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ABSTRACT 

This paper presents a new approach to simulate the propagation of elastic and cohesive cracks under 
mode-I loading based on the vector form intrinsic finite element method.  The proposed approach can 
handle crack propagation without requiring global stiffness matrices and extra weak stiffness elements.  
The structure is simulated by mass particles whose motions are governed by the Newton’s second law.  
Elastic and cohesive crack propagation are simulated by proposed VFIFE-J-integral and VFIFE-FCM 
methods, respectively.  The VFIFE-J-integral method is based on vector form intrinsic finite element 
(VFIFE) and J-integral methods to calculate the stress intensity factors at the crack tips, and the 
VFIFE-FCM method combines VFIFE and fictitious crack models (FCM).  When the stress state at the 
crack tip meets the fracture criterion, the mass particle at the crack tip is separated into two particles.  
The crack then extends in the plate until the plate splits into two parts.  The proposed VFIFE-J-integral 
method was validated by elastic crack simulation of a notched plate, and the VFIFE-FCM method by co-
hesive crack propagation of a three point bending beam.  As assembly of the global stiffness matrix is 
avoided and each mass particle motion is calculated independently, the proposed method is easy and effi-
cient.  Numerical comparisons demonstrate that the present results predicted by the VFIFE method are 
in agreement with previous analytical, numerical and experimental works. 

Keywords: Crack propagation, VFIFIE-J-integral method, VFIFE-FCM method, Cohesive force. 

1.  INTRODUCTION 

Linear elastic fracture mechanics (LEFM) has been 
available since 1920 by Grifftith [1].  Griffith fracture 
theory [1] is only applicable to elastic homogeneous brit-
tle material, such as glass.  According to Ewalds and 

Wanhill [2], Irwin [3] was the first to recognize the gen-
eral applicability of the singular stress field and intro-
duced the concept of the stress intensity factor (SIF) in 
LEFM to measure the strength of the singular stress field.  
LEFM is only applicable when the size of the fracture 
process zone (FPZ) at the crack tip is small compared to 
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the size of the crack and specimen [4].  Other models 
must consider the FPZ [5].  Many crack models were 
proposed in the late 1970s, such as the theory of cohesive 
or fictitious cracking.  For cohesive cracks, propagation 
is governed by a traction-displacement relation across the 
crack faces near the tip [5].  Hillerborg et al. [6] pro-
posed the fictitious crack model (FCM) to analyze crack 
propagation in concrete.  Hillerborg [7] introduced the 
concept of fracture energy into the FCM and proposed a 
number of traction–displacement relationships for concrete.  
Xu and Reinhardt [8] proposed the double-K fracture 
criterion to predict the crack propagation during the 
fracture process in quasi-brittle materials.  The current 
paper introduces SIF and FCM into the VFIFE frame to 
simulate the linear and non-linear crack propagation. 

Various numerical simulation methods have also been 
developed to investigate crack propagation.  Since the 
early 1960s, the finite element method (FEM) has been 
applied to analyze concrete cracking [9].  The common 
way to deal with the crack problem is to adopt the 
embedded discontinuous model [10], the adaptive mesh 
method [11], and node force release method [12] to FEM.  
The introduction of those methods allows the FEM to 
solve the discontinuous problems while is still difficult to 
simulate the complex crack propagation.  The boundary 
element method [13] and element free Galerkin method 
[14] have also widely used for discontinuous problem.  
However, boundary element method is difficult to deal 
with nonlinear problems and element free Galerkin 
method is hard to deal with boundary condition.  Re-
cently, some of the most developments in FEM model-
ling of crack propagation are based on the partition of 
unity [15, 16], including the generalized (G-FEM) [17], 
extended  FEM (X-FEM) [18], and phantom node meth-
od (PNM) [19].  The G-FEM and X-FEM methods can 
deal with discontinuities by adding extra nodal degrees 
of freedom (DoF) and PNM by phantom nodes.  The 
augmented FEM (A-FEM) [20] method uses the elemental 
condensation algorithm, and provides improved numeri-
cal accuracy, efficiency, and stability.  However, all of 
these methods require internal nodal DoFs as functions 
of the external nodal DoFs for the cohesive laws when 
dealing with cohesive cracks.  Since these methods are 
all in the finite element frame, solving the stiffness ma-
trix becomes much more difficult with increasing DoFs.  
The displacement fields consist of continuous and dis-
continuous parts.  Therefore, selecting shape functions 
to account for discontinuous crack displacements within 
an element is important but difficult, and additional 
sub-domain integration may be required for numerical 
calculations. 

