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Abstract. In this article we demonstrate a way to extend the AbC (approximation by
conjugation) method invented by Anosov and Katok from the smooth category to the
category of real-analytic diffeomorphisms on the torus. We present a general framework
for such constructions and prove several results. In particular, we construct minimal but
not uniquely ergodic diffeomorphisms and non-standard real-analytic realizations of toral

translations.
Contents

1 Introduction 2644
2 Preliminaries 2648
2.1 The topology of real-analytic diffeomorphisms on the torus 2648
2.2 Some partitions of the torus 2649
2.3 Block-slide type of maps and their analytic approximations 2650
2.4 Real-analytic AbC method 2653
3 Non-standard real-analytic realization of some ergodic rotations of the circle 2656
3.1 Some measure theory 2656
3.2 Construction of the conjugation map 2657
3.3 Proof of convergence 2659
3.4 Proof of conjugacy of T to the rotation R, of the circle 2662
3.5 Set of numbers L, 2662
4 Non-standard real-analytic realization of some ergodic translations of the torus 2663
4.1 Description of the required combinatorics 2663
4.2 Periodic approximation of ergodic translations of the torus 2667

4.3 Real-analytic diffeomorphisms metrically isomorphic to a shift on a
torus 2669

5 Minimal diffeomorphisms with a prescribed number of ergodic invariant
measures 2671
5.1 Approximation of arbitrary permutations 2672
5.2 Description of the required combinatorics 2674

https://doi.org/10.1017/etds.2017.132 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.132

2644 S. Banerjee and P. Kunde

5.3 Proof of minimality 2679
5.4 The ergodic invariant measures 2680
5.5 Possible generalizations 2683
6  Remarks on future work and difficulties 2685
6.1 Real-analytic diffeomorphisms with homogeneous spectrum and
disjointness of convolutions 2685
6.2 Coding untwisted AbC diffeomorphisms and the anti-classification
problem 2685
6.3 Real-analytic constructions on other manifolds 2686
Acknowledgements 2687
References 2687

1. Introduction
An important question in smooth ergodic theory asks if there are smooth versions
to the objects and concepts of abstract ergodic theory. One of the most powerful
tools of constructing volume-preserving C*°-diffeomorphisms with prescribed ergodic
or topological properties on any compact connected manifold M of dimension d > 2
admitting a non-trivial circle action S ={¢'},.g1 is the so-called approximation by
conjugation (AbC) method developed by Anosov and Katok in their fundamental
paper [AK70]. These diffeomorphisms are constructed as limits of conjugates 7, =
H;'o¢® o Hy, where @y =pp/qn=an—1 +1/(p—1 - kn—1 -ln-1 -4, ) €Q, Hy=
h, o H,_1 and h, is a measure-preserving diffeomorphism satisfying ¢p*»~! o h, = h,, o
¢%—1. In each step the conjugation map %, and the parameters k,_1, [, are chosen such
that the diffeomorphism 7, imitates the desired property with a certain precision. Then the
parameter s,_1 is chosen large enough to guarantee closeness of 7, to 7,,_; in the C°°-
topology and so the convergence of the sequence (f,),en to a limit diffeomorphism is
provided. This method enables the construction of smooth diffeomorphisms with specific
ergodic properties (e.g. weak mixing ones in [AK70, §5]) or non-standard smooth reali-
zations of measure-preserving systems (e.g. [AK70, §6] and [FSWO07]). See also the very
interesting survey article [FK04] for more details and other results of this method.

Unfortunately, there are great challenging differences in the real-analytic category as
discussed in [FKO04, §7.1]: since maps with very large derivatives in the real domain or
their inverses are expected to have singularities in a small complex neighbourhood, for
a real-analytic family S;, 0 <t <1y, Sp =id, the family hlo S; o h is expected to have
singularities very close to the real domain for any ¢ > 0. So, the domain of analyticity for
maps of our form f,, = H,~ 16 g% o H,, will shrink at any step of the construction and the
limit diffeomorphism will not be analytic. Thus, it is necessary to find conjugation maps
of a special form which may be inverted more or less explicitly in such a way that one
can guarantee analyticity of the map and its inverse in a large complex domain. Using
very explicit conjugation maps, Saprykina was able to construct examples of volume-
preserving uniquely ergodic real-analytic diffeomorphisms on T? (see [Sa03]). Fayad and
Katok designed such examples on any odd-dimensional sphere in [FK14].

The goal of this article is to reproduce some examples of smooth dynamical systems
obtained by the AbC scheme in the category of real-analytic diffeomorphisms on the
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torus T¢, d > 2. For this purpose, we introduce the concept of block-slide type of maps
on the torus and demonstrate that these maps in a certain sense can be approximated well
enough by measure-preserving real-analytic diffeomorphisms. This allows us to carry out
many AbC constructions in the real-analytic category. We briefly summarize certain known
results and prove several new ones using real-analytic approximation of block-slide type
of maps. Note that all constructions in this article are done on the torus. Real-analytic
ADbC constructions on arbitrary real-analytic manifolds continue to remain an intractable
problem.

Throughout this article T¢ will denote the d-dimensional torus and y will stand for
the usual Lebesgue measure on T¢. We will use Diff 5’ (T w) to denote the set of real-
analytic u-measure-preserving diffeomorphisms of the d-dimensional torus whose lift can
be extended holomorphically to a complex neighbourhood of diameter at least p.

First we tackle the problem of non-standard realizations (i.e. to find a diffeomorphism
which is metrically but not smoothly isomorphic to a given measure-preserving
transformation). The first author used the AbC method and the concept of real-analytic
approximation of block-slide type of maps to find examples of measure-preserving real-
analytic ergodic diffeomorphisms on the torus that are metrically isomorphic to some
irrational rotation of the circle. The precise theorem can be stated as follows.

THEOREM 1.1. [Bal7] For any p > 0 and any integer d > 1, there exist real-analytic
diffeomorphisms T € Diff ;” (T?, ) which are metrically isomorphic to some irrational
rotations of the circle.

The diffeomorphisms constructed by Anosov and Katok in [AK70, §4] realized circle
rotations smoothly with Liouvillean rotation numbers. However, it was not clear from
this construction which Liouvillean rotations were realized. Later, Fayad, Saprykina and
Windsor extended this result in [FSWO07] and proved that any Liouvillean rotation of the
circle can be realized. In the analytic category, we cannot expect realization of every
Liouvillean rotation of the circle but we can give a precise description of a subset of
Liouvillean numbers we realize. We introduce the set £, of numbers contained in the
set of non-Brjuno numbers: « € R is in L, if for every k € N there is (p, ¢) € Z x N with

p, q relatively prime satisfying
1

eekq .

p
a— =
q
In a later section, we will examine this set of numbers. In particular, we will show that £,

is a dense Gs-subset of R. We will prove the following theorem.

(1.2)

<

THEOREM A. For any p >0 and every o €L, there exists a real-analytic
diffeomorphism T € Diff /;" (T2, 1) which is metrically isomorphic to the rotation Sy of
the circle.

In the realm of non-standard realizations, there is another set of questions dedicated
to the realization of ergodic translations of a torus on another manifold. In the original
paper, Anosov and Katok showed that certain ergodic translations on a d-dimensional
torus can be realized as measure-preserving smooth diffeomorphisms on any smooth
manifold admitting an effective T! action (see [AK70, §6]). We should note that this
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result was further improved by Benhenda and it was shown that one can realize any ergodic
translation on T¢ with one arbitrary Liouvillean coordinate (see [Bel3]).

It appears that the block-slide type of maps allow enough flexibility for us to realize
some of these ergodic translations analytically on another torus of arbitrary dimension.
We prove the following theorem.

THEOREM B. For any p > 0 and any two integers, h > 1 and d > 2, there exists an
ergodic real-analytic diffeomorphism T € Diff;” (T?, 1) which is metrically isomorphic
to an ergodic translation of T".

And the obvious corollary follows.

THEOREM C. For any p >0 and any two integers, h > 1 and d > 2, there exists
an ergodic real-analytic diffeomorphism T € Difflg’ (T?, ) such that T has a discrete
spectrum generated (over Z) by h linearly independent eigenvalues.

There is a conjecture of Kolmogorov in [Ko57] stating that on a d-dimensional real-
analytic manifold an ergodic real-analytic diffeomorphism preserving an analytic measure
may have a discrete spectrum with only d distinct eigenvalues. Our result falsifies this
conjecture.

Another aspect of the approximation by conjugation scheme deals with the problem
of finding diffeomorphisms with a prescribed dynamical property. Originally Anosov
and Katok produced examples of measure-preserving smooth diffeomorphisms that are
weakly mixing on any manifold admitting an effective T! action. Later Fayad and
Saprykina constructed weakly mixigg diffeomorphisms in the restricted space Ay (M) =

{hop®oh~!:heDiff°(M, /,L)}\/ for every Liouvillean number o [FS05] in case of
dimension 2. In case of the disc D? and the annulus A, this gives the dichotomy that a
number is Diophantine if and only if there is no ergodic C*°-diffeomorphism with that
rotation number. In that paper [FS05], the authors were even able to construct examples
of weakly mixing real-analytic diffeomorphisms of the two-dimensional torus for rotation
numbers « that satisfy a condition of similar type as our one above (namely that for some
8 > 0 the equation | — p/q| < exp(—¢'™?) has an infinite number of relatively prime
integer solutions p, g). We should note that the method of reparametrization of linear
flows as in [Fa02] is more appropriate to get weakly mixing analytic diffeomorphisms
on T¢.

Using the AbC method and the concept of real-analytic approximation of block-slide
type of maps, the second author showed that on a torus of any dimension greater than
one there are examples of weakly mixing real-analytic diffeomorphisms preserving a
measurable Riemannian metric.

THEOREM 1.3. [Kul7] For any p > 0 and any integer d > 2, there are weakly mixing
real-analytic diffeomorphisms T € Diff ;" (T?, 1) preserving a measurable Riemannian
metric.

This result solved [GKO00, Problem 3.9], about the existence of real-analytic
volume-preserving IM-diffeomorphisms (i.e. diffeomorphisms preserving an absolutely
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continuous probability measure and a measurable Riemannian metric) in the case of
tori. In this before-mentioned paper [GK00], Gunesch and Katok constructed volume-
preserving weakly mixing C®°-diffeomorphisms preserving a measurable Riemannian
metric (see also [GKu] for the same result in the restricted spaces A, (M) for arbitrary
Liouville number «) and gave a comprehensive consideration of IM-diffeomorphisms
and IM-group actions. In particular, the existence of a measurable invariant metric
for a diffeomorphism is equivalent to the existence of an invariant measure for the
projectivized derivative extension which is absolutely continuous in the fibres. Recently,
the second author examined the ergodic behaviour of the derivative extension with respect
to such a measure [Kul]. It provides the only known examples of measure-preserving
diffeomorphisms whose differential is ergodic with respect to a smooth measure in the
projectivization of the tangent bundle. It is an interesting open problem to exhibit such an
examination in the real-analytic case.

In another version (called ‘topological version’ in [FK04]) of the AbC method, one tries
to exercise control over every orbit of the initial T! action, while the original construction
by Anosov and Katok was only able to exercise control over almost every orbit of the T!
action. Such topological constructions deal with minimality and the number of ergodic
invariant measures (e.g. unique ergodicity) for instance (see e.g. [FH77, FSWO07, Wi(01]).
We can use such techniques and prove that the limiting diffeomorphisms obtained in
Theorem 1.1 are in fact uniquely ergodic with respect to the Lebesgue measure [Bal7,
Theorem 1.1]: for any p > 0, there exist uniquely ergodic real-analytic diffeomorphisms
T € Diff;" (T2, v) which are metrically isomorphic to some irrational rotations of the
circle. We note that minor modifications will extend the above result to the d-dimensional
torus but we do not do so in this article. Instead, we can produce more exotic examples.
We show that there are minimal but not uniquely ergodic measure-preserving real-analytic
diffeomorphisms.

THEOREM D. For any p > 0 and any natural number r, there exists a real-analytic
diffeomorphism T € Diff ;” (T2, 1) which is minimal and has exactly r ergodic invariant
measures each of which is absolutely continuous with respect to the Lebesgue measure.

This result parallels a result of Windsor in the smooth category [Wi01]. While
conversely a uniquely ergodic transformation on a compact metric space preserving a Borel
measure is minimal on the support of the measure (e.g. [HK9S, Proposition 4.1.18]), the
first example showing that minimality does not imply unique ergodicity is due to Markov
(see [NS60, §9.35]). In the analytic category, Furstenberg constructed skew-products
admitting uncountably many ergodic measures (see [Fu61] or [HK9S, Corollary 12.6.4]).
In fact, these counterexamples bear a great meaning in the history of ergodic theory: they
showed that the so-called quasi-ergodic hypothesis (i.e. each orbit is dense in each surface
of constant energy) does not imply the equality of space means and time means and so
helped to find the right notion of ergodicity.

