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Abstract. The equation of state (EOS) plays a crucial role in hyperbolic conservation
laws for the compressible fluid. Whereas, the solid constitutive model with elastic-
plastic phase transition makes the analysis of the solid Riemann problem more diffi-
cult. In this paper, one-dimensional elastic-perfectly plastic solid Riemann problem is
investigated and its exact Riemann solver is proposed. Different from previous works
treating the elastic and plastic phases integrally, we resolve the elastic wave and plas-
tic wave separately to understand the complicate nonlinear waves within the solid
and then assemble them together to construct the exact Riemann solver for the elastic-
perfectly plastic solid. After that, the exact solid Riemann solver is associated with the
fluid Riemann solver to decouple the fluid-solid multi-material interaction. Numeri-
cal tests, including gas-solid, water-solid high-speed impact problems are simulated
by utilizing the modified ghost fluid method (MGFM).
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1 Introduction

In recent decades, exact and approximate Riemann solvers have been carefully designed
to calculate the Riemann problem and provide the numerical fluxes across the interfaces
of computing cells. Godunov firstly introduced a conservative method which defined
the numerical fluxes by solving local Riemann problems to settle the non-linear sys-
tems of conservation laws [1]. In the original Godunov method, local Riemann problems
are solved accurately. As the iterative procedure of the exact Riemann solver is rather
time-consuming, alternatively, approximate and non-iterative Riemann solvers are de-
veloped to evaluate the numerical fluxes approximately. On one hand, approximate
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state-based Riemann solvers such as double-shock Riemann solver, double-rarefaction
Riemann solver, and their hybrid versions [2] are employed to define the fluxes indirectly.
On the other hand, approximate flux-based Riemann solvers, for instance, HLL-type Rie-
mann solvers [3–6], Roe Riemann solver [7] and Osher Riemann solver [8, 9], estimate
the fluxes directly. These two classes of approximate Riemann solvers have been widely
adopted in hydrodynamics codes nowadays.

However, in this work, we study the exact Riemann solvers for the elastic-perfectly
plastic solid and its multi-material interfaces. The reason is twofold. Firstly, as complex
nonlinear waves arise in the elastic-plastic solid, the intensive study of the exact solution
can provide a more reliable result and an initial foothold for the further more efficient
approximate solution theoretically. Secondly, the exact Riemann solver is intended to
treat the multi-material interaction by the MGFM approach [10–12] instead of developing
a Godunov-type scheme. Since MGFM is a multi-material method which needs to solve
only one local Riemann problem at the multi-material interface during each time step,
the time-consuming effect is limited.

Actually, for purpose of solving the solid Riemann problem, a number of exact or
approximate Riemann solvers based on the specific solid assumptions have been pro-
posed. Regarding to the elastic solid, Kaboudian and Khoo [13] analysed the elastic solid
Riemann problem in the Lagrangian framework and put forward a Riemann solver ac-
cording to the characteristic theory. As for the nonlinear elasticity, multiple approaches
have been implemented. LeFloch [14] only utilized shock waves to approximate the orig-
inal Riemann problem structure. Garaizar [15] demonstrated an exact Riemann problem
solution of isotropic hyperelastic material theoretically without performance demonstra-
tion by numerical results. Miller [16] presented a general iterative Riemann solver and
applied it to the hyperelastic material. The great discrepancy between the exact and ap-
proximate solutions indicates that the exact solution is a necessity for the complex solid
flow. Barton et al. [17] achieved high-order spatial accuracy by the monotonicity preserv-
ing weighted essentially non-oscillatory (MPWENO) reconstruction and the local Rie-
mann problem characteristic decomposition. HLLD Riemann solver was implemented
by López Ortega et al. [18] and then was extended to the multi-material circumstance.
Considering the elastic-plastic solid, Trangenstein and Pember [19] illustrated an ana-
lytical solution to the Riemann problem for Antman-Szymczak model which described
the elastic-plastic material. Lin [20] raised an iterative procedure to calculate the Rie-
mann problem approximately by linearizing the Riemann invariants. Whereas Wang et
al. [21] adopted the fully conservative Eulerian formulation for elasto-plasticity proposed
in [22] and employed an approximate Riemann solver via right eigenvectors decomposi-
tion based on constant coefficient systems. Miller and Colella [23] also took the similar
approach to construct a high-order Godunov method for the elastic-plastic flow in solid
solved in nonconservative form depending on the work of Trangenstein and Colella [24].

A large part of the methods illustrated above introduce the deformation tensor and
formulate a hyperbolic conservative system with variables like inverse deformation gra-
dient, mass, momentum, energy, even work-hardening, plastic strain tensor, etc. Consid-
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ering the traditional elastic-perfectly plastic solid model surveyed by Wilkins [25], since
the elastic to plastic phase transition blends into the conservation laws, the analytical so-
lution of this system is extraordinary intricate. In this paper, we switch the thought pat-
tern and investigate the elastic wave and plastic wave respectively to avoid the nonuni-
formity in the constitutive models. Besides, the constitutive models are transformed into
the Eulerian form and then an integrated non-conservative hyperbolic system is formu-
lated, consisting primitive variables like density, velocity, hydrostatic pressure and devi-
atoric stress, which can facilitate the deduction of mathematical properties and the final
exact elastic-perfectly plastic solid Riemann solver.

This paper is organized as follows. In Section 2, we discuss the exact Riemann solver
for the elastic solid. Parallelly, the exact Riemann solver for the perfectly plastic material
is presented in Section 3. In Section 4, the shock and rarefaction relationships for the
elastic wave and plastic wave are assembled as the final Riemann solver for the elastic-
perfectly plastic solid. In Section 5, we verify the accuracy of the above exact Riemann
solvers. In Section 6, the multi-material extension is discussed and its numerical results
are demonstrated in Section 7. Finally, conclusions are summarized in Section 8.

2 The elastic waves and the exact elastic solid-solid Riemann

solver

In this section, we put forward the elastic wave relationship and obtain the exact elas-
tic solid-solid Riemann solver which will be provided as a foundation to construct the
elastic-perfectly plastic solid-solid Riemann solver proposed in Section 4.

2.1 Governing equations and constitutive models for the elastic solid

The one-dimensional nonlinear system of hyperbolic conservation laws with source terms,
neglecting the effects of body forces, viscous stresses and heat-conducting, to describe the
elastic solid in the Eulerian coordinate system is written as

∂V

∂t
+

∂G(V)

∂x
=S(V), (2.1)

where

V=









ρ
ρu
ρp
ρsx









, G(V)=









ρu
ρu2+p−sx

ρup
ρusx









, S(V)=









0
0

−Kρε̇x

4µρε̇x/3









.

Here, the variables are, the density ρ, the x-direction velocity u, the hydrostatic pressure
p, the x-direction deviatoric stress sx, the bulk modulus K, the shear modulus µ and the
x-direction strain rate ε̇x. Besides, the hydrostatic pressure and the negative x-direction
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deviatoric stress can be merged into one variable, the negative x-direction total stress,
expressed by

−σ= p−sx . (2.2)

Concerning the system (2.1), the first two equations represent the conservation of mass
and momentum respectively, while the last two equations denote the Hooke’s law in the
Eulerian framework interpreted from the following Lagrangian form

ṗ=K
ρ̇

ρ
, ṡx =2µ

(

ε̇x+
1

3

ρ̇

ρ

)

. (2.3)

The dots are time derivatives along the particle path. To facilitate further discussion,
conservative formulations (2.1) are rewritten into the non-conservative ones as











































∂ρ

∂t
+u

∂ρ

∂x
+ρ

∂u

∂x
=0,

∂u

∂t
+u

∂u

∂x
+

1

ρ

∂p

∂x
−

1

ρ

∂sx

∂x
=0,

∂p

∂t
+K

∂u

∂x
+u

∂p

∂x
=0,

∂sx

∂t
−

4

3
µ

∂u

∂x
+u

∂sx

∂x
=0.