Previous numerical models were based on conven-
tional FEM.  However, structural element fractures can 
induce structural discontinuities, and increase the number 
of nodes and DoFs, which cannot be easily handled with 
conventional FEM approaches.  Ting et al. [21, 22] and 
Shih et al. [23] proposed the vector form intrinsic finite 
element (VFIFE) method, based on Newton’s second 
laws to model structural systems with mass particles.  
The underlying principle of the VFIFE method is the 
theory of vector mechanics [24].  In the VFIFE frame-
work, a general description of particle motion is intro-

duced to handle finite rigid body motion by incorporat-
ing an adaptive material frame in the basic definition for 
displacement and strain.  The VFIFE method models 
the structure as a system of discrete mass particles, 
where the mass particle positions characterize the struc-
ture’s shape and motion.  Motion of each mass point 
satisfies Newton’s second laws, and internal forces in-
duced by deformation and the external load are applied at 
each mass point.  Internal forces of the elements are 
calculated using the material reference frame and ficti-
tious reversed rigid body motion.  A simple central dif-
ference scheme is adopted to solve a set of equations of 
motion for particles.  One major advantage of the 
VFIFE method is that it can process nonlinear or discon-
tinuous issues without assembling a global stiffness ma-
trix, avoiding problems of ill-conditioned matrixes.  
This shows great promise to simulate cracking, penetra-
tion, fragmentation, collision, and total collapse by sepa-
rating or adding particles.  The VFIFE method has been 
widely extended since it was proposed, and applied to 
nonlinear dynamic analysis and elasto-plastic analysis of 
truss [25, 26], frame [27, 28], membrane [29], and shell 
structures [30].  Yu et al. [31] simulated the progressive 
failure of truss structures and Duan et al. [32] analyzed 
the earthquake-induced collapse of cable-stayed bridge 
using VFIFE method.  These studies [25-33] have veri-
fied the VFIFE method is efficient and powerful for sim-
ulation of structural behavior with large deformations 
and/or displacements.  However, simulation of crack 
propagation by VFIFE method has not been reported 
previously. 

This paper proposes a new strategy based on the 
VFIFE method to deal with crack propagation.  Section 
2 introduces the underlying concepts of VFIFE and de-
scribes cracking in the VFIFE framework.  Section 3 
details the proposed VFIFIE-J-integral method, combin-
ing the VFIFE and J-integral models, to simulate elastic 
cracking.  The proposed method is validated for crack 
simulation of a notched plate under mode-I loading.  
Section 4 details the proposed VFIFE-FCM method, 
combining the FCM and VFIFE models, to simulate co-
hesive crack propagation.  The proposed method is val-
idated using crack propagation of a three point notched 
beam, comparing the resulting load deflection curves 
with literature results. 

2.  DESCRIPTION OF CRACK PROPAGATION 
IN FRAMEWORK OF VFIFE METHOD 

The VFIFE method is a vector mechanics based com-
putation method for solid media with large rotation and 
large deformation, and incorporates three fundamental 
concepts: point value description, path element, and fic-
titious reverse motion [24].  The primary objective of 
VFIFE is to handle motion and deformation of a system 
of multiple continuous bodies and their interactions [24].  
Some VFIFE concepts and computation procedures are 
similar to conventional FEM analysis.  However, in 
contrast to other formulations, the shape and position of 
a solid are described by mass particle motions.  The 
mass particles are connected to the nodes of elements,  
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Fig. 1  Point value description for solid body. 

 
 

 

Fig. 2 A motion trajectory of an arbitrary particle α on a structure (a) A motion trajectory of a structure from t = t0 
to t = tf (b) the motion path of a particle α. 

 
 
where the elements are massless, deformable, and of 
which the shape functions satisfy continuity require-
ments.  Element nodal forces are obtained through the 
principle of virtual work.  Internal force (reaction force 
to element nodal forces), external forces, and boundary 
conditions are imposed on the mass particles.  Thus, the 
motion of each mass particle is governed by Newton’s 
second law, rather than the differential equation of 
the conventional analytical method.  Therefore, VFIFE 
assumes strong equilibrium at each mass particle, 
whereas conventional FEM assumes weak equilibrium.  
Consequently, the VFIFE method has no concept of 
global stiffness matrix, and avoids the problem of ill- 
conditioned matrices.  An explicit solution procedure, 
e.g. the central difference method, is adopted to solve the 
governing equation.  Particle motion in the current step 
is explicitly solved based on previous steps.  We first 
introduce the underlying concepts of VFIFE theory: 
point value description, path element, and fictitious re-
verse motion, and then propose a description for crack 
propagation in the VFIFE framework. 

2.1  Point Value Description 

Figure 1 shows that a solid body can be described as 
many points linked by a set of triangular elements.  The 
motion of the solid body is determined by the particles; 
i.e. the triangle elements are deformed according to the 
particle motions.  The motion of each individual mass 
particle follows the Newton’s second law.  At time t, a 
particle α has mass mα and displacement vector dα (t).  
The equation of motion for particle α is 

 +ext int
   m d F F  (1) 

where ,=ext
i extf F  is sum of external forces fi,ext act-

ing on particle α, =int
i,intf F is the sum of internal 

forces fi,int exerted on particle α by the elements con-

nected to it.  Note that ,intif   in Fig. 1 is the reacting 

force exerted on the element by the mass particle α. 