In a forthcoming paper, the authors use the AbC method with the real-analytic
approximation of block-slide type of maps to construct 7' € Diff (T?, 1) with disjoint
convolutions and a homogeneous spectrum of multiplicity 2 for its Cartesian square 7' x
T. In [Kul6], C*°-diffeomorphisms in A, (M) with these properties were constructed.
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2. Preliminaries
Here we introduce the basic concepts and establish notations that we will use for the rest
of this article.

For a natural number d, we will denote the d-dimensional torus by T¢ :=R¢/Z4.
The standard Lebesgue measure on T¢ will be denoted by . We define ¢, a measure-
preserving T! action on the torus T¢, as follows:

O (X1, ..., xg) =1+, X0, ..., Xq). 2.1)

2.1. The topology of real-analytic diffeomorphisms on the torus. ~We give a description
of the space of diffeomorphisms that are interesting to us. Any real-analytic
diffeomorphism on T¢ homotopic to the identity admits a lift to a map from R? to R¢
and has the following form:

F(xt,....,x0) =1+ filx1, oo s Xd)y ooy Xg + fa(x1, ..., X4)), 2.2)

where f; : R? — R are Z4-periodic real-analytic functions. Any real-analytic Z4-periodic
function defined on R? can be extended to some complex neighbourhoodt of R? as a
holomorphic (complex-analytic) function. For a fixed p > 0, let

Q,:={(1.....2a) €C? 1 |Im(z)| < p. ..., [Im(zq)| < p} (2.3)

and, for a function f defined on this set, put

Ifllo:= " sup  1fGr, . za)l: 24)
(215-+,2d) €S2
We define C;;’(Td ) to be the space of all Z?-periodic real-analytic functions on R? that
extends to a holomorphic function on €, and || f||, < oo.

We define Diff g)(Td, ©) to be the set of all measure-preserving real-analytic
diffeomorphisms of T¢ homotopic to the identity, whose lift F(x) = (x; + fi(x), ...,
Xd + fa(x)) to R4 satisfies fi € CZ’(Td ) and we also require the lift F(x) = (x; + f] (x),
..., xqg + fa(x)) of its inverse to RY to satisfy f; € C g’(’ﬂ‘d). The metric d in Diff ;"(’H‘d, w)

is defined by
dp(f. ) =max{d,(f. g). dp(f~". g7},
where d,(f, g) = max {inf Ifi — g +n||p].
i=1,....d \neZ
Let F = (Fy, ..., Fy) be the lift of a diffeomorphism in Diff ;" (Td, w); we define the
norm of the total derivative
dF;
IDF|lp:= max [—]| .
Sl 0l

Next, with some abuse of notation, we define the following two spaces:

CL(Th) = () C2(T?), 2.5)

n=1

 We identify R inside C¢ via the natural inclusion (x|, . .., xg) > (x] +i0, ..., xg +i0).
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o
Diff 2 (T, u) := (") Dift (T, ). (2.6)

n=1
Note that the functions in (2.5) can be extended to C¢ as entire functions. We also note
that Diff2(T¢, ) is closed under composition. To see this, let f, g € Diff2(T9, w)
and F and G be their corresponding lifts. Then note that F o G is the lift of fog
(with 77 : R? — T? as the natural projection, T o FoG = fom oG = f o gom). Now,
for the complexification of F and G, note that the composition F o G(z) = (z1 +
g1+ fi(G@), ... 24 + 8a(2) + f4(G(2))). Since g; € CL(T?), we have for any p,
SUp e, IM(G(2))| < max;(sup,cq, [Im(z;) + Im(g;(2))|) < max;(sup,cq, Mm(z;)| +
SUP e, Im(g; (2))]) < p + max; (supzeQ/) lgi (2)]) < p + const < p’ < oo for some p'.
So, sup,cq, |zi +&i(2) + fi(G()| = |zil + g (D) + |fi(G(2))| <00 since z €2,
8 €CZ (T9) and G(z) € o' An identical treatment gives the result for the inverse.

All intermediate diffeomorphisms constructed with the AbC method in this paper will
belong to this category.

This completes the description of the analytic topology necessary for our construction.
Also, throughout this paper, the word ‘diffeomorphism’ will refer to a real-analytic
diffeomorphism. Also, the phrase ‘analytic topology’ will refer to the topology of
Diff g’ (T?, w) described above. See [Sa03] for a more extensive treatment of these spaces.

2.2. Some partitions of the torus. First we recall a few definitions. A sequence of
partitions {P,}, of a Lebesgue spacet (M, u) is called generating if there exists a
measurable subset M’ of full measure such that {x} = ﬂzozl P, (x) for every x € M’,
where P, (x) is the partition element in P, containing x. We say that the sequence {P,},
is monotonic if ‘P, 41 is a refinement of P,,.

There are some partitions of T that are of special interest to us. They appear repeatedly
in this article and we summarize them here.

Assume that we are given three natural numbers /, k, ¢ and a function a : {0, 1, ...,

k—1}— {0, 1, ..., g — 1}. We define the following three partitions of T¢:
i
E::{A,;q::[i,”r >de_1:i:0,1,...,q—l}, @2.7)
q9 4
i1 i1+1 ir ip+1 ig ig+1
Glg=1——) x|, X X | =, :
lg g l l [ l

i1=0,1,...,1qg—1, (in, ..., iq) €0, 1,...,1—1}d—1}, (2.8)

L i i1+ 1 ip i2+1
Giig = [d+1=j g [d+1=ig4 N7 71 )~

i=0,1,..., 0% g —1,Gay ..., i) ef0,1,...,1— 1}11}, (2.9)

+ We note that the existence of such real-analytic functions whose complexification is entire or, as in this case,
the complexification of their lift is entire is central to a real-analytic AbC method. As of now we only know how
to construct such functions on the torus, odd-dimensional spheres and certain homogeneous spaces.

I Also known as a standard probability space or a Lebesgue—Rokhlin space. We consider those spaces which are
isomorphic mod 0 to the unit interval with the usual Lebesgue measure.
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k—1
Rakq = {Rj,q = ¢>W<U Aa<l-)k+l-,kq>, Jj=0.....q— 1}, (2.10)
i=0
Skg = SE4" =i/ (kq). (i + 1)/ (kq)) x [j/1. G+ 1/D).0<i <kg, 0= j <I}.
2.11)

We note that ¢* acts on the partitions (2.7)—(2.10) as a permutation for any choice of p
when o = p/q.

2.3. Block-slide type of maps and their analytic approximations. We recall that a
step function on the unit interval is a finite linear combination of indicator functions on
intervals. We define for 1 <i, j <d andi # j the following piecewise continuous map on
the d-dimensional torus:

h:T? - T¢ defined by
bxt, ..., xg) =1, oo, X1, X+ s(xj)mod 1, X1, ..., xq), (2.12)

where s is a step function on the unit interval. We refer to any finite composition of maps
of the above kind as a block-slide type of map on the torus. The nomenclature is motivated
from the fact that a finite composition of maps of the above kind has the effect of sliding
solid blocks on the torus much like the game of nine.

Inspired by [Ka73], the purpose of the subsection is to demonstrate that a block-slide
type of map can be approximated extremely well by measure-preserving real-analytic
diffeomorphisms outside a set of arbitrarily small measure. This can be achieved because
step functions can be approximated well by real-analytic functions whose complexification

is entire.
LEMMA 2.13. Let [ and N be two positive integers and B = (Bo, ..., fi—1) € [0, D).
Assume that | is even. Consider a step function of the form
IN—1
5.8 1[0, 1) > R defined by sg n(x) = Z Bi Xti/IN,G+1)/IN) (X). (2.14)
i=0

Here B; := Bj, where j :=imod![. Then, given any & > 0 and § > 0, there exists a periodic
real-analytic function sg y : R — R satisfying the following properties.

(1)  Entirety: the complexification of sg n extends holomorphically to C.

(2)  Proximity criterion: sg y is L'-close to sg,n- We can say more:

sup [sgN(x) —SgN(X)| <e. (2.15)
x€[0,)\F

(3)  Periodicity: sg, n is 1/N-periodic. More precisely, the complexification will satisfy
sg.N(z+n/N)=sgn(z) forallzeCandneZ. (2.16)
(4) Bounded derivative: the derivative is small outside a set of small measure,

sup  [sg y(0)| <, (2.17)
xel0,D\F
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where F:Uﬁzal I; C[0,1) is a union of intervals centred around i/IN,i=
1,...,IN—1, Ip=1[0,8/2INJU[1 —§/2IN, 1) and L(I;) =68/IN for all i where A is
the length.

Proof. See [Bal7, Lemma 4.7] and [Kul7, Lemma 3.6]. O
Note that the condition 2.16 in particular implies that

sup  sgn(z) <oo forall p > 0.
z:Im(z)<p

Indeed, for any p > 0O, put Q;) ={z=x+1iy:x €0, 1], |y| < p} and note that entirety
of sg y combined with compactness of Q_;) implies that SUPzeq, lsg,n(2)] < C for some
constant C. Periodicity of s, n in the real variable and the observation that 2, =
Unez (€2, + n) implies that sup_.q  [sp,n(2)] < C. We have essentially concluded that
sg.N € C2(Th).

We also make the observation that the condition / is even is not really a necessary one.
One can drop the condition after replacing F with a different error set.

In order to prove convergence with a prescribed rotation number, we require the
following refinement of the lemma.

LEMMA 2.18. Letl, N € N, [ even and 8 = (Po, . .., Bi—1) € [0, 11'. We consider a step
function of the form as in equation (2.14), where B; =P in case of j =i mod l. Given any
e € (0, %) and § € (0, 1) let the number A > 0 fulfil the conditions

21 £
As—— -ln(—ln<1 — -)) (A1)
70 8
as 2L -1n(—1n<3>>. (A2)
75 2

Then the 1/ N -periodic real entire function sg n ¢ 5 given by

and

SB.N,e,8(2)
1/2—1

_—AsinQr(Nz—i/l)) _—AsinQa(Nz—(i+1)/1)) __—A-sin(27Nz)
=(zﬂ,-.<ee e >)
i=0

-1
__,—Asin2r(Nz—i/l)) __,—AsinQr(Nz—(i+1)/1)) __,Asin(2nNz)
—i—(g Bi-(e¢ —e ¢ )>oe"’
i=l/2

satisfies

sup  Isg n.e8(x) —Sg N (xX)| <eé, (2.19)
xe[0,D\F

where F:Uiﬁo_l I; C[0,1) is a union of intervals centred around i/IN, i=
I,...,IN—1,Ih=1[0,8/2IN]JU [l — §/2IN, 1) and »(I;) = §/IN for everyi.

Proof. First of all, we point out that sg y¢s isS a 1/N-periodic real entire function.
Let x €[0, 1)\ F, namely x € [j/IN 4+ §/2IN, (j + 1)/IN — §/2IN] for some j € Z,
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0<j <IN —1. We write x = j/IN + A. Exploiting the fact that sin(x) > x/2 for 0 <
x <m/2, we get
_e—A»sin(ZﬂNA) _e—A-JrNA

e >e
Using equation (A1), this implies that

e_efA~sin(2n(Nx7x/l)) o1 % (2.20)
incaseof 0 < j —s <I/2or =] < j —s < —[/2. On the other hand, we use the fact that
sin(x) < x/2 for —m/2 < x < 0 and get

e_e—A»sin(—erNA) S e_eA-erA -
By applying condition (A2), this yields
_E—Azsin(ZTr(Nx—s/l)) i

21

incaseof[/2 < j —s <lor—I/2 < j — s < 0. By the above estimates in equations (2.20)
and (2.21), we get

& e e &
58.N.e8(x) > B - ((1 - §> . (1 — §) - E) —(I=1- 5

&
SpN.es) = Bj+ =17

e

2.21)

and

Altogether, we conclude that

Isg,N.e8(x) — Bjl <e. O

Finally, we piece together everything and demonstrate how a block-slide type of map
on the torus can be approximated by a measure-preserving real-analytic diffeomorphism.

PROPOSITION 2.22. Let by : T — T¢ be a block-slide type of map which commutes with

@4 for some natural number q. Then, for any & > 0 and 8 > 0, there exists a real-analytic

diffeomorphism h € Diff$ (T, w) satisfying the following conditions.

(1) Proximity property:  there exists a set E CT? such that w(E)<$ and
supyeriy g 1(x) = B0 < e

(2)  Commuting property: h o $p'/1 = ¢'/4 o h.

In this case we say that the diffeomorphism h is (g, §)-close to the block-slide type of

map b.

Proof. First we assume that for some step function 5g 1 and any integer i with 1 <i <d,
the block-slide type of map b is of the following type:

h: T — T defined by h(x) = (x1 + 55,1 (x1), x2, . . ., Xa)- (2.23)
Then we define the following function using sg 1 as in Lemma 2.13:
h:T?— T¢ defined by h(x) = (x1 +sg,1(xi), X2, .. ., Xq). 2.24)

With F as in Lemma 2.13, we put £ = Ti—! x F x T9~% and observe that & satisfies all
the conditions of the proposition.
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Similarly, if for some step function §g , and any integer i with 1 <i <d, we have a
block-slide type of map h of the following type:

h:']I‘d—>']I‘d defined by h(x) = (x1, ..., Xi—1, Xi +358,4(x1), Xi41, ..., Xq), (2.25)
then we define the following function using sg , as in Lemma 2.13:
h:T¢ - T¢ defined by h(x) = (x1, ..., Xi—1, Xi +5,4(X1), Xit1, ..., Xa). (2.26)

With F as in Lemma 2.13, we put E = F x T?~! and observe that & satisfies all the
conditions of the proposition.