(2.4)

2.2 Elastic rarefaction waves

Firstly, we will deduce the relationship across the elastic rarefaction waves. Characteristic
speeds of system (2.4) are

λ1=u−

√

4µ+3K

3ρ
, λ2=λ3=u, λ4=u+

√

4µ+3K

3ρ
. (2.5)

For the λ1-characteristic field, the Riemann invariants across the left rarefaction wave are


























Iλ1
(ρ,u)=u−

√

16µ+12K

3ρ
=constant,

Iλ1
(ρ,p)= p−K lnρ=constant,

Iλ1
(ρ,sx)= sx+

4

3
µlnρ=constant.

(2.6)

Similarly, for the λ4-characteristic field, we acquire the Riemann invariants across the
right rarefaction wave, given by



























Iλ4
(ρ,u)=u+

√

16µ+12K

3ρ
=constant,

Iλ4
(ρ,p)= p−K lnρ=constant,

Iλ4
(ρ,sx)= sx+

4

3
µlnρ=constant.

(2.7)
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Figure 1: Three-wave solution structure of the elastic solid-solid Riemann problem.

For the λ1-characteristic field, the relationship of states across the left rarefaction wave
can be inferred that

u∗L=uL−

√

16µ+12K

3ρL
+

√

16µ+12K

3ρ∗L
, (2.8)

together with
ρ∗L

ρL
=exp

(3σL−3σ∗L

3K+4µ

)

. (2.9)

Similarly, for the λ4-characteristic field, the relationship of the states across the right rar-
efaction wave is

u∗R=uR+

√

16µ+12K

3ρR
−

√

16µ+12K

3ρ∗R
, (2.10)

along with
ρ∗R

ρR
=exp

(3σR−3σ∗R

3K+4µ

)

. (2.11)

Here, the meanings of above subscripts ”L”, ”∗L”, ”∗R”, ”R” are the same with the com-
pressible fluid and can be referred to from Fig. 1.

2.3 Elastic shock waves

When the entropy condition is satisfied, elastic shock waves are generated. The Rankine-
Hugoniot condition across the elastic shock waves is

[ρu]=S[ρ], (2.12a)

[ρu2−σ]=S[ρu], (2.12b)

when applied to the first two equations of system (2.1). Here, ”S” stands for the shock
wave speed. Therefore, we acquire the formulas

u∗L=uL−

√

(σL−σ∗L)

(

1

ρL
−

1

ρ∗L

)

, (2.13)
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and

u∗R=uR+

√

(σR−σ∗R)

(

1

ρR
−

1

ρ∗R

)

. (2.14)

To associate the densities in front of and behind the shock waves, the Hooke’s law Eq. (2.3)
is integrated by time t and we have

ρ∗L

ρL
=exp

(

3σL−3σ∗L

3K+4µ

)

,
ρ∗R

ρR
=Exp

(

3σR−3σ∗R

3K+4µ

)

. (2.15)

2.4 The exact elastic solid-solid Riemann solver

Suppose that two parts of the elastic solid are located at the left and right sides of the
interface, the one-dimensional elastic solid-solid Riemann problem in the vicinity of the
interface can be described in the Euler-Euler coordinate system as











∂V

∂t
+

∂G(V)

∂x
=S(V) with V|t=0=VL for x< x0,

∂V

∂t
+

∂G(V)

∂x
=S(V) with V|t=0=VR for x> x0,

(2.16)

where the left constant state VL and right constant state VR are separated by the inter-
face located at x0. Since the λ2-, λ3-characteristic fields are linearly degenerate and the
λ1-, λ4-characteristic fields are genuine non-linear, the exact elastic solid-solid Riemann
solution consists of four constant states (VL,V∗L,V∗R,VR) connected by three elementary
waves, where the middle wave associated with the λ2-, λ3-characteristic fields is a con-
tact discontinuity and the left and right waves associated with the λ1-, λ4-characteristic
fields are either shock waves or rarefaction waves, see Fig. 1. To propose the Riemann
solver for the elastic solid-solid Riemann problem (2.16), the core strategy is iterating the
negative total stress in the star region.

Proposition 2.1. The solution of negative total stress in the star region for the elastic
solid-solid Riemann problem (2.16) is given by the root of the algebratic equation

h(p∗,WL,WR) := gL|E(p∗,WL)+gR|E(p∗,WR)+uR−uL=0, (2.17)

with
p∗=−σ∗L=−σ∗R,

where gL|E(p∗,WL) is given by one of the following two expressions

gS
L|E (p∗,WL)=

√

(σL+p∗)

(

1

ρL
−

1

ρ∗L

)

, if σ∗L <σL, (2.18a)

gR
L |E (p∗,WL)=

√

16µ+12K

3ρL
−

√

16µ+12K

3ρ∗L
, if σ∗L ≥σL, (2.18b)
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and gR|E(p∗,WR) is given by one of the following two expressions

gS
R|E (p∗,WR)=

√

(σR+p∗)

(

1

ρR
−

1

ρ∗R

)

, if σ∗R <σR, (2.19a)

gR
R|E (p∗R,WR)=

√

16µ+12K

3ρR
−

√

16µ+12K

3ρ∗R
, if σ∗R ≥σR. (2.19b)

The above expressions are enclosed by the corresponding density jump conditions (2.9),
(2.11), (2.15). Here, ”W” is a vector of primitive variables (ρ,u,p,sx). Superscripts ”S”,
”R” at the left side of the vertical bar stand for shock wave and rarefaction wave respec-
tively. Subscripts ”L”, ”R” at the left side of the vertical bar denote that the expression is
used for the left and right sides of the nonlinear relation respect to the contact discontinu-
ity separately. Subscript ”E” at the right side of the vertical bar represents the nonlinear
wave is an elastic wave.

To complete the exact Riemann solver, the solution inside the left rarefaction fan is
given by

WL f an=















































































u=
2x

t
−uL+

√

16µ+12K

3ρL
,

ρ=
4µ+3K

3
(x

t
−uL+

√

16µ+12K
3ρL

)2
,

p= pL−KlnρL+Kln







4µ+3K

3
(

x
t −uL+

√

16µ+12K
3ρL

)2






,

sx = sxL+
4

3
µlnρL−

4

3
µln

[

4µ+3K

3
(

x
t −uL+

√

16µ+12K
3ρL

)2

]

,

(2.20)

and the solution inside the right rarefaction fan yields

WR f an=















































































u=
2x

t
−uR−

√

16µ+12K

3ρR
,

ρ=
4µ+3K

3
(x

t
−uR−

√

16µ+12K
3ρR

)2
,

p= pR−KlnρR+Kln







4µ+3K

3
(

x
t −uR−

√

16µ+12K
3ρR

)2






,

sx = sxR+
4

3
µlnρR−

4

3
µln

[

4µ+3K

3
(

x
t −uR−

√

16µ+12K
3ρR

)2

]

,

(2.21)

assuming that the interface x0 is located at the original point.
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2.5 Solution types of the elastic solid-solid Riemann problem

To determine which expression is expected to be adopted in Eq. (2.17), the solution types
have to be classified. In the elastic solid-solid Riemann problem, they are categorized into
four types, ”SE|SE”, ”SE|RE”, ”RE|SE”, ”RE|RE”. Herein ”|” means the solid-solid inter-
face, or the contact discontinuity. ”S” and ”R” indicate that a shock wave or a rarefaction
wave is generated at the respective side. Then we have conclusions on the solution types
of the elastic solid-solid Riemann problem listed as below.