2.2  Path Element 

The trajectory segment is referred to as a path element 
if the particle motion is continuous and can be analyti-
cally expressed by the same equation within this time 
segment.  Figure 2 shows a motion trajectory of an ar-
bitrary particle α.  The trajectory consists of a set of 
segments identified by a series of time instants ti, i = 0, 1, 
2, …, a, b, …, f.  The displacement of α within a path 
element ta ≤ t ≤ tb is donated by the continuous time 
function xα (t), and the displacements of α in time ta and 

tb are a
x  and b

x , respectively.  In the path element ta 

≤ t ≤ tb, the particle motion is continuous and the defor-
mation is small.  However, discontinuous motion occurs 
between the neighboring path elements e.g. ta or tb. 

2.3  Fictitious Reverse Motion 

To calculate the internal forces, pure deformation of 
the element is essential.  Fictitious reverse motion is 
used to obtain the pure deformation by deducting the  
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Fig. 3 The motion of a triangular element within an 
arbitrary path element ta ≤ t ≤ tb. 

 
 

 

Fig. 4 Fictitious reverse rigid-body translation of a 
triangular element. 

 
 

 

Fig. 5 Fictitious reverse rigid-body rotation of a trian-
gular element. 

 

 

Fig. 6  The estimation of the rotational angle (θ). 

 
 

displacement caused by the rigid body translation and 
rotation from the total displacement.  Therefore, ficti-
tious reverse motion consists of fictitious reverse transla-
tion and fictitious reverse rotation.  Figure 3 shows the 
motion of a triangular planar solid element with three 
particles within an arbitrary path element ta ≤ t ≤ tb.  
The planar element geometry is defined by three parti-
cles with node numbers (1, 2, 3) at time t and (1a, 2a, 3a) 
at time ta.  The position vectors of node j (j = 1, 2, 3) at 

ta and t are j
ax  and xj, respectively.  From ta to t, the 

increments of node translations are 

 j j j
a u x x  (2) 

The triangular element at time t has undergone a rigid 
body motion, including rigid body translation and rigid 
body rotation.  It is assumed that the displacement in-
crements of node 1 are the rigid body translation of the 
element.  For deducting the displacement caused by 
rigid body translation, a fictitious reverse rigid transla-
tion (-u1) of the triangular element is applied from t to ta, 
as shown in Fig. 4, and the relative displacements are 

  1 , 1,2,3j j j η = u + u  (3) 

Then the fictitious reverse rigid body rotation (θ) is 
used to deduct the displacement caused by rigid body 

rotation, as shown in Fig. 5, and the nodal displacements 
due to the in-plane rigid body rotation displacement are 

    1
r r θ     η R I x x  (4) 

where  
cos( ) sin( )

=
sin( ) cos( )

r

 


 
  

     
R  is the rotation 

matrix [22]. 

Pure deformation of the nodes, j
dη , can be expressed 

as 

 j j j
d r η η η  (5) 

Let the centroid of the element at time ta and t coin-
cide, and the angle between the two lines connecting the 
element nodes and centroid be φj as shown in Fig. 6.  
Then the average rotation can be assumed to be 

 
3
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j

j

 
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   (6) 

2.4  Calculation of the Internal Force 

The internal force can be calculated from the pure de-
formation using engineering strain and stress.  Similar 
to traditional FEM, the nodal internal force at the ficti-
tious state can be expressed as  
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Fig. 7 A plane structure with a notch A-B (a) The continuous body is described by a set of mass particles (b) The par-
ticle at the crack tip (B) separates into two new particles(B and B) (c) crack propagation. 
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where ˆ
jaf  is the internal force at ta and ˆ

jf is the in-

cremental internal force during t  ta from the principle 
of virtual work, the three components of incremental 
internal force can be expressed as 

  2 3 3
ˆ ˆ ˆˆ ˆ ˆ ˆ

a

T
T

s x x y a s a
V

f f f E dV      f B B u  (8) 

and the other nodal internal forces can be obtained from 
the equilibrium condition 
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(9)

 

In contrast to traditional FEM, the principle of virtual 
work and equilibrium condition are defined by increment.  
Thus, only three independent variables (u2, u3, v3) are 
defined [24]. 

The real internal force at t can be obtained by the for-
ward rotation 

 
T Tˆ
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R Q 0
f f

0
 

(10)
 

where R is the defined rotation matrix, and Q is the rota-
tion matrix between deformation and domain coordinates 
[24].  The reacting force ( jf ) on the element is fj. 

After obtaining the internal force, the new particle po-
sition can be obtained from Eq. (1) using a center differ-
ence method.  The trajectory of all particles can be 
solved following the sequence: new position → new in-
ternal force → next new position. 