So, for a general block-slide type of map which is obtained by a composition of several
maps of the above type, we just take a composition of the individual approximations and a
union of all the component error sets. O

2.4. Real-analytic AbC method. Our objective now is to recall the approximation by
conjugation scheme developed by Anosov and Katok in [AK70]. Though we modify this
scheme slightly to be more suitable for our purpose and fit the notations of our article,
we insist that the method presented here is almost identical to the original construction.
In more modern works, this method is often presented in a less formal way (see [FK04])
avoiding most technicalities but for our purpose we find the original scheme to be most
suitable and we stick close to it.

The AbC method is an inductive process where a sequence of diffeomorphisms
T, € Diff% (T¢, ) is constructed inductively. The diffeomorphisms 7;, converge to some
diffeomorphism 7' € Diff 'g’ (T, ). Additionally, T,s are chosen carefully so that they
satisfy some finite version of the desired property of T'.

We now give an explicit description. At the beginning of the construction we fix a
constant p > 0 and note that all parameters chosen will depend on this p.

Assume that the construction has been carried out up to the nth stage and we have the
following information available to us.

(1) We have sequences of natural numbers {p,}" _,, {gm}h_; {km};’;l], {lm};’:l,
{sm};‘;ll, a sequence of functions {a,, : {0, ..., k, — 1} > {0, ..., qm — 1}}31;11
and a sequence of numbers {&,,}}, _,. They satisfy the following condition:

Pm = sm—lkm—llm—ICIm—lpm—l +1, dm = Sm—lkm—llm—lq,i_p
(2.27)

Pm _
Uy = —, &y <27,

qm

(2)  The sequence of diffeomorphisms {7}, }7 _, is constructed as conjugates of a periodic
translation. More precisely,

Tpi=H, 0¢® o Hy,, Hpy:=hpoHy 1, hyeDiff2(T n). (2.28)
The diffeomorphisms {4} _, satisfy the following commuting condition:
I 0 @%m=1 = ¢%m=1 o hy,. (2.29)

(3) Form =1, ..., n,the diffeomorphism 7}, preserves and permutes two sequences of
partitions, namely, H,, 'R, and Fy, := H,' T,

m>qm
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4 Form=1,...,n,
" Rig (DA g 1) < Emi

forany R; ¢, € Rap_1.kn_1.gmy a0d Aj g €T, | with the same i.

(5) Form=1,...,n,diam(F,, N E,) < &t for some measurable set E,, satisfying
W(Ewm) > 1 — &y. (Note that this means that F,, is a generating but not necessarily
monotonic sequence of partitions.)

(6) Form=1,...,n, dy(Tp, Tu—1) <é&m and do(T},, T\ ) <1/2"! for 0 <i <
qm-1 — L.

Now we show how to do the construction at the (n 4 1)th stage of this induction process.

We proceed in the following order.

(1)  Wechoose k; and our functiona, : {0, ..., k, — 1} — {0, ..., g, — 1}. This choice
will depend on the construction we are doing and the specific properties we are
targeting to prove.

(2) We choose [, to be a large enough integer so that the following condition is satisfied:

I, > 2"IDH; 0. (2.30)

(3) Find a block-slide type of map b, x,.1,,q, Which commutes with ¢%, maps the
partition Gy, g, 4, to the partition 77;11 kdq, and maps the partition T4, to the partition
Rap k-

(4) Use Proposition 2.22 to construct h,41 which is (g, §,)-close to By kol qn TOT
sufficiently small &/, > 0 and 3, > 0. Put E, to be the error set in Proposition 2.22.

(5) Ensure that |a;41 — o] is small enough to guarantee that d, (7,41, T;) < &5 and
do(T’H, T!y <1/2" for0 <i < g, — 1 by choosing s, sufficiently large.

This completes the construction at the (n + 1)th stage. Note that in this way convergence

of T,, to some T € Diff ;"(’H‘d, W) is guaranteed.

Remark 1. By dy( n+1,Ti)<1/2” for 0<i<gy,—1 and every neN, we get
do(T", T’H) <1/2"for0<i <quy1 — 1.

We need another important construction, which is very handy for some applications.
Note that the partitions JF,, are not necessarily monotonic. However, the following
proposition shows that a generating monotonic partition which is cyclically permuted by
T, can be constructed from J, . This is identical to [AK70, Lemma 3.1].

PROPOSITION 2.31. With notations as in the approximation by conjugation scheme, we
can find a sequence of partitions M,, of T¢ satisfying the following three properties.

(1) Monotonicity condition: My4+1 > M.

(2)  Cyclic permutation: the diffeomorphisms T, cyclically permute the atoms of M,,.
(3) Generating condition: M,, — € as n — Q.

: T/ Tgy = T¢/Ray by gn bY
+1 n Td/7:1 - T /Ran»kan by

fﬁgl w(Aig,1) = Rjgq,, where j is such that A; 4, C Rjg4,. So, at the level of T,

Proof For any n, we define a measurable map cn +1 n

c, +1 2 (Aig,) = Ri 4, and another measurable map ¢! ol

 This means that the diameter of the intersection of any atom of F,,, and Ej, is less than .
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the composition ¢, 41,, = (cfﬁgl,n)_l o c,(;) 1.» gives us a correspondence which associates
each atom of 7, with a union of atoms of 7, ,. So, we can define a new partition
Tgniran = {en+1.n(Aig,) : 0 <i < q,}. Continuing this procedure, we obtain for any m >
n apartition 7y, 4. == {Cum—10" -0 Ca42n+1 0 tut1,n(Ajg,) 10 <i < gn}. We note that
this partition satisfies the following three conditions for any three integers n, [ and m with
m>1>n.

(1)  Monotonicity condition: Ty, 4.1 > Tgm.qn-

(2) Cyclic permutation: ¢'/9 cyclically permutes the atoms of T -

3) Cm,1©Cn="Cnn.

Now we define two new partitions as follows:

]:qmalh = HHZI Equn ’ (232)
Fon = H'T,,. (2.33)

n

We define the correspondence Pun:Fy = Fgngn OY  Pman(Hy(Aig)) =

H,, ! (cm,n(Ajg,)). Now note that for any three integers m > [ > n, we have the following

three properties.

(1)  Monotonicity: Fy, g1 > Fgm.qu-

(2) Cyclic permutation: T, cyclically permutes the atoms of F, 4, (since @t/
commutes with ; for j > n).

(3)  Pm.i©Pin =Pm,n- Indeed, for any A; 4, , we observe that

Pt © Prn(Hy ' (Dig,)) = Pt (H ' (1.0 (Aig,))
= Hy, ' mi(cn(Aig,)))
= H,,' (cmn(Aig,))
= P (Hy 1 (Aig,)-

Our next goal is to prove that the limit
Poon (H; ! (Dig))) i= Hm (o (Hy ' (Aig,)) (2.34)

exists for any n and i. In order to see this, we note at first that ¢, ,(A;g,) =
Uieo Algyn» Where o is some incllexing set of size ¢, /gy, . This illnplies that ¢, 41,0 (Aj g,) =
Uleo Rign- And, hence, h, . (cmi1.0(Aig,)) =Ujco i1 (Rig,). Now note the
following estimates:

p(hy e (Rig, ) AALG,) < Em

_ q
= M(U hot (R,,qm)AA,,qm) < q—’:em

leo
_ q
= “(U By (Rig, )AL A,,qm) <,
leo leo 4n

_ q
= 'u(hm}i—l (Cerl,n(Ai,q,l))Acm,n(Ai,qn) < q_mgm
n

_ _ q
= w(H L Cngn(Dig )V AH (emn(Aig,)) < q—’"sm
n
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- - q
= M(pm+1,n(Hn I(Aiqqn))Apm,n(Hn I(Ai,%)) < q_mgm

n

qn—1
= Z l“(perl,n(Hn_l(Ai,q,,))Apm,n(Hn_l(Ai,q,,)) < gmém
i=0
gn—1
= Y 1w Pmyn(Hy (Dig,) APmyn(Hy (A g,) < Z dméEm.
i=0 m=m

This shows that the sequence F,, 4, converges as m goes to infinity and shows the
existence of (2.34). So, we define the partition

My = {poon(Hy ' (8ig,)) 10 <i < gn). (2.35)

And we note that this partition has the required properties. O

3. Non-standard real-analytic realization of some ergodic rotations of the circle
Non-standard realization problems demonstrate how a dynamical system can live on a non-
native manifold. In particular, we are interested in exploring when an ergodic rotation of
the circle can be measure-theoretically isomorphic to a measure-preserving real-analytic
ergodic diffeomorphism on a torus.

3.1. Some measure theory. In this subsection, we state an abstract lemma from measure
theory, which is a slight generalization of [AK70, Lemma 4.1]. Essentially we formulate
a finite version of the conjugacy we will eventually prove.

Lemma 4.1 from [AK70] gave us an easily checkable finite version of the conjugacy
that one can use to prove the existence of a metric isomorphism of the limiting
diffeomorphisms. Since the generating partitions used in the C*° non-standard realization
problem can easily made to be monotonic, this lemma was sufficient. But, in the real-
analytic case, our construction is not flexible enough to guarantee monotonicity, so we
need the following modified version from [Bal7].

LEMMA 3.1. Let {M(i), u(i)}, i =1, 2, be two Lebesgue spaces. Let P,(,i) be a sequence of
generating finite partitions of M. Let {e,} be a sequence of positive numbers satisfying
220:1 ey < 00. In addition, assume that there exists a sequence of sets {E,(,')} in MY

satisfying
uM(EM) = u@ED) <, (3.2)
PO N\EY, cPP(x) forallxe M<1> \VEW (3.3)
P2 () c PP forallyeM®. (3.4)

Let Tn(l) and T,,(z) be two sequences of automorphisms of the spaces MV and M®

satisfying
T(i)fp(i) — 'P(i) i=1,2, 3.5)
lim 70 =70, i=1,2, (3.6)
n—>oo
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o0 o0

T® ( U Ef,?) =JEP. i=12 (3.7)
m=n m=n
Note that the limit in (3.6) is taken in the weak topology. Suppose additionally that there
exists a sequence of metric isomorphisms K, : M/ ’P,(,l) - M /7?,(,2) satisfying

K T2 oo K =T, 10, (38)

Kur1 (P () € Ky (PP () forallx e MY\ EY | (3.9)

Then the automorphisms TV and T® are metrically isomorphic.

Proof. See [Bal7, Lemma 3.5]. O

3.2. Construction of the conjugation map. Let o € L, be arbitrary. We construct
successively a sequence of measure-preserving diffeomorphisms 7,, = H,~ Lo ¢ o Hy,
where the conjugation maps H, = h, o H,_; and rational numbers «, = p,/q, € Q are
chosent in such a way that the functions 7, converge to a diffeomorphism in Diff ’ (T2, w)
with the desired properties. We present step n + 1 of the construction, i.e. we assume that
we have already defined H, and the numbers «f, . .., @,—1. Additionally, we choose an

even integer /,, € N satisfying the condition
Ly > 2" IDH 41 (3.10)

where p, = ||H,||,. This condition on [, will be used to ensure that the sequence of
partitions we construct later is generating (see the proof of [Bal7, Proposition 6.3]). In this
step of the construction, we have to define the conjugation map 4,1 and to choose «;, (see
equation (3.18) in the proof of Lemma 3.16 for the concrete choice of o).

We start by describing the main combinatorial idea behind the proofs of Theorems 1.1
and A. Given any two integers / and ¢, there exists a block-slide type of map which allows
us to break down the partition 7;2[] and reform it into a partition G; ; whose atoms have
diameters less than 2/1.

First we consider the following three step functions:

-1

[
w(l) [0, 1) > R defined by ¥, l)(x) = Z lz—qJX[j/1»<j+1)/1](x),
j=1

2q-1 , . .
J J
Y5 10, 1) > R defined by v (x) = §:(7—M)x[j/zzq,mn/zzq](x%
j=0

-1

Y2100, 1) >R defined by ;> (x) = Zéxlj/l,(m)/,,(x). (3.11)
j=0

Then we define the following three types of block-slide map (see Figure 1):
git : T2 —> T?  defined by gj*) (x1, x2) = (x1 + ¥} (x2), x2),

F We point out that this time the numbers «;, are not built according to the form in equation (2.27) but are chosen
in the proof of Lemma 3.16.
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AL

—=h"

AL

FIGURE 1. Illustration of the action of g; ;4 on T2 with i =2,/ =3 and g = 3. We note how the blocks are

9513) 3 9;2 3 9533) 3
moved by the intermediate maps: Al ——— A2 — A3 —> A4.

g1 T2 — T?  defined by g% (x1, x2) = (x1, X2 + ¥ (x1)),
gl(Sq) :T> > T?> defined by gl(sq) (x1, x2) = (x1 — lpl(j; (x2), x2).
Note that the composition
O, : T?> - T2 defined by g1.q = 91(3(1) o gl(zq) o gl(lq) (3.12)

maps the partition G; 4 to 72,
With the aid of Lemma 2.18, we construct the following entire functions:

wl,n+1 = sﬂ“),N(l),l/(3-2"+1-l,2,-q,,),1/2"+1 ,

I, —i
where 8y =0, {7 = - fori=1,....ln =1L, NV =1,
ln “qn
Yo nt1 = S N@ 1/(3.2n+1.1,),1/20+1 5
i
where 8% = — fori =0,...,1, — 1, N® =l,q,,
n

V341 = 800, NG 1/(32741.12.g,),1/27+1 5

where gV = fori =0,...,0,—1, N® =1.