Lemma 2.1. Functions (2.18a), (2.18b), (2.19a), (2.19b) are differentiable and monotonously
increasing with respect to p∗.

Theorem 2.1. If the solution type of the elastic solid-solid Riemann problem is ”SE|SE”, the
initial statuses VL and VR satisfy the condition

gS
L|E(max{−σL,−σR},WL)+gS

R|E(max{−σL,−σR},WR)

<uL−uR< gS
L|E(+∞,WL)+gS

R|E(+∞,WR). (2.22)

Proof. In this case, elastic shock waves are generated at the both sides according to the
initial values VL and VR. Hence, functions (2.18a) and (2.19a) are selected for the left side
and the right side separately. So Eq. (2.17) becomes

h(p∗,WL,WR) := gS
L|E (p∗,WL)+gS

R|E (p∗,WR)+uR−uL=0.

Because of the properties of the left-facing shock wave and the right-facing shock wave,
we have p∗ >−σL and p∗ >−σR. Thus, the root p∗ of the equation lays in the interval
(max{−σL,−σR},+∞). As the equation is a monotonously increasing function with re-
spect to p∗, this yields h(max{−σL,−σR},WL,WR)<0 and h(+∞,WL,WR)>0, which are

gS
L|E (max{−σL,−σR},WL)+gS

R|E (max{−σL,−σR},WR)+uR−uL <0,

and
gS

L|E (+∞,WL)+gS
R|E (+∞,WR)+uR−uL>0.

Thus, we complete the proof.

Similarly, the following theorems can be proved.

Theorem 2.2. If the solution type of the elastic solid-solid Riemann problem is ”SE|RE”, the
initial statuses VL and VR satisfy the condition

gS
L|E(−σL,WL)+gR

R|E(−σL,WR)<uL−uR ≤ gS
L|E(−σR,WL)+gR

R|E(−σR,WR). (2.23)

Theorem 2.3. If the solution type of the elastic solid-solid Riemann problem is ”RE|SE”, the
initial statuses VL and VR satisfy the condition

gR
L |E(−σR,WL)+gS

R|E(−σR,WR)<uL−uR≤ gR
L |E(−σL,WL)+gS

R|E(−σL,WR). (2.24)
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Theorem 2.4. If the solution type of the elastic solid-solid Riemann problem is ”RE|RE”, the
initial statuses VL and VR satisfy the condition

gR
L |E(0,WL)+gR

R |E(0,WR)

≤uL−uR

≤gR
L |E(min{−σL,−σR},WL)+gR

R|E(min{−σL,−σR},WR). (2.25)

3 The perfectly plastic waves and the exact perfectly plastic

solid-solid Riemann solver

In this part, the perfectly plastic rarefaction wave and shock wave are analysed and the
exact perfectly plastic solid-solid Riemann solver is proposed dismissing the effect of
elasticity.

3.1 Governing equations and constitutive models for the perfectly plastic
solid

Ignoring the effects of body forces, viscous stresses and heat-conducting, the one-
dimensional non-linear system of hyperbolic conservation laws in the Eulerian coordi-
nate system to express the perfectly plastic solid is given by

∂V

∂t
+

∂G(V)

∂x
=0, (3.1)

where

V=





ρ
ρu
E



, G(V)=





ρu
ρu2+p−sx

(E+p−sx)u



.

Herein the deviatoric stress sx is treated as a constant owing to the perfectly plastic as-
sumption and E is the total energy per unit volume, which is defined by

E=
1

2
ρu2+ρe, (3.2)

where e is the specific internal energy. For closure of the system (3.1), equation of state is
required. In this study, the solid is assumed to equip with the ”stiffened-gas” equation of
state associating with the hydrostatic pressure p through

p(ρ,e)= c2
0(ρ−ρ0)+(γ−1)ρe. (3.3)

In the above equation, c0 is the unshocked sound speed, ρ0 is the reference density, and
γ is the Grüneisen gamma. As a result, the non-conservation formulations for the one-
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dimensional perfectly plastic solid is written as






























∂ρ

∂t
+u

∂ρ

∂x
+ρ

∂u

∂x
=0,

∂u

∂t
+u

∂u

∂x
+

1

ρ

∂p

∂x
=0,

∂p

∂t
+[ρa2−(γ−1)sx]

∂u

∂x
+u

∂p

∂x
=0,

(3.4)

where a is a variable and equals to
√

(γp+c2
0ρ0)/ρ.

3.2 Rarefaction waves

Considering the rarefaction waves in the perfectly plastic solid, the characteristic speeds
of system (3.4) are

λ1=u−

√

a2−
(γ−1)sx

ρ
, λ2=u, λ3=u+

√

a2−
(γ−1)sx

ρ
. (3.5)

For the λ1-characteristic field, the Riemann invariants across the left rarefaction wave are
given by



















IL(ρ,u)=u+
∫

1

ρ

√

a2−
(γ−1)sx

ρ
dρ=constant,

IL(ρ,p)=
1

γ
ln[γp+c2

0ρ0−(γ−1)sx]−lnρ=constant.

(3.6)

Similarly, for the λ3-characteristic field, the Riemann invariants across the right rar-
efaction wave are



















IR(ρ,u)=u−
∫

1

ρ

√

a2−
(γ−1)sx

ρ
dρ=constant,

IR(ρ,p)=
1

γ
ln[γp+c2

0ρ0−(γ−1)sx]−lnρ=constant.

(3.7)

The integral terms in Eqs. (3.6) and (3.7) can be calculated by numerical integration
method or expended as the following Taylor series

∫

1

ρ

√

a2−
(γ−1)sx

ρ
dρ≈

2a

γ−1
+

(γ−1)sx

(γ+1)ρa
+

1

4

(γ−1)2s2
x

3γ+1

1

ρ2a3
+··· . (3.8)

If we truncate the first two terms, the truncation error can be estimated by

|R2(x)|=

∣

∣

∣

∣

∫

f ”(θ)

2!

(γ−1)2s2
x

ρ3a3
dρ

∣

∣

∣

∣

<
(γ−1)2

3γ+1

s2
x

ρ2a3
, 0< θ≤

(γ−1)sx

c2
0ρ0

, (3.9)

https://doi.org/10.4208/aamm.2015.m1340 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2015.m1340


S. Gao and T. G. Liu / Adv. Appl. Math. Mech., 9 (2017), pp. 621-650 631

where f ”(x)=−(1−x)−
3
2 /4. After the truncation, the relationship of states across the left

plastic rarefaction wave can be inferred that

u∗L=uL−
2aL

γ−1











p∗L+
c2

0ρ0−(γ−1)sx∗L

γ

pL+
c2

0ρ0−(γ−1)sxL

γ





γ−1
2γ

−1






, (3.10)

together with

ρ∗L

ρL
=





p∗L+
c2

0ρ0−(γ−1)sx∗L

γ

pL+
c2

0ρ0−(γ−1)sxL

γ





1
γ

. (3.11)

For the right plastic rarefaction wave, the counterpart formula is

u∗R=uR+
2aR

γ−1











p∗R+
c2

0ρ0−(γ−1)sx∗R

γ

pR+
c2

0ρ0−(γ−1)sxR

γ





γ−1
2γ

−1






, (3.12)

along with

ρ∗R

ρR
=





p∗R+
c2

0ρ0−(γ−1)sx∗R

γ

pR+
c2

0ρ0−(γ−1)sxR

γ





1
γ

. (3.13)

3.3 Shock waves

When the entropy condition is satisfied, the Rankine-Hugoniot condition is applied to
the system (3.1) and we obtain

[ρu]=S[ρ], (3.14a)

[ρu2−σ]=S[ρu], (3.14b)

[(E−σ)u]=S[E]. (3.14c)

Then the equations across the plastic shock waves derived from the above three jump
conditions yield

u∗L=uL−

√

(σL−σ∗L)