2.5  Description of Crack in VFIFE 

Consider a planar structure with a notch that stretches 
gradually from B with the increased force F, as shown in 
Fig. 7.  The continuous body is described by a set of 

mass particles (Fig. 7(a)), where the motion of each par-
ticle follows Newton’s second law.  A group of path 
elements are defined to describe the motion of the con-
tinuous body.  Deformation of the particle in the path 
element is continuous, as discussed above, and cracking 
occurs at the instant between the neighboring path ele-
ments.  Internal forces for each particle are calculated 
using fictitious reverse motion.  The particle at the 
crack tip (B) separates into two new particles (B and B) 
if cracking occurs (Fig. 7(b)), and particles B and B 
masses should be updated after the separation.  Thus, 
crack propagation can be described by the separated 
mass particles A(A)-B(B)-…-b(b)-n (Fig. 7(c)). 

3.  SIMLUATION OF ELASTIC CRACK 
PROPAGATION 

Various techniques have been developed for crack 
evaluation in concrete structures, including quarter point 
displacement [34], J-integral [5], FCM [6], and two 
parameter fracture models [8].  This section introduces 
the VFIFE-J-integral method, combining VFIFE and J- 
integral methods, to calculate SIF at the crack tip. 

3.1  VFIFE-J-Integral 

Prior to describing the proposed method, we recall 
some basic concepts concerning asymptotic fields in 
fracture mechanics.  The stress field near the crack tip 
for mode I is determined by r, θ and KI, as shown in 
Fig. 8, where KI is the SIF and reflects the stress singu-
larity near the tip, and is commonly calculated using the 
J-integral method.  The J-Integral provides a path- 
independent value for all paths surrounding a class of 
notches in two-dimensional deformation fields of linear 
or non-linear elastic materials [15].  SIF can be evalu-
ated by J-Integral when yielding occurs on a small scale 
compared to the notch size.  The VFIFE-J-integral 
method develops the J-integral method within the VFIFE 
framework. 

3.1.1 Definition of J-Integral 

Consider a homogeneous body of linear or non-linear 
elastic material, free of body forces and subjected to a 
two-dimensional deformation field.  Suppose the body  
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Fig. 8  Stress fields near the crack tip. 

 
 

 

Fig. 9 An arbitrary integral curve surrounding the 
crack tip. 

 
 

 

Fig. 10 A plate with a tensile edge crack (a) a tensile 
edge crack with flat surfaces parallel to the 
x-axis (b) mass particles modeling the plate (c) a 
integral path. 

 

 

Fig. 11 The integral path and the element type (a) the 
integral path ABCDEF (b) the nodes on the path 
AB (c) the elements surrounding the particles. 

 
 
 

contains a notch with a flat surface parallel to the x-axis, 
as shown in Fig. 9.  Then the J-Integral can be ex-
pressed as [5] 

 = yx
x y

uu
J Wdy T T ds

x x

   
      

  (11) 

where 
0

ij ijW d

    is the strain energy density; Γ is 

an arbitrary curve surrounding the crack tip; and Tx and 
Ty are the traction along the x and y axes, respectively, 

 ,x x x xy y y y y xy xT n n T n n        (12) 

3.1.2 Numerical Implementation of the J-Integral by 
VFIFE Method 

Consider a tensile edge crack with flat surface parallel 
to the x-axis that has an arbitrary path, as shown in 
Fig. 10.  The J-integral from Eq. (11) is calculated 
along Γ starting from an arbitrary point on the flat part of 

the lower notch surface and terminating at an arbitrary 
point on the flat part of the upper notch surface.  To 
facilitate the calculation, the path (ABCDEF) along the 
edge of element is selected, as shown in Fig. 10(c), and  

 =ABCDEF AB BC CD DE EFJ J J J J J     (13) 

and we estimate JABCDEF as 

 
-1

1

= yx
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
 

(14)

 

where i is the number of nodes on the integral path, n the 

total number of nodes on the integral path +1+
=

2
i i

i
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W , 

+1=i i iy y y  , and +1=i i is s s  .  The J-integral can be 
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expressed as the sum of the two parts 
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(15)

 

Let us calculate J(1) on path AB as an example.  The 
integral path AB is assumed along with several nodes and 
every node is surrounded by triangle elements, as shown 
in Fig. 11.  For node i, the strain energy density is 

 1

1

m

j j
j

i m

j
j

W A

W

A









 (16) 

where i = 1, 2, …, n, and Wj and Aj are the energy density 
and area of the jth element around node i, respectively. 