12

n - dn
Let A;,+1 denote the corresponding number in the construction of ¥,y from
Lemma 2.18. Using these functions, we define the conjugation maps

R1nt+1(x1, x2) = (X1 + Y1 p41(x2) mod 1, x2),

hap1(x1, x2) = (x1, X2 + ¥2,441(x1) mod 1),

h3ne1(x1, X2) = (X1 — ¥3,541(x2) mod 1, x2)
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approximating the maps 91(:) 0 from above. Finally, we put

huy1 =h3pp10hy ny10hy pyr.

We point out that ¢ o hy, 1 = hy41 0 ¢,

LEMMA 3.13. Letl, > 4. In the concrete situation of our constructions, we can choose
=221 g, fori=landi=3,
| =225 3,

Ai,n+
A2,n+

Proof. Using Taylor expansion and the notation x = ¢, /2[,,, we calculate
x2 X
4 —1
—In(—=In(1 — x)) = —ln(x + 5 + 3 + O(x )) < —In(x) =In(x"").
By our explicit definition of the number ¢; ,,, we get
In(21, -g;n]) =In(@2l,-3-2"" 2. q,) <In@"™ .3 .q,) fori=1,3,
In(2y, - &7,) =@, -3- 2"+ 1) <@ ).
Then condition (A1) yields the requirement
Aingr =20 0y @13 g) <2208 g, fori=1,3,
A2,n+l > 2n+1 X ln . 1n(2n+4 X l’%) < 22)1+5 X l;

We note that with this choice condition (A2) is satisfied automatically. O

3.3. Proof of convergence. Let p > 0 be arbitrary. We want to prove convergence of
(Ty)nen in Diff ;;’ (T™). For this purpose, we introduce the numbers

pk = | Hyll, foranyk eN.
Using the definitions of the conjugation maps, we compute
h,;]rl 0 @* 1 o hpy1(x1, x2) = (X1 + oyg1 + Y1t (x2)
= VYint1 (2 + Y2nt1(x1 + Y1,0(x2)) = Y2411 + g1 + Ying1(x2))),
X2 + V2 ne1(x1 + Y11 (X2) = Y2041 (X1 + dng1 + Y1 p41(x2))).
We recall that ¥ 41 is 1/g,-periodic and get
Bl 0 @® o hypy(x1, x2) = (X1 + @ngt + Yt (12)
= Yint1 (2 + Y2nt1(x1 + an + Yin41(x2))
= V241 (X1 + Anp1 + Y1n+1(x2))),
X2 + Y21 (x1 + n + Y141 (02) = Y2001 (X1 + dng1 + Yin1(x2))).
Hereby, we conclude that
(hyly © 0“1 0 hypy — ) (x1, X2) = (g1 — oty + Vg1 (¥2)
= Yint1(x2 + Y2 np1(x1 + an + Y1n41(x2))
= Y2 n+1(X1 + dng1 + Ving1(x2))),
Vo nt1 (X1 + n + Yint1(x02)) — Y2 n1(x1 + Qppt + Yint1(x2))).
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In the next step, we exploit the closeness of h;}rl 0 ¢p%tl o hyiq(x1, x2) to % and find
that

dp(Tust, Tn) =dp(Hy ' o bl 0™ 0 hyyy 0 Hy, Hy ' 0 6% 0 Hy)

-1 -1
< IDH; Mgyt - I 0 6% 0 By — %11,

In order to estimate ||A, Ji 1 0 ®% o hyyr — ¢ ||, » we will use the subsequent result.

LEMMA 3.14. Let p > 0 and B? ={z € C: |im(z)| < p}. Then we have

A-2TNP 4 onNp
Sup s n.e,5(2)| <27 - N - A - e* +A-eT 2 Np

z€eBP
and

27 Np
.eAe

Sup [sp.n.e5(z1) —Sg.Nes(z2)| <C-A-1-N-e* 71 — zal,

71,22€B°

where C is a constant independent of n, | and N.

Proof. First of all, we observe that

d  _,—Asin@r(Nz-i/1)
—e

dz

_ eie—A-sin(Zn(szi/l))7A~sin(27'[(szi/l)) 27 -A-N- COS(ZT[ (Nx _ l_))
l

Using the mean value theorem, this yields

A-¢27TNp 2T Np 1 A.e2TNp
sup |sg n.es(2)| <1 -e° 2m N -A-ete Ce2TND L et
ZEBP l

27 N,
<2r N.A.2NT HASTNI RNy

Additionally, we get

A.e2TN,

P 27N,
IDsg.n.esll, <I-e* A AN -eAeT L 2meN

A-2TNp 2T Np
+271-A-N-e2" .eZAe .e4npN

<6r-A-1-N-H
By applying the mean value theorem, we obtain the second statement of the lemma. O
In addition to the before-mentioned conditions, we require the number /,, to satisfy
I, > 2™ (Pt (3.15)

Finally, we are able to prove convergence of the sequence (7},),eN-

LEMMA 3.16. Fix p > 0. Then there is a sequence (op)neN 0of rational numbers
converging to o monotonically such that the sequence (T,),eN converges to T in
Diff ? (T?).
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Proof. First of all, we introduce the number

e27Pn
eZeAl-”‘“ e + AL py1-¢TP 27,

;0;/1 =pn + 27 - Al pt1 -

We recall that C as well as the requirements on [, in equations (3.10) and (3.15) are
independent of g,. Hence, we can state the subsequent condition on g,,:

qn 2 C2 . 241’!"1‘11 . Z;O (317)

Under this restriction on the number ¢,, we find that o, = p, /g, with p,, g, relatively

prime such that
1

|(¥ - an' < 7 )
ee(22n+7_13_82ﬂ'ﬂn )qn

(3.18)

because o € L,. By using p;, and by applying Lemma 3.14 twice, we get

sup |2 a1 (x1 + ay + Y1 pg1(x2)) — Y20 (1 + gt + Y1 g1 (x2))]
(x1,x2)€EAPR
< sup Y2011y +an) — Y2011y + pg1)]
yeBPn
2”"1}1'ﬂ;/1

q,- eA2.n+1°€
5 C . eln(AZ,n+1 Iy qn)+4e n . |an+1 _ an|_

Under our conditions on the numbers oy, its value is less than 1. Hereby, we conclude
using equation (3.15) that

Wl o g%t o h < C-A [ et
Il n+1o¢ ohpt1 — & lp, <lotpyp1 —au|l +C- A1 -ln-e

27 -qn-p),
€ - A2 eI P
X eln(AZ,n+l ln-gn)+4-e . |Oln+1 _ an|
/
2 4.622’1+5‘ly51“1n 64.622n+5.13e2n-qn-p,,

<2C? 2"t g o1 — al.

n

With the aid of conditions (3.10) and (3.17), we can continue the former estimates in the
following way:

1 -1 -1
2" L ADH, gyt - gy 0 9% 0 By — ¢ 1,

2n+5 5. 2045 ;3. 27 -ph\an
3.In(gy,)+4-€% li-an 4.4.¢% li-(e )

<e n) o1 — agl
ezzn+7_13,(92n-p{1 yan

<e o — ayl
6(22n+7 ,[2 1,271-;2;, yin

<e o1 — agl.

Using the above estimates, we conclude that

dp(Tugt, Tn) < IDHy M pye1 - L 0 % 0 gy — ™I,

6(22;1-%—7,1’51.627%,0,/, yan 1
=e 'F|an+l_an|
/
(22n+7_15_82ﬂ-pn)qn
e n
<e oﬁ~2~|a—an|
1
< —.
2}1

Hence, (7;),en is a Cauchy sequence in Diff ;’) (T?). Since this is a complete space, we
obtain convergence of (7},),cN to a real-analytic diffeomorphism 7' € Diff ;" (T?). O
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3.4. Proof of conjugacy of T to the rotation Ry of the circle. This subsection is
identical to [Bal7, §6] and we omit very detailed proofs, which are available in that paper.
We have a sequence of real-analytic diffeomorphisms 7, converging to a real-analytic
diffeomorphism 7', a generating sequence of partitions JF, of T? (see §2.4) and each Fan
is cyclically permuted by 7;,. We also know the convergence of (o), en to the prescribed
number «. Additionally, we define the error set E, C T? by
l%‘]n_l 1 1
i i
Hy(Ey) = [———,—+—] < T'.
o 9} Ban  272qn" Ban 223,

Note that H, (E,) is the set where we do not have any control under /1.

On the other hand, we approximate an irrational rotation of the circle by rational
rotations. Let o, = p,, /g, be the sequence of rational numbers constructed in Lemma 3.16
above and consider a sequence of partitions of the circle as follows:

i i+1

Cn:z{P n::l:—, >:i=0,1,...,q—l}.
! e dn  qn "

Clearly, this is a sequence of partitions which are monotonic and generating. We also

define a sequence of maps:

Ry, : s — S defined by x — x + op.
So, we have R,, — R,. We also define

4n . .
- E E
By o= |[l__u( AL n)}_
im0 dn 20 qn 2gn

Following the notation of Lemma 3.1, we let M :=T2 M =y, 77,51) =Fy
EV = E, M® =T ;@ .= PP .= C,, and E? .= E,. Finally, we define the
conjugacy K, by K,,(Hn*1 Aig,) =Tig4,. This gives us that P,Ei) is generating and
conditions (3.2), (3.3), (3.5) and (3.6) in Lemma 3.1. Conditions (3.8) and (3.9) follow
from the definition. Now note that ¢* preserves H, (E,) and hence T}, preserves E,. This
gives us (3.7) and completes the proof of Theorem A.

3.5. Set of numbers L.. As announced in the introduction, we examine the set of
obtained rotation numbers. By well-known arguments for spaces like £, (e.g. [BrlS5,
Appendix A.2]), we prove the following result.

LEMMA 3.19. L, is a dense Gs-subset of R.

Proof. For each pair (p, q) € Z x N with p, g relatively prime and every k € N, we define
the following open set:
1
< eew .

uw= U oopo

(p,q)€ZxN with
p.q relatively prime

p
x__

Ok(p,q)={xeR’0<

Then the countable union
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is also open in R for every k € N. In the next step, we fix k € N. Obviously, each rational
number w € QQ written in its lowest form w = p/q lies in the closure of O (p, q). Hence,
each rational number lies in the closure of Uy. Since the rational numbers are dense in R,
Uy is dense in R. This applies to all k¥ € N. Moreover, we observe that

L= m Uy.
keN
By the Baire category theorem, L, as a countable intersection of open dense sets is dense

in R. O

4. Non-standard real-analytic realization of some ergodic translations of the torus

Our goal in this section is to produce a proof of Theorem B. The proof of this theorem
in the smooth category was done by Anosov and Katok in [AK70]. Later, Benhenda
in [Bel3] produced an estimated version of this result showing that every ergodic toral
translation with one arbitrary Liouvillean coordinate can be realized smoothly on any
manifold admitting a circle action.

In our article we prove a real-analytic version of this result. Unfortunately, we do not
have the techniques to prove results like [AK70, Theorems 1.1 and 1.2] for arbitrary
real-analytic manifolds. However, the concept of block-slide type of maps and their real-
analytic approximations allow us just about enough flexibility on the torus to produce
pretty much any combinatorial picture the approximation by conjugation scheme requires.
So, we prove that there exist real-analytic diffeomorphisms on T¢ which are metrically
conjugated to ergodic translations on T” for arbitrary d > 2 and h > 1.

As of now we do not know if this concept of block-slide type of maps can be
successfully generalized to other types of real-analytic manifolds. It is possible that these
maps can be generalized to odd-dimensional spheres using transitive flows like those
described in [FK14]. The main obstruction to this generalization seems to be the fact
that the analytic flows they use commute with the Hopf fibration but not with each other.

4.1. Description of the required combinatorics. ~Our objective here is to demonstrate
that one can reproduce the approximation by conjugation scheme as described in [AK70]
in its full generality in the real-analytic category on T¢, d > 2. We show three basic kinds
of rearrangement techniques in this section. Together, these three kinds of rearrangements
will be sufficient to produce all constructions done in [AK70].

4.1.1. Periodic interchange of two consecutive atoms. Fix any two integers k and q.
Our objective here is to show that one can interchange two consecutive atoms of Ty,
periodically inside each atom of 7,. More precisely, we show that there exists a block-
slide type of map f, that interchanges the atom Aji x, with the atom Ajxyq g for
i=0,...,q— 1andleaves all other atoms of 7, unchanged.