(

1

ρL
−

1

ρ∗L

)

, (3.15a)

u∗R=uR+

√

(σR−σ∗R)

(

1

ρR
−

1

ρ∗R

)

, (3.15b)
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where the density jumps across the plastic shock waves are given by

ρ∗L

ρL
=

(γ−1)σ∗L+(γ−1)σL−2p∗L−2c2
0ρ0

(γ−1)σL+(γ−1)σ∗L−2pL−2c2
0ρ0

, (3.16a)

ρ∗R

ρR
=

(γ−1)σ∗R+(γ−1)σR−2p∗R−2c2
0ρ0

(γ−1)σR+(γ−1)σ∗R−2pR−2c2
0ρ0

. (3.16b)

3.4 The exact perfectly plastic solid-solid Riemann solver

Suppose that two pieces of the perfectly plastic solid are located at the left and right
sides of the interface respectively, thus the one-dimensional perfectly plastic solid-solid
Riemann problem in the vicinity of the interface can be described in the Euler-Euler co-
ordinate system as











∂V

∂t
+

∂G(V)

∂x
=0 with V|t=0=VL for x< x0,

∂V

∂t
+

∂G(V)

∂x
=0 with V|t=0=VR for x> x0.

(3.17)

Since the λ2-characteristic field is linearly degenerate and the λ1-, λ3-characteristic fields
are genuine non-linear, the exact perfectly plastic solid-solid Riemann solution consists
of four constant states (VL,V∗L,V∗R,VR) connected by three elementary waves, where the
middle wave associated with the λ2-characteristic field is a contact discontinuity and
the left and right waves associated with the λ1-, λ3-characteristic fields are either shock
waves or rarefaction waves, see Fig. 2. To propose the Riemann solver for the perfectly
plastic solid-solid Riemann problem (3.17), the core strategy is iterating the negative total
stress in the star region.

Proposition 3.1. The solution of negative total stress in the star region for the perfectly
plastic solid-solid Riemann problem (3.17) is given by the root of the algebratic equation

h(p∗,WL,WR) := gL|P (p∗,WL)+gR|P (p∗,WR)+uR−uL =0, (3.18)

with
p∗=−σ∗L=−σ∗R,

where gL|P(p∗,WL) is given by one of the following two expressions

gS
L|P (p∗,WL)=

√

(σL+p∗)

(

1

ρL
−

1

ρ∗L

)

, if σ∗L <σL, (3.19a)

gR
L |P (p∗,WL)=

2aL

γ−1











p∗L+
c2

0ρ0−(γ−1)sx∗L

γ

pL+
c2

0ρ0−(γ−1)sxL

γ





γ−1
2γ

−1






, if σ∗L ≥σL, (3.19b)

https://doi.org/10.4208/aamm.2015.m1340 Published online by Cambridge University Press

https://doi.org/10.4208/aamm.2015.m1340


S. Gao and T. G. Liu / Adv. Appl. Math. Mech., 9 (2017), pp. 621-650 633

x

t

Interface

Plastic shock/rarefaction wave

Plastic shock/rarefaction wave

ρR, uR
pR, sxR

ρL, uL
pL, sx L

ρ∗R, u∗R
p∗R, sxR

ρ∗L, u∗L
p∗L, sx L

Figure 2: Three-wave solution structure of the perfectly plastic solid-solid Riemann problem.

and gR|P(p∗,WR) is given by one of the following two expressions

gS
R|P (p∗,WR)=

√

(σR+p∗)

(

1

ρR
−

1

ρ∗R

)

, if σ∗R <σR, (3.20a)

gR
R|P (p∗,WR)=

2aR

γ−1











p∗R+
c2

0ρ0−(γ−1)sx∗R

γ

pR+
c2

0ρ0−(γ−1)sxR

γ





γ−1
2γ

−1






, if σ∗R ≥σR. (3.20b)

The above expressions are enclosed by the corresponding density jump conditions (3.11),
(3.13), (3.16a), (3.16b). Here, subscript ”P” at the right side of the vertical bar represents
the nonlinear wave is a plastic wave.

If the interface x0 is located at the original point, the solution inside the left rarefaction
fan is given by

WL f an =







































ρ=

[

(

uL−
x
t

)2
ρ

γ+1
L

γpL+c2
0ρ0−(γ−1)sxL

]
1

γ+1

,

u=
x

t
+
(

uL−
x

t

) ρL

ρ
,

p=
1

γ

[

(

uL−
x

t

)2 ρ2
L

ρ
+(γ−1)sxL−c2

0ρ0

]

,

(3.21)

and the solution inside the right rarefaction fan yields

WR f an =







































ρ=

[

(

uR−
x
t

)2
ρ

γ+1
L

γpR+c2
0ρ0−(γ−1)sxR

]
1

γ+1

,

u=
x

t
+
(

uR−
x

t

) ρR

ρ
,

p= 1
γ

[

(

uR−
x

t

)2 ρ2
R

ρ
+(γ−1)sxR−c2

0ρ0

]

.

(3.22)
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3.5 Solution types of the perfectly plastic solid-solid Riemann problem

Similar to the content discussed in subsection 2.5, for this perfectly plastic solid-solid Rie-
mann problem, the solution types are also categorized into four types, ”SP|SP”, ”SP|RP”,
”RP|SP”, ”RP|RP”. Then we have conclusions listed as below.

Lemma 3.1. Functions (3.19a), (3.19b), (3.20a), (3.20b) are differentiable and monotonously
increasing with respect to p∗.

Theorem 3.1. If the solution type of the perfectly plastic solid-solid Riemann problem is ”SP|SP”,
the initial statuses VL and VR satisfy the condition

gS
L|P(max{−σL,−σR},WL)+gS

R|P(max{−σL,−σR},WR)

<uL−uR < gS
L|P(+∞,WL)+gS

R|P(+∞,WR). (3.23)

Theorem 3.2. If the solution type of the perfectly plastic solid-solid Riemann problem is ”SP|RP”,
the initial statuses VL and VR satisfy the condition

gS
L|P(−σL,WL)+gR

R|P(−σL,WR)<uL−uR ≤ gS
L|P(−σR,WL)+gR

R|P(−σR,WR). (3.24)

Theorem 3.3. If the solution type of the perfectly plastic solid-solid Riemann problem is ”RP|SP”,
the initial statuses VL and VR satisfy the condition

gR
L |P(−σR,WL)+gS

R|P(−σR,WR)<uL−uR≤ gR
L |P(−σL,WL)+gS

R|P(−σL,WR). (3.25)

Theorem 3.4. If the solution type of the perfectly plastic solid-solid Riemann problem is
”RP|RP”, the initial statuses VL and VR satisfy the condition

gR
L |P(0,WL)+gR

R|P(0,WR)

≤uL−uR

≤gR
L |P(min{−σL,−σR},WL)+gR

R|P(min{−σL,−σR},WR). (3.26)

4 The exact elastic-perfectly plastic solid-solid Riemann solver

4.1 Governing equations and constitutive models for the elastic-perfectly
plastic solid

The one-dimensional governing equations for the elastic-perfectly plastic solid remain to
be system (3.1), but the deviatoric stress sx acts as a variable. In addition, the von Mises
yield condition is imposed to judge the material status at a particular point. The solid
is in the elastic region if the von Mises yield condition is satisfied, in terms of deviatoric
stress, which is

s2
x ≤

(

2

3
Y0

)2

. (4.1)
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Here, Y0 is the yield strength of the material in simple tension. And Hooke’s law (2.3) is
used to describe the elastic material. Otherwise, when the inequality (4.1) is violated, per-
fectly plastic flow occurs and the deviatoric component sx is assume to remain constant
in the plastic region, namely

sx =±
2

3
Y0. (4.2)

Note that the material yields in tension if sx > 0 and in compression if sx < 0. The hy-
drostatic pressure can be negative but it is cut off at −Y0/3. In summary, the compete
elastic-perfectly plastic solid constitutive model in one dimension is demonstrated as



































