From Eq. (15), the first part of the J-integral is 

    
1 1

1 1
1

1 1

+

2

n n
i i

i i i i
i i

W W
J W y y y

 



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      (17) 

and the stress of every node can be calculated from 

 1 1 1

1 1 1

, ,

m m m
j j j
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j j ji i i
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The average stress for every node is 

1 11

, ,
2 2 2

i i i ii i
y y xy xyi i ix x

x y xy

      
   

    (19) 

and so, from Eq. (12), the traction of each node is 

 ,
xy xy

i i i i i i i i i i
x x x y y y y xT n n T n n        (20) 

To calculate the derivatives of the displacement vector, 

i.e., xu

x




 and yu

x




, the integral path is assumed to 

move a small distance, 
2

x
, in the positive and negative 

x directions respectively.  Then paths 
2

x
 and 

+
2

x
  can be obtained as shown in Fig. 12, and the 

derivatives of the displacement vector for each node, 
i
xu

x




 and 
i
yu

x




, are 

 2 1 2 1,
ii i i i i
yx uu u u v v

x x x x

    
 

   
 (21) 

where Δu1 and Δv1 are displacements on path 
2

x
 ,  

 

Fig. 12 Path shifts by a small distance 
2

x
 in the posi-

tive and negative x-directions. 

 
 

and Δu2 and Δv2 are displacements on path 
2

x
 .  

Thus, the average derivatives of the displacement vector 
of each node can be expressed as 

 

+1+1

+ +
= =

2 2

i ii i
y yx x

ii
yx

u uu u
uu x x x x

x x

  
    

 
，  (22) 

and the second part of the J-integral can be calculated 
from Eqs. (17-22). 

By definition, the J-integral is always equal to the 
elastic strain energy release rate, GI [35].  For model-I 
crack, the relationship between the elastic strain energy 
release rate and SIF is defined as 

 

2

2 2

(plan stress)

(1 )
(plan strain)

I

I
I

K

EJ G
K

E




   


 

(23)

 

Thus, we can calculate the SIF according to Eq. (23).  
When the crack length is determined, the SIF increases 
with increasing loading force.  The crack begins to 
propagate once the stress on the crack tip attains the crit-
ical value of material.  The SIF at the critical stress field 
called critical SIF which is the fracture toughness Kc.  
Therefore, the crack behavior criteria for model-I loading 
is 

 =I IcK K  (24) 

3.2 A Plate with Tensile Edge Crack under Mode-I 
Loading 

Figure 13 shows a plate with an edge crack.  Tension 
is loaded with planar stress conditions, and the geometric  

Γ – 
∆x
2

Γ + 
∆x

2

∆x

2

∆x

2
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Fig. 13 (a) The rectangular plate with a tensile edge 
crack (b) mass particles modeling the plate (c) 
Three different integral paths. 

 

 

Fig. 14  The loading way. 

 
 

Table 1 The KI (Pa·m1/2) values of the difference integral paths. 

Integral path KI (J-integral) KI (FGC) Errors 

1 21.00 

21.72 

3.31% 

2 20.99 3.36% 

3 20.76 4.41% 

4 20.73 4.56% 

 
 

Table 2  The KI values of the difference mesh numbers. 

mesh KI (J-integral) KI (Duarte) Errors 

20 × 40 4.507 

5.01 

10.0% 

40 × 80 4.847 3.25% 

50 × 100 4.959 1.03% 

 
 
parameters are chosen as a = 0.8 cm, b = 4 cm, h = 5 cm, 
elastic modulus E = 2 MPa, Poisson’s ratio ν = 0.3, and 
loading force σ = 100 Pa, and the number of elements is 
40 × 100 (Fig. 13(b)).  M is the node at the bottom of 
the plate.  The loading way is the ramp load and loading 
time = 10s, as shown in Fig. 14.  The time step is h = 
1.0 × 10-5 s.  Four different paths (Fig. 13(c)) are 
selected to calculate the J-integral. 

The SIF calculated by the proposed method is com-
pared with a finite geometry corrected (FGC) model [2] 

 =IK F a   (25) 

where 

 

2 3

4

=1.12 0.231 10.55 21.72

30.39

a a a
F

b b b

a

b

            
     

   
 

 

(26)

 

Table 1 shows good agreement between the proposed 
and FGC values.  Thus, the proposed method to calcu-

late SIF by J-integral is correct and effective.  In princi-
ple, the J-integral is path independent.  However, in 
practice the error increases (3.31%, 3.36%, 4.41%, 
4.56% respectively) for paths 1–4.  Therefore, the inte-
gral path should be selected as far from the crack tip as 
possible when calculating SIF using the J-integral. 