We begin by considering the following step functions (or more appropriately piecewise
constant functions):

0 ift € (0, 1/2],

(1) (1)
o, :(0,1] >R definedbyo,. '(t) = 4.1)
ka ¥ Ok 1(kg) ifre(1/2 1],
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FIGURE 2. Illustration of the action of i, on T2 with k = 4 and g = 3. We note how the blocks are moved by the
(1) (2) (3) (4) (5) (6) (7) (8)
intermediate maps: Bl —4> B2 —4 B3 *%, pa X4, g5 X, pe X, p7 X, pg M, B9 Note that at
the end the first two columns are interchanged. fi, acts as an identity on every other column. Also note that B8
and B9 appear to be identical but the unmarked rectangles are flipped.

1/(kq) ift e (0, 1/2],
(2) (2)
0,7 :(0,1] >R definedbyo, '(t) = 4.2)
kq Y %k {0 ifre1/2,1],
I
0 ifqtmodle(O,% ,
ak(;) :(0,1]— R defined by ak(j)(r) — . 4.3)
1/2 ifgtmodle (E,l ,
. 27
0 ifgtmod 1 e O,E ,
o,f;‘) (0, 11> R defined by a,f;‘) (t) = , 7 @
1/2 ifqtmodle(z,l .

Note that ak(;) is 1/g-periodic and we can define the following piecewise continuous
functions f,(:q) :T¢ > T¢ i=1,...,8,by (see Figure 2)
Fo (1, X)) = (01 — 0p2 (12), X, -, Xa), (4.5)
fg (@1 X)) = (o) () xa)s (4.6)
R (@1 xa) = (1 + 0,0 (1) 22, - Xa), 4.7)
B (Cer, o xa)) = (e 22+ 172, xa),s (4.8)
o (1, X)) = (01— 002 (62), X, -, Xa), (4.9)
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FIGURE 3. Illustration of the action of w; ¢ 4, on T2 with I =1, i =1, k=4 and q = 3. We note how the

Y v v 1/(12)
blocks are moved by the intermediate maps: C1 L3, 0o 2283, 03 343 oy ¢ C5. Note that all

the remaining columns are kept constant at the end.

O (Cxn, - xa) = (1 xa + 00 () xa), (4.10)
R - xa) = (1 — 00 (1), X2, . xa), (4.11)
R (1. xa)) = (1, X2 + 0 (), - xa). (4.12)

We compose all the functions above into the following function:

frg 1T — T defined by fi.q =i o fir o fio) o i o fib) o fi) o fi2) o i), (4.13)
4.1.2.  Periodic rearrangement of atoms. ~Now we show that for any given / and i with
0<Il<kand0<i < g, there exists a map of the block-slide kind which will allow us to
rearrange the atoms of T , so that for any i with 0 <i < g, the atom A;14; x4 is moved to
Aj4k(j+i),kg» While any atom that is not of the form Ay «, is left invariant.

Now we describe this map. Consider the following block-slide type of map:

Wikg: T — T¢  defined by ry i g = ¢/ o fy 4 0 ¢!/ *D) (4.14)
using the circle action {¢'},.g1 and consider the following composition (see Figure 3):

d d 1/(k
Wi kg T — T¢ defined by wij4q =" 0r014i 24,0 Wi41kg 0 WLy
(4.15)
Note that this map is the one we desired at the beginning.

4.1.3. Recovering ’ﬁdq from a generating partition. We show that given any two
integers / and ¢, there exists a block-slide type of map which allows us to break down
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the partition 74, and reform it into a partition G; 4 whose atoms have diameters less than
d/1. This generalizes the construction from §3.2 to the higher dimensional case.
We consider the following three types of block-slide map:
gfll) o T¢ > T defined by

(1)
91,

gle) P T¢ > T defined by

q(-xls cee xll') = (xl + 1//[(’][;)()6!)7 x2, LI ) -xd)a

9§,§?q(x1, cesXg) = (X, X1, X+ l/f,(f,)(m), Xigls - Xd)s

8.7, 1T > T¢ defined by

o0, @ xa) = (= Y (), X, Xa)
with the maps Wl(iq) defined as follows:

1y

Wi(j,)q 1[0, 1) = R, lﬁﬁ)q (x) = Z iy XU/L G+ (X)),
j=1

ld+27iq_l . .
J J
YD 0D >R P =Y (7 —~ bJ)XWW,-q,(jﬂ)/,du,-q](x),
j=0

[

w,{?fq 200, 1) - R, l/fi(j,)q (x) = Z iy XL/ G+1)0(x).
=0

Then we define the following three types of block-slide map:
gl(ll) o T¢ - T¢  defined by

(1)
91,

gf?q ‘T4 > T¢ defined by

g?j?q(xl, cees Xd) = (X1, o, Xio1, X F I/Ii(j,)q(xl), Xiy ooy Xd),

g?j?q :T? - T defined by
gff?q(m, ce Xg) = (x1 — W,-(j
Note that the composition

SO0 ) = G+ YT, (), s xa),

) (i), X2, - Xa).

Gitg T — T defined by g; ;4 = g}j?q o ggj?q o gﬁi?q (4.16)

maps the partition G; ; 4, to G; 11 4, Where

. i i1 +1 i ir+1 ij ij+1 d—j .
g”l’q"”ld“f'q’ld“fq)x[7’7>x”'x[7’ )t

i1=0,1,..., 1% g —1, <iz,...,i,~>e{o,1,...,1—1}f‘1}.

4.17)
So, the composition
914 : T — T definedby g1y = 02,14 -0 8dig (4.18)
maps the partition Gy 4 to Tja,.
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4.1.4. Piecing everything together.  Our objective now is to demonstrate that there is a
1/g-periodic block-slide type of map which maps the partition G; 4 to Ry x,4. Such a map
is obtained after taking a composition of some of the maps defined above.

Consider the following composition:

h(l) :T¢ > T defined by f);l])cq =104k=1),k=1,k,q O * O Wg(1),1,k,q © Wa(0),0,k,q

a,k,q
(4.19)
and note that the above map maps the partition R, x4 to the decomposition 7. Next we
define
b, T~ T byb2 =gi4 (4.20)
and recall that the above map maps the partition G; 4 to T 4+ S0, the composition
Bakig: T4 — T defined by bakrq = (b5 )" o by, (4.21)

satisfies the following properties:

M bprrgRaka) =Tg

@ by s Tiarag) = Gikg:

() bakiqod® =9%obakiq forany panda =p/q.

4.2. Periodic approximation of ergodic translations of the torus. ~ This entire subsection
is identical to [AK70, §6]. So, we only recall the portions that we need. For exact proofs,
one may refer to the original article.

LEMMA 4.22. There exist sequences oy, = (ot,(ll), cel, a,(,h)) and y, = (yn(l), R y,fh))
satisfying the following properties:

1 h
(1) gedys”, .o =1;

(2) there exist integers py, qn such that gcd(py, qn) = 1 and oy = (Pn/qn) Vs

(3) there exist integers ry such that g, =ryy,_;

(4)  there exist integers s, such that Vn(:l—)l e yn(h);

) Vn(21 = yn(i) mod g, fori =1, ..., h;
(6) there exist integers my,, such that

Prtl _ Pn 1

—; 4.23)
dn+1 qn MmuSnq;,

(7) let T, C T x {0} Cc T" be a fundamental domain of the flow T'V». Let d, :=
diam(T}), 0, = p—1 (0(T))). Then dpyy < 1/ 2"y o)

(®) |
Yn+1 Yn
1 T (4.24)
n+1 Yn nan

With &, pn, Gns Yns ¥, Sn, mp and T, as in Lemma 4.22, we construct the following
two sequences of partitions of T"~! x {0} c T":

. (h)
=TT =0, ..., qe — 1), (4.25)

T~/ . / ./
Fgn =AT Lig.:

i,qn *
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F = {F’ T

4nqn+1 1,qn,qn+1 L. Gn+1

— Tiva/r” r i/ ! = | =
=T i T 1 (0) €T, j=0,. . guy1 —L,i=0,...,q, — 1} .
(4.26)

Note that .F;IM > }—6/1n»qn+1 and they are both generating sequences of partitions. We

construct the following two sequences of partitions of T" from the above two partitions:

Fo = {Fi,q,, Tig, = TVn/dn <U{TIV"F;1 0<t< l/qn}>, i=0,...,q:, — 1},
4.27)

‘F%lsQrH»l = {FiaQn:QrH»l : Fi»QnathLI

= T/ <U{T‘V"+1I‘6,qmqn+l 0<r< 1/(r,,yrf}_:_)l)}), i=0,...,q:— 1}. (4.28)

The following proposition summarizes certain properties of the above partitions. For a
proof, one can refer to [AK70, pp. 28-29].

PROPOSITION 4.29. With oy, pus Gns Yns> Fn» Sn, My as in Lemma 4.22, we can conclude

the following.

(1) The sequences of partitions F, and ﬁqn are respectively preserved and
permuted by T,

@ 1hCigygui ATig,) < 1/Q" )t for any Tig, g, € Fopgun and Tig, € Fq,
with the same i.

(3) The sequence of periodic translations T® : T" — T" converges to an ergodic

translation T® : T" — T".

n>qn+1

The next proposition is identical to [AK70, Lemma 6.2].

PROPOSITION 4.30. Under the same hypothesis as Proposition 4.29, we can find a
sequence of partitions M, of T" satisfying the following three properties.

(1)  Monotonicity condition: /\;ln+1 > /\;l,,.

(2) Cyclic permutation: the diffeomorphism T cyclically permutes the atoms of M.
(3) Generating condition: /\;ln —gasn— oQ.

Proof. We use a method similar to the proof of Proposition 2.31. We define, for any n, the
following three maps:

0 T F gy = T F gy gy defined by a2 (Tig) = Tig, g,y (431)
ql(qul,n :T" ) Py = T/ Fyp g0y defined by

qfﬁ:l,n(ri,qnw) =T gngent T Tigur CTjiguguirs (4.32)
i 1 T/ Fyy — T Fy,, defined by quyrn =\ ) oalt),, (433)

+ Here pj, denotes the standard Lebesgue measure on T
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and more generally we define the composition map for any m and n with m > n as follows:
Qo 2 T ) Fy, — T F,,  defined by qu.n = Gmm—10 - -0 Gniin- (4.34)

We now define the partition

M= { lim qun(Tig,):0<i< qn}
m—0oQ
(see Proposition 2.31) and finally the correspondence
Qoo : T/ Fy, — T" /M defined by qoon = lim gy . (4.35)
m—0Q
The rest of the proof involves proving that M is indeed a partition satisfying the required

conditions. This part can be completed identically to Proposition 2.31 and we do not repeat
it. O

4.3. Real-analytic diffeomorphisms metrically isomorphic to a shift on a torus. Our
goal in this subsection is to prove Theorem B.

Proof. First we introduce the following two correspondences:
Ky :T")F, — T/ F,, definedby K,(Ti )= H,  (Aig), (4.36)
Ky :T" /My — T?M, defined by K, (doon(Tig,)) = Poon(Hy ' (Aig,))  (437)
using the conjugation map H, = h, o H,_. Clearly, the above two maps satisfy K, =

Poon © Ky o qgo{n. We claim that we can choose parameters carefully so that the following
condition can be satisfied:

K11 |ﬁq”"1n+l =Pp+1no Ko q;_‘l_l’n. (4.38)

Before we do that, we make some observation about K,, and 15,,. First note that we have
the following relationship:
K,oT =T,0K,. 4.39)

Indeed, observe that using Proposition 4.30, equation (4.37) and Proposition 2.31, we get
Ko (T (do0,n (Ti.g,0)) = K (doo,n (T p, +i mod )
= oo (Hy ' (Ap, 4 mod g,.,))
= Poon (Tu (H, ' (Aig,))
= Tu(Poon(H, ' (Big,))
= T (Kn(doo,n (T g,))-
The next observation we need is
Knstlpn ", = K. (4.40)
Indeed, observe that using equation (4.37),
K180 (Tig,)) = Knt1(@oo.nt10 Gut1.n(Tig,))
= Poo,n+1(Kn+1(dn+1,n(Tiq,)))
= Poo.nt+1Pn+1,0(Kn(Tig,)))
= Poo,n (Kn(ig,))
= Kn(doo,n (T g,))-
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Our job now is to choose parameters correctly in Proposition 4.29 and the real-analytic
approximation by conjugation scheme and simultaneously construct the K, satisfying

condition (4.38).
The construction is by induction and assume that we have selected parameters
aj, pj.qj,Vj,rj,sj for j=1,2,...,n in Proposition 4.29 so that these satisfy all

the conditions in Lemma 4.22. We recall that the parameter m, in Lemma 4.22 can be
chosen to be arbitrarily large. We will use this freedom to make the approximation by
conjugation scheme work. Assume that the approximation by conjugation scheme has been
successfully carried out up to the nth stage.

At the (n + 1)th stage, we choose parameters and proceed with our construction in the
following order.
(1) Choose an integer vector y” p and integers Tn, Sp as in Lemma 4.22.
(2) Choose the parameter k, := s,,y + 1 for the approximation by conjugation scheme.