(I) The negative total stress decomposition: −σ= p−sx ,

(II) The von Mises yield condition: s2
x ≤

(

2

3
Y0

)2

,

(III) The Hooke’s law: ṗ=K
ρ̇

ρ
, ṡx =2µ

(

ε̇x+
1

3

ρ̇

ρ

)

,

(IV) The perfectly plastic assumption: sx =±
2

3
Y0,

(V) The stiffened-gas equation of state: p= p(ρ,e),

(VI) The minimized hydrostatic pressure: min p=−
1

3
Y0.

(4.3)

4.2 The elastic-plastic phase transition

When the solid undergoes the elastic-plastic phase transition, its constitutive model is
distinguished by the elastic limit. We define the states of the elastic limit within the left
and right sides of the solid as V1 and V2. As a single wave is insufficient to connect the
initial state with the star region state owing to the different constitutive models at the
elastic region and the perfectly plastic region, the wave structure has to be split into two
segments, the elastic wave that links the initial state to the elastic limit state and the plastic
wave that connects the elastic limit state with the star region state. The phase planes help
us illustrate the solution structure of the elastic-perfectly plastic Riemann problem. As
shown in Fig. 3(a), we project the Hugoniot loci and integral curves for the elastic waves
from four dimensional (ρ,u,p,sx) phase space into two dimensional (−σ,u) phase space
onto this plane. Hence, there exists an elastic wave passing from VL to V1, so does an
elastic wave passing from VR to V2. In this example, the states are connected by elastic
shock waves depicted in solid lines, while the dashed lines indicate the links are elastic
rarefaction waves. For Fig. 3(b), because the deviatoric stress sx is a constant in the plastic
region, the Hugoniot loci and integral curves for plastic waves are projected from three
dimensional (ρ,u,p) phase space into two dimensional (p,u) phase space onto this plane.
The new state V∗ merge as an intersection of two plastic waves. Finally, if two sides of
the elastic-perfectly plastic solid undergo the elastic-plastic phase transition, the solution
structure of its Riemann problem can be drawn as Fig. 4.
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u

−σ

VL

V1VR

V2

Right elastic wave

Left elastic wave

(a) The elastic wave phase plane

u

p

V2

V1

V∗

Right plastic wave
Left plastic wave

(b) The plastic wave phase plane

Figure 3: The phase plane of elastic-perfectly plastic solid-solid Riemann problem with elastic-plastic phase
transition.

x

t

Interface

Elastic wave

Plastic wave
Plastic wave

Elastic wave

ρR, uR
pR, sxR

ρ2, u2
p2, sx2

ρ1, u1
p1, sx1

ρL, uL
pL, sx L

ρ∗R, u∗R
p∗R, sx∗R

ρ∗L, u∗L
p∗L, sx∗L

Figure 4: Five-wave solution structure of the elastic-perfectly plastic solid-solid Riemann problem.

4.3 The elastic limit state

Integrating the Hooke’s law by time and associating it with the von Mises criterion, we
can compute the values of the elastic limit state.

Proposition 4.1. When the solid undergoes elastic up to perfectly plastic compression,
the hydrostatic pressure and deviatoric stress at the elastic limit state V1 and V2 are given
by















p1C = pL+K
2Y0+3sxL

4µ
, sx1C =−

2

3
Y0,

p2C = pR+K
2Y0+3sxR

4µ
, sx2C =−

2

3
Y0.

(4.4)

Proposition 4.2. When the solid undergoes elastic up to perfectly plastic tension, the
hydrostatic pressure and deviatoric stress at the elastic limit state V1 and V2 are given by















p1T = pL−K
2Y0−3sxL

4µ
, sx1T =

2

3
Y0,

p2T = pR−K
2Y0−3sxR

4µ
, sx2T =

2

3
Y0.

(4.5)

Here, appended subscripts ”C” and ”T” are short for ”Compression” and ”Tension”.
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4.4 The exact five-wave elastic-perfectly plastic solid-solid Riemann solver

Suppose that two parts of the elastic-perfectly plastic solid are located at the left and
right sides of the interface respectively and they both undergo the elastic-plastic phase
transition, the one-dimensional elastic-perfectly plastic solid-solid Riemann problem in
the vicinity of the interface can be described in the Euler-Euler coordinate system as











∂V

∂t
+

∂G(V)

∂x
=0 with V|t=0=VL for x< x0,

∂V

∂t
+

∂G(V)

∂x
=0 with V|t=0=VR for x> x0.

(4.6)

Following the conclusion discussed in Subsection 4.2, the exact solution consists of six
constant states (VL,V1,V∗L,V∗R,V2,VR) connected by five elementary waves (see Fig. 4),
where the middle wave is a contact discontinuity and the left and right waves are either
shock waves or rarefaction waves of the same type [26]. To propose the Riemann solver
for the elastic-perfectly plastic solid-solid Riemann problem (4.6), the core strategy is
iterating the negative total stress in the star region.

Proposition 4.3. The solution of negative total stress in the star region for the elastic-
perfectly plastic solid-solid Riemann problem (4.6) is given by the root of the algebratic
equation

h(p∗,WL,WR) := gL|EP (p∗,WL)+gR|PE (p∗,WR)+uR−uL =0, (4.7)

with

p∗=−σ∗L =−σ∗R,

where gL|EP(p∗,WL) is given by one of the following two expressions

gS
L|EP(p∗,WL)=

√

(σL−σ1C)

(

1

ρL
−

1

ρ1C

)

+

√

(σ1C+p∗)

(

1

ρ1C
−

1

ρ∗L

)

, σ∗L<σ1C <σL, (4.8a)

gR
L |EP (p∗,WL)=

2a1T

γ−1













p∗L+
c2

0ρ0−(γ−1)sx∗L

γ

p1T+
c2

0ρ0−(γ−1)sxL

γ





γ−1
2γ

−1









+

√

16µ+12K

3ρL
−

√

16µ+12K

3ρ1T
, σ∗L≥σ1T ≥σL, (4.8b)
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and gR|PE(p∗,WR) is given by one of the following two expressions

gS
R|PE(p∗,WR)=

√

(σ2C+p∗)

(

1

ρ2C
−

1

ρ∗R

)

+

√

(σR−σ2C)

(

1

ρR
−

1

ρ2C

)

, σ∗R<σ2C <σR, (4.9a)

gR
R|PE(p∗,WR)=

2a2T

γ−1













p∗R+
c2

0ρ0−(γ−1)sx∗R

γ

p2T+
c2

0ρ0−(γ−1)sxR

γ





γ−1
2γ

−1









+

√

16µ+12K

3ρR
−

√

16µ+12K

3ρ2T
, σ∗R≥σ2T ≥σR. (4.9b)

The above expressions are enclosed by the corresponding density jump conditions (2.9),
(2.11), (2.15), (3.11), (3.13), (3.16a), (3.16b). Subscripts ”EP” and ”PE” at the right side
of the vertical bar represent the nonlinear waves are the combination of elastic wave
and plastic wave. It is need to be mentioned that any iterative method for solving the
nonlinear equation (4.7) can be employed. In this work, to make sure the robustness of
the Riemann solver, we adopt the bisection method.

4.5 Solution types of the five-wave elastic-perfectly plastic solid-solid
Riemann problem

For the elastic-perfectly plastic solid-solid Riemann problem, the five-wave structured
solutions are categorized into four types, ”SESP|SPSE”, ”SESP|RPRE”, ”RERP|SPSE”,
”RERP|RPRE”. Their corresponding theorems are listed as below.