For comparing with the results of partition of unity 
(PU) method by Fan et al. [36], the geometric parameters 
in Fig. 13 are a = 1, b = 2, h = 2, elastic modulus E = 1, 
Poisson’s ratio ν = 0.3, and loading force σ = 1.  The 
same problem was previously solved by Duarte [37], and 
his results (KI = 5.01) was used as benchmark in the ref-
erence of Fan et al. [36].  In the results of Fan et al. [36], 
when the orders of the polynomial-typed influence func-
tions [36] for element are 2, 3, 4, and 5, the correspond-
ing SIF values are 2.595, 4.528, 5.045, and 4.996, 
respectively.  By using the present method, the predict-
ed values of SIF with different mesh number are pre-
sented in Table 2 and yield good agreement with the 
benchmark value.  In Table 2, the error decreases with 
the increasing of mesh number.  When the mesh num-
ber is 50 × 100, the result (4.959) is very close to the best 
SIF value (4.996) by the PU method [36].  It is verified  

(a) (b) (c)

a

b

h

h

Unit: cm

1
2

3
4

0.
2

1.
02.

03.
0

M

σ

σ

1.5
1.0
0.5
0.2

0.2
0.4
0.6

100 σ (Pa)

t (s)

10

https://doi.org/10.1017/jmech.2017.85 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2017.85


Journal of Mechanics, Vol. 33, No. 6, December 2017  805 
 

 

Fig. 15  The load-displacement curve of the node M. 

 
 

 

Fig. 16  The stress distribution of the plate. 

 
 

that the present method is accurate for evaluating the SIF.  
The result is close to the exact solution when the mesh 
near the crack tip is dense.  However, the calculation 
efficiency will be decreased when the mesh is dense. 

Next, the crack propagation in linear elastic condition 
is simulated.  Assuming the fracture toughness is KIC = 
483.  The fracture criterion in Eq. (12) is used in this 
case.  The load-displacement of the node M (Fig. 13) 
with different initial crack length is plotted in Fig. 15.  
As can be seen, the load-displacement curve is linear in 
this condition.  When the initial crack lengths are 0.8, 
1.0 and 1.2, the maximum loading force (σmax) obtained 
by the present method are 146.3, 98.61 and 63.77.  
Those results are very close to the analytical results 
(144.88, 96.44, and 61.80) calculated by Eq. (24).  In 
Fig. 15, the maximum loading force becomes smaller 
when the initial crack length increases.  The stress dis-
tributions of the plate and the shapes of crack at different 
stages are shown in Fig. 16.  As the loading force in-
creases, the stress near the crack tip becomes larger.  
When the SIF at the crack tip attains fracture toughness 
KIC, the crack is beginning to propagate.  The stress at 
crack tip is always larger than other place of the plate 
until the plate splits into two parts. 

4.  SIMULATION OF COHESIVE CRACK 
PROPAGATION 

This section proposes VFIFE-FCM to simulate cohe-
sive crack propagation.  The FCM incorporating the 
assumption that cohesive force acts on the fracture pro-
cess zone is integrated into the VFIFE framework. 

4.1  The Fictitious Crack Model (FCM) 

The FCM characterizes the tension softening fracture 
process zone through a fictitious crack ahead of the ex- 

 

Fig. 17 (a) Fictitious crack model (b) Distribution of the 
stress in linear zone and softening zone. 

 
 
isting crack [6].  Figure 17 shows that the closing stress 
in the FPZ increases from zero at the tip of the existing 
traction free macro-crack to the full uniaxial tensile 
strength of the material, ft, at the tip of the fictitious crack.  
The zone far from the crack remains elastic.  Therefore, 
the stress-strain curve is linear, and the distribution of 
closing stress σ(w) along the FPZ depends on the open-
ing of the fictitious crack face, w. 

In the FCM, the area under the tension softening curve 
is the true fracture energy, 

    
0 0

t cf w

FG w d w dw      (27) 

where ft is the uniaxial tensile strength limit of material, 
and wc is the critical tip opening displacement of the 
existing macro-crack. 

In principle, the complete fracture process of a struc-
ture can be described once the two independent material 
parameters ft and GF are obtained, and the shape of the 
tension softening diagram will have considerable influ-
ence on GF.  In practice, it is common to make linear,  
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Fig. 18 The crack propagation process over the period of time t0 ≤ t ≤ tα. 

 

 

Fig. 19 The propagation process of crack tip.  (a) before 
the cracking at node A.  (b) after the cracking 
at node A. 

 

 

Fig. 20 Elements surrounding the particles (a) before the 
cracking at node A (b) after the cracking at node 
A. 

 
bilinear, polynomial, and exponential approximations to 
σ(w). 