Next we define the partition

Fhgn = {Fi’kn%l : Fi,knqn::Ti/(k"qn)<U{Tty"+lr‘;z+1 0=r< 1/(kn61n)}>,
i=o,...,k,,q,,—1}. (4.41)

Note that with this choice of k,,, we have ﬁknqn > ]:—qn,qn e
(3) Choose the functions a, in the approximation by conjugation scheme. In order to do
so, we define the following correspondence:

Kn: T Frrgn = T Thrg,  defined by Ky (Ti k) = Ai kg - (4.42)
Now we choose a function a, :{0,...,k, — 1} —> {0, ..., g, — 1} so that the
following equality holds:

kp—1

RO qn U Aan(l)krrH kngqn = K (FO qn kn‘]n) (443)
=0

This allows us to define the partition
R kon.gn = {Rirgy : Rig, =89 Ro g, ). (4.44)

Note that Ién(ri’qn,qm) = R; 4, and hence we conclude that Ky o TVi/n = gl/an o
K.
(4) Choose the parameter [, large enough so that the analytic approximation by
conjugation scheme works.
(5) We choose the parameter m,, in Proposition 4.29. We require that m, =y, +1l
So, after having chosen all the parameters, we can define the partition ]-"q 4 of T" and
note that ]-"q > ‘FCIn kngn - NOW we define the following correspondence:

K,:T" /}'%Jrl - T/, defined by K, (i g,.,) = Aigusy (4.45)

n+1

and observe that K, Ti kpgn) = kn (T'i k,g,)- All that remains is to verify that K, | satisfies
equation (4.38). So, we calculate using definitions and facts from Proposition 2.31 and its
proof that
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Pn+1,n © Kn(Fi,qn) =Pn+1,n 0 Hn_l (Ai,qn)

-1
== n+1 ] Cn+l,n(Ai,11n)

-1
= Hn-H < U Ajs‘])1+l>

T gy CRign

= H;jl(lén(ri,qn,qm)) ... (see item 3 above)

—1 k¥
= Hn+1 (Kn< U Fj,k,,zh))

JTjkngn Criﬂnvqn+1

—1 7
= Hn+1 ( U Kn (Fj9knqn )>

I jknan CFiHn,anr]

=H,:1( U I%nm-,knq,,))

T T jknan Cliign.q,4
= Hn_+11 ° kn(ri,qmqm)
= Hn_+ll S Kvn o qn+1,n(ri,qn)
= Kn+1 o qn—i-l,n(ri,q,l)-

This completes the proof. O

5. Minimal diffeomorphisms with a prescribed number of ergodic invariant measures
Let p > 0 and r € N. In order to prove Theorem D, we aim at constructing a minimal
T e Diff ;‘) (T?, w) with exactly r ergodic invariant measures. We fix an arbitrary countable
set & = {p; }ien of Lipschitz functions that is dense in C (T2, R). In addition to our usual
assumptions, we require the number /,, to satisfy

b= n® - [DH o - max Lip(p), (5.1)

where Lip(p) is the Lipschitz constant of p.

First of all, we show that a permutation IT of the partition Sy, ; which commutes with
¢!/ is a block-slide type of map. This property will be required in the construction of
our conjugation map in §5.2: h, = hy , o h, . This time there are different parts of the
torus T? introduced with distinct aims. On the one hand, we will divide it into r sets N; by
requirements on the xp-coordinate. Each set naturally supports an absolutely continuous
probability measure pu; given by the normalized restriction of the Lebesgue measure .
These will enable us to build the ergodic invariant measures as the limits &, of the sequence
& =(Hp)" ;.

On the other hand, we will use stripes corresponding to small parts of the x;-axis on
which the conjugation map h;ln will intermingle the sets N; to prove minimality of the
limit diffeomorphism 7. These parts are measure-theoretically insignificant because the
measure of these sets will converge to zero as n — oo.

In order to achieve these aims, we need the so-called trapping map h;ln
in §5.2. On the ‘minimality’ part, this map captures parts of every orbit {¢p*" o

introduced

,,,,,
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manifold. Then we can prove minimality in §5.3 by arguing that every element in a
family of sufficiently small cubes covering the whole manifold is met by the orbit
diameter, which converges to 0 as n — oo. In addition, the trapping map is used to gain
control of almost everything of every orbit {H,~ lo ¢>k°‘" (x)}k=o0,....g,—1- This allows us to
prove a convergence result on Birkhoff sums (see Lemma 5.31), which in turn enables
us to exclude the existence of further ergodic invariant measures besides the previously
mentioned &;.

5.1. Approximation of arbitrary permutations. Suppose that we have three natural
numbers /, k and ¢, and a permutation IT of the partition Sg,,; which commutes with pl/a.
Our objective here is to show that IT is a block-slide type of map. This will be achieved in
two steps. In the first step we show that there exists a product of two 2-cycles and then we
will prove that all transpositions are block-slide type of maps.

5.1.1. Product of two 2-cycles. =~ 'We now show that for any choice of natural numbers
[, k and g there exists a block-slide type of map which has the same effect as the product
of two 2-cycles in the symmetric group of lkg elements.

In order to make this precise, we need the following notation:

Stq = 18{4" = 1i/Gkq), G+ D/k) x Lj/1, G+ 1/D,0<i <kg, 0= j <1},
(5.2)
First we define the following step function:
2/(k ifre( -1/, 1],
@ (0, 11> R defined by o/ (1) = [ty iTre(@=D/L1] (5.3)
a a4 0 ifte 0, -1/
and then the following two maps of block-slide type:
g, T2 > T2 defined by gf) ((x1. x2)) = (11 — 0@ (12). x2),  (54)
9;(;,),1 : T> — T  defined by g,(;]),,((m, x2)) = (x1 + 0P (x2), x2). (5.5)

Finally, we piece everything together and define the following block-slide type of map (see
Figure 4):

Okl - T? - T2 defined by gk.q.1 = gl(:;‘l 0 fr,q © 918;,1 0 fr.q (5.6)

using the map fi 4 from §4.1.

We end this subsubsection after noting that the above block-slide type of map takes
kq,l kq,l kq,l kq,l kq,l kq,l kq.l kq,l . .
Sou—1 > S1io1S1ior = Sou—1> 821 > S315 53,1 — S, and acts as an identity
everywhere else. This is the same as the product of two 2-cycles in the symmetric group

on a set of k x [ elements.

5.1.2. Transposition.  Finally, we show that there exists a block slide on the torus which
switches two blocks and leaves all others invariant. Unfortunately if we work with the
partition Sgg,;, we do not know if such a map exists. The way we circumnavigate this
problem is to go to a finer partition, namely Sy,,2/, and show that with some care, a product
of two 2-cycles in Sy 2 is a transposition in Sg /.
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FIGURE 4. Illustration of the action of g 4 on T2 with [ =4, k =6 and q =3. We note how the blocks
( 2)
fk.q fk, Okq.l
are moved by the intermediate maps: D1 —A, D2 D3 —% p4a —%", D5. Note that all the remaining

atoms apart from the four we flipped are kept constant at the end.

First we define the following two step functions:

0 ifre (2 —1)/QD, 1],
(0. 1) R defined by o5 1) 2/(kq) ifte (@2l —2)/QD), .
ofgr: (0. 11— R defined by o7, (1) = o vy O
0 ift € (0, 21 —2)/2D)],
0 if gt mod 1 € (0, 2/k],
a,fj), 0,11 - R deﬁnedbycfk V(0 =11/@D) if gt mod 1€ 2/k, 4/k], (5.8)
0 if gt mod 1 € (4/k, 1].

And then the following four block-slide type of maps (see Figure 5):
by, 1 T2 — T2 defined by hi!),((x1. x2)) = (x1 + 0,5 (x2). x2). (5.9)
bio), : T2 — T2 defined by h,ﬁf]) [ (1, X)) = (x1 — a,f?Z (), x2),  (5.10)
by, 1 T2 — T2 defined by b2 ((x1, x2)) = (x1, x2 + 040y (1)), (5.11)
b, : T2 —> T2 defined by b ((x1, x2)) = (x1, x2 — o4y (x1)).  (5.12)
Finally, we piece everything together and define the following block-slide type of map:

.2 2 NEEACS) (4) (3) (1)
Brg, : T — T= defined by bkq‘l'_bkq,l o bkq,l 0 Gk,q,21 © bkq,l o hkq,l' (5.13)
As desired, b, maps S](;qlil — Slfqlfl, S]fqlil — qul’_ll and acts as the identity

everywhere else. More generally, we can define for any (i, j) # (0, / — 1) the following
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FIGURE 5. Illustration of the action of by 4 ; on T? with [ =4, k =6 and g = 3. We note how the blocks are

boda D63 . sess . Vess o Deds
moved by the intermediate maps: E2 —— E3 —— E4 ——— E5 ——- FE6 —— E7. Note that every

other atom apart from the two we flipped is kept constant at the end.

block-slide type of map:

hl(cig)l -T2 5 T2 defined by

hl(cl,’z;?l:zd)(i_])/(kq) ° (hl(cé),l)w_l_j) o brg 0 (b]((?;’l)Z(l—l—i) ° ¢—(i—1)/(kq)_

(5.14)
We end this subsubsection by observing that h,((i’qj)l maps Sg"lfl — quj’l, Sik‘j”l — Sgtﬁl

and acts as the identity everywhere else. So, we have obtained all transpositions of the
form (1, n) in the symmetric group on a set of k/ elements.

5.1.3. All permutations are block-slide type of maps. We now show that any
permutation which commutes with ¢!/¢ can be realized as a block-slide type of map.

THEOREM E. Let I1 be any permutation of kql elements. We can naturally consider T1
to be a permutation of the partition Sy 1 of the torus T2. Assume that T1 commutes with
@'/9. Then 11 is a block-slide type of map.

Proof. This follows from the fact that all permutations are generated by transpositions. O

5.2. Description of the required combinatorics. Here we prove Theorem D. We begin
by describing the combinatorics we need at the (n + 1)th stage of the induction process
abstractly.
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F1 F2

FIGURE 6. Illustration of the action of (b(l))_1 on the rectangle [0, 1/¢g) x [0, 1) inside the torus T2. The
combinatorics depicted here is repeated with periodicity 1/q. We used r =4 and [ = 3 for this diagram.

Fort =0, ..., r — 1, we consider the following subsets of T2
t t+1
N;:=T! x [-, ) (5.15)
roor

We denote the restriction of the Lebesgue measure p to N; by p;.
For natural numbers 7, [ and g, we define the following partition of the torus T?:

i i+1 Jj Jj+1 ) )
Q,zqzz{Gl-J,lzq:G,"j,lsq:=|: ) X [;, P ), 0<i <l3q,0§] <lr}.

%’ B3q
(5.16)
We define the following permutation of the above partition:
h . T2 - T2, (5.17)

which acts on the atoms of the partition G;3 o that are contained in [0, 1/(/g)) x T! in the
following way (fort =0, ..., r — 1) (see Figure 6):

https://doi.org/10.1017/etds.2017.132 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.132

2676 S. Banerjee and P. Kunde

- s

FIGURE 7. Picture of k) with n = 5 drawn over the interval (0, l/(l3q)] on the x-axis.

F0<i<l: (067G, ;5)=GCijipg
where i’ = VJ j'=r-i+jmodr (5.18)
r
ifl<i<l®: 0"N7NGiurjrg) =Gy

where i’ = U—J A+ j, j/=imodl. (5.19)

We extend this permutation to the whole of T? equivariantly. Since the above description
is not very clear, we give a somewhat imprecise but more demonstrative description of the
above map. Note that the following rectangles get mapped in the following way:

(2)y-1 Li+1 0.1 =()L i—i+1 if0<i <l
R ([13q’ Bg ) L "2q) 1T Hu=r==5
-t i i+l tot+ 1\ _ [ i'+1
O\ B ) e ) T e
., | v
5 tl+]’(2‘+ N+ + l<i <P
Ir Ir

where i’ = [i/1] and j/ =i mod [. Notice that in the first region narrow rectangular stripes
of full height get squished and are distributed over the full height of the torus, which
will allow us to prove minimality. All other rectangles are mapped to rectangles of small
diameter but they remain within the horizontal strip N; on the torus. These stripes will
form the support of a preimage of the invariant measures.

By the previous subsection, we know that this is a block-slide type of map and hence
allows good analytic approximations by Proposition 2.22. We denote this 1//g-equivariant
(¢, 8)-approximation by 4(?), the corresponding ‘bad set’ by E and set F = T2\ E.

