-},, restricted to un(Un) is injective.
Set V, = v; ! o Hy o u, (Uy). Therefore, the map

i UJon— UV
M, M,

defined by

A

h(z) = u;l o I:In ouy(z) forallz e 0,,

is a C!'* diffeomorphism with h|A = h which ends the proof of this case.
Case (iv). The proof follows in a similar way to the case (iii). O

Proof of Proposition 5.5. By Proposition 3.7, if ¢ and v are C'* conjugated then they
determine the same HR structure on A. Let us prove that if ¢ and v determine the same
HR structure on A then ¢ and ¥ are C!* conjugated. Since the HR structures induced
by ¢ and ¢ are the same, for every z € A and every rectangle R containing z we have
that the orthogonal charts i : R — R? as constructed in Proposition 4.2 are also the same.
By Proposition 5.4, for every z € A there is an open set W of M and there is an orthogonal
charti : R — R? with the following properties:
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i WNR=WnNA,;
(i) i|(W N A) extends to a chart (u, W) which is C'* compatible with the structure S¢;
and

(iii) i|(W N A) extends to a chart (v, W) which is C!* compatible with the structure Sy.
The identity map id : A — A is a conjugacy between ¢ and v, and so the map
voidou~u(W N A) is also the identity. Hence, the identity map idy : u(W) — R?
is a smooth extension of v o id o u~! [u(W N A). Now, we choose an open set U C W
of M containing z and such that u(U) C v(W). Since W N R = W N A we obtain that
UNR=UnNA andby taking V = v~! oidy o u(U) we obtain that V N R = V N A.
The map hy : U — V is well defined by

hy(z) = v ! oidwy o u(z) (5.1)

and is a C'* diffeomorphic extension to U of the conjugacy id|(A N U) between ¢ and .
Hence, the hypotheses of Lemma 5.6 are satisfied with # = id : A — A which implies
that the conjugacy id : A — A between ¢ and v extends to a C'* diffeomorphism defined
on an open set of M. O

PROPOSITION 5.7. Given an HR structure (r*,r%) on A, there is a clt hyperbolic
realization ¢ of f with the HR structure H Ry of Proposition 3.7 equal to (r®, r").

Proof. Here, we are going to construct a C'* structure Syg such that for every z € A there
is an orthogonal chart i, : R, — R? as constructed in Proposition 4.2 and there is a chart
(uz, U;) € Sur with the following properties:
i) zeR,NU;and R, NU,=ANU; and
(i) wl(ANU) = i.[(R.NT,).
Hence, the map us; o f o u'|(R; N f~'(Ry;)) has an affine diffeomorphic extension
F, : R? » R2 Taking U] = u (U;) N F ' (us,(Uy)) and V! = F,(U)), we obtain that
the map

feruZ'UD = upl(V)

defined by u;l oF;ouy,isa C'* diffeomorphic extension of f|(A N u;l (U))) with
respect to the C* structure Sgr. Thus, by compactness of A and by Lemma 5.6, the map
f A — A hasa C!" diffeomorphic extension ¢ to an open set Uy, of M with respect to
the structure Syr. Let X° be the horizontal axis in R? and X* be the vertical axis in R2.
For every z € A, we have that T,M = E{ D E! where E! = du,(z)~V(X") for ¢ € {s, u}.
Since u;(¢'(z, R;) N U;) C X', we obtain that d¢(z)(E!) = Eé&(z). Now, we take a
C!'* Riemannian metric o on M compatible with the C* structure Spg. By the bounded
geometry of the atlases A(r*) and A(r*) associated with the HR structure (r*, r*), there
are constants C > 0 and A > 1 with the following properties:

i) 1de™" (@], = CA"[v*], forall v* € E7; and

(ii) |do"()v"|, = CA"|v"]|, forall v € EY.

Therefore, ¢ is a hyperbolic realization of (f, A, V). By the Stable Manifold Theorem,
for every z € A and for every ¢ € {s, u}, the leaf Etp (z, R;) is a C'* manifold. For every
triple (y, z, w) of points in £'(z, R;), let £'(y, z) be the t-leaf segment with endpoints y
and z and ¢‘(z, w) be the leaf segment with endpoints z and w. Applying Lemma 3.8,
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we obtain
[€(z, w)l,

[€(y, 2)lp
where 0 < o < 1 and the constant of proportionality are uniform on z € A. Therefore, the