4.2  VFIFE- FCM Method 

Figure 18 illustrates the proposed VFIFE-FCM for a 
three-point bending beam with a fracture zone.  The 
fracture zone can be expected to follow a vertical line at 
the center of the element boundaries which are situated 
along this line.  Cracking only occurs at the starting 
point of a VFIFE path element.  It is assumed that the 
crack propagates over t0 ≤ t ≤ tα, with the initial crack 
beginning at t0.  Before the loading force is exerted, 
there is a notch in the middle bottom of the beam, and A 
is the crack tip, as shown in Fig. 19(a).  The tensile 

stress of the tip, A
x , can be calculated at each time step 

as the loading force increases, and the cracking criterion is 

 A
x tf   (28) 

The material behaves elastically until stress reaches ft.  
Once the tensile stress of the tip exceeds ft at t0, node A at 
the crack tip separates into two nodes, a1 and a2, and the 
crack tip propagates to node B, as shown in Fig. 19(b).  
The equations of motion of the particles after splitting are 
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 
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f
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(29)

 

where sm , s = a1, a2 is the mass of the new particles, 
and n is the calculation step index.  At t0, n = n0, and the 
mass of the new points are 

 1 2

2

A
a a m

m m   (30) 

The internal force on particle A (node A) is assembled 
by the elements surrounding it before cracking (Fig. 
20(a)).  After particle A splits into a1 and a2, the con-
nectivity among elements and nodes is altered, and ac-
cordingly, the internal force on particle a1 (or a2) is as-
sembled from the elements connected with the new par-
ticle, as shown in Fig. 20(b). 

When the tensile force reaches ft, the material near the 
crack tip behaves nonlinearly since node A at the crack 
tip separates into two nodes.  Simultaneously, closing 
stress σ(w) acts on the new interfaces (Fig. 21(b)), and 
decreases as the opening displacement increases.  Parti-
cle parameters are updated and particles displacements 
calculated for the next step using the VFIFE method.  
This procedure is repeated until failure occurs.  Figure 
22 shows the flowchart for VFIFE cohesive crack growth 
simulation. 

4.3  Three-Point Bending Beam 

We consider two examples of three-point bending 
beams and simulate cohesive crack propagation using the 
proposed VFIFE-FCM method.  First, we simulated a  
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Fig. 21 The internal force and the cohesive force acting on the node in the process of cracking (a) before the node A 
cracking (b) after the node A cracking. 

 

 
 

 

Fig. 22  A flowchart of the cohesive crack growth simulation. 
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Fig. 23  A three-point bending beam. 

 
 

 

Fig. 24  The linear softening curve. 

 
 

 

Fig. 25 Non-dimensional load-deflection curves for 
three-point bending beam. 

 
 

 

Fig. 26 The process of the cracking (a) non-dimensional 
load-deflection curve of mesh 100 × 60 (b) the 
stress distribution at different steps. 

 

 
three-point beam without an initial notch and compared 
the VFIFE-FCM calculated load-displacement curve 
with that obtained by X-FEM.  Second, we simulated 
VFIFE-FCM crack propagation for a three-point beam 
with an initial notch, and compared the outcomes with 
example results.  The effects of different loading rates 
are also discussed. 

4.3.1 Three-Point Bending Beam without Initial Notch 

The example in Fig. 23 is propagation of a cohesive 
crack for a three-point bending beam without notch, 
which has been studied previously using X-FEM [18].  
The geometrical parameters were W = 0.15 m, L = 4 W, 
t = W, elastic modulus of the concrete E = 36,500 Mpa, 
ultimate tension stress ft = 3.19 MPa, Poisson’s ratio ν = 
0.1, and fracture energy GF = 50 Nm-1.  The cohesive 
profile was linear, as shown in Fig. 24.  Note that there 
was initially no crack in the beam.  As the loading force 
increases, the cohesive zone starts to develop at the bot-
tom midpoint of the beam when stress reaches ft. 

Figure 25 shows the load-deflection curves from 
VFIFE-FCM.  Three different elements sets were con-
sidered: 40 × 20, 80 × 40, and 100 × 60.  The results 
converged with increasing of element number.  Results 
from the proposed method are close to those from Moës 
and Belytschko [18].  The load-deflection curve is line-

ar before the crack appears.  Then the slop of the curve 
begins to decrease as the crack emerges.  The descend-
ing branch tends to flatten as the crack propagates.  The 
computation time of the present method depends on the 
element number.  However, as the present method do 
not need to assemblage the global stiffness matrix, the 
procedure of solving global matrix and iterative proce-
dure are skipped.  By this way, the computational effi-
ciency is improved. 

Figure 26 shows the cracking process.  From the 
process O-A-B, the loading force increases linearly with 
increasing deflection until stress reaches ft at point B.  
For the process B-C-D-E-F, the crack develops from the 
bottom to the top side, until total fracture of the beam at 
F.  Stress distribution at different steps (A to F) and 
crack shapes at various stages of propagation are shown 
in Fig. 26(b).  The beam splits into two parts when the 
crack propagates throughout the whole beam. 

4.3.2 Three-Point Bending Notched Beam 

Consider a three node bending beam with a notch in 
the middle bottom, as shown in Fig. 27.  The geometric 
parameters were W = 0.2 m, L = 4 W, t = 0.08 m, a0 = 
0.3 W; the number of elements was 80 × 40; elastic mod-
ulus of concrete E = 24.62 GPa, ultimate compressive 
stress fc = 26.8 MPa, ultimate tension stress ft = 2.58 
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Fig. 27  Three-point bending notched beam. 