For this number 6 and given natural numbers ¢, [, n, we define the following step
function (see Figure 7):
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P [0 l_> — R defined by
3q

. [ 1
0 ifx e -0, m),
) " [ 1 2
— ifxe| -, =)
Ir | n213q " n23¢q
) 1) " 1 2
— ifxe|—, =)
Ir | n213q " n23¢q

A . )
(|2]-2)2 iereuizimt oy
() | 2 ] Ir | n4lq n“l g -
K (X)— 112 8 ) 'Ln2/2J LHZ/ZJ +1 ( . )
— | —-1)— ifxe , ,
| 2 ] Ir | n23q n’l3q
n? 5 . [(n?/2] +1 |n?/2] +2
— | —=2)— ifxe , ,
L 2 | Ir | n2l3q n2l3q
8 e n?—2 n?-1
— if x ,
Ir n23q " n23q
2
n-—1 1
0 ifx e [ FETEPRNE )

Let V) be the 1/13g-periodic real-analytic (¢, §)-approximation of &%), With the aid of
this, we define

h® T2 - T2 defined by AV (x1, x2):=(x1, x2 + k™ (x1)) (5.21)

and we often refer to the above map as a ‘trapping map’. The purpose of this map is to
capture a large portion of every ¢ orbit.

Hereby we introduce the so-called ‘trapping zones’ (for + =0,...,r —1 and s =
0,...,1lg — 1) (see Figure 8):
Ir—1
Ay s =h® <¢S/ICI<U Gi’j’l3q) N F) ifo<i<lI, (5.22)
j=0
-1
=hW <¢S/’q(U G,.,,Hj,,gq) N F) ifl<i<I? (5.23)
j=0

In our specific constructions, we define hn+1 =hy n+1 0 hy ptq using the parameters
g=qn, 1=1,, € <ey/2n9, §=5,<1/(n* 209, =&, <8,/2% and § =3, <
S J2bnn

As announced, we have the following trapping property.
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Gl G2
FIGURE 8. Illustration of the action of (h(l))_1 . Note that it maps the partition with A-shaped top and bottom to

a rectangle. The combinatorics depicted here is repeated with periodicity 1/(/ 3q). The A-shaped atoms are able
to capture portions of every orbit as depicted in the picture.

LEMMA 5.24. Let x € T? be arbitrary. Then the orbit {¢k°‘"+1 (X)}k=0,....qu;, Meets every
set Ag.;. Moreover, for every B!

5. at least o) (x) - (1 — 8/n?) -qn+1)/l,3lq,, iterates of
the orbit {¢ken+ () }k=0.....gns, lie in Bst ;» where wi (x) does not depend on s, i. On the
contrary, at most 10/n? - g, iterates are not captured by the collection of sets B! ..

Proof. Letx = (x1, x2) € T? and i € {o, ..., l3q — 1} be arbitrary. Note that

(5.25)

4+ 8/2 i41—8)2 182 4 1—8/2
Gi’j’13qﬁFQ|:l+/l+ /]X[H/’H /}

Bg ~ Bg Ir Ir

by our approximation (Proposition 2.22). Due to (n2 - 8,)/l,r < 1/n%l,r and our choice
of the approximative step function x*), there are at most four sections [i/I°q +

(w+8/2)/n*3q,i/Pq + (u+1-38/2)/n*3q]l, where ue{l,...,n*>—2}, on an
arbitrary [(i +8/2)/13q, (i + 1 — 8/2)/13g]-section such that x, does not belong to any
of the h(l)((Gi’j’laq) N F)-domains for j =0, ..., Ir — 1. Since {k - oty+1}k=0,....gp41 -1

is equidistributed on S!, the number of iterates k, such that (@K1 (x) }r—o..... Gns1—1 18
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captured by one of these domains, is at least
{(1 —6/n%) - (1 -5, ~qn+1J _ (1=8/n) - guy
ly%‘]n N l,?’lqn
Depending on the point x € T, there is a portion o} (x) of these iterates spent in trapping
regions Bf, ; belonging to N;. This portion does not depend on the indices s, i. Since there

(5.26)

are l,q, - (l,% — 1,,) such indices, the last claim follows. O
5.3.  Proof of minimality.

5.3.1. Criterion for minimality. ~ We recall the notion of a minimal dynamical system.

Definition 5.27. Let X be a topological space and f:X — X be a continuous
transformation. The map f is called minimal if for every x € X, the orbit { f 1(x)}ieN
is dense in X.

Equivalently, f is minimal if for every x € X and every non-empty open set U C X,
there is i € N such that f(x) € U. In the case of X being a metric space, every open set
contains a y-ball for y sufficiently small. Thus, f is minimal if for every x € X, every
v > 0 and for every y-ball B, there is i € N such that f ix)e B, . Hereby, we can deduce
the subsequent criterion of minimality in the setting of our constructions.

.....

meets every set of the form [ji/Ingn, (j1 + 1)/Ingnl x [j2/1ln, (2 + 1)/1u] for every
x € T2. Moreover, we assume that the sequence (Ty),eN constructed as in §5.2 converges
to a diffeomorphism T in the Diff ?-topology and satisfies do(T?, Trf 1) < 1/2" for all
i=0,...,9n+1 — L. Then T =1lim,_, » T, is minimal.

Proof. At first we observe that

e ,
diam( 71| A2 [ 2 2200 < ipa - 2,
Ingn  Ingn In In Iy

which converges to 0 as n — oo (because of | DH,~ Hlo < 1,/2" by equation (2.30)), and
that the family of sets [j1/l,qn, (1 + 1)/Ilngn] X Lj2/ 10, (j2 + 1)/1,] covers the whole
space T2. Hence, for every ¢ > 0 and y € T™, there is M € N such that for every n > M|

there exists a set H, '([j1/Ingn, Gt + 1D/ Ingn] % Lj2/In, G2 + 1D/ 1)) S Bea ().

Let x€T?, ¢>0 and an e-ball B:(y), at which ye T2, be arbitrary. Since
do(T*, Tl ) <1/2" for all i=0,...,gu41—1, there is M>€N such that
do(T?, Tri+l) <eg/2foralli=0,...,q,+1 — 1 andn > Ms.

We consider n > N:= max{M, M,}. Then there are a set

_ Jioi+1 B2 j2+1
([ T2 2 ) e
Ingn Ingn In In
and, by assumption, an i < g, such that Ter(x) € Hn_l([jl/l,,qn, 1+ D /1hgn] X

[i2/1n, (2 + 1)/ 1,]) € Bej2(y). By the triangle inequality, we obtain
. . . . . . &
d(T'(x), y) d(T" (), T, () +d(T,, (), ¥) <do(T', T ) + 5 <.

Thus, we conclude that 77 (x) € Bs(y). Hence, T is minimal. O
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5.3.2. Application of the criterion. The conditions on the convergence of the
sequence (7T,),en and proximity do(T?, T,f+1) < 1/2" for all i =0, ..., gpy1 — 1 are
fulfilled by Remark 1. Let x € T2 and [j1/luqn, (1 + 1)/ 1agnl X Lj2/1n, G2 + 1)/1,,] be
arbitrary. We have to show that the orbit {h;}rl o pienti o Hy1(x)}i=0,...,gpy1—1 MEELS
L1/ lugn, G1 + 1)/ lhgn] X [j2/ s, (jo + 1)/1,]. For this purpose, we note that there is

i €{0,..., qnt1 — 1} with ¢+ o H,,1(x) € A}, j, by Lemma 5.24. Then we compute
I,r—1
-1 —1 it/ Indn
o1 (Aji ) =h2,n+l(¢]l/ ! < U sz,j,l;éqn) N Fn)
j=0
I,r—1
= ¢J1/ann o h2_,)11+1 ( U GjZ,j,lgqn n Fn)

j=0

~ 1 2 2+l
C ¢/1/lnqn ([0’ } X [_’ :|>
lyZ,Qn Iy Iy
[jl j1+1} [jz j2+1}
C T s T X T
ann ann Iy Iy

and we can apply Lemma 5.28 to prove the minimality of 7.

5.4. The ergodic invariant measures.

5.4.1. Construction of the measures. As announced, we will construct the ergodic
invariant measures with the aid of the normalized restrictions u; of the Lebesgue measure
on the sets N, i.e. us(A) = u(A N Ny)/w(Ny) for any measurable set A C T2. Since each
set N, is ¢P-invariant for any 8 € S', we have (¢#),1; = 11;. With these, we define the
measures &/' :=(Hn_1)* u: and can prove their T, -invariance:

(T« = (T (Hy Ysper) = (T 0 Hy Dipts
= (H; " 0 ¢ )y = (Hy i@ )ty =&/

Here we used the relation fig.«u = (f o g)«u for maps f, g. This holds because we have
for any measurable set A,

Frgutt(A) = gt (f 7 (A) = (g (F T (A)) = 1((f 0 &)1 (A) = (f 0 g)xt(A).

In the next step we want to estimate u(H, | +11 (N,)AHn’l(N[)). For this purpose, we
—1 _
n+1 =
The measure difference is composed of our error set E,;+1 N Ny, the

have to examine which parts of the set N, are not mapped back to N, under A
-1 -1
hz,n+1 ° hl,n+1'
. . -1 . .. . .
part where the conjugation map /s, is constructed to prove minimality (i.e. on the /,,g,

sets [k/lnqn, k/lnqn + l/(l,zl ~qn)] x T for k=0, ...,1l,g, — 1) and the part that is not

mapped back to N; under h;ln +1- The last one is caused by the translation about at most
-1

Lt Altogether, we obtain

n2s, /21, in the x;-coordinate produced by &
2

Sn

_ _ _ 1 n 1
(L (NDDHT (ND) =y (NDAND < o= 4 == 4 p(Enp) < . (529)

n n n

Now we can use the same approach as in [Wi01, Ch. 7].
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By equation (5.29), the sequence {Hn—1 (N¢)}nen is a Cauchy sequence in the
metric on the associated measure algebra. Since this space is complete (e.g. [Pe83,
Proposition 1.4.3]), there exists a limit B;:= lim,_, Hn_l(N[) in the measure algebra.
For this limit we have ©(B;) = u(N;), because Hn’1 is measure preserving. The sets B;
and By are measurably disjoint due to the disjointness of the sets N; and Ng. Moreover,
we have weak convergence of the measures (§/"),cN to a measure &, where & (A) =
(A N By)/w(B;) for any measurable set A C T2. For this absolutely continuous measure
&, we conclude that lim,_, oo (7,)+&/' (A) = T&;(A) due to the triangle inequality

W(H (T, A NN = (T, AN H Y (ND) < (T, AN By + w(H, (NDABY)
< (T, "AAT™'A) + w(T~'AN B) + w(H, ' (N)AB))
(where the first summand converges to 0 as n — oo because of T, — T'). So, we obtain
& = lim & = lim (T,),& = T.&
n— 00 n—0o0

using the shown 7),-invariance of the measure &;. Thus, the measures & are T-invariant.

Furthermore, these measures &; are linearly independent because the sets By, ..., By
are measurably disjoint as noted before. Since any non-ergodic invariant measure can be

written as a linear combination of ergodic measures [Wa75, Theorem 5.15], there cannot
be fewer than d ergodic measures.

5.4.2. Estimates on Birkhoff sums. In this subsubsection, we show that the measures
& are the only possible ergodic measures for 7'. For this purpose, we will prove a result
on the Birkhoff sums (see Lemma 5.32) and have to gain control over almost everything
of every ¢-orbit. In this connection, the following sets are useful: in case of 0 < s < [,,g;,
0< ji <[, and 0 < j, <[, we introduce

s 1 s i1+ 1 2 o+ 1

AIYJI jz:l:m_'_lzjch ann +;2—qn:| - |: +l]_r ;+]lnr i|

Note that there are /3, - (1 — 1/1,) such sets A’ i

these sets by Q! as well as the union of these sets by Q.. Then (N, \ Q) = 1/1,r, i.e.
e (N \ Q1) =1/ 1.

We observe that diam(H, ! (A!

8. j1:72
number /,, in equation (5.1), we obtain

on N,. We denote the family of

) <|IDH; Yo - 1/1,. By the requirements on the

1
lpi (H, ' () — pi (H, ' ()] < Lip(pi) - diam(H, ' (AL ; ) < —
n

for every x, y € AS i and the function p; € E in case of i =1, .. ., n. Averaging over
ally € Al j1.jp» We obtain
(H; () : /. a5l < 5. (530
pili, (X)) — P Pi < —- .
ENCHy (AL 00 Jutal n

Furthermore, we recall that the image of the trapping region B’ under i, 1 is contained

in A’ $.1i/In),i mod 1" . Vice versa, B! is the unique trapping reglon that is mapped into

s jrln+j2
A’Y i Hence, we can estimate the number of i € {0, ..., g,+1 — 1} such that h;i] o
¢!+ (x) is contained in Aé i by @/ (x) - (1 — 8/n?) - qn+1)/lf’lqn for arbitrary x €

T? using Lemma 5.24.
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LEMMA 5.31. Let pj € Eandi =1, ..., n. Then, for every y € T2, we have
Gn+1—1 0 1
inf T j — - llpillo + =,
. ;) pi(Tyyy) — / pi 7 lloillo + —
where ®, is the simplex generated by {§y, ..., & |}.