Lemma 4.1. Functions (4.8a), (4.8b), (4.9a), (4.10) are differentiable and monotonously increas-
ing with respect to p∗.

Theorem 4.1. If the solution type of the elastic-perfectly plastic solid-solid Riemann problem is
”SESP|SPSE”, the initial statuses VL and VR satisfy the auxiliary condition sxL 6=sx1C, sxR 6=sx2C

and the inequalities

gS
L|EP (max{−σ1,−σ2},WL)+gS

R|PE(max{−σ1,−σ2},WR)

<uL−uR < gS
L|EP (+∞,WL)+gS

R|PE (+∞,WR). (4.10)

Theorem 4.2. If the solution type of the elastic-perfectly plastic solid-solid Riemann problem is
”SESP|RPRE”, the initial statuses VL and VR satisfy the auxiliary condition sxL 6=sx1C, sxR 6=sx2T

and the inequalities

gS
L|EP (−σ1,WL)+gR

R|EP (−σ1,WR)<uL−uR ≤ gS
L|EP (−σ2,WL)+gR

R|EP (−σ2,WR). (4.11)
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Theorem 4.3. If the solution type of the elastic-perfectly plastic solid-solid Riemann problem is
”RERP|SPSE”, the initial statuses VL and VR satisfy the auxiliary condition sxL 6=sx1T, sxR 6=sx2C

and the inequalities

gR
L |EP(−σ2,WL)+gS

R|EP(−σ2,WR)<uL−uR≤ gR
L |EP (−σ1,WL)+gS

R|EP (−σ1,WR) . (4.12)

Theorem 4.4. If the solution type of the elastic-perfectly plastic solid-solid Riemann problem is
”RERP|RPRE”, the initial statuses VL and VR satisfy the auxiliary condition sxL 6=sx1T, sxR 6=sx2T

and the inequalities

gR
L |EP (−Y0,WL)+gR

R|PE (−Y0,WR)

≤uL−uR≤ gR
L |EP (min{−σ1,−σ2},WL)+gR

R|PR(min{−σ1,−σ2},WR). (4.13)

Among the above theorems, the auxiliary condition is an additional condition to guar-
antee the generation of elastic waves.

4.6 The complete exact elastic-perfectly plastic solid-solid Riemann solver

If neither side undergoes the elastic-plastic phase transition, the solution is a three-wave
structure. Only one nonlinear wave is generated at the both sides. In this circumstance,
solution types include SE|SE, SE|RE, RE|SE, RE|RE, SP|SP, SP|RP, RP|SP, RP|RP, SE|SP,
SE|RP, RE|SP, RE|RP, SP|SE, SP|RE, RP|SE, RP|RE. If only one side undergoes the elastic-
plastic phase transition, the solution is a four-wave structure. One nonlinear wave is
generated at one side while two nonlinear waves are generated at the other side. In this
case, solution types include SE|SPSE, SE|RPRE, RE|SPSE, RE|RPRE, SP|SPSE, SP|RPRE,
RP|SPSE, RP|RPRE, SESP|SE, SESP|RE, RERP|SE, RERP|RE, SESP|SP, SESP|RP, RERP|SP,
RERP|RP. The corresponding exact Riemann solvers for these thirty-two solution types
can be acquired by referring to the Proposition 4.3. Given that the initial states have been
provided, as for which solution type is true, it can be searched one by one as listed in the
Table 1, judging by its auxiliary condition and solution interval which the exact solution
has to be in. Therefore, the integral Riemann solvers for these thirty-six solution types
form the complete exact elastic-perfectly plastic solid-solid Riemann solver.

5 Numerical justifications of the exact solid Riemann solvers

The correctness of the above exact Riemann solvers can be verified by comparing the
results with the outcomes computed by the ordinary finite-difference scheme. In the
following justifications, the scheme is conducted by the Lax-Friedrichs scheme. Besides,
for the Lax-Friedrichs scheme, given that the time level is n and there are M uniform grid
points, the maximum sound speed can be estimated by

Sn
max=max

i
{|un

i |+cn
i }, i=1,2,··· ,M, (5.1)
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Table 1: Auxiliary condition and solution interval of each solution type for the complete exact elastic-perfectly
plastic solid-solid Riemann solver.

Solution type Auxiliary condition Solution interval
SE|SE sxL 6= sx1C,sxR 6= sx2C (max{−σL,−σR},min{−σ1C,−σ2C})
SE|RE sxL 6= sx1C,sxR 6= sx2T (max{−σL,−σ2T},min{−σR,−σ1C}]
RE|SE sxL 6= sx1T,sxR 6= sx2C (max{−σR,−σ1T},min{−σL,−σ2C}]
RE|RE sxL 6= sx1T,sxR 6= sx2T [max{−σ1T,−σ2T},min{−σL,−σR}]
SP|SP sxL= sx1C,sxR= sx2C (max{−σL,−σR},+∞)
SP|RP sxL= sx1C,sxR= sx2T (−σL,−σR]
RP|SP sxL= sx1T,sxR= sx2C (−σR,−σL]
RP|RP sxL= sx1T,sxR= sx2T [−Y0,min{−σL,−σR}]
SE|SP sxL 6= sx1C,sxR= sx2C (max{−σL,−σR},−σ1C)
SE|RP sxL 6= sx1C,sxR= sx2T (−σL,min{−σ1C,−σR}]
RE|SP sxL 6= sx1T,sxR= sx2C (max{−σ1T ,−σR},−σL]
RE|RP sxL 6= sx1T,sxR= sx2T [−σ1T,min{−σL,−σR}]
SP|SE sxL= sx1C,sxR 6= sx2C (max{−σL,−σR},−σ2C)
SP|RE sxL= sx1C,sxR 6= sx2T (max{−σL,−σ2T},−σR]
RP|SE sxL= sx1T,sxR 6= sx2C (−σR,min{−σL,−σ2C}]
RP|RE sxL= sx1T,sxR 6= sx2T [−σ2T,min{−σL,−σR}]

SE|SPSE sxL 6= sx1C,sxR 6= sx2C (max{−σL,−σ2C},−σ1C)
SE|RPRE sxL 6= sx1C,sxR 6= sx2T (−σL,min{−σ1C,−σ2T}]
RE|SPSE sxL 6= sx1T,sxR 6= sx2C (max{−σ1T ,−σ2C},−σL]
RE|RPRE sxL 6= sx1T,sxR 6= sx2T [−σ1T ,min{−σL,−σ2T}]
SP|SPSE sxL= sx1C,sxR 6= sx2C (max{−σL,−σ2C},+∞)
SP|RPRE sxL= sx1C,sxR 6= sx2T (−σL,−σ2T]
RP|SPSE sxL= sx1T,sxR 6= sx2C (−σ2C,−σL]
RP|RPRE sxL= sx1T,sxR 6= sx2T [−Y0,min{−σL,−σ2T}]
SESP|SE sxL 6= sx1C,sxR 6= sx2C (max{−σ1C,−σR},−σ2C)
SESP|RE sxL 6= sx1C,sxR 6= sx2T (max{−σ1C,−σ2T},−σR]
RERP|SE sxL 6= sx1T,sxR 6= sx2C (−σR,min{−σ1T ,−σ2C}]
RERP|RE sxL 6= sx1T,sxR 6= sx2T [−σ2T,min{−σ1T ,−σR}]
SESP|SP sxL 6= sx1C,sxR= sx2C (max{−σ1C,−σR},+∞)
SESP|RP sxL 6= sx1C,sxR= sx2T (−σ1C,−σR]
RERP|SP sxL 6= sx1T,sxR= sx2C (−σR,−σ1T]
RERP|RP sxL 6= sx1T,sxR= sx2T [−Y0,min{−σ1T ,−σR}]