 

 

Fig. 28  The bilinear soften curve. 

 

Table 3  The value of the coefficient αF. 

 

 

Fig. 29 The load-deflection curve of a three-point bead-
ing specimen. 

 

 

Fig. 30 The load-deflection curves at three different 
loading times. 

 
 

Mpa, and Poisson’s ratio ν = 0.1.  Displacement loading 
was used in this example, with total loading displace-
ment = 0.5 × 10-3 m and loading time = 150 s.  Fracture 
energy is [38] 

    0.70.95
max 00.0204 0.0053 /8 /F c cG d f f   (31) 

where fc0 = 10 MPa, dmax = 20 mm is the maximum size 
of the aggregate.  Thus, GF = 63.42 N/m2. 

The tension softening curve adopted in this example 
was recommended in the CEB-FIP Model Code 1990 
standard [38], as shown in Fig. 28, and the bilinear ten-
sion softening function were 

 

= 1 0.85 0

= 0.15

= 0

t s
s

c
t s c

c s

c

w
f w w

w

w w
f w w w

w w
w w







  
    

 
   



 

(32)

 

From the bilinear tension softening function, there are 
three parameters for the bilinear softening curve, where ft 
is the ultimate tensile stress, and the other two parame-
ters are [38] 
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(33)

  

where αF is the coefficient that depends on the maximum 
aggregate size, shown in Table 3, and can be obtained by 
interpolation. 

Figure 29 shows the load-deflection curve for a three 
point bending concrete specimen obtained by the pro-
posed method compared with test data from Karihaloo 
[39].  The proposed method shows good agreement 
with the real test results, although the peak load of the 
numerical analysis is a little overestimated.  This over-
estimation can be attributed to several reasons.  First,  
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Fig. 31  The stress distribution over time. 

 
 
the bilinear tension softening diagram may not reflect the 
real response well.  Second, GF as calculated from the 
estimate equation may be an overestimate.  To some 
extent, GF depends on the size of the structure member as 
well as other material properties not considered in the 
estimate equation. 

To investigate the effect of loading rate on crack 
propagation, three different loading times were consid-
ered: 150, 75, and 25 s, as shown in Fig. 30.  Loading 
rate has little influence on the load-deflection curve.  
Before crack propagation, the load-deflection is linear, 
then when the crack begins to propagate, the slop of the 
curve begins to decrease, with a slight oscillation as the 
crack propagates.  The detailed softening response in-
dicates that the curve oscillation tends to increase with 
increasing loading rate. 

Figure 31 shows the crack length time deflection 
curve for 150 s loading time.  Stress distributions at 
different instants (A, B, C, D, E, and F) of the cracking 
process are shown.  Stress near the crack tip is always 
very large until the beam cracks completely.  The ficti-
tious crack appears when the stress at the tip reaches and 
exceeds the ultimate tensile stress, and then the cohesive 
force adds to the fictitious crack.  The cohesive force 
becomes smaller with growth of the fictitious crack 
opening displacement.  As the crack propagates, the 
beam splits into two parts eventually.  Crack shapes at 
different instants are shown in Fig. 31. 

5.  CONLUSIONS 

This paper proposes a new approach to simulate the 
cracking process in an efficient and reliable manner, 
without needing to consider the global stiffness matrix or 
artificially softening elements.  A VFIFE-J-integral 
method is proposed to simulate elastic crack propagation 
under mode-I loading, and a VFIFE-FCM method to 
simulate cohesive crack propagation.  For the VFIFE- 
J-integral method, the J-integral calculation method was 
developed within the VFIFE framework, and the calcu-
lated stress intensity at the crack tip was found to agree 
well with the finite geometry corrected value.  Thus, the 
effectiveness of the proposed VFIFE-J-integral method 
was validated.  For the VFIFE-FCM method, the ficti-
tious crack model was integrated with the VFIFE 
framework to solve cohesive crack propagation.  The 
computing procedure for the VFIFE-FCM method was 
developed in detail.  The crack process of the 

three-point bending beam without notch was simulated, 
and the obtained load-deflection curve compared with 
that from X-FEM.  The outcomes verified the accuracy 
of the proposed VFIFE-FCM method.  Crack simula-
tion of a three-point bending beam with a notch was also 
conducted and compared with the test result.  The out-
comes showed good agreement.  The crack propagates 
very quickly once initiated from the notch tip.  Crack 
propagation for three different loading rates was investi-
gated and the results indicate that loading rate has little 
effect on the load-deflection curve in the linear stage 
before crack initiation, but oscillation of the curve in the 
softening stage tends to increase with increasing loading 
rate.  Thus, the proposed VFIFE approach was validated 
as efficient and effective for simulation of crack propa-
gation under mode-I loading.  Further studies on crack 
propagation simulation under mode-II or mixed loadings 
and dynamic crack propagation are in progress and will 
be reported in the future. 
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