Proof. Let x € T2 be arbitrary. We introduce the measure & Z[ —0 @/ (x) - & €O,

The set of numbers k € {0, 1, ..., g,4+1 — 1} such that the iterates @kant1(x) are not
contained in one of the trapping regions of the second kind is denoted by 1,,. Referring to
Lemma 5.24, there are at most 10/n? - ¢,,.1 numbers in /,. We obtain | Zke[a Di (H! i1 ©
prent e < llpillo - 10/n* - gy

Moreover, we denote the set of k € {0, 1, ..., g,4+1 — 1} such that the iterate h;il o
@*en+1(x) is contained in the corresponding trapping region A € Q! by Ia. By the above
considerations, there are at least @' (x) - ((1 — 8/n?) - q,,+1)/lnqn = (x) gny1- (1 —
8/n2) - uy(A) and at most @/ (X) - gnt1 - 4+ (A) many numbers in /5 for an arbitrary
A € Q! Thus, we obtain for an arbitrary A € Q! using equation (5.30),

; (@ (X)) (A)
> it oow) - [ g < TR
ant1 Hy'(8) "
8 n n n 1 8
+—=- loil d(/ (x)&") < (@ ()u)(A) - | = —2 lloillo ).
n= JE7 ) n?
Altogether, we conclude that
1 qny1—1 qn1—1
Y pi(H, ) o ghrix) — / pi D piH] 0 ¢ (x))
dn+1 =0 n+l 15

- ;( N I ECACTRY)

Hy (N

Pi d(wt"(X)iE,"))‘

<N ( Y pi(H ol (x)) — f b d(tU,"(X)S,”))'

=0 acqy, NIt jer, Hy'(4)

10 r—1 ~
+ -~ '||)0i||0'n—2 “Gnt1 + Ilpillo-zo(wf”(x)uz)(Nz\92)
1=
< <5+~ oo+ lorllo -~ + 220 2y 4+
—n?2  n? n? L, n? n?
With x = H,,4+1(y), we obtain the claim. O

We point out that the measure £ used in the above proof was dependent on the point x,
but independent of the function p € E
LEMMA 5.32. For every p € B and y € T2, we have

qnt+1—1
inf oo - [
§"€On| qn+1 ]; Y
where ®, is the simplex generated by {§y, ..., & |}.
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Proof. By Remark 1, we have

d\" (T, Tyi= max  do(T', TE, ) "=0.

i=0,1,....qn+1—

Then, for every p € B, we have |p(T!(x)) — P(T,f+1(x))| "0 uniformly for i =0,
1, ..., gns1 — 1, because every continuous function on the compact space T2 is uniformly
continuous. Thus, we get

Gn+1—1 ) Gn+1—1
p(T" (x)) —
qn+1 ; qn+1 ;
Applying the previous Lemma 5.31, we obtain the claim. O

Since the family E is dense in C (Tz, R), the convergence holds for every continuous
function by an approximation argument.

Now we can prove that the measures &, . . ., §-_; are the only possible ergodic ones:
assume that there is another ergodic invariant probability measure £. By the Birkhoff
ergodic theorem, we have for every p € C (T2, R),

1 n
lim — Z ,o(Tk(x)) = / p d& for £-almost everyx € T?.
n—oo n = T2

With the aid of Lemma 5.32, we obtain for every p € C(T2, R) and x in a set of &-full

measure,
n—1 Gnt1—1
k k T n
/Tpds—hm—Zp(T ()= kZO p(T <x>>—ng%ﬁr2pds,
where " is in the simplex generated by {7, ..., " ;}. As noted, this measure does not

depend on the function p. Thus, we have for every p € C(T2, R) : lim,_, oo fTQ pd&" =
sz p d&. Since the simplex generated by {&o, ..., &—_1} is weakly closed, this implies
that £ is in this simplex. We recall that ergodic measures are the extreme points in the set
of invariant Borel probability measures (see [Wa75, Theorem 5.15]). Then £ has to be
one of the measures {&, ..., &_1} and we obtain a contradiction. Hence, the measures
&,t=0,...,r — 1, are the only possible ergodic ones. Since we have already observed
that these are linearly independent and any non-ergodic invariant measure can be written
as a linear combination of ergodic ones, we conclude that the & are exactly the ergodic
measures of 7.

5.5. Possible generalizations.

Remark 2. By putting the combinatorics from [AK70, §5] on the rectangles
[i/lSq, i+ 1)/[3q) x [t/r, (t + 1)/r) that are not contained in the minimality region,
we can construct the diffeomorphism 7 to be even weakly mixing with respect to each
measure &. We can realize these combinatorics with the aid of Theorem E.
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Remark 3. With some additional technical and notational effort it is possible to generalize
Theorem D and the previous remark to any torus T4, d > 2. Indeed, we construct the r
ergodic invariant measures on N; =S! x [¢t/r, (t + 1)/r) x T¢~2 and consider partition
elements

ir i1 +1 ip ip+1 iz i3+1
s T X | —, X | =, X
[dtlg’ [d+lg Ir’ Ir l !

as building blocks in the description of the combinatorics. Then we use the combinatorics
from §4.1 to map sets of the form [i/l9Fq, (i +1)/19t q) x [j/Ir, (j + 1)/Ir) x
[0, D972 to sets of the form [i1/3q, i1+ 1)/Pq) x [j/lr, G+ 1)/Ir) x
lis/1, (i3 +1)/D) x -+ x[ig/1, (ia + D/ D).

|:i,1 ig+1
X —

TR ) (5.33)

Remark 4. In this remark, we present modifications in order to prove the existence of a
real-analytic diffeomorphism 7" € Diff ;’ (T2, i) which is minimal and has countable many
ergodic invariant measures. By weak*-convergence there must be at least one singular
ergodic measure. Indeed, we have precisely one singular measure and the other invariant
measures are absolutely continuous with respect to Lebesgue measure.

This time we are going to construct the invariant measures on sets N;, f¢€
Z. For t €N, we define N,=S' x [r/¢t+ 1), t + 1)/t +2)) C T? with x2-length
1/((t +2) - (t + 1)). For each n € N, we choose #,, € N such that

1 Sn—1
< .
(tn+1-ta 20 |DH, o - maxi=1, ., Lip(p:)

(5.34)

Hereby, we define the further sets

1 1
No=S'x —_ =,
‘ [(t1+1)~n 2)
1 1
(tn+l+1)'tn+l7 (tn+1)'tn

Additionally, for every n € N, we will use sets

_ t
N, =S! " 1= |nw,
ty X[fn+1 ) U t

t>ty

1
N Zst [0, —)
tn+ 1)1

This time we choose [,, = (¢, + 1)!. Note that by equation (5.34), the conditions (2.30)
and (5.1) are satisfied. Moreover, this choice of /,, allows us to consider building blocks
[i/lgqn, i+ 1)/12%) x [j/ln, (j + 1)/I,) for the 1/1,q,-equivariant combinatorics of

h;anr] to be contained in N,n, Nil,f and N; for —n <t < t,. As before, hzlﬁl is supposed

to map long stripes [i/I3qn, (i + 1)/13g,) x [0, 1) to [0, 1/12gy) x [i/1,, (i + 1)/1,) for

0<i<ly. Forl, <i <I2, h7), maps stripes of width 1/I3g, and full height in the

particular set Nil,f or N; for —n <t < t, to sets with height 1//,, while on 1\_/,”, h;ln T

acts approximately as the identity on the building blocks. For the trapping map 4%, the
step function is constructed with steps of size §//, in our modification.

N_,=S'"x |: > for every n € N.
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6. Remarks on future work and difficulties

We note that Theorem E can be used to upgrade many constructions from the smooth
category to the analytic category on the torus. We list some of those results in §§6.1
and 6.2. Full details will appear in forthcoming papers. We also make some comments
in §6.3 on the potential of real-analytic constructions on other manifolds and difficulties
that come with it.

6.1. Real-analytic diffeomorphisms with homogeneous spectrum and disjointness of
convolutions. The second author in [Kul6] was able to show that on any smooth
compact connected manifold M of dimension d > 2 admitting a smooth non-trivial circle
action § = {¢'}, .1, there exists a smooth diffeomorphism f € A, ={h o ¢% o h'l:he
Diff>* (M, u)} for every Liouvillean number o which admits a good approximation of
type (h, h 4+ 1), a maximal spectral type disjoint with its convolutions and a homogeneous
spectrum of multiplicity 2 for the Cartesian square f x f. It is possible to generalize this
result to the real-analytic category for some Liouvillean numbers.

THEOREM 6.1. For any p >0, there exist real-analytic diffeomorphisms T €
Diff‘/‘;(T2, W) that have a maximal spectral type disjoint with their convolutions, a
homogeneous spectrum of multiplicity 2 for T x T and admit a good approximation of
type (h, h + 1).

6.2. Coding untwisted AbC diffeomorphisms and the anti-classification problem. This
work is motivated from a series of pioneering works done by Belezney, Foreman, Hjorth,
Rudolph and Weiss on the interface of ergodic theory and foundations of mathematics.
They were able to show that the conjugacy problem in abstract ergodic theory is non-
Borel. Later, Foreman and Weiss found a method to code a ‘large’ class of smooth
diffeomorphisms constructed on T? or the annulus or the disc by an untwisted version
of the AbC method into some symbolic systems known as uniform circular systems. This
in particular shows that the measure isomorphism relation among pairs (S, 7') of measure-
preserving diffeomorphisms of M is not a Borel set with respect to the C* topology.

The first author was able to show that the constructions we do in the real-analytic
category on T? are robust enough to construct a large family of untwisted AbC
diffeomorphisms measure-theoretically isomorphic to uniform circular systems. Loosely
this can be summarized into the following theorem.

THEOREM 6.2. [Ba] Let T be an ergodic transformation on a standard measure space.

Then the following are equivalent.

(1) T is measure-theoretically isomorphic to a real-analytic (untwisted) AbC
diffeomorphism (satisfying some requirements).

(2) T is isomorphic to a uniform circular system (with ‘fast’-growing parameters).

This along with some additional works of Foreman and Weiss would imply an anti-

classification result for measure-preserving real-analytic diffeomorphisms. More precisely,
we have the following result.
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THEOREM 6.3. The measure-isomorphism relation among pairs (S, T) € Diff;" (T2, n) x
Diff /;“ (T2, 1) is not a Borel set with respect to the Diff ;" (T2, 1) topology.

6.3. Real-analytic constructions on other manifolds. Constructing real-analytic
dynamical systems on arbitrary real-analytic manifolds using the AbC method continues to
remain an intractable problem. Some of the difficulties associated with such constructions
are well documented in [FKO04, §7.1]. Here we discuss some of those difficulties along
with some new ones.

On arbitrary real-analytic manifolds we are not aware of any method for constructing
the conjugating diffeomorphisms /4, in a way so that both 4, and its inverse have ‘enough
analyticity’. We explain a little on what ‘enough analyticity’ means. The manifold M
can be considered to be an embedded real-analytic submanifold of R” C C" for some
large enough n. Then any such diffeomorphism /%, has enough analyticity if %, and its
inverse can be extended to C" as entire functions. For, otherwise, when one considers
compositions of such maps (7, := hl_l 0---0 h;l o@p* ohyo---o0hy), the domain of
analyticity will shrink and eventually we cannot guarantee convergence. In [FKO04],
‘enough analyticity’ meant that the maps %, and their inverses can be extended to
some fixed complex domain in C" containing M, but we emphasize that one needs the
diffeomorphisms 7, to belong to some such fixed domain rather than #,,. This is a stronger
assumption and we do not know how to do real-analytic constructions without such an
assumption.

On certain ‘nice’ real-analytic manifolds, it seems that such constructions are possible.
The key to such constructions are finite collections of flows on the manifold that have the
‘transitivity’ property. Informally, this means that one can travel from one point to another
by riding these flows. The diffeomorphisms #, are constructed by taking a composition
of time-one-maps of time changes of these flows. If these flows had enough analyticity
then the diffeomorphisms constructed out of them will have enough analyticity for the
AbC construction. Such a construction was successfully carried out on odd-dimensional
spheres in [FK14] proving existence of real-analytic uniquely ergodic diffeomorphisms.

So, it seems natural to understand what potentially could constitute a class of such
‘nice’ manifolds supporting existence of such flows. On manifolds where the T!-action is
not free or if it has a boundary, for example in the case of a disc, one can consider the
flow of the Hamiltonian H (x, y) = xy(1 — x2 — y?) and observe that it has the so-called
transitivity property but not enough analyticity. In fact in this case one can check that the 4,
constructed do not even belong to any fixed complex domain containing the manifold. As
aresult we do not know if there exists a zero-entropy real-analytic ergodic diffeomorphism
on the disc.

On general real-analytic principal T!-bundles one can construct flows and
diffeomorphisms /4, and their inverses belonging to some fixed complex domain
containing the manifold. But then again we cannot guarantee that the composition 7,
and its inverse can be extended to some complex domain independent of n. In this case
and also the previous one, one can construct vector fields with enough analyticity (in fact
polynomial for the disc), but when one integrates such a vector field, one can guarantee
that the resulting flows are real analytic but they are not analytic enough in the sense that
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they do not extend to the whole of C”. The problem here is created by the fact that we are
integrating this vector field over a non-compact domain and Picard-Lindelof in general
does not guarantee that the flow exists for a fixed time interval over the whole domain.
This situation does not arise when the flows or their vector fields are in a certain sense
‘affine’ as in the case of the tori (translation) and the odd-dimensional spheres (linear). So,
one needs some new ideas when working with manifolds where the flows are nonlinear.
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