SESP|SPSE sxL 6= sx1C,sxR 6= sx2C (max{−σ1C,−σ2C},+∞)
SESP|RPRE sxL 6= sx1C,sxR 6= sx2T (−σ1C,−σ2T]
RERP|SPSE sxL 6= sx1T,sxR 6= sx2C (−σ2C,−σ1T]
RERP|RPRE sxL 6= sx1T,sxR 6= sx2T [−Y0,min{−σ1T,−σ2T}]

where

cn
i =























√

4µ+3K

3ρn
i

, if −
2

3
Y0 < sn

xi<
2

3
Y0,

√

(

an
i

)2
−
(γ−1)sn

xi

ρn
i

, if sn
xi=

2

3
Y0 or sn

xi=−
2

3
Y0.

(5.2)
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5.1 Numerical justifications of the exact elastic solid-solid Riemann solver

Test 5.1. The numerical justification of the exact elastic solid-solid Riemann solver with
solution type SE|SE. Unless explicitly stated, the solid material is assumed to be the
aluminium with nondimensional physical parameters ρ0 =2.71, c0 =538.0, γ=2.67, K=
740000.0, µ=265000.0, Y0=3000.0. The nondimensional initial conditions are

{

uL =2.0, pL =1.0, ρL =2.7, sL =0.0,
uR=−2.0, pR =1.0, ρR =2.7, sR =0.0.

(5.3)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. Besides, the CFL number is 0.9 and the terminal time is 0.001.
As shown in Fig. 5, the exact solution matches the numerical results well.

(a) − Total stress (b) Velocity (c) Density

Figure 5: The numerical justification of the exact elastic solid-solid Riemann solver with solution type SE|SE.

Test 5.2. The numerical justification of the exact elastic solid-solid Riemann solver with
solution type RE|RE. The nondimensional initial conditions are

{

uL =−2.0, pL =3000.0, ρL =2.7, sL =0.0,
uR =2.0, pR =3000.0, ρR =2.7, sR =0.0.

(5.4)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. The CFL number is 0.9 and the terminal time is 0.001. As shown
in Fig. 6, the exact solution also matches the numerical results well.

5.2 Numerical justifications of the exact perfectly plastic solid-solid Riemann
solver

Test 5.3. The numerical justification of the exact perfectly plastic solid-solid Riemann
solver with solution type SP|SP. The nondimensional initial conditions are

{

uL =20.0, pL =50000.0, ρL =2.7, sL =−2000.0,
uR =−20.0, pR =50000.0, ρR =2.7, sR =−2000.0.

(5.5)
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(a) − Total stress (b) Velocity (c) Density

Figure 6: The numerical justification of the exact elastic solid-solid Riemann solver with solution type RE|RE.

(a) − Total stress (b) Velocity (c) Density

Figure 7: The numerical justification of the exact perfectly plastic solid-solid Riemann solver with solution type
SP|SP.

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. The CFL number is 0.9 and the terminal time is 0.001. As shown
in Fig. 7, the exact solution matches the numerical results well.

Test 5.4. The numerical justification of the exact perfectly plastic solid-solid Riemann
solver with solution type RP|RP. The nondimensional initial conditions are

{

uL =−20.0, pL =50000.0, ρL =2.7, sL =2000.0,
uR =20.0, pR =50000.0, ρR =2.7, sR =2000.0.

(5.6)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. The CFL number is 0.9 and the terminal time is 0.001. As shown
in Fig. 8, the exact solution also matches the numerical results well.
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5.3 Numerical justifications of the exact elastic-perfectly plastic solid-solid
Riemann solver

Test 5.5. The numerical justification of the exact elastic-perfectly plastic solid-solid Rie-
mann solver with solution type SESP|SPSE. The nondimensional initial conditions are

{

uL =20.0, pL =1.0, ρL =2.7, sL =0.0,
uR =−20.0, pR =1.0, ρR =2.7, sR =0.0.

(5.7)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. Besides, the CFL number is 0.9 and the terminal time is 0.001.
As shown in Fig. 9, the exact solution matches the numerical results well generally, but
notice that there is a slight undershooting of the Lax-Friedrichs scheme in the density
figure because of the effect of overheating [27].

Test 5.6. The numerical justification of the exact elastic-perfectly plastic solid-solid Rie-

(a) − Total stress (b) Velocity (c) Density

Figure 8: The numerical justification of the exact perfectly plastic solid-solid Riemann solver with solution type
RP|RP.

(a) − Total stress (b) Velocity (c) Density

Figure 9: The numerical justification of the exact elastic-perfectly plastic solid-solid Riemann solver with solution
type SESP|SPSE.
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(a) − Total stress (b) Velocity (c) Density

Figure 10: The numerical justification of the exact elastic-perfectly plastic solid-solid Riemann solver with
solution type RERP |RPRE.

mann solver with solution type RERP|RPRE. The nondimensional initial conditions are

{

uL =−5.0, pL =10000.0, ρL =2.7, sL =0.0,
uR =5.0, pR =10000.0, ρR =2.7, sR =0.0.

(5.8)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. Besides, the CFL number is 0.9 and the terminal time is 0.001.
As shown in Fig. 10, the exact solution matches the numerical results well generally, but
there is a slight overshooting of the Lax-Friedrichs scheme in the density figure because
of the effect of overheating as well.

5.4 Convergence verification of the exact elastic-perfectly plastic solid-solid
Riemann solver

When the grid points are refined, if the proposed elastic-perfectly plastic solid-solid Rie-
mann solver is exact, the result computed by the Lax-Friedrichs scheme will converge to
the outcome calculated by this Riemann solver. For example, if we refine the uniform
grid points from 2000 to 4000 and 8000 within the computational domain [−1,1] of Test
5.5, the L1-errors of total stress, velocity and density will converge to 0 respectively, as
shown in Table 2. In addition, owing to the existence of shock waves, the spatial accuracy
of the Lax-Friedrichs scheme is less than 1-order.

Table 2: Convergence verification of Test 5.5 with solution type SESP|SPSE.

Total stress Velocity Density
∆x L1-error Order L1-error Order L1-error Order

0.001 484.885 0.311894 0.001639
0.0005 294.643 0.718676 0.189059 0.722219 0.000986 0.733156

0.00025 171.633 0.779644 0.109635 0.786128 0.000566 0.800786
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6 Multi-material extension

Since the exact elastic-perfectly plastic solid Riemann solver has been verified, we ap-
ply this Riemann solver to the multi-material problem, specifically the fluid-solid in-
teraction. To decouple the fluid-solid interface, we employ the modified ghost fluid
method (MGFM) raised by Liu et al. [10] who modified the original ghost fluid method
(GFM) [29]. MGFM is a more accurate and effective approach, which defines the ghost
fluid status by solving a local multi-material Riemann problem at the interface instead
of the pressure and velocity assignment and entropy extrapolation used in the original
GFM. Hence, the exact elastic-perfectly plastic solid Riemann solver discussed in section
4 can be extended to the multi-material case and then included in the MGFM approach
to decouple the multi-material interaction. Besides, although the Riemann solver is one-
dimensional, GFM-based methods can easily extend to the multi-dimensional cases via
using the one-dimensional solver along the normal direction of the multi-material inter-
faces. And much work [10–12, 29] has manifested that the GFM-based methods own the
ability to combine the advantages of front capturing and front tracking approaches.

6.1 Governing equations and equations of state for the fluid

For the one dimensional compressible fluid, governing equations are Euler equations in
the conservative form, neglecting the effects of body force, viscous stresses and heat-
conducting, given by

∂U

∂t
+

∂F(U)

∂x
=0, (6.1)

where

U=





ρ
ρu
E



, F(U)=





ρu
ρu2+p
(E+p)u



.