HR structure determined by ¢ is equal to the initial HR structure (r*, r*), which ends the
proof. O

logr'(y, z, w) <Ol (y, wIp),

Now, let us construct the C!* structure Syr. Let {My, ..., M,} be a Markov partition
for f. For every Markov rectangle M,,, we take a rectangle R,, O M,, which contains a
small neighbourhood of M,, with respect to the distance dp. We construct an orthogonal
chart i, : R, — R? as in Proposition 4.2. Let Ay ¢ im(Rm N Rk) — ix(Rm N Ry)
be the map defined by &y, x(x) = iy o i,:l(x). By Proposition 4.2, there is a C!*
diffeomorphic extension Hy, x : Upnk — Ukm of hym r which sends vertical lines into
vertical lines and horizontal lines into horizontal lines. Let us denote by S,, the rectangle
in R? whose boundary contains the image under i,, of the boundary of M,,. For every
pair of Markov rectangles M,, and My which intersect in a partial side I,y x = M, N Mg,
let Jy k and Ji , be the smallest line segments containing respectively the sets i, (1. k)
and iy (I, ). Hence, Jx.m = Hpx(Jni). Let M = |_|f;:l S /{Hm } be the disjoint
union of the squares S, where we identify two points x € J,x and y € Jip if
Him(x) = y. Hence, M is a topological surface possibly with boundary. By taking
appropriate extensions E,, of the rectangles S, and using the maps H,, i to determine the
identifications along the boundaries, we get a surface M = |_|f;:l E/{Hpnx} without
boundary. The surface M has a natural smooth structure Sur that we now describe: if a
point z is contained in the interior of E,, then we take a small open neighbourhood U, of
z contained in E,, and we define a chart u, : U, — R as being the inclusion of U, N E,,
into R2. Otherwise z is contained in a boundary of two or three or four sets E,,,, ..., Epy,
which we order such that the maps 1, m,, . .., In,,m, are well-defined. In this case we
take a small open neighbourhood U, of z and we define the chart u, : U, — R? as follows:
(i) u;|(U; N Ey,) is the inclusion of U, N E,, into RZ; and
() wu (U, NEj)=Hp, ym, 00 Hpn;m;,, forje{l,....,n—1}

Since the maps Hy; iy - - - » Hp, ;,m, and Hy, ,,, are smooth, we obtain that the set of all
these charts form a C* structure Sygr on M.

We will also denote its embedding into M by A and by a rectangle we also mean the
embedding of a rectangle into M. By Proposition 4.2 and by construction of the maps
Hy, «, for every z € A and for every rectangle R, the orthogonal chart i, : R, — R? has
an extension v, whose restriction to an open set V; of z is a chart C'* compatible with the
structure SHR.

Proof of Theorem 5.3. Let ¢ be a C" hyperbolic realization of (f, A, W). Letc, : [ —
[0, 1] be defined as d , o d1,,, Where d; ,, : I — f "1 1is givenby f",anddr, = Aoip,
where i, : f7"1 — R is contained in a bounded C" lamination atlas with bounded
geometry Aﬁp induced by ¢ and X is the affine map of R which sends the endpoints of
i,(f7"1) into 0 and 1. Using (3.6), we obtain that ¢ = limc, is a chart of the form
given in (3.3) with respect to r* (up to scale) and ¢ is C!* compatible with the charts
in Aﬁb. Since the atlas Atp has bounded geometry, the function dz, o dy 0 iy Uis the
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composition of an exponential contraction i, o di, o i Uin the C" norm followed by
a linear map A. Hence, there is C > 0 such that the C" norm of dy , o dy s © iO_l is
bounded by C foralln > 0. Thus, by Arzeld-Ascoli’s Theorem we obtain that the sequence
drpodiyo io_l converges in the C" ¢ norm to a C" map d with C" norm also bounded
by C. Hence, c = d o io_1 is C" compatible with the charts in Ay and so A(r') is a C”
atlas. Thus, if the (-basic holonomies 6 : I — J are C* for some 1 < s < r with respect
to the charts in ‘Aﬁb then the basic holonomies are also C* with respect to the charts in
A(r"). Since by Proposition 3.7 the charts in A(r*) do not depend upon the C”" hyperbolic
realizations i which are C'T compatible with ¢, we obtain that the basic holonomies in
A(r') attain at least the maximum smoothness of the basic holonomies with respect to any
atlas Aip induced by these realizations .

By construction of the structure Sgr in Proposition 5.7, the smoothness of the
hyperbolic representative in this structure and the smoothness of the basic holonomies
in this structure are equal to the smoothness of the basic holonomies in A(r*) and A(r"),
which ends the proof of part (i) of this theorem.

Let ¢ and ¥ be two C” Anosov diffeomorphisms which are C'* conjugated and let .A‘¢
and Aﬁﬂ be, respectively, C" atlases induced by ¢ and i for: € {s, u}. By Proposition 3.7,
¢ and ¢ determine the same pair of ratio functions (%, r). As before the charts in A(r")
are C" compatible with the charts in A, and A}, and the overlap maps have C" uniformly
bounded norm. Therefore, the conjugacy between ¢ and v is C" along the stable and
unstable leaves of the transverse stable and unstable foliations with uniformly smooth
leaves. Hence, by Journé (see [7]) the conjugacy is C"~¢ for all small ¢ > 0, which
ends the proof of part (ii) of this theorem. a

6. Solenoid functions

We now discuss the solenoid functions that will provide us with our Teichmiiller space.
We show how to associate with each HR structure on A a canonical pair of solenoid
functions which will classify the HR structures.