For closure of system (6.1), equation of state is required. The γ−law for the compressible
gas is

p(ρ,e)=(γg−1)ρe, (6.2)

where γg is the specific heat ratio for the particular gas and is set equal to 1.4 for the air.
The equation of state for the compressible water is the Tait equation of state

p(ρ,e)=(γw−1)ρe−γw(B−A), (6.3)

where A, B and the specific heat ratio for water γw are constants, A= 105Pa, B= 3.31×
108Pa, γw=7.15.

6.2 The exact fluid elastic-perfectly plastic solid Riemann solver

Suppose that the fluid and the elastic-perfectly plastic solid are located at the left and
right sides of the interface respectively, the one-dimensional fluid elastic-perfectly plastic
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x

t

Interface

Plastic shock/rarefaction wave

Elastic shock/rarefaction waveShock/rarefaction wave

ρR, uR
pR, sxR

ρ2, u2
p2, sx2

ρL, uL
pL

ρ∗R, u∗R
p∗R, sx∗R

ρ∗L, u∗L
p∗L

Figure 11: Four-wave solution structure of the fluid elastic-perfectly plastic solid Riemann problem.

solid Riemann problem in the vicinity of the interface can be described in the Euler-Euler
coordinate system as











∂U

∂t
+

∂F(U)

∂x
=0 with U|t=0=UL for x< x0,

∂V

∂t
+

∂G(V)

∂x
=0 with V|t=0=VR for x> x0,

(6.4)

where the left constant state UL and right constant state VR are separated by the the in-
terface located at x0. For the one-dimensional gas-gas or gas-water multi-material Rie-
mann problem, study finds that the solution structure is similar to the pure gas Rie-
mann problem, neglecting vacuum or cavitation effects in fluid [28]. And the contact
discontinuity is exactly the multi-material interface. Therefore, it is reasonable to assume
that the fluid elastic-perfectly plastic solid Riemann solution consists of five constant
states (UL,U∗L,V∗R,V2,VR) connected by four elementary waves when the solid under-
goes the elastic-plastic phase transition, see Fig. 11. Otherwise, if the solid has not un-
derwent the elastic-plastic phase transition, the solution consists of four constant states
(UL,U∗L,V∗R,VR) connected by three elementary waves. To propose the Riemann solver
for the fluid elastic-perfectly plastic solid Riemann problem (6.5), the core strategy is it-
erating the pressure p∗L in fluid and the negative total stress −σ∗R in solid.

Proposition 6.1. For the four-wave solution structure, the solution of pressure p∗L in
fluid and negative total stress −σ∗R in solid for the multi-material Riemann problem (6.5)
is given by the root of the algebratic equation

h(p∗,WL,WR) := fL|(p∗,WL)+gR|PE (p∗,WR)+uR−uL =0, (6.5)

with

p∗= p∗L=−σ∗R,
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Table 3: Auxiliary condition and solution interval of each type for the complete exact fluid elastic-perfectly
plastic solid Riemann solver.

Solution type Auxiliary condition Solution interval
S|SE sxR 6= sx2C [max{pL,−σR},−σ2C]
S|RE sxR 6= sx2T [max{pL,−σ2T},−σR]
R|SE sxR 6= sx2C [−σR,min{pL,−σ2C}]
R|RE sxR 6= sx2T [−σ2T,min{pL,−σR}]
S|SP sxR= sx2C [max{pL,−σR},+∞]
S|RP sxR = sx2T [pL,−σR]
R|SP sxR= sx2C [−σR, pL]
R|RP sxR = sx2T [0,min{pL,−σR}]

S|SPSE sxR 6= sx2C [max{pL,−σ2C},+∞]
S|RPRE sxR 6= sx2T [pL,−σ2T]
R|SPSE sxR 6= sx2C [−σ2C, pL]
R|RPRE sxR 6= sx2T [0,min{pL,−σ2T}]

where fL(p∗,WL) is given by one of the following four expressions

f S
L |g(p∗,WL)=

√

√

√

√(p∗−pL)

[

1

ρL
−

1

ρ∗L|g

]

, if p∗> pL, (6.6a)

f S
L |w(p∗,WL)=

√

√

√

√(p∗−pL)

[

1

ρL
−

1

ρ∗L|w

]

, if p∗> pL, (6.6b)

f R
L |g(p∗,WL)=

2aL|g

γg−1





(

p∗
pL

)

γg−1

2γg

−1



, if p∗≤ pL, (6.6c)

f R
L |w(p∗,WL)=

2aL|w

γw−1





(

p∗+B−A

pL+B−A

)
γw−1
2γw

−1



, if p∗≤ pL, (6.6d)

with

ρ∗L|g

ρL
=

(γg+1)p∗+(γg−1)pL

(γg+1)pL+(γg−1)p∗
,

ρ∗L|w

ρL
=

(γw+1)p∗+(γw−1)pL+2γw(B−A)

(γw+1)pL+(γw−1)p∗+2γw(B−A)
,

aL|g =

√

γg pL

ρL
, aL|w =

√

γw(pL+B−A)

ρL
,

and gR|PE(p∗,WR) is given by Eq. (4.9a) or (4.10). Subscripts ”g” and ”w” at the right
side of the vertical bar represent the expression is utilized for the material of ”gas” and
”water”.

Similarly, for the three-wave solution structure, its exact Riemann solver can be ob-
tained by referring to the Proposition 6.1. In this case, solution types include S|SE, S|RE,
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R|SE, R|RE, S|SP, S|RP, R|SP, R|RP. For the four-wave solution structure, solution types
include S|SPSE, S|RPRE, R|SPSE, R|RPRE. Again, given that the initial states have been
provided, to decide which solution type is true, it can be searched one by one as listed
in the Table 3, judging by its auxiliary condition and solution interval which the exact
solution has to be in. These twelve solution types construct the complete exact fluid
elastic-perfectly plastic solid Riemann solver.

7 Multi-material applications

Test 7.1. Water-aluminium Riemann problem with solution type S|SPSE. The nondimen-
sional initial conditions are

{

uL =50.0, pL =50000.0, ρL =1.507,

uR =0.0, pR =1.0, ρR =2.7, sR =0.0.
(7.1)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. Besides, the CFL number is 0.9 and the terminal time is 0.001.
As shown in Fig. 12, the exact solution matches the MGFM results well.

Test 7.2. Gas-aluminium Riemann problem with solution type R|SPSE. The nondimen-
sional initial conditions are

{

uL=50.0, pL =100000.0, ρL =3.0,

uR=0.0, pR =1.0, ρR =2.7, sR =0.0.
(7.2)

The computational domain is set to be [−1,1] with 2000 uniform grid points and initial
interface is located at 0.0. Besides, the CFL number is 0.9 and the terminal time is 0.001.
As shown in Fig. 13, the exact solution matches the MGFM results well.

(a) − Total stress (b) Velocity (c) Density

Figure 12: The result comparison of the exact water elastic-perfectly plastic solid Riemann solver versus the
MGFM with solution type S|SPSE.
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(a) − Total stress (b) Velocity (c) Density

Figure 13: The result comparison of the exact gas elastic-perfectly plastic solid Riemann solver versus the
MGFM with solution type R|SPSE.

8 Conclusions

In this work, we propose an exact elastic-perfectly plastic solid Riemann solver and
extend it to the multi-material case which can be utilized to decouple the fluid elastic-
perfectly plastic solid interaction. The analysis of the elastic-perfectly plastic solid Rie-
mann problem is based on dismantling the complicated non-linear wave relations into
two segments, the elastic wave relation and the plastic wave relation, and then combin-
ing them together via employing the mechanism of the elastic-plastic phase transition.
Numerical examinations of this exact Riemann solver and its multi-material applications
also demonstrate that the method is feasible and effective.
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