For ¢ = s or u let §* denote the set of all ordered pairs (I, J) where at least one of /
and J is a primary cylinder, the other is either a primary cylinder or a primary gap and the
intersection of 7 and J consists of a single endpoint (see §2.2 for the definition of primary
cylinders and gaps). Pairs (I, J) where both are primary cylinders are called leaf-leaf
pairs or otherwise leaf—gap pairs.

We define a pseudo-metric ds: : S* x S — R™ on the set S* by

ds((1,J), (I', J") = max{da (I, I'),dp(J, J")}.
Now suppose that we have an HR structure (r*, r*) for (f, A, W). Then for ¢« = s and
u this defines functions s* : S* — R and s* : S — R™ by restricting the stable and
unstable ratio functions r* and r* to the sets S° and S*. We call such functions s° and

s* realized solenoid functions and denote the set of such pairs of them by S(f, A, W).
The main theorem of this section gives an abstract characterization of this set.

THEOREM 6.1. S(f, A, W) is the set of all function pairs (s*, s*) where for 1 = s and u,
5.0 St — Rt is Holder continuous in dse and satisfies s,(J, I) = s,(I, J)~" and both the
f-matching and boundary conditions described later.
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s(I,J)

e
I J

g

flo ' fh gL fL
~F ~F ~
s(flo, fL) s(fh fla) s(fle, fI;)  s(fI5, fIg)

FIGURE 6. The f-matching condition.

In the discussion which follows we refer to Holder continuous functions s, : S* — R*
satisfying s,(J, I) = s,({, J )~! and the f-matching and boundary conditions as abstract
solenoid functions. Of course our aim is to show that the abstract functions are the realized
functions.

6.1. Holder continuity of solenoid functions. This means that for ¢+ = (I, J) and
= I',J)in 8, |s,(t) — s,(t")] < O((ds (t,1))*). Clearly every realized solenoid
function satisfies this by inequality (3.2).

6.2. The f-matching condition. This condition is a consequence of the f-invariance of
the ratio functions. Consider an (-ratio function r and let (/, J) € S*. Suppose that we
have pairs

(107 11)7 (117 12)1 R (In727 Infl) € S[

such that I = U];;(l)ﬁlj and J = U;’;,i filj. Then it is easy to see that, by the
f-invariance of r,

k=1 -1
Zj:(l) [T/ rdigr = 1)
_ i—1 .
YOy rigr < 1)
Since a realized solenoid function s, is the restriction of such an r to such pairs it must
satisfy the f-matching condition (see Figure 6). For all such pairs (/, J) and ({;, J;),

r(l :J)=

—1 7j—1
Zﬁ:() 2o seUiv1 2 1)
—177j-1 :
S Tl g sl = 1)

sl J) = 6.1)

6.3. The boundary condition. Leaf segments [ in the boundaries of Markov rectangles
can sometimes be written as the union of primary cylinders in more than one way. If J is
another leaf segment adjacent to / then the value of r(/ : J) must be the same whichever
decomposition we use. If we write J = Ip = Ijand I as | J;_; I; and U§/=1 I} where the
Iy and 1 j’ are primary cylinders with [; # I.; for all i and j, then the previous two ratios are

SoTrdi:tin=>_T]ru;:1;_p.

i=1 j=1I i=1 j=1I
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5(107]1) 5(117[2)
T

I I ‘ Iy

Iy n I

I

s(Iy, I1) s(I1, 1) s(13,13)

FIGURE 7. The boundary condition.

Thus a realized solenoid function s, must satisfy the boundary condition (see Figure 7)
which is: for all such leaf-leaf pairs ({/;, ;1) € S, j = 1,...,s and (Ij/., I;._l) e S,
Jj=1,....s" with [ = I and with [ J;_, I; = U}, I]/. and [; # [ foralli and j

s i s’ i
Z ]_[st(lj 1) =Z l_[s[(l} 1), 6.2)
i=1 j=I i=1 j=I

Proof of Theorem 6.1. Clearly every realized solenoid pair is an abstract one by this
discussion.

Now we prove the converse. Since the solenoid functions are continuous and their
domains are compact they are bounded away from 0 and co. By this boundedness and the
f-matching condition of the solenoid functions and by iterating the domains S* and S* of
the solenoid functions backward and forward by f, we determine the ratio functions r*
and r* at very small (and large) scales, such that f leaves the ratios invariant. Then, using
the boundedness again, we extend the ratio functions to all pairs of small adjacent leaf
segments by continuity.

By the boundary condition of the solenoid functions, the ratio functions are well
determined at the boundaries of the Markov rectangles. The proof of Proposition 3.4 shows
how to deduce inequality (3.4) from the Holder continuity of the solenoid function. a
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